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ABSTRACT

In this paper, we investigate the performance of different boundary con-
dition (BC) schemes for curved walls within the framework of the Lattice
Boltzmann Method (LBM). A canonical benchmark problem—the flow
past a circular cylinder in a channel—is considered, with Reynolds num-
bers ranging from 50 to 300. While prior studies have examined similar
configurations, this work provides a novel comparative analysis under
realistic conditions—using dimensional LBM simulations with actual
fluid properties and consumer-grade hardware, rather than idealized lat-
tice units. Additionally, we introduce an in-house GPU-accelerated solver,
enabling efficient high-fidelity simulations without reliance on specialized
computational resources. Four wall boundary conditions—the standard
bounce-back scheme, the non-equilibrium extrapolation scheme, the ficti-
tious equilibrium scheme and a one-point scheme—are implemented and
analyzed through their influence on the time-averaged drag coefficient
of the cylinder. The results are compared against both experimental and
Navier-Stokes-based numerical data to assess accuracy. Additionally, the
study evaluates the relative impact of outlet BC selection on simulation
fidelity. The findings show that all tested solid wall boundary schemes can
produce reasonable predictions under suitable conditions. Furthermore,
based on our results, the accuracy of LBM simulations is notably more
sensitive to the choice of the outlet boundary condition when compared
to the choice of the ones used at the immersed body.

1 Introduction
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Studying immersed bodies on a stream is relatively important for engineering purposes. Several
civil and mechanical projects demand knowledge of the stresses caused by a stream around a body
or the drag and lift forces acting on the same [1,2]. This phenomenon is characterized by the
fluid-structure interaction, which depending on the situation can be a very challenging problem for
prediction/modeling [3]. For this task, one can use theoretical approaches, numerical simulations,
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or even experimental correlations, each having its own advantage depending on the request of the
situation. In the case of numerical simulations, it allows for obtaining a complete and detailed
description of the fluid flow and local stresses/forces on the immersed body, with relatively low cost
in comparison to the experimental approach.

In this context, there are several numerical approaches in the literature [4,5]. For example,
Mittal et al. [6,7] have numerically investigated he impact of an oscillating cylinder on the flow field.
Between them, the lattice Boltzmann method (LBM) appears to be an attractive method, given its
explicit characteristic and mesoscopic nature. The first point helps in dispensing the need of solving
linear equation systems. The second gives the ability to deal with complex problems, such as multiphase
problems [8—13], porous media flows [14—17], complex boundary conditions [18-20] or interfacial
conditions [21-23]. Furthermore, the method performs its calculation steps locally in each node,
making it highly suitable for parallel computing techniques [24—26]. Consequently, we can also find
works in the literature regarding the use of LBM to simulate bodies immersed in fluid flow [27-30].

Nonetheless, there are some particular challenges when dealing with this problem with the LBM.
The main question is how to deal with curved geometries. Since the LBM utilizes a uniform grid (the
lattices), the physical boundaries of non-square geometries rarely fall into the locations of the lattice
nodes [31]. Some initial works in literature proposed the approximation of these complex geometries
by curved boundaries using stair-shaped steps [32-34]. Having the advantage of being simpler to
implement, this kind of schemes can introduce inaccurate predictions of fluid flow.

In the sequence, other authors proposed the use of more complex schemes to better introduce
the correct position of the boundary in the unknown populations (to be defined by the boundary
conditions). For example, we have the fictitious equilibrium scheme (FES) proposed by Filippova and
Hanel [35], where a fictitious equilibrium distribution function is calculated in the solid nodes and
combined with the bounce-back scheme to better predict the effects of the wall which does not coincide
with the lattice. Alternatively, Guo et al. [36] proposed an extrapolation model, the non-equilibrium
extrapolation scheme (NEES), in which the non-equilibrium part of the distribution functions are
extrapolated and used to calculate the unknown distribution functions at the curved boundary. Finally,
some schemes were developed focused on the acceleration of BCs computation, as for example the one-
point schemes (OP) [37], which use information available on a single node to calculate the unknown
distribution functions.

