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Abstract. The aim of this work is to carry over adaptive higher-order time-stepping tech-
niques — well-known and established for example in the context of single-disciplinary (CFD)
time integration — to multidisciplinary design analysis and optimization (MDAO). To this end,
an MDAO framework extension built on OpenMDAO, RKOpenMDAO, was developed to al-
low for time-accurate multidisciplinary high-order time integration. RKOpenMDAO provides
MDAO framework capabilities — such as multidisciplinary gradient-accumulation and mono-
lithic nested solution techniques — usually known from steady-state type MDAO scenarios for
multidisciplinary implicit time integration. It was enabled for adaptive time stepping in this
work. The multidisciplinary error in time is estimated by means of embedded Runge—Kutta
schemes. The new-generation CFD Software by ONERA, DLR and Airbus (CODA) was mod-
ularly integrated into the suggested MDAO framework approach for multidisciplinary, adaptive
time-stepping in a time-accurate way. Numerical experiments were carried out for an elemen-
tary unsteady aeroelastic case of a NACAQ0012 section in compressible Euler flow coupled to
a torsional spring. With the MDAO-framework approach we could show that (a) advanced im-
plicit solution capabilities with nested multidisciplinary solvers can be used on the level of the
monolithic multidisciplinary system, (b) a computationally efficient error estimator based on
embedded Runge—Kutta methods is able to successfully drive the adaptive time-step control,
(c) the targeted temporal accuracy can be achieved by effectively adjusting the time-step, and
(d) the suggested MDAO-framework extension, RKOpenMDAO, is applicable for multiphysics
analyses with high-fidelity simulation components.

1 Introduction

Advanced time-accurate simulation capabilities for multidisciplinary problems are vital, e.g.
to reliably cover the flight envelope in the design analysis and optimization of aircraft. Simula-
tion efficiency is a key factor, particularly in combination with unsteady and high-fidelity pre-
dictions. Error-controlled adaptive time stepping is a proven approach to save computational re-
sources while meeting a specified error target in time. It is well established in single-disciplinary
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scenarios like computational fluid dynamics (CFD) [10] and/or computational structure dynam-
ics (CSM) [[13]. A few examples for multidisciplinary/multiphysics adaptive time-stepping can
be found in the literature, e.g. for fluid-structure interaction [11]. In such coupled problems,
achieving adaptive time stepping can be difficult as the standard methods require (some) mono-
lithic time integration capabilities. This can be a challenge in conjunction with disciplinary
time integrators loosely being coupled together, since interdisciplinary error estimates must be
derived from the disciplinary estimates.

In this paper, we present and investigate a monolithic time integration method for cou-
pled problems; to the knowledge of the authors, this is a new contribution in the context of
gradient-enabled monolithic frameworks for high-fidelity MDAO. The implementation is based
on the MDAO framework OpenMDAO [1]. The baseline version of the time stepping extension
RKOpenMDAO presented previously [4] offers multidisciplinary time integration with homo-
geneous time stepping and diagonally implicit Runge—Kutta (DIRK) schemes. It integrates
directly with the OpenMDAO, extending features like the automation of sensitivity analysis to
the unsteady domain, both in forward and reverse mode. It does so by repeatedly solving a
pseudo-steady OpenMDAO problem in a memory-efficient monolithic manner. In this work,
RKOpenMDAO was further extended to handle embedded Runge—Kutta schemes for error esti-
mation. Embedded Runge—Kutta schemes have, in addition to their primary high-order scheme,
a secondary low-order scheme that is computationally cheap and allows to estimate the numer-
ical error by comparing high- and low-order approximations. Based on the error estimate, the
time step size is controlled comparing the error estimate to a prescribed tolerance value.

The remainder of the paper is organized as follows: in Section 2, we briefly introduce the
handling of ordinary differential equations by RKOpenMDAO. It will be described how the
extension sees ordinary differential equations (ODEs), how time integration is applied on them,
and lastly how the the time integration produces an error estimate for step size control. In
Section 3, the multidisciplinary time-step adaptation capabilities are numerically investigated
for a coupled airfoil-spring problem, followed by conclusions and outlook in Section 4.

2 Adaptive Time Stepping in RKOpenMDAO
RKOpenMDADO takes an implicit ODE formulation:

0=F(tzx ),

$(t0) = Xo,

where F’ is the amalgamation of the disciplinary ODEs and their algebraic closure relations.
These disciplinary ODEs and relations can originate both as analytical ODEs, or from partial
differential equations (PDEs) which were semi-discretized in space beforehand. Here:

xDlSC 1

Disc 2

is the multidisciplinary state vector, comprised of the disciplinary vectors xP*¢¢ of possibly

differing in dimensions. Together with the multidisciplinary initial condition vector z, this
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Table 1: Butcher tableau of a general S-stage DIRK scheme

forms an initial value problem (IVP) that is integrated in time via a DIRK scheme. As with
every Runge—Kutta scheme, DIRK schemes can be described by a Butcher tableau (Table [I).
For DIRK schemes, the Butcher matrix A in the tableau is a lower triangular matrix, leading to
a sequential evaluation of the time stages. Thus, one time step reads:

s
Tpt1 = Tp + Atz bik; ,
i=1
toir =t + At

which in turn has multiple stages:

i
S; — E aijk:j,
j=1

th =t, + Atc;,
wh =1, + At (s; + agk;)

