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Abstract. An improved constitutive model based on Timoshenko beam theory is proposed for
bond-based peridynamics. The motion and force governing equations of the bond are
established by introducing Timoshenko beam element to simulate the interaction between the
particles including the bond tension-rotation-shear coupling effects. Since the axial
displacement, transverse displacement and relative rotation angle of the bond are considered
in the model, it can overcome the limitation of Poisson’s ratio in the classical bond-based
peridynamics model. Three kinds of peridynamic parameters, corresponding to the
compressive, shear and bending stiffness of the bond, are introduced to keep the consistence
between the strain energy of the peridynamic model and that of the continuum mechanics
under arbitrary deformation field. Moreover, an energy-based failure criterion, involving the
maximum stretch, shear strain and rotation angle limits of the bond, is proposed to capture the
progressive failure of general quasi-brittle materials. The validation of the proposed model is
verified by comparing the simulation results to the experiment observations and analytical
solution. Numerical results show that this improved model can be widely used to predict the
nonlinear deformation, crack propagation and progressive failure of materials with variable
Poisson’s ratio under complex loading conditions.

1 INTRODUCTION

In order to overcome the basic incompatibility of cracks with the partial differential
equations, originated from the classical theory of solid mechanics, Silling [1] proposed the
peridynamic theory, which formulates mechanical problems based on integral equations
instead of partial differential equations. Different kinds of peridynamic models, including
bond-based and state-based peridynamic models [2,3], are proposed in current study.
Compared with the state-based peridynamic model, the bond-based peridynamic (BB-PD) is
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simpler in modelling and more stable in crack development simulation. However, the classical
BB-PD model has the limitation for the Poisson’s ratio.

Some researchers have made significant efforts to address this problem. Gerstle et al. [4]
developed a micropolar BB-PD model by introducing the pairwise moment into the
interacting force between the particles, which can simulate materials with different Poisson’s
ratio. Then, a linear elastic BB-PD model is proposed by Prakash and Seidel [5] to solve the
restriction of the Poisson’s ratio. Based on the modified Stillinger-Weber potential functions,
the conjugated BB-PD model [6] is proposed to improve the simulation accuracy for fracture
problems. Zhu and Ni [7] developed an enriched BB-PD model to couple the bond rotation
effect, which is suitable for the simulation of elastic isotropic materials with varying
Poisson’s ratios. Diana and Casolo [8] extended the micropolar BB-PD model to capture the
particle relative rotation angle, and it was validated for simulating the behaviors of solids with
variable Poisson’s ratios under the non-homogeneous deformation field.

Generally, the consistence criterion of the energy between the peridynamics and the
continuum mechanics is the key factor to guarantee the simulation accuracy of the model
[9,10]. However, the energy for current BB-PD models is only consistent with that of
continuum mechanics under simple loads, such as pure tension and pure shearing, which will
cause the imbalance of the energy for complex dynamic analysis. This is due to the fact that,
in these BB-PD models, the mechanical behaviors of particles are normally simulated by
independent springs ignoring the tension-rotation-shearing coupling effect. On the other hand,
the failure criteria of current BB-PD models are only used for the simulation of linear elastic
brittle materials, but failed to simulate the progressive failure process of the quasi-brittle
materials. The purpose of this paper is to fulfill these forward problems.

This paper provides an improved BB-PD model to enrich the coupling between the tension,
rotation and shearing effects of the bond. The Timoshenko beam is used to simulate the
interaction between the particles. Three kinds of peridynamic parameters, related to the
compressive, shear and bending stiffnesses of the beam, are introduced to describe the
mechanical behaviors of the bond, which keeps the consistence between the strain energy of
the peridynamic model and that of the continuum mechanics under arbitrary deformation field.
A new energy-based failure criterion is proposed to describe progressive failure process of
quasi-brittle materials. The comparisons between the simulation results with those of
experimental observations and analytical solutions are performed to verify the validation of
the improved BB-PD model.

2 THE IMPROVED BOND-BASED PERIDYNAMIC MODEL

Different from the Euler-Bernoulli beam used in micropolar BB-PD models [4], the
Timoshenko beam is introduced in the proposed model to simulate the interaction between the
particles, which can consider both the shear deformation and rotational inertia of the bond.

2.1 Motion and force governing equations

Based on the Timoshenko beam theory, the motion governing equations of the proposed
model can be obtained as
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pu(x;,t) = J‘fo(n, £,6,,0,)dV, +b(x,,1) @)
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where ¢, and 6, are the relative rotation angles of the particles x, and x;; 6(x;t) is the
angular acceleration of the particle x;; m(n,&,6,,6,) and n(x,,t) are the internal moment and
external moment exerted on the particle x, respectively.