For the last two decades, several works were developed considering the mentioned methods or even
proposing new approaches [38—42]. Thus, it is interesting for the research community a quantitative
comparison between the boundary condition schemes, to evaluate and determine the situations where
one or other scheme is more suitable. In this context, the present study aims to extend the analysis
of boundary condition schemes for curved geometries within the LBM framework, focusing on the
four mentioned schemes: the standard bounce-back scheme (SBBS), the FES, the NEES and the
one-point scheme (OP). Unlike previous comparative works [43,44], the present study addresses this
comparison considering real fluids under real conditions. For this task, the dimensional form of the
LBM, proposed by Martins et al. [45], is used in the simulations. This method eliminates the use of
lattice units and allows the simulation to be performed directly using physical units.

Moreover, the results are compared with reference numerical results, as well as with experimental
predictions from the open literature, allowing the validation of the numerical solutions from the present
LBM. Another contribution addressed in the present work is that the present work addresses is the
importance of choosing the correct outlet boundary condition when simulating a cylinder under a
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stream in a channel. Our results show that some schemes of outlet BC scheme can introduce a suction
force, changing the behavior of the simulation and deviating it from the expected results.

The paper is organized into three main sections. First, the methods employed are described in
Section 2, as well as the boundary schemes used in the simulations. Next, the results are discussed in
Section 3. Finally, the main conclusions of the paper are organized in Section 4.

2 Methods
2.1 The Latice Boltzmann Model

For this study, the dimensional approach for the LBM with the MRT collision operator was
adopted [45]. As mentioned in Section 1, this approach dispenses the use of lattice units and allow
the full simulation to be made using directly physical units. Here, we selected this approach because
it facilitates the employment of real fluids on the simulations. The governing equation is shown in
Eq. (1), where f; corresponds to the density distribution functions in the discrete velocity direction i.
Here, §¢ corresponds to the discrete time step and ¢, the discrete particle velocity vector.

fix+edt,t+ 68 — fix, ) = =M SM[fi(x, 1) — f(x, 1)] 81 (1)

The equilibrium distribution functions, £, are given in Eq. (2), which represents the density
distribution functions at a state of local equilibrium. In this equation, ¢, is the lattice sound speed and
w; are lattice weights—which are respectively dependent on the chosen time step and lattice scheme. In
our simulations, we employed the D2Q9 velocity scheme [46], thus ¢, = (§x/81)+/1/3 and the respective
weights are given by Eq. (3), while the discrete velocities, given by Eq. (4).

. . 2 .
D) = open [ 14 S04 SO0 80 2)
Cf C.A\" ZC% (x,0)
4
§ i=0
1
w; = 1 ) i=1,...,4 3)
1
— i=5....8
L36 l b b
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C = _t (170)7 (07 1)) (_130)7 (07_1) i= 17""4 (4)
(131)7 (_lal)a (_19_1)5 (1:_1) i= 51---38

To improve the stability of the method, the multiple-relaxation-time was used for the collision
operator. This collision scheme maps the distribution functions into the moment space and, then,
perform the collision. First, the moments of f; are calculated using a transformation matrix M, as
given by Eq. (5). Then, the collision is performed considering a collision matrix S, which contains the
relaxation rates for each moment, as in Eq. (6). In the end, we obtain the post-collision distribution
functions, f,-, using the inverse of the transformation matrix, as in Eq. (7).

The values of the relaxation rates were adopted following Lallemand and Luo [47], which are
S = 1[0,77,77',0,7,,0,7", 77", 77']. To keep the physical mean of the simulations and correctly

recover the Navier-Stokes equation trough the Chapman-Enskog analysis, the viscous relaxation time
is related to the viscosity of the fluid as v = (r — 8¢/2)c’. In addition, according to Lallemand and
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Luo [47] with the dimensional approach, we have 7' = (3/81)(2/8t —t7")/(3/8¢t — t™"). In this paper,
the values used for the others relaxation times were equal to 1/5¢.

m, = ZMHﬁ and my = ZM,qff‘I (5)
ﬁlk - mk - Sk(mk - n‘l;q)(Sl (6)
k

After this step, the populations are updated in accordance to the post-collision distribution
functions, a process known as streaming, which can be represented by f;(x + ¢;8¢, t + 8¢7) = f,-(x, ). The
macroscopic fields, such as the density p and velocity u can then be recovered from the moments of
the distribution function, as shown in Eq. (8). All the calculations mentioned in this section (collision,
streaming and macroscopic variables calculation) are repeated for each time step, §¢, until the desired
time instant or the steady-state condition is is achieved.

px, =D fix,n and p(x,Du(x,n) = D cfix,1) ®)

2.2 Open Boundary Conditions
This section outlines the inlet and outlet boundary condition strategies used in the present study.