0=F (£, k) .
Here, z,, and t,, are the multidisciplinary state vector respectively the time at time step m, !,
and t! the state and time at the /th stage of the mth step, k; the resulting update at the /th stage,
and s; the weighted sum of the stages prior to stage [ in the current step.
In order to introduce adaptive step sizes for control of the time discretization error, an estimate
for the local time discretization error needs to be introduced. The local time integration error
originates from the application of a single step of the time integration scheme. In contrast, the
global time integration error is the deviation from the analytical solution from the start of the
time integration until the considered time ¢*. The order p of a Runge—Kutta method refers to
the global error, while the local error has order p + 1.
For Runge—Kutta methods, a convenient way to get an estimate for the local error is via the use
of embedded methods [8, 6]. These methods have a second embedded set of weights, as can be
seen in Table [2| This second set of weights represent a lower order scheme, usually of order

p—1:
S
JA,’»,H_1 =T, + Atz bzk’z .
i=1
Given the states x,, 1 of local order p + 1 and 2, of local order p, an error estimate of order

p can be calculated:
€nt+1 = Tp+1 — i'n+1 € O(Atp) .
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Table 2: Butcher tableau of a general S-stage DIRK scheme including an embedded scheme

Note that while the weights of the primary and the embedded scheme are different, and thus are
the resulting states, the updates k; calculated at the intermediate stages remain the same. This
makes the computation of the error estimate relatively cheap, only requiring an additional sum
instead of further function evaluations or nonlinear solves.

Based on the error estimate, the step size can be controlled to obtain a certain local tolerance e.
For this control, an integral error controller is used:

¢ p+1
Atnew - KAtold (—> )

[lental 2

where || - ||2 is the usual euclidean norm, « is a safety factor that is used to underestimate the
step size in order to reduce the number of rejections, and At,,.,, and Aty are the new and old
step sizes respectively. In case ||e,11||2 < €, the step is accepted, and At,,.,, is used as the step
size for the next time step. However, ||e,,1+1]|2 > € leads to a rejection of the step, using At,eq,
for as new step size for a repeated step from the current time.

Note that the implementation in RKOpenMDAO allows for a more flexible choice of both the
used norm for the error measure, as well as for the error controller. For norms, e.g. arbitrary
p-norms are allowed, while the error controller can take the influence from past time steps into
account following a formulation from Soderlind [5]].

3 Numerical Experiment
Setup

We considered a 2D NACAO0012 airfoil in compressible Euler flow coupled to a torsional
spring (see Figure[I)). The airfoil was simulated using CODA[7]. CODA is the computational

a, = 10°

Figure 1: An airfoil coupled to a torsional spring, resulting in a decaying oscillation to the resting angle a..

fluid dynamics (CFD) software being developed as part of a collaboration between the French
Aerospace Lab ONERA, the German Aerospace Center (DLR), Airbus, and their European
research partners. CODA is jointly owned by ONERA, DLR and Airbus. The CFD software is
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used to compute the space-discretized residual contributions, R(W, z, &), to the unsteady Euler
equations, resulting in: .
W+ RW,z,2) =0, (D)

wherein W is the flow state containing the conservative variables, x and & are the coordinates
and velocities of the mesh nodes. A second-order finite volume method is used in conjunction
with a Roe upwinding convection scheme. The CFD mesh for the airfoil consists of approx-
imately 2000 cells (Figure [2). Furthermore, CODA is used to compute the integral pitching

Figure 2: Close-up view of the initial CFD mesh.

moment based on the flow state W:
Crm = Cpr(W). 2)
The integral pitching moment contributes to the equation of motion for the torsional spring,
I+ pa—0C, =0, 3)

wherein « represents the angle of the spring, & its angular acceleration, / the moment of in-
ertia, and p the torsional stiffness constant. The angle of the spring acts as angle of attack for
the airfoil, realized via a rotation of the background mesh by rigid body motion around the
aerodynamic center:

(?) =M(a,d, 7). (4)

Here, 7 is the original undeformed mesh, & the angular velocity of the spring, and M the effect
of the deformation caused by a on Z, resulting in the deformed coordinates = and their veloci-
ties .

