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Abstract: We employ the lattice Boltzmann method (LBM) to perform flow simulations
with the objective of evaluating the performance of the D3Q27 stencil in capturing com-
plex flow structures. We used a specific variation of the method known as the Moment
Representation Lattice Boltzmann Method (MR-LBM), which employs a second-order
moment representation to regularize the distribution functions, thereby enhancing com-
putational performance. The implementation incorporates the Bhatnagar-Gross-Krook
(BGK) collision operator, which is embedded in the moment evaluation process. As
benchmark cases, we considered the lid-driven cavity (LDC) flow and a turbulent jet,
both of which require robust numerical treatment to handle boundary conditions and
resolve small-scale flow features. Dirichlet boundary conditions are enforced at solid
walls, and the implementation adopts the incompressible regularized boundary condition
(IRBC), which reduces the number of constraints on the second-order moments, thereby
improving the stability and efficiency of the simulations. Additionally, we incorporated a
high-order regularization technique and enforced a zero-trace condition on the momentum
flux tensor to further enhance numerical stability and accuracy. Numerical experiments
were conducted for Reynolds numbers of 10,000, 15,000, 25,000, and 50,000, employing
mesh sizes up to 256 lattice nodes per dimension, ensuring a comprehensive assessment of
the performance of the method under different flow conditions. The results were evaluated
based on root mean square (RMS) and mean velocity profiles across different mesh sizes
and Reynolds numbers. The findings were validated with results from the literature and
showed good agreement.
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1 INTRODUCTION

The lattice Boltzmann method (LBM) is a widely adopted computational fluid dynam-
ics (CFD) framework that solves the Navier—Stokes equations (NSE) through a mesoscopic
scheme, capable of simultaneously capturing microscopic effects and describing macro-
scopic fluid behavior. This method has proven effective for complex problems, particu-
larly turbulent flows, as it provides a detailed physical representation of fluid motion [1].
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Although historically associated with high computational demands, recent advances in
GPU parallel programming, well aligned with the intrinsic parallelism of LBM, together
with methodological improvements developed in recent years, have established LBM as
a robust CFD approach, able to reproduce complex fluid mechanics scenarios with high
fidelity [2].

The LBM framework originates from the continuous Boltzmann equation (BE), where
a density distribution function f is advected by the particle velocity £, subject to external
forces and governed by a collision operator 2. When the BE is discretized, the resulting
formulation is known as the lattice Boltzmann equation (LBE). In this approach, the
continuous space is subdivided into a finite set of distributions, each associated with a
discrete direction denoted by ¢. The number of these directions is determined by the
velocity stencil selected for the problem. By combining the discrete distributions f; with
the microscopic velocities ¢;, it becomes possible to reconstruct the macroscopic physical
properties of the flow, such as density, momentum, and the strain rate tensor, all consistent
with the NSE, as demonstrated through the Chapman-Enskog expansion [3].

Since the LBM is derived from a discretization of a continuous equation, the resulting
formulation is inherently approximate and inevitably introduces some degree of error. To
improve accuracy, stability, and computational performance, numerous studies have pro-
posed a variety of approaches to LBM. Among these, the regularized LBM is particularly
relevant to the present work. In this formulation, the particle populations at each lattice
site are expressed as combinations of their moments and Hermite polynomials, thereby en-
hancing the numerical stability of the method. In the present methodology, this approach
is coupled with the Bhatnagar-Gross—Krook (BGK) collision operator [4].

Based on the principle of regularization , [5] proposed a system of equations that enables
the calculation of moments at the boundaries. This approach, referred to as regularized
boundary conditions (RBC), can be further improved by assuming incompressibility at the
boundaries, which enforces the trace of the strain rate tensor to be zero. This assumption
reduces the number of equations that must be solved at the boundaries, resulting in the
incompressible regularized boundary conditions (IRBC) [6]. Using the RBC approach,
[5] successfully simulated flows at Reynolds numbers up to 50,000, demonstrating its
potential to enhance the stability of the method.

