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ABSTRACT

In practice, installation of alternating length prefabricated vertical drains
(PVDs) cannot only satisfy the strength requirements for the upper soil
layer, but also improve the lower soil layer to a certain extent, which is con-
ducive to improving the overall strength and stability of the ground. In this
paper, the original three-dimensional consolidation model for alternating
length PVDs is simplified into a plane equivalent model, considering only
well resistance by the model equivalence technique. Subsequently, a novel
semi-analytical solution for soft ground with alternating length PVDs
is derived using the boundary transform and local discretization meth-
ods. Accuracy analysis of local discretization is conducted to determine
the appropriate segment number for PVD-soil interface boundaries. The
effectiveness of the proposed solution is demonstrated by comparing the
results from numerical analyses. Finally, the influence of the penetration
depth of short and long PVDs on the consolidation efficiency is studied.
Results show that the installation of alternating length PVDs is more
effective compared to the conventional scheme of equal length installation.
Both the average degrees of consolidation within and below a design depth
for the ground with alternating length PVDs are higher than in the case
with equal length PVDs.
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1 Introduction

Prefabricated vertical drains (PVDs) are essential in ground improvement strategies, particularly
for infrastructure projects such as roadways, embankments, and foundations. While equal-length
PVDs are typically employed, this approach is often not cost-effective for deep soft soil foundations.
Existing consolidation theories primarily address soft ground stabilized with equal-length PVDs,
leaving the consolidation behavior of soft ground treated with unequal-length PVDs underdeveloped.
The alternating-length layout, a commonly used configuration for PVDs of unequal length, has
demonstrated promising results in practice [1]. Therefore, developing a consolidation model for soft
ground treated with alternating length PVDs is crucial to bridging this knowledge gap.
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Based on the equal strain assumption, Barron [2] established the consolidation theory of the
ground with fully penetrating vertical drains for the first time. However, his solution can only satisfy
the governing equation at the initial time (i.e., t = 0) when the well resistance is considered. Hansbo [3]
simplified this consolidation theory and provided a widely used approximate solution that has a clear
physical meaning. To improve the consolidation theory of the ground with fully penetrating vertical
drains, Xie and Zeng [4] established an accurate solution satisfying the governing equation and all
solving conditions based on the work of Hansbo [3]. Subsequently, numerous scholars have since
extended these theories, including models that consider time-dependent loading [5–8], multilayered
soils [6,9–11], time-dependent well resistance [12–14], non-Darcian flow [15–18], large strain [18,19],
and so on.

Partially penetrating PVDs also belong to equal-length PVDs due to the same length of each PVD.
Equal length PVDs must be partially penetrated when the soft soil layer is too thick, the bottom of
the soil layer is pervious to cause the loss of vacuum pressure, or the vertical applied load is not high
enough to justify the full penetration of PVDs into the entire clay layer [20]. As for the consolidation
of the ground with partially penetrating equal-length PVDs, Hart et al. [21] calculated the radial
and vertical consolidation, respectively, and obtained an approximate solution for the overall average
degree of consolidation by combining the radial and vertical consolidation. To accurately reflect
the three-dimensional characteristics of the consolidating soil, Tang and Onitsuka [10] considered
both radial and vertical seepage flow in the improved layer, whereas consolidation of the underlying
layer was still assumed to be one-dimensional. This measure is still used in subsequent works on the
consolidation behavior of the ground with partially penetrating PVDs [22]. However, the consolidation
of the underlying layer is three-dimensional, especially in the area near the bottom of PVDs. Given
this, Wang and Jiao [23] introduced the concept of virtual vertical drain, that is, the soil directly below
the PVD can be regarded as a virtual vertical drain with the same properties of the underlying soil,
to convert the consolidation problem of the ground with partially penetrating PVDs into the response
of a double-layered ground with fully penetrating PVDs. In summary, the solutions in these studies
are based on the equal strain assumption, and the solving procedures are very complex, losing the
original intention of simplifying the consolidation calculation. In addition, compared with the equal
strain assumption, the free strain assumption is more in line with the actual engineering situation.
Given this, Chen et al. [24] proposed a semi-analytical solution for soil consolidation with partially
penetrating PVDs under free-strain conditions.

All consolidation theories mentioned above are limited to analyzing the ground improved with
equal-length PVDs. When a thick, soft soil layer is encountered, installation of long equal-length PVDs
is not cost-effective, while the use of short equal-length PVDs cannot meet the design requirements for
the underlying layer, resulting in potential safety issues in practice. Hence, the approach of alternating
length PVDs that combines the advantages of short and long PVDs is proposed. On the one hand,
the design requirements for the upper soil layer can be met through both short and long PVDs.
On the other hand, the lower soil layer is improved through long PVDs, which is conducive to the
overall strength and stability of the ground. However, research on the consolidation of the ground
with alternating length PVDs is lacking, resulting in no theoretical support for engineering design.

The main purpose of this work is to obtain a semi-analytical solution for free strain consolidation
of the ground with alternating length PVDs. Firstly, the original three-dimensional consolidation
model is converted into a plane consolidation model using the model equivalence technique. Then,
the solution of the equivalent plane model is obtained using the boundary transform and local
discretization methods. After the effectiveness of the proposed solution is evaluated against numerical
simulation, the sensitivity of the penetration depth of PVDs is analyzed in detail.
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2 Model Description and Equivalence
2.1 Model Description

Fig. 1 depicts a surcharge preloading system with alternating length PVDs for ground improve-
ment. The same type of PVDs with varying lengths are alternately installed in a square pattern,
with short PVDs always located in the middle of four adjacent long PVDs (the spacing between
adjacent short or long PVDs is denoted by d). The PVD has an equivalent radius of ro

w and a vertical
permeability of ko

w. The penetration depths for short and long PVDs are denoted by Ls and Ll (Ls

and Ll do not exceed the thickness of the ground, H), respectively. Installation of each PVD could
form a smear zone with a radius of ro

s and a horizontal permeability of ko
s . The undisturbed zone has

a horizontal permeability of ko
h, a vertical permeability ko

v , and a volumetric compressibility of mo
v. In

addition, a surcharge loading, σ(t), is applied to the ground surface.