At the inlet, a modified bounce-back scheme is applied, which accounts for a specified inflow
velocity u,, [48—50]. This method, often referred to as a velocity bounce-back, prescribes a uniform
velocity profile at the inlet boundary. It is important to mention that the condition is only enforced
on the population whose velocities points toward the inside of the computational domain, which are
the populations whose values are not known during the streaming step. The formulation of this BC is
shown at Eq. (9).

C - Uy
f?(xba t + St) :ﬁ/(xb: t) - 2wi10in C2 (9)

At the outlet, common schemes often use a periodic condition with a prescribed pressure drop.
However, this is not possible to use when the value of it is unknown to the user, such as the case
analyzed in this study (see Section 3.1). Furthermore, since a prescribed input velocity is used in the
opposite boundary, assuming the output to be periodic does not make sense. Alternative solutions
have to be then employed in order bypass the problem of missing data. In this paper, two different
outflow treatments have been considered.

The first is the Grad’s approximation, adapted for the LBM [51] (see Eq. (10)), where Grad’s
closure and non-equilibrium thermodynamic concepts are employed to reconstruct the unknown
populations, which are calculated as shown in Eq. (10) with respect to the momentum flux tensors
P,;. Overall, it shows good stability and produces decent results, provided that the user is careful with
the domain size [52].

u,c; 1
f;(xb, t+4,) =w |:P + o + Z_C?(Paﬁ - pcigaﬁ)(ciaciﬁ - Cf&xﬁ)] (10)

s
Paﬂ = Z,‘f;’ciaciﬁ
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The second outlet BC analyzed in this paper is the anti-bounce-back approach [53], here, the sign
of the populations are changed from the bounce-back approach, as seen in Eq. (11).

Ci - Uy,
f?(xba t+ 8[) = _f;/(xba t) + za)iloauzT (1 1)

Differently from the inlet treatment, the velocity at the boundary (u,,) is not known. Thus, a

. C . 1
finite difference approximation is done: u,,, = u(x,) + 5 [u(x,) — u(x,,,)], where x, and x,., refer to the

boundary node and the next interior node, following the inward normal vector of the boundary.

2.3 Boundary Conditions for Solid Walls

Due to the mesoscopic nature of the method, boundary conditions that are normally used in
classical fluid dynamics and traditional CFD cannot be employed directly in the LBM. Instead,
boundary treatments in LBM manipulate the distribution functions at the key nodes in the domain
to ensure that macroscopic boundary conditions—such as the no-slip condition at solid walls—are
correctly enforced when the macroscopic variables are recovered.

LBM boundary schemes generally fall into two categories: link-wise approaches, where bound-
aries are assumed to lie halfway between lattice nodes, and wet-node approaches, where boundaries
are located directly on lattice nodes. In this work, we adopt the link-wise method, whose boundary
treatments are known as bounce-back schemes.

2.3.1 Standard Bounce-Back

The standard (or simple) bounce-back (SBBS) rule is probably one of the most widely used
boundary scheme in the LBM [48-50]. It dictates that if a distribution function f; comes into contact
with a solid wall, it is reflected back in the opposite direction at that same lattice node. Mathematically,
this is shown in the Eq. (12).

f;(xal"’at) :ﬁ(xa )] (12)

As mentioned before in Section I, in the LBM the outline of curved geometries rarely align
with the lattice nodes. As a consequence, when employing the bounce-back scheme to these kinds of
geometries, the shape of them will be simplified by the expressions shown in the conditional Eq. (14)
based on the distance ratio, Eq. (13) (see Fig. 1 for reference). This parameter is defined as the ratio
between the distance of the boundary node and the physical boundary, |x, — x,|, and the distance
between the boundary node and the next node inside the immersed body, |x, — x,|, which is usually
equal to §x. This treatment was previously mentioned as well, that means that curved shapes will be
treated as sequences of staggered stair steps.

|xf — Xy _ |xf — Xy

= = 13

4 |x, — X 8x (13)

Cja<1/2: X (14)
" lg=1/2: «x,

Although this can degrade the accuracy of the model, one can still see the simplicity and the ease
of implementation that this scheme offers, which makes it a popular choice between the boundary
conditions of the LBM. Therefore, it is one of the approaches adopted in this study.
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B
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Figure 1: Representation of an immersed geometry with the notation of wall, solid and fluid nodes,
from Guo and Shu [54]

2.3.2 Fictitious Equilibrium Scheme

First introduced by Filippova and Hénel [35], the fictitious equilibrium scheme (FES) is consid-
ered to be the earliest approach to account for the true shape of curved boundaries within the LBM
framework. As the name implies, it creates a fictitious equilibrium distribution function at the solid
nodes and combines it with the bounce-back scheme in order to form a post collision distribution
function at this same node, which is shown in Eq. (15).