The moment representation of the LBM is employed as a computational strategy to
enhance performance. In a three-dimensional simulation using the D3Q27 stencil, the
classical formulation requires storing 27 populations per lattice site. By contrast, the
moment-based LBM stores only 10 moments, which are sufficient to regularize the distri-
butions during the pre-streaming step [7]. With this representation, the collision step is
performed directly on the moments rather than on the populations, thereby eliminating
the need to explicitly compute the equilibrium distribution. This approach further reduces
the memory footprint and significantly improves computational efficiency. Moreover, the
moment-based LBM integrates seamlessly with CUDA parallel programming, making it
particularly well suited for high-performance implementations [8].

Building upon these developments, the present work applies the high-order regular-
ization proposed by [9]. The objective is to investigate the computational impact of



B. Y. dos Anjos, G. Choaire and L. A. Hegele Jr.

high-order regularization on execution time and to assess its influence on simulation ac-
curacy when compared with the classical second-order formulation. To conduct this study,
the lid-driven cavity (LDC) flow was selected because it combines geometric simplicity
with complex flow characteristics, and has been extensively examined in the literature,
providing a reliable benchmark for comparison.

2 METHODS

To address the proposed problem, the LBM scheme was employed to obtain the results
presented in this paper. The method calculates fluid behavior on a set of discrete points,
known as lattice nodes. Each lattice node contains a set of density distribution functions,
denoted as f;, arranged in a predefined number of discrete directions. The number and
orientation of these directions depend on the selected velocity stencil [9].

The temporal evolution of f; within the domain is referred to as the streaming process,
during which the distribution function propagates from one lattice node to its neighbor.
When distributions meet at a lattice site after streaming, they interact through a collision
process, altering the behavior of f;. This collision process is denoted by €; [5]. The
combined dynamics of streaming and collision are expressed as:

where ¢; is the microscopic velocity vector and « represents the lattice position coordinate.
The formulation of the collision operator varies in the literature, ranging from single-
relaxation-time to multi-relaxation-time (MRT) models. In this work, the Bhatnagar—
Gross—Krook (BGK) collision operator is employed. This model describes the relaxation of
the distribution function toward its equilibrium state, with the rate of relaxation governed
by a characteristic relaxation time constant, denoted as 7 [10]. The BGK collision operator
is expressed as:

0 (1) =~ (f ) — £ (1), ©)

The relaxation time 7 can be determined through its correlation with the kinematic
viscosity, denoted as v. This relationship is established by the Chapman-Enskog expan-
sion, which links the Lattice Boltzmann Equation (LBE) to the Navier—Stokes Equations
(NSE) [3]. Accordingly, the kinematic viscosity is defined as:

v=a,> (r—%), (3)

In the previous equation, as denotes the scaling factor, defined to ensure that the mi-
croscopic velocities ¢; are unit vectors, and its value depends on the chosen stencil. For
classical LBM stencils such as D2Q9, D3Q19, or D3Q27, this factor is equal to v/3. In
this case, a; = 1/cs, where ¢, represents the speed of sound in the classical LBM scheme
5].

In the LBM framework, macroscopic moments can be obtained directly from the dis-
tribution functions by combining them with the microscopic velocities. In the classical
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formulation, three fundamental moments are identified: the zeroth-order, first-order, and
second-order moments. These are physically associated with density, momentum, and the

strain rate tensor, respectively [4]. The first-order moment is given by p, followed by pu,,
(2

a), which are expressed as:

2 2
{p7puaapmiﬁ)’} = Zfi{laciomHéﬁ)’i}ﬂ (4)

where Huop = CiaCig — 00p/ ag is the Hermite polynomial function, employed in the LBM
due to its orthogonality property, which allows the distribution functions to be expressed
in terms of their moments combined with these polynomials. The term d,5 denotes
the Kronecker delta [4]. Since this study adopts the regularized LBM, the use of this
formulation is particularly important. Both the regularized distributions, denoted by fi,
and the equilibrium distributions are expressed in terms of their moments. The primary
difference between them is that the second-order moments are represented as combinations
of the velocity components in the a and 3 directions, as follows:

and pm

4
Ji = pw; (1 + a2UaCin + %mg?ngc(u?ﬂ) ) (5)
eq 2 a;l (2)

it = pw; | 1+ aiuacia + Euau,gHam i (6)

The variable w; represents the weight associated with a given direction, describing
the probability of that direction occurring when predicting the flow behavior at a lattice
node. The values of w; are determined using Gauss quadrature and vary according to the
selected velocity stencil [3].

2.1 Moment representation

The moment representation is a technique designed to reduce the computational cost
of simulations. Its core principle is to store the moments instead of the full set of particle
populations at each lattice site. For a three-dimensional simulation, the memory savings
are directly proportional to the reduction in the number of stored variables per lattice
node [7].

The moment-based LBM provides significant memory savings and demonstrates greater
efficiency as the complexity of the geometry and the velocity stencil definition increases.
These advantages motivate its adoption in the present work. Before describing the details
of the formulation, it is noted that a collided distribution function is denoted with an
asterisk (*), and its behavior is expressed as:

[z, t) = fi (® + c;At, t + At). (7)

Therefore, Eq. (1) combined with Eq. (2) is used to calculate the collided moments. As
noted previously, the primary difference between equilibrium and regularized distributions
arises in the second-order expansion. By subtracting the distributions in the collision
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operator, only second-order terms remain. Comparing both sides of the equation then
reveals that only the second-order moments are modified. As a result, the collision in
moment space can be expressed as:

Mg = (1-— w)mfg + wuaug, (8)

where w = At/7. Once the collided moments are determined, all particle populations can
be reconstructed using Eq. (5), after which they are streamed to neighboring nodes, and
the process is repeated.

2.2 High Order Regularization

A high-order expansion occurs when the distribution function is not truncated at the
second-order term [9]. In this case, the definition of the distribution function can be
further exploited, allowing the regularized distribution to be expressed as:

N
fr=wiy
n=0

where M ™ represents the moment of order n, obtained by summing the distribution
functions weighted by the corresponding n-th order Hermite polynomial, as shown in
Eq. 4. Up to first order, the classical moments are recovered: p and pu,. In general, the
second- and higher-order moments will be expressed as mgi)__,an.

First, the concept of the non-equilibrium distribution function is introduced, denoted
as fi(ne'I). Each distribution function can be expressed as the sum of the equilibrium
distribution and a deviation term, referred to as the non-equilibrium distribution [9, 5],
as shown in the following expression:

A" o ) . ()
p M™ : H™. 9)

fi= £+ f, (10)

Using assumptions similar to those applied in the moment collision step, the non-equilibrium
second-order moment can be explicitly written as:

m,(:;q) = mgg — Uy Ug. (11)

This definition is necessary because, as proposed by [9], third-order and higher mo-
ments can be expressed as functions of the second-order moments. To achieve this, the
approach makes use of the non-equilibrium distribution functions. The generalized recur-
rence relation for the moments is given by:

med) uanm(nefﬂ + (ual._,uanﬁm(neq) + perm (Oén)) ) (12)

Qag...0n a10n—1 Qn—1Qn
where perm(a;,) denotes the permutation of the last index with respect to «,. When

expanding the distribution function to fourth order, it is necessary to account for the fact
that a Hermite polynomial cannot be expressed if three identical coordinates are present,
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such as in Hyy, or Hy,,. This limitation arises because linear independence of the system
cannot be guaranteed [9].

The choice of the D3Q27 stencil in this work is motivated by the fact that, within
the discrete Boltzmann framework, the D3(Q19 stencil does not preserve Hermite orthog-
onality. This limitation may lead to artifacts in the simulation, since the calculation of

moments may incorrectly include spurious contributions. For example, the summation

Zi winzy,iHyzz,i % 0.

