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Abstract. The concept of thermoelastic metamaterials has been around for over two
decades. Nevertheless they are rarely applied, due to their poor manufacturability. To
enhance their applicability, a topology optimization framework is proposed and verified,
able to generate finite thermoelastic unit cell arrays with tailored unidirectional ther-
mal expansion, manufacturable through automated multi-material additive manufactur-
ing methods.

A thermoelastic unit cell array is optimized for near zero thermal expansion. A sample
has been fabricated using a low-tech production process, inspired by a multi-material
ultrasonic additive manufacturing process, with a unidirectional thermal expansion of
(−4± 8) µm/(m°C). With this sample, the numerical predictions have been validated
experimentally, confirming the capability of the proposed design approach to generate
performant and realizable thermoelastic metamaterials.

1 INTRODUCTION

Thermoelastic metamaterials are composites designed for a tailored or unconventional
Coefficient of Thermal Expansion (CTE). They are typically composed of multiple conven-
tional materials with different but positive CTE, which are arranged in a specific periodic
microstructure. Upon heating, the difference in CTE of the used materials causes the
metamaterial structure to deform, allowing for extremal CTE.

Applications of thermoelastic metamaterials are plentiful. Negative Thermal Expan-
sion (NTE) metamaterials can for example be used in thermally operated fasteners. The
volume contraction upon heating allows for easy insertion of the fastener into tight holes
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[9]. Zero Thermal Expansion (ZTE) metamaterials can furthermore be used in opti-
cal components and precision instruments [13], where high precision and stability under
varying thermal conditions is to be achieved. Large Positive Thermal Expansion (PTE)
metamaterials are applicable to medical vessel dilators, which should dilate blood vessels
when the human body temperature is increasing [10].

One of the most powerful methods to design thermoelastic metamaterials is Topology
Optimization (TO). Thermoelastic metamaterials have already been designed using TO
[1, 3, 5, 9, 10, 11], in which their effective material properties are determined using the
homogenization theory [2], which assumes infinitely repeating unit cells. Thermoelastic
unit cell arrays composed of only a small number of unit cells are however manufactured
[6, 8, 10, 11]. Since only arrays with a finite number of unit cells can be manufactured,
a difference between numerical and physical performance arises in this approach. Opti-
mized designs in literature are furthermore extensively post-processed, to enhance their
manufacturability. Thin hinges are for example strengthened and complex shapes are
simplified, which compromises their optimality and alters their behaviour. In this paper,
we present a new approach to address these disadvantages.

Regarding manufacturability, a combination of the automated methods Ultrasonic Ad-
ditive Manufacturing (UAM) and Electronic Discharge Machining (EDM) allows metallic
thermoelastic metamaterials to be manufactured successfully at useful scales [7]. Only
thermoelastic metamaterials with alternating uniform materials layers, each composed
of just a single material and locations without material, are manufacturable using this
production process. This constraint is considered in this study.

This paper proposes and verifies a TO framework, able to generate finite thermoelastic
metamaterials with tailored unidirectional thermal expansion composed of uniform ma-
terial layers, manufacturable through automated multi-material Additive Manufacturing
(AM) methods. A computationally efficient exact Reduced Order Model (ROM), obtained
using static condensation [4], is used to determine the thermoelastic response of unit cell
arrays with a finite number of unit cells. Comparison of the conventional homogenization
theory with this finite unit cell array modelling approach, verifies the inaccuracy of the
homogenization theory for the modelling of finite unit cell arrays. Furthermore, minimum
length scale control and robustness are established, using a robust optimization formu-
lation [12]. Before describing the framework in further detail, the considered problem is
introduced in the next section.

2 OPTIMIZATION PROBLEM

2.1 Design domain

The design domain visualized in Figure 1 is used in an example case considered using
the new TO framework. A unit cell is patterned periodically in a finite unit cell array and
solid mounting strips are attached to the top and bottom of the structure. Furthermore,
consistent with UAM, uniform material layers are enforced in the design domain.
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Figure 1: Visual representation of the optimization case and of the procedure to obtain an exact ROM.
A 2 × 3 unit cell array with solid strips is optimized. Dimensions lx and ly are equal to 0.15 m × 0.15 m
and each superelement is discretized using nx × ny square finite elements with nx = 150 and ny = 60.