¢ - u,

S0 = (L= S 060 1) + 17 (%00 ) = 200 (%7, )7 (15)

1

s

Here, f* corresponds to the fictitious equilibrium function and is given in Eq. (16), x is the
weighting factor and u* is the interpolated velocity; both which are dependent on ¢, as shown in
Eq. (17). It is important to mention that the parameter x has the role of interpolator factor for the
unknown distribution functions, which also must account for the collision consequence. This is the
reason why it is dependent on both ¢ (spatial interpolation) and 7 (collision process).

c-u ¢-u? u’
2g — 1
g<1/2: w=u, x=_ 1
1T -1 (17)

q= 1/2 : U= q;qluf +-u,, x=
q T

This approach better respects the curvature of walls, and should improve accuracy compared to
the standard bounce-back.

2.3.3 Non-Equilibrium Extrapolation Scheme

Proposed by Guo et al. [36], the non-equilibrium extrapolation scheme extends the ideas of
the fictitious equilibrium method. It uses the same methodology adopted in the previous scheme
of constructing post-collision distribution functions at the solid nodes. However, it also performs a
collision step in the solid nodes, which will then be propagated to the fluid nodes at the streaming step.

Here, the distribution functions at the solid nodes are separated in its equilibrium and non-
equilibrium parts, a process shown at Eqs. (18) and (19).

f7 (X.va l) :f;(eq) (Xm t) +f;(”eq) (X.va Z) (18)
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(eq) - C; - U C7 ' usz usz
f7 Nf;(xsat) EC()7,O(X/, Z) 1 + C? + 2C? - 2_6'3 (19)
The velocity at the solid node u, depends on the value of ¢ and is given by Eqs. (20) and (21).
>3/4: ,
u =974 (20)
g<3/4: qu,+ (1 -qu,
1 qg—1 2 qg—1
1 — — Uy, ) s 2 — w /’ 21
u, = -u, + u(x;) e = Y + qulu(X,) 21)

The non-equilibrium part is given in a similar way by Eq. (22).

q=3/4: [0
SO0 = . e (22)
i q<3/4: qf"(x, 0+ (1= q)f (X}, 1)
Finally, the post collision distribution function in the solid node is given by the Eq. (23).
1 -1
f—, (Xsa [) :ff (X.w t) - _f_(”e‘p (Xsa [) :f—* (Xsa t) + r_f_(""q) (Xss l) (23)
i 4 T i i T i

This approach also offers greater accuracy when compared to the SBBS, and can be used for flat
surfaces as well.

2.4 One-Point Curved Scheme

Proposed by [37], this scheme presents a novelty in the sense that it ends up using information
of only a single node in the process of defining the values of the unknown distribution functions.
Furthermore, it doesn’t use a conditional statement with respect to the value of ¢ in the process. From
a practical perspective, this means that this scheme ends up being faster than the aforementioned ones,
which justifies its intended use case: complex particulate flows.

Its formula employs a combination of the distribution functions at the nodes x; and x,,, as shown
in Eq. (24). The main process behind this scheme consists in approximating the parts that compose
this formula into information that is known about the node x;.

FOa 1+ 8) = ﬁ](ﬁ-(xw, (48 + af(X. 1 +5) (24)

Beginning with the part correspondent to the nearest fluid node, one can simply use the post
collision distribution function at the node x,, in accordance to Eq. (25). The wall part is decomposed
in its equilibrium and non-equilibrium parts, the first is approximated in the way shown in Eq. (26),
whereas the other is shown in Eq. (27).

[iX,1+8)) = f/(x/, 1) (25)
SO Xr 4 8)) 2 S W, (1 +8,), py, (1)) (26)
S0 (X,y £ 4 8)) 2 fV (X, 1) (27)
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Given that we will be dealing with a stationary obstacle, the final simplified formula of the
unknown populations are shown in Eq. (28).

