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Objetives of the talk

» Presenting a Local POD framework implemented on a powerful open
source FEM software.

FOM: u € R" ROM: g € R¥

. POD u~®q

i Local POD Unpew = Upld + (bi q
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Proper Orthogonal Decomposition

Full Order Model (FOM) Solution manifold: M = {u(t;w) |t € (0, T, u e P} c R"
) H

Reduced Order Model (ROM)

I I

A MUCH SMALLER SYSTEM! [A% [ = [pf

Letu=®q
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Proper Orthogonal Decomposition

Solve the FOM using Finite Elements

y |

IKRATOS
MuULTI—PHYSICS
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Proper Orthogonal Decomposition

u, |

Each column collects the temperature on all the nodes
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Proper Orthogonal Decomposition

*e Take the SVD of § = UEVT ~ U, X,V
S = U %
VT
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Proper Orthogonal Decomposition

*e Take the SVD of § = UEVT ~ U, X,V

S ~ Uk

EXCELENCIA
[ [ N—
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Proper Orthogonal Decomposition

*e Take the SVD of § = ULVT ~ U, X, V!

@ EXCELENCIA
RATOS
CIMNE® { o ISOATOSSY
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Example in CFD

et ——
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Proper Orthogonal Decomposition

Full Order Model (FOM)
) H

Reduced Order Model (ROM)

Solution manifold: M = {u(t;u) |t € (0, T, u € P} c R"

Letu=®q

mi

A MUCH SMALLER SYSTEM!

A*

d

_ IElk PROBLEM: STILL EXPENSIVE TO
- MOUNT THE SYSTEM
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Hyper-reduction

The goal is to find a subset of elements and corresponding weights by solving an optimization problem

(E,W) = argmin ||{[|o
Where G = G((b, R) parameters G

s.t. |61 —G7lI3 < €|c1]l3
(i=0

elements

NP-HARD. Solving via greedy procedure

B 2
(E,W) = argmin zgz - z giw;
i=1 i€E 2 , . .
(Hernandez, 2020): doi.org/10.1016/j.cma.2020.113192
s.t. w; >0
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Hyper-reduction

Assembly comparison FOM vs HROM:

nelem nelem
( [] Ae)u= [] 5 o) (Z ¢ZAed>ewe)q=Z¢Zbewe

e=1 e=1 eEE e€EE

FOM Simulation HROM Simulation

EXCELENCIA
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Link to the external world

Kratos provides an interface to retrieve data from sensors placed in situ.

web-based control panel

Sensor
I<F&ATDE%
MULTH—rHYSICS
. Simulation results Real
Device
EXCELENCIA
g -
. CIMNE® | suixo  ISBATOSHY



Kratos ROM on a Raspberry Pi

) EXCELENCIA
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POD weaknesses and strengths

e Straightforward procedure for training and inference

* Not ideal for certain problems(convection dominated, highly
nonlinear)
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Local POD

Full Order Model (FOM) Solution manifold: M = {u(t;w) |t € (0, T, u e P} c R"

=H
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Local POD

Full Order Model (FOM) Solution manifold: M = {u(t;w) |t € (0, T, u e P} c R"
] H

Reduced Order Model (ROM)

~ T
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Local POD. K-means

Given: {xf};\;l

Find centroids: {c;};=; and assignments: Sij

n N
. 2
min Sij ||x] — C,:”2
j=1 1
S. t.ZSij = 1,

i

Sij € {0,1}

Solve via alternating minimization:

6. = 1 nearest centroid
H 0 otherwise

i —

N
_ 2j=15ijXj

N
j=15ij

0.9 ¢

0.8 +

0.7 +

0.6 1

0.5 7

0.4 +

0.3 ¢

0.2 +

0.1

+
+
+ 4+
+ ¥ + .
+ 1-{? ++
ey ﬁ + +
iy ¥y 4=
¥ %
t +++:
I
+
+, +Ht
+ ¥ i
++ ¥
+
o+ F+
AL WS
1%
i Frt it
++
+ %
+
Iteration #0
0 01 02 03 04 05 06 07 08 09

Animation from Wikipedia

O learn

CIMNE® ? Sviro M I<RATOS

MULTI—PHYSICS

» OCHOA

y |



Local POD. Building multiple bases

Wse an unsupervised learning method to build clusters

1. Get Non-overlapping clusters S;i = kmeans(S)

. -
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Local POD. Building multiple bases

Wse an unsupervised learning method to build clusters

1. Get Non-overlapping clusters S; = kmeans(S)

2. Add fixed overlapping S§ = overlap(S;) (Farhat, 2012): doi.org/10.2514/6.2012-2686
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Local POD. Overlapping proposal

Locally Linear Embedding LLE:
1. Get Non-overlapping clusters S; = kmeans(S)

N
. 2
mclnz lx; — 2cijxill2 2. Add necessary overlapping ST = overlap(S;)
Jj=1

s.t. ¢j=0 if x; notk— NN to x;
N Each cluster S| should consist on its snapshots,

Z cij =1 and the neighbours of its snapshots

i=1

(Roweis,2000):doi.org/10.1126/science.290.5500.2323
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Local

M c R3,

POD. Overlapping comparison

Synthetic 2-Manifold

EXCELENCIA
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Local POD. Overlapping comparison

Training Trajectories over synthetic manifold
1.00 A &

L J
0.75 A1

0.50

0.25 A

0.00 + & <

Synthetic 2-Manifold

—0.25 A

—0.50 A

—0.75 A

—1.00 A ®

-1.0 -0.5 0.0 0.5 1.0
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Local POD. Overlapping comparison

Cluster 0
Standard Ours
1.00 = 1.00 —
600 @ overlapping ® overlapping
400 @ original cluster @ original cluster
= 200 @ o
= eslzey 0 0.75 1 0.75
RRATAT ] 271 ° ° ° °
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222\ TTRS L -400 . o o o
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. 0.50 - ° 0.50 1 °
[} ° ° L3
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L ]
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1.0
° °
0.5 o 0.5 > -
~ 05 1.0
-1.0 0.00 ° ° ° ° ° ® ° ° ° ° ] q 0.00 P ° ° ° e @ ® ° ° ° e ° q

Synthetic 2-Manifold E . -’ .