2.3 Boundary Conditions

In the case of the three-dimensional lid-driven cavity (LDC), the geometry consists of
six walls with prescribed velocities, referred to as Dirichlet boundary conditions. Several
approaches have been proposed to handle such boundaries. Among them, the regularized
boundary condition (RBC) method provides a robust way to account for the physical
constraints of the flow. This approach was first introduced by [5], who applied the reg-
ularization process to determine the missing directions at the boundary by formulating
a system of equations. Solving this system yields the boundary moments, which in turn
allow the populations at the boundary nodes to be defined. The proposed expressions for
this system of equations are:

PIIZfi:(l—W)Zﬁ‘i‘Wfoq? (13)

i€l 1€0;
2 2 P 2
megzg,l - Z fiHc(vﬁ),z‘ = Zf%Héﬂ)z (14)
i€l i€l

where I denotes the incoming moments, I the incoming populations, and Oy the outgoing
distributions at each boundary node. Further details on the definition of incoming and
outgoing directions can be found in [5].

An incompressible flow assumption was also employed at the boundaries, which sim-
plifies the system by allowing the second-order moments to be expressed solely in terms
of the velocity components, such as m$ = u? and m{Y) = uz [8]. This approximation
is based on the definition of the strain rate tensor, specifically on the condition that its

trace is equal to zero. The strain rate tensor can be expressed as:
2
a 2) 1 (Ouy  Oug
S, :—s(uu—m(>:— —_— 4+ =, 15
P e T a5 ) o\ 98 T da (15)
Since we are considering the trace of the strain rate tensor, it follows that o = . This
condition implies that Eq. (15) can be rewritten as:

a? ou
Saa:_s 2 _ 2 :_O" 16
% -t = 5 16
By the definition of an incompressible fluid, Vu = 0. When a lattice node lies on a
Dirichlet flat-wall boundary, the velocity is constant along two coordinates, so the sum of

their spatial derivatives must vanish. Under the incompressibility assumption, the third
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derivative also becomes zero. This reasoning can be extended to edges and corners, which
are intersections of two flat walls, where all three spatial velocity derivatives are zero.
Consequently, S, = 0 for all boundary nodes, and thus:

m® =2, (17)

ax

The RBC framework enhances the stability of LBM simulations, improving perfor-
mance and enabling simulations at higher Reynolds numbers. With the IRBC assumption,
the implementation becomes even simpler.

3 VALIDATION

The validation procedure considers two Reynolds regimes, Re = 3,200 and Re =
10,000, evaluated across several grid resolutions and two distinct orders of regularization.
The results are compared with the experimental data reported by [11]. All simulations
were run for a total nondimensional time of t* = 500, where t* = tU;q/L defines the
turnover time. The turnover time incorporates the characteristic length and velocity,
representing the number of simulation steps required for the fluid to traverse the entire
domain. This ensures that all results correspond to the same physical time, thereby
validating comparisons among different grid resolutions.

First, the grid convergence is analyzed to determine the refinement level required for
an accurate physical representation of the phenomena. The main variable used to assess
convergence is the nondimensional total kinetic energy per unit mass.

Figure 1 presents the results for both Reynolds regimes and four grid resolutions
(L = {32,64,128,256}), with an additional case of L = 512 included for Re = 10,000.
As the resolution increases, the total kinetic energy decays until it reaches a value that
changes only marginally compared with the previous resolution. For both Reynolds cases,
the high-order scheme (6 order) appears to converge earlier, as its total kinetic energy
decays slightly faster than that of the second-order scheme. In the case of Re = 10,000,
convergence occurs even more rapidly with the high-order scheme. As the Reynolds num-
ber increases, the maximum value of the total kinetic energy decreases. Because higher
Reynolds flows are more complex, finer grid resolutions are required. This observation is
reinforced when comparing the decay rates at low and high Reynolds numbers.