1 .
fix, t+38) = T (w,-px,(t) + /(0 1) + 4f (%, t)) (28)

2.5 Hardware and Software

A general solver was programmed using the CUDA/C++ API, where individual kernel functions
were assigned for each step of the method (collision, streaming, application of BCs and macroscopic
variables update). The hardware used consisted of a workstation havinga AMD Ryzen" Threadripper
7970X as the CPU and a Nvidia Geforce” RTX 4070Ti Super as the GPU, running Ubuntu 24.04 as
the OS.

3 Results and Discussion
3.1 Case Studied

To assess the performance of the various boundary condition (BC) schemes, we choose a well
explored general case: the flow around a circular cylinder in the center of an open channel. This
configuration has been studied extensively in the literature, through both experiments [55,56] and
numerical simulations [57-59], some of which also employs the lattice Boltzmann method [19,60].

A notable characteristic of this flow, particularly at moderate values of the Reynolds number
(Re < 300), is the development of the Von Karman vortex street—a periodic shedding of alternating
vortices downstream of the cylinder. The Reynolds number itself is given in relation to the cylinder
diameter and with the inlet velocity, as shown in Eq. (29).

_UD
o v

Re

(29)

In our simulations, the ratio between the cylinder diameter and channel width (also known as
the blockage ratio) was maintained at a constant value of 0.1, as illustrated in Fig. 2. Since we use
a dimensional LBM approach, all physical quantities are directly used in physical units, without the
necessity of conversion to lattice units. The working fluid in the simulations corresponds to water
at 25°C. The complete set of physical parameters employed in the simulation is presented in Table |
alongside its respective values.

50D

A A

Q
)

<D>
@

10D

10D

Figure 2: Diagram showing the relative dimensions of the channel

In order to evaluate the performance of the model, we focus on two different quantities that are
widely studied in this type of flow: the drag coefficient (C,) and the lift coefficient (C,). These are
calculated by dividing the magnitude of the appropriate component of the force vector by the dynamic
pressure times the cylinder diameter, as shown in Eq. (30). For C,, the force component along the
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channel direction is used, whereas for C,, the component perpendicular to the channel is considered.
_2F, _2F,
ez T pUD

C, (30)

Table 1: Simulation parameters-Fixed cylinder

Physical variable name Variable value
Channel width (W) 0.3 (m)
Channel length (L) 1.5 (m)
Cylinder diameter (D) 3 (cm)
Relaxation time (1) 0.60

Fluid density (p) 997.05 (kg/m?)
Kinematic viscosity (v) 8.917e—7 (m/s)

An important consideration arises regarding how to calculate the force acting on a immersed
boundary using the LBM. One way is to sum all the hydrodynamic stresses (viscous stresses and
pressure) acting on the nodes in the vicinity of the body surface [35]. Although this method produces
reasonable results, in this work we adopt the momentum exchange method [48,49], chosen for its
simplicity and proven accuracy [27].

The momentum exchange method employs the impulse theorem, which calculates the force based
on the change in the linear momentum of populations that interact with the immersed boundary. The
method is described in Eqs. (31) and (32).

AQ =587 el (x. 0 +f/(x. 0] (31)
_ 20
F = =~ (32)

3.2 GPU Parallelized Code

As mentioned in Section 1, we use the Nvidia CUDA API to parallelize our simulation code.
The strategy is straightforward: each step of the standard LBM approach is implemented as a GPU
kernel. All kernels run with 256 threads arranged in a 16 x 16 square grid, which proved effective for
our results.

The code begins by allocating all simulation variables in the GPU’s global memory. Key physical
quantities—such as velocity, pressure, and force—also have corresponding arrays in the host memory
to allow tracking at each time step. Constant values are then defined, including transformation
matrices used by the MRT collision operator.

Next, three initial GPU kernels are executed. The first identifies solid nodes based on the cylinder’s
size and position using a boolean object matrix. The second initializes the domain populations with
their equilibrium values. The third calculates the ¢ variable on boundary nodes near the stationary
cylinder. Since the boundary is fixed, these values remain constant throughout the simulation.