—0.25 A 1 —0.25 1
L L]
L] L L ®
—0.50 A L —0.50 1 { ]
L L] L L
L { ]
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-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00 -1.00 -0.75 —0.50 -0.25 0.00 0.25 0.50 0.75 1.00
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Local P

600

400

= 200
S I ‘ = :

o = Oy AN o

AN TIRS 2R —400
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=55 1.0

Synthetic 2-Manifold

D. Overlapping

comparison
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Local P
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Synthetic 2-Manifold

D. Overlapping

comparison

Cluster 2
Standard Ours
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Local P
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Synthetic 2-Manifold

D. Overlapping

comparison

Cluster 3
Standard Ours
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@ original cluster @ original cluster
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Local P
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Synthetic 2-Manifold

D. Overlapping

comparison

Cluster 4
Standard Ours
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Local POD. Overlapping comparison

Synthetic 2-Manifold

Training Trajectories over synthetic manifold

1.00 4

0.75 A

0.50 4

0.25 A

0.00 +

—0.25 A

—0.50 A

—0.75 A
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Test Trajectory over synthetic manifold
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ocal POD. Example 1

e Simulation Results - O Simulation Results

Move the sliders to change the loads on the Plunger Move the sliders to change the loads on the Plunger

STOP CONTINUE STOP CONTINUE

Cluster: 7 0

Pl Y
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Local POD. Hyper-reduction

Reduced Order Model (ROM)

IEI = q,ZT

q,Z 0

n

n
Zgi - Zgiwi
1

i= i€E

(E,W) = argmin

2
2
S.t. (Ui>0

(Grimberg, 2020): doi.org/10.1002/nme.6603

G = G(®,R)

EXCELENCIA
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Local POD. Improved hyper-reduction

Reduced Order Model (ROM)

q)ZT IEI = q)ZT
P2
n n 2
(E,W) = argmin Z gk — Z g e,
i=1 i€E 2

s.t. @w; =0

Find a single set of elements and as many
sets of weights as bases

range ®

G = G(®,R)

l

EXCELENCIA
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Local POD. Example 2

Train trajectories

1.00 A
0.75+

0.50 A

0.25 A

€, 0001 e ——
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Local POD. Example 2

Train trajectories

1.00
0.75 -

0.50 -

0.25 -

€y 000
~0.25 1
~0.50 1
~0.75 1

—1.00 A

-1.0 -0.5 0.0 0.5 10

€x
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Local POD. Example 2

€y
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Train trajectories
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32 trajectories

50 snapshots per trajectory

1600 snapshots
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Local POD. Example 2

0.2
0.15f
0.1

0.05
-0.05

-0.15

32 trajectories
50 snapshots per cluster
1600 snapshots EXCELENCIA
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Local POD. Example 2

0.2F
0.15-

0.1F

0.05F

<0.15

1
-0.25 -0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15 0.2 0.25

32 trajectories
50 snapshots per cluster
1600 snapshots
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Local POD. Example 2

0.2}

0.15f

0.1

0.05 |

-0.05

-0.1F

-0.15

32 trajectories
50 snapshots per cluster
1600 snapshots
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Local POD. Example 2

ey # Selected Elements VS # of Clusters
il [l o] 2 A ) Y s e s e o 350 -
o S
]
= g
o) 300
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=
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£ 250 -
@
w
o
o
(%]
(]
© 200 A
w
150 A
w0 5 O s 0 200 400 600 800 1000
e EEEEEE RS S S EEE Number of clusters

32 trajectories
50 snapshots per cluster
1600 snapshots EXCELENCIA
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Local POD. Example 2

€ Test trajectories
y 1.00 A =5
lllllllllllIll’lllllllIlll
..=.=..===-‘l““‘..=- 0.75 -
0.50 A
0.25 1
€ y  0.001
—0.25 1
€x -0.50

—0.75 1

—1.00 A . ’P=3 -

—1l.0 —(5.5 O.IO 0:5 l.lO
Gx

32 trajectories
50 snapshots per cluster
1600 snapshots
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Local POD. Example 2

FOM HROM

—pe X 0 - X
sontour Fill { Mean) of PK2STRESS, 8-X 0 ontour Fill { Mean) of PK2STRESS, 8-X

ion {x1): DISPLAC of Load Analysis, step 0 on (x1): DISPLAC. of Load Analysis, step 0
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Local POD. Example 2

1OX less elements required

compared with a single basis

5X less modes required
compared with a single basis
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Local POD. Strengths and weaknesses

* Reasonable overhead in training and negligible in inference

* Smaller bases and elements sets, therefore faster ROMs

* Easy to overfit to training trajectories
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General conclusions

* The capabilities of the Local POD - HROM framework
* Promising results and exciting challenges
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