2.2 Formulation

Following the robust approach [12], the worst case of an eroded, intermediate and
dilated topology is optimized, to obtain a manufacturing tolerant design. As performance
parameter, the compliance of the eroded periodic unit cell array is minimized, for a unit
tensile load applied to its top boundary. The unidirectional thermal expansion of the
unit cell array is furthermore tailored, by constraining the Mean Square Error (MSE) of
the vertical displacement of the top boundary resulting from a unit temperature increase.
Volume constraints are enforced on the dilated topology, to constrain the weight of the
structure and a lower bound for the element densities is enforced, to prevent singularities
of the stiffness matrix. Vertical line symmetry furthermore reduces the size of the design
variable vector. The optimization problem is given by:

min
x1

: f{e} · u{e},

s.t. : gMSE
{h} ≤ 0 for all h = {e, i, d},

V
{d}

Aluminium ≤ V ∗Aluminium,

V
{d}

Steel ≤ V ∗steel,

0 ≤ xmin
1 ≤ x1 ≤ 1,

Vertical line symmetry, (1)

in which x1 is the design vector containing the densities for the elements describing a single
unit cell. f{e} and u{e} are the nodal force vector and displacement vector for the eroded
topology, resulting from the unit tensile load. V {d} and V ∗ are the volume fractions of the
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dilated topology and the user defined upper bound for the volume fractions, respectively.
The vector xmin

1 contains the lower bounds for the element densities. gMSE describes the
MSE constraint, which is applied on the eroded, intermediate and dilated topologies:

gMSE = log10

∑
Ntop

(uy − u0)2

− log10 (cMSE) ≤ 0, (2)

in which uy is the vertical thermal displacement, for the set of nodes Ntop on the top
boundary of the unit cell array (see Figure 1), resulting from a unit temperature increase.
u0 is the desired vertical thermal displacement for the top nodes, which can be chosen for a
specific unidirectional thermal expansion. cMSE describes the upper bound for the defined
MSE and controls the allowed variation of the vertical thermal displacement along the
top boundary of the unit cell array. A logarithmic transformation is applied, to prevent
small sensitivities which could cause numerical problems.

The bounds for the imposed constraints and the desired minimum length scale are
provided in Table 1. The minimum length scale is chosen conservatively based on the
low-tech production process used for the demonstrator. cMSE is chosen such, that the
considered MSE is smaller than one tenth of the MSE expected for a solid steel block of
similar size, computed using a zero target vertical thermal displacement. The example
case is initialized using uniform density fields, with initial element densities x0 of 0.25 and
0.75.

Table 1: Constraint bounds and minimum length scale.

Parameter Value Description
b 2 Desired minimum length scale in millimeters
cMSE 2.43× 10−10 Upper bound MSE constraint in meters squared
V ∗Aluminium 0.40 Maximum volume fraction aluminium phase
V ∗Steel 0.25 Maximum volume fraction steel phase

3 TOPOLOGY OPTIMIZATION FOR MANUFACTURABILITY

3.1 Reduced order model

An exact ROM is used for the analysis of the finite unit cell arrays, given the geometric
similarity of the unit cells, in order to raise computational efficiency. The procedure used
to obtain an exact ROM, is visualized in Figure 1. First, the DOFs of a single unit cell
are divided in a set of retained DOFs, located at the boundary of the unit cell and a
set of condensed DOFs, located at the interior of the unit cell. Static condensation [4]
is utilized, to condense the classical Finite Element (FE) equation, such that it is only
solved for the set of retained DOFs at the boundary of the unit cell:(

Krr −KrcK
−1
cc Kcr

)
ur = fr −KrcK

−1
cc fc, (3)
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in which the subscripts r and c refer to the set of retained and condensed DOFs, re-
spectively. A superelement is obtained, with a reduced stiffness matrix and force vector,
describing the exact behaviour of the unit cell. The superelements are assembled, such
that a reduced system of equations is obtained for the finite unit cell array, which is much
smaller than the system of equations obtained for a full FEA.

Solid strips adjacent to the thermoelastic unit cell array are included in the ROM. A
superelement representing a section of solid strip is generated in a similar fashion, which
only has to be done once since the topology of the solid strips does not change during
optimization.

3.2 Robust formulation and filter domain extension approach

In the robust formulation [12], the worst case of an eroded, intermediate and dilated
topology is optimized. The topologies are obtained by applying a smooth threshold pro-
jection to the filtered density field for different threshold values, as visualized in Figure 2.

Figure 2: Illustration of the threshold projec-
tions for different choices of the threshold value
η [12].

Figure 3: Original filter domain (black) and
extended filter domain (orange), for a filter with
radius R.