To further validate convergence, a quantitative analysis is performed by calculating
the Lo error, which measures the variance of the nondimensional total kinetic energy
within the statistically stationary state (300 < ¢* < 500). This metric provides a suitable
parameter to compare convergence across different grid resolutions and to assess the rate
of error reduction. The Ls error is defined as:

* (Etyb B Et75)2
Ep, = Ta (18)
To further validate convergence, a quantitative analysis is performed by calculating
the Lo error, which measures the variance of the nondimensional total kinetic energy

within the statistically stationary state (300 < ¢t* < 500). This metric provides a suitable
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(a) Total kinetic energy for Re = 3,200. (b) Total kinetic energy for Re = 10,000.

Figure 1: Total kinetic energy for 3,200 and 10,000 Reynolds numbers and different grid resolutions,
comparing both 2% and 6" order of approximation.

parameter to compare convergence across different grid resolutions and to assess the rate
of error reduction. The Lo error is defined as:

Figure 2 shows that for Re = 3,200, the convergence rates of the second- and sixth-order
frameworks are relatively similar. However, as the Reynolds number increases to 10,000,
the difference between the two schemes becomes more pronounced, with the sixth-order
formulation converging significantly faster than the second-order scheme. This result
suggests that at higher Reynolds numbers, the effects of high-order regularization become
more pronounced and contribute more effectively to capturing the flow behavior.

The next step involves the validation of velocity profiles. Since the simulations consider
turbulent Reynolds numbers, mean velocity profiles must be computed to account for the
fluctuations along the centerline caused by turbulence. The averaging is performed over
the interval 300 < t* < 500, ensuring that the fluid has reached a statistically steady
state. Under this condition, the resulting velocity profiles can be directly compared with
the benchmark data.

Figure 3 shows the velocity profiles along the horizontal and vertical centerlines for
Re = 3,200. The results indicate that grid refinement improves the accuracy of the
outcomes, as the simulated velocities exhibit a closer agreement with the experimental
data. Beyond 128 grid points, however, the results change only marginally up to 256 grid
points, suggesting that the grid resolution is sufficient for this Reynolds regime. In this
case, the difference between the second- and sixth-order schemes is not significant.
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Figure 2: L2 error for 3,200 and 10,000 Reynolds numbers and different grid resolutions, comparing both
274 and 6" order of approximation.
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Figure 3: Mean velocity profiles for Re = 3,200 across z and y-axis at z = 0.5.

For Re = 10,000, the influence of grid resolution on the results is much more evident
than in the previous case, as shown in Fig. 4. This indicates that high-Reynolds-number
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Figure 4: Mean velocity profiles for Re = 10,000 across x and y-axis at z = 0.5.

flows require finer grid resolutions to achieve an accurate physical representation, which
is expected given the greater complexity of turbulent flows. An interesting observation is
that the second-order scheme provides a slightly better agreement with the reference data
than the sixth-order scheme, which is counterintuitive since a higher-order expansion of
the regularized distribution would typically be expected to reduce the error. This outcome
suggests that further investigation is required.

In this section, it was shown that both the second- and sixth-order schemes exhibit
good agreement with the experimental results of [11], demonstrating that both regular-
ization approaches successfully capture the physical phenomena. This finding supports
the consistency of the framework employed in this work. Furthermore, the results proved
to be sensitive to grid resolution, which motivated the use of considerably refined grids
in the simulations of higher-Reynolds-number flows to ensure accurate representation of
the proposed scenarios.

4 RESULTS

To conduct the analysis, simulations were performed for Reynolds numbers of 10,000,
15,000, 25,000, and 50,000 using a grid size of 256, as the validation results indicated that
this resolution provides adequate physical convergence. High Reynolds numbers were
selected because the flow becomes more complex and increasingly sensitive to numerical
instabilities, where the effect of the high-order scheme could be significant. The flow
study compares mean velocity profiles and root mean square (RMS) values between the
second- and sixth-order frameworks, evaluating whether the change in the regularization
order produces any noticeable differences.