The main LBM loop then begins with the collision step using the MRT operator. Its kernel has
three loops over velocity directions (i): the first updates equilibrium distribution functions, the second

https://www.scipedia.com/public/Garzeri_et_al_2025 9
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performs the collision in momentum space, and the third returns results to the population space. Post-
collision values are stored in a separate array to avoid data conflicts.

The streaming kernel updates population values based on the post-collision data. Then, three
boundary condition kernels are applied: one for inlet and outlet, another for side walls, and a third for
the cylinder surface. Finally, a kernel computes the macroscopic variables, completing the iteration.

After several time steps, two final tasks are performed: calculating the force on the cylinder and
recording macroscopic variables for analysis. These are done at user-defined intervals, corresponding
to four data sets per second of simulation time. At each interval, a dedicated GPU kernel computes
the force using Eq. (32). Then, macroscopic variables are transferred to host memory and saved in .csv
files for further analysis.

3.3 First Results and Convergence Test

Following this setup, we conduct the first series of simulations. Boundary conditions are applied
as follows: bounce-back at both the inlet and channel walls, and Grad’s extrapolation at the outlet.
Fig. 3 presents a velocity field visualization for Re = 250, in which the Von Karman vortices can
be clearly visualized. The oscillatory pattern observed at the velocity field is also reproduced on the
instant values of C, and C,, as we can see in Fig. 4, also for Re = 250.

Velocity (mm/s)
0O 05 1 15 2 25 3 35 4 45 5 55 6 65 7 75 8 85

e ————————————— || ]

Figure 3: Velocity scale for Re = 250 and 1 = 750s

Regarding Fig. 4, from the oscillatory behavior we can calculate the average values of the lift and
drag coefficients, which are displayed by the dotted lines. The average value of C, is zero for all ranges
of tested Re, which is expected giving its symmetric placement within the flow channel. Thus, our
analysis will focus on the average of C,.

Before proceeding with any type of validation or review of the usability of the model, we first
perform a convergence check in relation to the grid resolution. This is done by keeping the parameters
of Table | constant and maintaining the channel geometry of Fig. 2, while increasing the number of
nodes used in the simulations. By doing these steps, the value of dx is determined by the relation
§x = W/N,, with N, being the number of nodes across the width of the channel. Furthermore, the
value of the time step (87) is calculated in order to keep the same relaxation time in the simulations,
keeping the relation between t and v previously stated in Section 2. Thus, as consequence, the
simulated domain, as well as the fluid properties were kept the same, and only the values of §x and §¢
were changed.
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Figure 4: Values of C, and C, through a time range from ¢ = 800 (s) and # = 1200 (s) for Re = 250

The results for the grid convergence analysis are shown in Fig. 5 for Re = 50. The first tests had
been performed with N, = 128 and have received increments of 128 up to N, = 768. The results
refer to the percentage difference between the average C, in each mesh size when compared to that
obtained when N, = 768, adopted as our reference solution. Overall, it is possible to see that all four
boundary condition schemes demonstrate convergence towards a common value. This indicates that,
indeed, the solution depends on the grid resolution used to simulate the problem. However, the results
for higher grids presented errors lower enough to be considered good results. In addition, both the
standard bounce-back boundary condition and the one-point scheme exhibits greater inaccuracies at
lower values of N, in comparison to the other boundary schemes. This is an expected occurrence since
the bounce-back method does not accurately capture the true curvature of the cylinder, leading to
greater geometric roughness (stair-step effects) when §x is relatively large.

The grid convergence test showed that for resolutions above 384 nodes the results converged
properly, although the OP scheme presents a little bit of fluctuation from the results at N, = 384
and N, = 512. Nonetheless, we perform the further analysis of this paper considering a grid size of
768 lattices in the y direction.

3.4 Drag Coefficient Analysis

To evaluate the influence of different boundary condition (BC) schemes on the drag coefficient, a
series of simulations were performed over a Re range from 50 to 300. This range was selected because it
encompasses the onset and development of the Von Karman vortex street. The computational domain
was fixed at 3840 lattice units in length and 768 in width. The mean drag coefficient was calculated over
the interval ¢ = 1250 s to ¢ = 1500 s, a period during which the flow exhibited a stable periodic regime.
The time step here has a value of 6z ~ 0.00570 s and the discrete space interval is x ~ 0.00039 m.
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In order to assess the different boundary conditions applied at the cylinder surface, each scheme
shown in Section 2 was tested, keeping the other BC (top, bottom, inlet and outlet) unchanged. The
results are presented in Fig. 6, alongside reference data from the literature, which includes results from
experiments [01] and conventional Navier-Stokes based numerical simulations [57,58].