A specific minimum length scale can be established at the interior of an optimized
domain, by selecting a specific combination of the used filter radius and threshold values,
for a sufficiently sharp threshold projection [12]. Furthermore, the resulting design will be
less sensitive to manufacturing inaccuracies, which is desirable for the considered meta-
material. In the new TO framework, the robust formulation is applied to the topology
of a single unit cell. The filter boundaries are extended with at least the filter radius,
assuming that the considered unit cell is surrounded by identical unit cells as is visualized
in Figure 3. Minimum length scale control at the boundary of the unit cells is obtained
using the extension, when the filter domain extension is valid and other unit cells indeed
adjoin the unit cell boundary.
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4 NUMERICAL RESULTS

The topologies of a single unit cell for two cases are given in Figure 5. It can be seen
that the topologies for the eroded, intermediate and dilated designs are the same for the
case initialized using x0 = 0.25, whilst they vary locally near the corners of the unit cell for
the case initialized using x0 = 0.75. The applied robust optimization formulation requires
these topologies to be the same. Therefore, void regions smaller than the minimum length
scale specified are observed for the intermediate topology of the design initialized using
x0 = 0.75, at the locations were the topologies vary locally.

The blueprints for the optimized unit cell arrays, are visualized in Figure 6. Apart from
the small void regions observed for the topology initialized using x0 = 0.75, minimum
length scale control is successfully obtained for the interior of the unit cell arrays. For
boundaries where the used filter domain extension is not valid, so where the unit cells do
not connect to other unit cells, minimum length scale control is not obtained as is expected.
The void at the top boundary of the top layers of unit cells for example, which adjoins the
solid mounting strip instead of a unit cell, is smaller than the specified minimum length
scale, since the used filter domain extension is not valid for this boundary. The vertical
thermal displacement of the top boundaries of the optimized unit cell arrays are given
in Figure 4. For both cases, the vertical thermal displacement of the top boundary of
the unit cell array is well below the thermal expansion expected for steel, which is the
material of the unit cell arrays with the lowest CTE.

Despite the small void regions observed at its interior, the design initialized using
x0 = 0.75 will be analyzed for the purpose of experimental verification. For the design
initialized using x0 = 0.25, the contact surface between the material layers is small and
a reliable adhesive connection might not be established, which is required for the used
low-tech manufacturing method, inspired by a UAM production process [7].

Figure 4: Vertical thermal displacements of the top boundary of the eroded, intermediate and dilated
unit cell arrays, for a unit thermal load.
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(a)

(b)

Figure 5: Optimized intermediate topology for a single unit cell and contours for the eroded and dilated
unit cells, for x0 = 0.25 (a) and x0 = 0.75 (b), composed of aluminium (blue) and steel (red).

(a) (b)

Figure 6: Optimized intermediate unit cell array topologies, to be used as bluepints for the optimized
design, initialized using x0 = 0.25 (a) and x0 = 0.75 (b), composed of aluminium (blue) and steel (red).
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5 EFFECT OF ARRAY SIZE

It is of interest to determine the accuracy of the conventional homogenization approach
for metamaterial design to the finite cell array modeling applied here. The vertical thermal
displacement of the optimized unit cell array initialized using x0 = 0.75, computed using
both an exact ROM and the homogenization theory, is considered. Using the homoge-
nization theory, the effective material properties are computed for the unit cell design,
assuming an infinite array. The response of the studied finite unit cell array including
solid strips is computed using a full FEA, in which the unit cells are modelled using a
solid material having the computed homogenized properties. For the exact ROM, the
number of unit cells of the array between the solid strips is increased, whilst maintaining
the same overall dimensions for the unit cell array. The results are presented in Figure 7.

Figure 7: Average and maximum vertical thermal displacement of the top boundary of the unit cell
array, computed using the homogenization theory and the exact ROM. Unit cell array size refers to the
number of periodically repeated unit cells, so excluding the solid strips.

The vertical thermal displacement for an array size of 2 × 3 unit cells, used in the
optimization case, is considerably lower for the exact ROM than for the homogenization
method. Extrapolation of the maximum displacements computed using the ROM, shows
that only for array sizes larger than 120 × 180, the difference in the obtained displacement
values for both methods is smaller than 5 %.

The homogenization theory is often used in existing TO frameworks for thermoelastic
metamaterials. Small thermoelastic unit cell arrays are however most often manufac-
tured, since the fabrication of large unit cell arrays remains difficult. The exact ROM
accounts for the size of the unit cell array and gives a significantly different and more re-
alistic thermoelastic response for small unit cell arrays, compared to the commonly used
homogenization theory, whilst preserving acceptable computational costs.
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6 EXPERIMENTAL VALIDATION

The unidirectional thermal expansion of the optimized unit cell array initialized using
x0 = 0.75, visualized in Figure 4, is well below the thermal expansion expected for steel,
which is the material of the optimized unit cell array with the lowest CTE. A detailed 3D
FEA of the post-processed design, in which adhesive bonds were modelled between the
material layers, confirms this conclusion. Experimental validation is used to confirm that
the physical behaviour of the optimized design is in line with the numerical predictions.