As shown in Fig. 5a, both frameworks reproduce the expected physical behavior. On

10
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Figure 5: Mean and RMS velocity profiles for several Reynolds regimes across « and y-axis at z = 0.5.

the bottom wall, the minimum velocity peak in the z-direction decreases consistently
with the observations of [5]. This occurs because the increase in turbulence disrupts the
large-scale circulation. For the high-order regularization, a small deviation is observed;
however, due to the absence of experimental data for high Reynolds numbers, it is not
possible to determine which scheme is closer to reality. Further validation strategies will
therefore be required in future work.

Figure 5b highlights the point at which the differences between the two frameworks
are most pronounced. From a physical perspective, as the Reynolds number increases,
momentum is redistributed from the bottom section of the cavity toward the center. At
the same time, the location of the strongest velocity fluctuations shifts from the near-wall
region toward the cavity core, reflecting the increasing complexity of turbulent structures.
Furthermore, the results reveal noticeable discrepancies between the frameworks. In the
absence of experimental data for these cases, a more detailed theoretical investigation will
be required to clarify these differences.

The simulations were executed on a GeForce RTX 4090 using the CUDA programming
language. Performance was measured in mega lattice updates per second (MLUPS). The
implementation is based on a moment-representation LBM framework. While a sixth-
order scheme would typically require storing 27 moments instead of the 10 used in a
second-order simulation, the recursive moment relation proposed by [9] Eq. (12) allows
the same 10 moments to be used to represent the sixth-order formulation. This efficiency is
reflected in the MLUPS results: for a sixth-order simulation on a 5123 grid at Re = 10,000,
a performance of 4,792 MLUPS was achieved, compared to 4,606 MLUPS for the second-

11
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order scheme. These results demonstrate that the computational performance remains
essentially unchanged when employing high-order regularization.

5 CONCLUSION

This study compared second-order and high-order regularization within the LBM frame-
work to evaluate potential improvements in accuracy as well as possible deviations. The
validation and results covered a wide range of Reynolds numbers, from Re = 3,200 to
Re = 50,000.

The Lo error analysis further highlights this behavior. For Re = 3,200, the error
slopes of the second and sixth-order schemes are slightly similar, indicating comparable
convergence rates. However, at Re = 10,000, the slope becomes steeper for the sixth-
order formulation, showing that the error decreases more rapidly with grid refinement.
This behavior suggests that the high-order regularization improves convergence efficiency,
particularly in flows with greater turbulence complexity. From a theoretical perspective,
this is consistent with the expectation that high-order schemes retain more terms in
the Hermite expansion, thereby reducing numerical error relative to the second-order
formulation.

When examining the description of the physical phenomena, both the second and sixth-
order frameworks demonstrated good agreement with the available experimental results.
Moreover, at higher Reynolds numbers, where experimental data are scarce, the simu-
lations followed the expected theoretical predictions, indicating that both regularization
approaches are capable of accurately capturing the underlying flow dynamics.

As the Reynolds number increases, the differences between the second and sixth-order
frameworks become more evident. However, due to the lack of experimental data at high
Reynolds numbers, it is not possible to determine which framework is closer to the true
physical behavior, and the results remain inconclusive. Future work should therefore focus
on developing theoretical approaches to validate these results and to better understand
the deviations observed between the two schemes, particularly in highly turbulent regimes.

Finally, regarding computational efficiency, the implementation based on the [9] recursive-
moment approach shows no performance degradation relative to the second-order for-
mulation. This observation suggests that future work should benchmark an alternative
implementation in which all higher-order moments are computed and stored explicitly,
without recursive reconstruction, to compare numerical accuracy and to quantify any
trade-offs between error reduction and runtime/memory usage. Such an ablation study
would also help isolate whether the deviations observed at high Reynolds numbers arise
from recurrence/truncation effects rather than grid resolution or boundary conditions.
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