Introducing three peridynamic parameters, related to the stretch, shear and bending
stiffness of the Timoshenko beam, one can obtain the force governing equations of the bond
as

f=(Cy /&), f,=(2C,1&%04, +(6C, 1 £4)0,, f,=12C, 1 £)0, —(6C, 126, ®)

M, =(6C, / £2)4, - (4C,, / £)6, , ,=-(6C, / £2)d, —(4C,, 1 £)b, )

2.2 Strain energy and peridynamic parameters

Integrating the potential function W over the horizon H,, the strain energy density W,, of
the proposed model can be derived as

] (5)
W, = [, 0.5w(n, §)dV;=] 0.25d"KdaV,

In the global spherical coordinate system oxYz’, the peridynamic strain energy density
W,, for three-dimensional conditions can be expressed as

S p2r o1 - 6
Weo = [ [, ], 0:250"Kd&”sinadard g ©

Applying a general strain field to the bond, the peridynamic strain energy density W,, in
global coordinate system can be obtained as

M ! _ku kp, ks 0 0O ] &y )
. el [ky Ky ky 0 0 ||g
Wep = 1 €, a Ko Ky 0 0 |5g
7y 0 0 0 k, O]l
7. L0 0 0 0 kg7,
where
Ky, =Ky, =Ky, =(1/5)C 5“7 + (16 /5)C,5° 7, K, =Ky =(1/15)C,5*7 —(8/5)C,5°7+87C,, 5% ®)

k,, =k,3 =k,, =Ky, =k, =k,, =(1/15)C,,5*7 — (8 /5)C,6°x

Equating the peridynamic strain energy density to the strain energy density in the
continuum mechanics, one can obtain the peridynamic parameters for three-dimensional
conditions as
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CN = 4 0 2 M 2
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Similarly, for the plane stress condition, the peridynamic parameters can be derived as

c - 6E _ E(1-3v) c - E(L-3v) (10)
NUrh-v)s® Y brh(l-v)A+v)s M 8as(L—v)(1+v)h

For the plane stress condition, we can obtain the peridynamic parameters as

c - 6E c__ Ea-w) c o (-4E (11)
NUahSL-2v)L4v) 0 Brh(l-2v)L+v)S M 8a5(L-2v)(1+v)h

2.3 Failure criteria and local damage variables

The failure of typical quasi-brittle materials contains linear elastic deformation and
progressive damage stages [11]. In order to further capture the progressive failure process of
the quasi-brittle materials, a novel energy-based failure criterion, related to the bond stretch,
bond shear deformation and rotation angle between particles, is developed in this section.

Since the crack is initiated and propagated in the peridynamic model by breaking every
bond across the fracture surface, the fracture surface energy Gy should be equal to the strain
energy in all the broken bonds, which is expressed in the form as

Zhjodj.dJ:mCOS(Z/g)O-SdT Kdéded&dz two dimensional (12)

S p2rx ¢S5 parccos(z/E) T 2 . . .
.[O jo J'Z jo 0.5d"Kd&? sinpdpd£dddz  three dimensional

The maximum values for bond stretch s,, the shear strain j and the particle relative rotation
angle & for two dimensional and three dimensional conditions can be derived by solving
these integrations as

(13)
Sy = f& Yo = # 0, = ?—0 two dimensional
5'hC,, 65°hC, 25°hC,,

10G G 3G . . (14)
S = — Vo=.—= 0= ¢ three dimensional
7C\8 27C,5 27C,5

The progressive failure process of the bond between particles can be described by the three
scalar valued functions ,,(&t), u, (&) and x,(6,-6,t) corresponding to the bond stretch,

shear deformation and particle relative rotation angle, respectively.

(15)
1 if —s, <s<s, forall t>0

pED=1 2e > ifs>s, forall t>0

e % ifs<-s, forall t>0
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(16)
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Vo KB
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-, Ko
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a7
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g
1,(8,-6,,t) = g"e % if9>¢0, forall t>0

2 % jf g<—6, forall t>0
0

where k is the defined parameter obtained from polyaxial test data in materials, which governs
the reduction of forces and moment of the bond. Considering the progressive failure process
of the quasi-brittle materials, the limit values for sy, 5 and & can be derived by

4kG, kG, kG, N (18)
S =V = 5 0, = 5 two dimensional
5*hC,, (k +2) 65°hC, (k +2) 252hC,, (k +2)
(19)
S, = m:# Yo = k?" 0, = 3k36° three dimensional
7C,8° (k +2) 27C,5° (k +2) 27C,5° (k +2)

3 EXAMPLES

Some examples are conducted to demonstrate the applicability of the improved BB-PD
model under tensile and tension-shear combined loads. The validation of the improved BB-
PD model is verified by comparing its predictions with those of experimental observations
and analytical solutions.