20.0
—O— BB - LBM
—— FES - LBM
17.5 1
NEES - LBM
OP - LBM
X 15.0
o0
g
125 4+—&
ZD:
3
= 10.0 1
E
3
e
S 754
=
2
L; 5.0 1
25 \\9\
0.0 T T T T T
100 200 300 400 500 600 700

Figure 5: Grid convergence analysis for the selected boundary conditions at Re = 50

Overall, it is possible to see that three of the BC schemes demonstrated similar qualitative behavior:
SBBS, FEQ and NEES, where the C, decreases as the Reynolds number increases. The FEQ and
NEES yielded nearly identical results, while the bounce-back scheme exhibited systematically lower
C, values. Meanwhile, the OP scheme produced the most different results when compared to the other
BCs. While it also had the same behavior in general relation between the C, and the Reynolds, this
scheme produced a significant valley from the values of Re = 100 up to Re = 150. Furthermore, it
produced the lowest values of the drag coefficient across all of our tested values, even lower than those
produced by the SBBS.

A velocity profile was plotted for each boundary condition at Reynolds number 125, chosen for its
noticeable differences between BCs—especially the OP scheme. All plots use a time step of ¢ = 1500 (s)
and the same simulation parameters as in previous results. The plots are available in Appendix A.
Overall, the differences between profiles are subtle. A small phase shift is observed between boundary
conditions, with the OP scheme showing the most pronounced offset. This justifies the choice of
average C, as the main parameter in our analysis.

Despite these discrepancies, the numerical predictions are in a good concordance between the
experimental and the numerical references, where the results end up falling between them. The relative
errors (norm L1) of the numerical results in comparison to the experimental data is reported in Table 2
for the values of Re tested. The largest error was observed at the same Re value for three of the
BC schemes—SBBS, FEQ and NEES—at about Re = 50. For this occasion, the average error was
4.41%, 4.90% and 4.95% for the bounce-back, FEQ and NEES schemes, respectively. Furthermore,
for Reynolds numbers ranging from 100 to 300—where vortex shedding becomes more pronounced
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— the mean errors decreased to 3.6% (BB), 3.34% (FEQ), and 3.40% (NEES). On the other hand, OP
had its highest error at Re = 125, being of 14.41%, while its average error was of 6.12%.

2.2

—O— SBBS - LBM ===+ Tritton (1977) - Experimental

—{— FES-LBM —#*— Yuce and Kareem (2016) - Numerical
2.0 1 —O— NEES - LBM Rajani et al (2009) - Numerical

1.0 1

OP - LBM

0.8 T
50

100

150
Re

200

300

Figure 6: Comparison between the selected boundary conditions with numerical and experimental
data available in the literature [57,58,61]

Table 2: Difference between the LBM simulations and the experimental results

Reynolds number BB FEQ NEES OoPpP
50 11.00% 13.70% 13.73% 6.67%
75 4.82% 10.08% 10.13% 0.83%
100 5.46% 8.03% 8.04% 7.80%
125 3.33% 5.88% 5.87% 14.41%
150 1.72% 4.25% 4.26% 6.40%
175 0.05% 2.72% 2.67% 2.08%
200 1.76% 0.92% 0.88% 3.67%
225 4.38% 0.52% 0.62% 4.93%
250 4.40% 1.67% 1.80% 6.09%
275 5.41% 2.68% 2.82% 6.92%
300 6.18% 3.43% 3.59% 7.62%

The larger errors observed for low Re values can be connected to a higher difficulty of modeling the
phenomenon for low flow velocities. Consequently, any numerical errors/deviations, or interferences
in the case of the experiment, can anticipate the transition of the flow to an oscillatory behavior.
Thus, more deviations between the numerical and the reference results are already expected. Also,
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the two reference numerical data from literature deviates more in this region, in comparison to the
experimental results.

Interestingly, the bounce-back scheme produced the lowest average error compared to the
experimental correlation of Tritton [61]. However, FEQ and NEES results aligned more closely with
those from previous numerical studies, suggesting greater consistency with established simulation
frameworks.