This coupled system of equations is integrated in time via RKOpenMDAO. The airfoil is re-
leased from a prescribed, non-equilibrium angle of attack of 10° with the flow field initialized
from a converged steady-state CFD solution at this angle of attack. This leads to a decaying
oscillating motion of the airfoil. Quantities used for the nondimensional description and further
parameters can be found in Table [3] Throughout this study, the step-size control for adaptive
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Chord length: 1 m Mach number: 0.1
Farfield pressure: 10° Hlffz Nondimensional moment of inertia /: 76.93
Farfield temperature: 300 K Nondimensional stiffness p: 1073

Farfield density: 1.3 % Nondimensional final time 7": 10

Table 3: Nondimensionalization quantities and parameters.

time stepping always uses the aforementioned integral controller with a safety factor of 0.85.
All unsteady simulations were carried out until a nondimensional time t r = 10, with the time
reference being approximately 0.0036 s following Table [3| This time interval corresponds to
approximately 1.25 free-stream convection times over the chord length, or 1 period of the de-
caying oscillation of the airfoil. Note that only time discretization errors are considered here
by separating space and time according to the method of lines [12]. For comparison, a refer-
ence solution was created using the classic fourth-order explicit Runge—Kutta method, using
a nondimensional step size of 1073, The nonlinear systems that have to be solved each time
stage are converged using a Newton solver with a prescribed relative tolerance of 1078, The
underlying linear systems are solved by a nested solver stack consisting of a flexible GMRES
method preconditioned by a single Block-Jacobi sweep which, in turn, approximately inverts
the disciplinary block systems by linear block solvers provided by the disciplines.

Results

A key condition for adaptive step-size control in time to be successful is that the design-order
of the local error estimate of the embedded Runge—Kutta scheme is achieved. To show that the
condition is met for this problem, various embedded DIRK schemes with orders in the range of
2 to 4 were simulated until £ s = 10 with homogeneous step sizes in the range of 0.01 to 0.1.
The used schemes can be found in [6]], the naming used here indicates whether the scheme is
SDIRK or ESDIRK, as well as the numerical design order of their primary scheme. The results
found in Figure [3| show that the expected design order is achieved, with only small deviations
observed for the schemes of order 4.

As the design order of the error estimator is met, error control is feasible for the considered
problem.

Comparing against a homogeneous scheme, adaptive time stepping is expected to lead to a more
uniform distribution of global error over time. The time evolution of the global error (top) is
plotted together with the time-step size (bottom) in Figure dfor both homogeneous and adaptive
time step sizes. An adaptive scheme in combination with a third-order SDIRK method is used,
with a prescribed tolerance of 10~% per time step. The homogeneous step was defined to be the
average step size of the adaptive run in order to arrive at a comparable computational effort.
It can be seen that the adaptive scheme provides a more uniform global error distribution. In
the early time steps, the homogeneous scheme shows a relatively high error at the start. Note
that the problem converges towards a stable, steady-state solution. This is reflected in the time
step size of the adaptive scheme, leading to a lower error that is almost preserved over the
simulation time. Accordingly, the the adaptive scheme produces small step sizes until ¢ ~ 2.
Toward the end of the simulation time, the solution of the adaptive scheme even accepts larger
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Figure 3: Achieved order of the error estimator for various DIRK schemes.
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Figure 4: Comparison of the global error and step size of an adaptive against an homogeneous scheme.

time discretization errors than the homogeneous scheme. Since the prescribed local tolerance
is met, the controller prioritizes an increase of step size over lowering the error.

Even though the prescribed tolerance was set to 10~¢, the adaptive scheme only achieved global
errors in the range of 10~°. This is to some sense counter-intuitive, but it can be explained by
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Figure 5: Comparison of global error and step size for an adaptive scheme with two different tolerances.

the fact that the prescribed tolerance is related to the local error — and only indirectly to the
the global error. Thus, the prescribed tolerance can not be observed. However, the prescribed
tolerance still controls the global error. In Figure [5] a second-order SDIRK scheme is run
with local tolerances of 10~ and 105, Even though the prescribed local tolerances cannot be
observed by looking at the global tolerances, the change of the order of magnitude in the error
still becomes obvious in the logarithmic plot.

4 Conclusions and Outlook

We presented an MDAO framework approach for adaptive higher-order implicit time step-
ping. The method was investigated for a CFD-coupled problem consisting of a NACAO0012 air-
foil in compressible Euler flow connected to a torsional spring. The airfoil section was released
from an initial spring deflection to reach a steady solution. It was shown that the error estimate
achieves the expected design order, fulfilling a necessary prerequisite for the used adaptive time
integration scheme. As expected, the adaptive time-stepping led to a more uniform error distri-
bution over the simulation compared to a homogeneous time stepping approach. Furthermore,
it was investigated how the prescribed local tolerance influences the achieved global error. In
ongoing work, the added value of the multidisciplinary adaptive time-stepping approach is be-
ing investigated in terms of accuracy and robustness.

In the future, we want to apply the presented adaptive multidisciplinary time-stepping approach
implemented in the open-source library RKOpenMDAO for the simulation of flexible aircraft,
e. g. for gust encounter scenarios. The approach is deemed promising for such cases showing
almost stationary behaviour over large parts of the simulated time, whereas the unsteady physics
must be captured at certain points, e. g. when the gust directly interacts with the aircraft. Be-
yond the CFD component, the structural model of the aircraft and the equations of motion need
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to be considered in the MDAO problem. We also intent to implement the necessary extensions
to the adaptive time-stepping in RKOpenMDAO to support gradient-based optimization. To this
end, unsteady multidisciplinary adjoint problems have to be calculated in an efficient manner.
RKOpenMDAO already supports offline checkpointing via the revolve algorithm [9] to trade
CPU runtime for memory in an optimal way.
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