6.1 Fabrication

A sample of the optimized design has been fabricated using a low-tech production
process, inspired by the UAM production process presented by Parsons [7]. Square bars
of aluminium and steel are bonded using Araldite ® 2019 adhesive, which is cured for 1
hour at 130 °C. Subsequently, waterjet cutting is performed with an OMAX MicroMax®

to cut the optimized topology from the layered multi-material solid block.

Figure 8: Front (left) and rear (right) view of the manufactured thermoelastic metamaterial structure.

6.2 Measurements

The unidirectional thermal expansion of the optimized sample is determined using
the setup schematically visualized in Figure 9. Hot water is poured into the container,
which cools down slowly from 40 °C till 30 °C during the measurement. The gap between
the measurement frame and both samples is measured using non-contact fiber optic sen-
sors. The unidirectional thermal expansion of the optimized sample can be determined
quantitatively, since the CTE of the steel sample is known. The unidirectional thermal
expansion is compensated for the sections of the samples protruding above the water,
which are possibly not fully subjected to the imposed temperature change.
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Figure 9: Schematic overview of the experimental setup used to determine the unidirectional thermal
expansion of the optimized sample. (1) Optimized sample; (2) Fiber optic sensor heads; (3) Custom
made aluminium measurement frame; (4) Container; (5) Water; (6) Steel sample.

6.3 Results

The change in the sensor gaps for the final measurement points of four different mea-
surements are presented in Table 2. The lower the unidirectional thermal expansion of the
sample, the larger the shrinkage of the sensor gap due to the shrinkage of the aluminium
measurement frame. The shrinkage of the sensor gap for the optimized sample is signifi-
cantly larger than for the steel reference sample. The unidirectional thermal expansion of
the optimized sample is therefore lower than the unidirectional thermal expansion of steel,
which is the constituent of the optimized sample with the lowest CTE. An unidirectional
thermal expansion of (−4± 8) µm/(m°C) is determined for the optimized sample.

Table 2: Measured change and difference for the sensor gaps of the optimized and steel sample, in which
positive values indicate an increase of the sensor gap.

Measurement ∆gap,opt [m] ∆gap,steel [m] ∆gap,opt −∆gap,steel [m]
1 −34.2× 10−6 −9.0× 10−6 −25.2× 10−6

2 −35.0× 10−6 −9.2× 10−6 −25.8× 10−6

3 −31.7× 10−6 −6.8× 10−6 −24.9× 10−6

4 −34.0× 10−6 −5.0× 10−6 −29.0× 10−6
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7 CONCLUSIONS

A TO framework for finite thermoelastic metamaterials with tailored unidirectional
thermal expansion, manufacturable through automated multi-material AM methods, has
been developed and validated.

An exact ROM is successfully utilized to obtain the thermoelastic response of finite
instead of infinite unit cell arrays. Furthermore, using the ROM, solid mounting strips
adjacent to the array are modelled and their influence on the thermoelastic response is
accounted for. A robust optimization formulation combined with a filter domain extension
approach enabled the new framework to obtain manufacturing tolerant designs satisfying
a minimum length scale for the interior of the unit cell array. Uniform material layers
are furthermore successfully enforced to allow fabrication with manufacturing methods
inspired by a UAM production process.

Opposed to existing TO frameworks for thermoelastic metamaterials, array size effects
are thus accounted for in the new TO framework. For an array size of 2 x 3 unit cells,
which is considered in the performed optimization, the difference between the thermoe-
lastic response computed using the commonly used homogenization theory and the exact
ROM is larger than 100 %. Only for an array size of 120 x 180 unit cells, the maximum
unidirectional thermal expansion computed using both methods differs less than 5 %. The
influence of the array size on the thermoelastic response of a unit cell array is thus sig-
nificant. The commonly used homogenization method ignores these size effects. Using
the exact ROM, the size effects are however considered, resulting in the optimization of
a realistic thermoelastic response for finite unit cell arrays.

A sample of the optimized design, obtained through only limited post-processing,
has been fabricated successfully with only minor discrepancies. Experiments have val-
idated the numerical predictions and have shown that a manufacturable and functional
finite thermoelastic metamaterial is obtained, with a unidirectional thermal expansion of
(−4± 8) µm/(m°C). It is thus concluded, that the proposed design approach is able to
generate performant and realizable thermoelastic metamaterial structures.
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