3.5 Impact of the Outlet Boundary Condition

Following the initial drag analysis, we decided to change the outlet BC in order to assess its
influence on the overall results. For this task, we also used the drag coefficient as the main parameter
of the analysis, and all physical variables and simulation parameters of Table | were kept the same. The
only change was the substitution of Grad’s extrapolation scheme by the anti bounce-back scheme, as
described in Section 2, in order to investigate the effects of this change. The results obtained with this
new outlet BC, alongside those obtained with Grad’s approximation, are shown in Fig. 7.

2.2
—O— BB - Grad's extrapolation -O-- BB - Anti bounceback
—{1— FES - Grad’s extrapolation FES - Anti bounceback

2.0 1 NESS - Grad's extrapolation NEES - Anti bounceback

OP - Grad's extrapolation OP - Anti bounceback
1.8 1
1.6 1
3

1.4 1

1.2 1

1.0 1

0.8 T T T T T T

50 100 150 200 250 300
Re

Figure 7: Comparison between the results of the LBM simulations using the anti-bounce-back scheme
at the outlet with the previous results using the Grad’s extrapolation scheme

Analyzing the results, we realize that the anti-bounce-back scheme consistently produced higher
drag coefficients than Grad’s extrapolation. This discrepancy can be attributed to fundamental
differences on the way that each scheme handles the unknown distribution functions at the outlet.
Grad’s extrapolation, for example, employs approximations based on the kinetic theory to reconstruct
the unknown distribution functions, whereas the anti-bounce-back scheme imposes a fixed pressure
condition that can induce a suction effect. Depending on the specified outlet pressure (specified by the
outlet imposed density, p,), this can cause a significant pressure drop, influencing the force experienced
by the immersed body (the cylinder, in our case).
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These findings illustrate that the choice of the outlet boundary condition may exert a greater
influence on aerodynamic coefficients than the boundary conditions applied directly at the surface of
the immersed object.

4 Conclusions

In this work, a novel methodology using dimensional LBM simulations with actual fluid proper-
ties was employed in order to analyze four types of boundary conditions within the LBM framework,
all of them applied to the surface of an immersed cylinder. The main parameters used for the
comparison were the drag and lift coefficients, considering a range of Reynolds numbers between
Re = 50 and 300. The study revealed that all schemes captured the general decreasing trend of the
drag coefficient with increasing Reynolds number.

In this work, we restricted ourselves to low Re numbers in order to guarantee that the 2D
approach employed here is enough to capture the phenomenon with a considerable precision. The
comparison between the simulation results and the reference data confirmed the veracity of the
previous affirmation. For higher values of Re, a 3D approach, as well as the use of a turbulence model
should be considered, in order to have a more complete description of the phenomenon.

However, the FEQ and NEES schemes produced better results in comparison to previous Navier-
Stokes-based numerical data, presenting also almost identical results. The standard bounce-back
method, while less accurate particularly at lower grid resolutions, exhibited the smallest average error
when compared directly with experimental drag values from the literature. This highlights a trade-off
between physical fidelity and numerical convenience when selecting boundary treatments for curved
geometries.

Additionally, the study examined the impact of the outlet boundary condition on the results. For
this, we compared Grad’s extrapolation scheme with the anti-bounce-back pressure-based scheme.
The results revealed that the anti-bounce-back scheme can induce a suction of the fluid at the outlet,
changing the measured values of C, and inserting deviations from the expected results. Thus, we can
conclude that the outlet BC can exert a non-negligible influence on the computed acrodynamic forces,
often surpassing the effect of the boundary condition applied at the surface of the body.

In general, all tested methods are capable of producing reasonable predictions under appropriate
conditions. Nonetheless, the choice of boundary condition—both at the solid interface and at the
outlet—plays a crucial role in the accuracy of LBM simulations. For high-fidelity aerodynamic pre-
dictions, particularly at lower Reynolds numbers or under coarse discretizations, more refined schemes
such as FEQ or NEES combined with physically-consistent outlet treatments are recommended.
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Appendix A Velocity Fields for Re = 125 and ¢ = 1500 s

The velocity contours for each boundary scheme applied to the cylinder can be seen in Fig. Al,
considering a Re of 125.
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Figure Al: Velocity schemes for the (a) Standard bounce-back (b) Fictitious Equilibrium (c¢) Non-
equilibrium extrapolation (d) One-point boundary condition schemes
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