3.1 Tensile loading

The two dimensional plates with different Poisson's ratios under uniaxial tension, are
utilized to verify the elastic behavior of the improved peridynamic model. The rectangular
plates with 1m length, 0.5m width and 0.01m thickness are considered. The plates are
considered linear isotropic, homogeneous, and elastic, with Young’s modulus E=1.92x 10" Pa
and mass density p=8000 kg/m>. The uniaxial tension loading P imposed on the right and left
sides of the plates is 200 MPa along the x-axis. The plates are discretized with a spacing of
A=0.01 m and the material horizon is selected as 6=3A. Five different kinds of Poisson’s ratio
v, namely 0.1, 0.15, 0.2, 0.25 and 0.3, are selected. Fig. 1 shows the displacements of the
plates in y coordinate obtained from the improved BB-PD model and analytical solution. As
shown in the figure, the displacements of the plates with varying Poisson's ratio are in quite
good agreements with the analytical values, implying that the proposed model enables
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describing elastic behavior of materials with variable Poisson's ratio.

8 T T T T
Analytical results  Improved PD results
v=0.1 " v=0.1
. - - v=0.15 e v=0.15
6F ~.. - = v=02 A v=02 .
S - = v=0.25 v v=0.25
LA, ""\,. v=0.3 v=0.3

Displacement u, (10°°m)
I

[\]

. ,
-0.25  -0.20 -0.15  -0.10  -0.05 0. 00
y (m)

Figure 1: Displacements of the plates with varying Poisson's ratio in the y coordinate.

3.2 Tension-shear combined loading

The double-edge-notched concrete specimen subjected to combined shear and tension
loads is used to demonstrate the applicability of the improved BB-PD model for more
complicated loading cases. The elastic material properties of the specimen are gives as:
Young’s modulus E=32Gpa, Poisson’s ratio v=0.2, compressive strength c.,=38.4Mpa,
tensile strength o(x=3Mpa and fracture energy Gy=0.11N/mm. The specimen is discretized
with a spacing of A=0.002 m and the material horizon is selected as 5=3A.

The predicted crack development of the specimen at different time steps obtained from the
improved BB-PD model can be seen in Fig. 2. It indicates that the predicted cracks is initiated
from the two notches and develop with an angle to the horizontal line at the early time steps.
Then the crack trajectories deflect and extend along the horizontal line, which agrees well
with the experimental observation [12] shown in the Fig. 3. In order to further verify the
validation of the proposed model, the predicted force-displacement relations in vertical and
horizontal directions of the specimen are presented in Fig. 4. It shows a good agreement
between the results obtained from the proposed model and the experimental data from the
literature [12]. Therefore, the validation of the improved BB-PD model as well as its
applicability for complex combined loads is verified.
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Figure 2: The predicted crack propagation in the specimen obtained from the proposed model at: (a) time step =
80; (b) time step = 100; (c) time step = 120; and (d) time step = 140.
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Figure 3: Experimental observation of the final crack growth paths in the double-edge-notched specimen [12].
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Figure 4: Force-displacement relations of the double-edge-notched specimen under tension-shear combined
loads in: (a) the vertical direction; and (b) the horizontal direction.

4 CONCLUSIONS

An improved micropolar bond-based peridynamic model based on Timoshenko beam
theory is proposed in this paper. The mechanical behaviors of the bond between particles are
reformulated with incorporation of the bond stretch, shear deformations and particle relative
rotation angle, which eliminates the limitation of the Poisson’s ratio and makes it suitable for
complex discontinuous problems. Three peridynamic parameters related to the compressive,
shear and bending stiffnesses of the beam, are introduced in the improved BB-PD model and
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keep the consistence between the strain energy of the peridynamic model and that of the
continuum solid mechanics under arbitrary deformation fields. A new energy-based failure
criterion is also proposed to simulate the progressive failure of quasi-brittle materials.

The validation of the improved BB-PD model is verified by comparing its predictions with
available analytical solutions and experimental observations in known literatures. Some
examples are conducted to demonstrate the applicability of the improved BB-PD model for
tensile and tension-shear combined loading cases. Results show that the proposed model can
solve the limitation for Poisson's ratio and capture the progressive failure of quasi-brittle
materials under complex dynamic loads.
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