Figure 1: Schematic diagram of a surcharge preloading system with alternating long-short PVDs for
ground improvement

2.2 Model Equivalence
For the ground improved with equal-length PVDs, a unit cell is typically adopted based on the

spatial symmetry method in the cylindrical coordinate system proposed by Barron [2]. However, when
short and long PVDs are alternately installed in the ground, the non-uniform lengths of PVDs prevent
the establishment of the seepage symmetry plane required for extracting an axisymmetric unit cell for
the consolidation analysis in the cylindrical coordinate system. To address this problem, this study
adopts the plane consolidation model as an equivalent substitute for the original three-dimensional
model [25–27]. This approach is frequently employed to replace the original three-dimensional model
for numerical calculations due to its better computational efficiency [28–30].

To simplify the consolidation model, the original model is divided into two parts: one part with
only short PVDs and another part with only long PVDs (see Fig. 2a). Each column (or row) of
PVDs in these two parts is converted into an equivalent drain wall independently using the method
proposed by Liu and Shi [25] (see Fig. 2b and c). The distance between adjacent drain walls is set as
d to ensure a successful combination of the two equivalent parts. A unit cell, as shown in Fig. 2c,
is extracted for consistency calculation based on the geometric symmetry of the combined plane
model. It should be noted that following the model transformation, only the half-width of drain
wall (bw) and the equivalent horizontal permeability (kh) are adjusted, and the parameters ko

s and ro
s

characterizing the smear effect are incorporated into the equivalent parameter kh (For the detailed
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equivalence procedure, refer to Supplementary Materials). In addition to the geometric parameters Ls,
Ll, and H, all other parameters—including the equivalent vertical ground permeability (kv), equivalent
volumetric compressibility of the ground (mv), and equivalent vertical permeability of the drain wall
(kw)—remain unchanged. Therefore, the equivalent parameters can be expressed as follows:

bw = be

(no)
2 , (1)

kh = 2 (be − bw)
2 ko

h

3
(
ro

e

)2
F o

se

, (2)

and

kv = ko
v , mv = mo

v, kw = ko
w, (3)

where the equivalent parameters, denoted as kh, kv, mv, and kw, corresponding to the original
parameters ko

h, ko
v , mo

v, and ko
w, respectively. The expression for F o

se is given by:

F o
se = (no)

2

(no)
2 − 1

(
ln

no

so
+ κo

s ln so − 3
4

)
+ (

1 − κo
s

) (so)
2

(no)
2 − 1

[
1 − (so)

2

4 (no)
2

]
(4)

+ κo
s

1

(no)
2 − 1

[
1 − 1

4 (no)
2

]
,

in which κo
s = ko

h/ko
s ; no = ro

e/ro
w; and so = ro

s /ro
w.

Figure 2: Schematic diagram of equivalent plane consolidation model: (a) plane layout of alternating
length PVDs; (b) equivalent plane model for long PVDs; (c) equivalent plane model for short PVDs;
and (d) extraction of unit cell
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After obtaining the equivalent plane model as shown in Fig. 3a, the solving domain for the
consolidation model becomes irregular. For simplicity, the soils below the short and long PVDs are
entirely discarded, as illustrated in Fig. 3b. This approach has been demonstrated to be feasible in the
consolidation analysis of ground with partially penetrating PVDs, as reported by Chen et al. [24].

Figure 3: (a) equivalent plane consolidation model; and (b) simplified plane consolidation model

3 Equivalent Mathematical Model
3.1 Governing Equations

After model equivalence, the original three-dimensional axisymmetric consolidation model was
converted into an equivalent plane model. In this model, the free-strain assumption is incorporated,
whereas all other theoretical assumptions remain unchanged [24,31]. The governing equation for the
equivalent plane model is given by:

kh

γwmv

∂2u
∂x2

+ kv

γwmv

∂2u
∂z2

= ∂u
∂t

, (bw ≤ x ≤ be − bw), (5)

where γw denotes the unit weight of water, and u is the excess pore water pressure in the soil.

According to the continuity condition of seepage flow, the difference between the vertical outflow
and inflow of the drain element is equal to the amount of horizontal inflow from the surrounding
foundation soil. Based on this, the seepage flow equations for the short and long PVDs are expressed
as follows:
∂2us

w

∂z2
= − kh

bwkw

∂u
∂x

∣∣∣∣
x = bw

,
(

0 ≤ x ≤ bw

0 ≤ z ≤ Ls

)
, (6)

∂2ul
w

∂z2
= kh

bwkw

∂u
∂x

∣∣∣∣
x = be−bw

,
(

be − bw < x ≤ be

0 ≤ z ≤ Ll

)
, (7)

where us
w and ul

w express the excess pore pressure in short and long PVDs, respectively.
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3.2 Solving Conditions
The boundary and initial conditions for the ground can be defined as follows:

u|x = bw = us
w, (0 ≤ z ≤ Ls), (8a)

∂u
∂x

∣∣∣∣
x = bw

= 0, (Ls < z ≤ H), (8b)

u|x = be−bw = ul
w,

(
0 ≤ z ≤ Ll

)
, (9a)

∂u
∂x

∣∣∣∣
x = be−bw

= 0,
(
Ll < z ≤ H

)
, (9b)

u|z = 0 = ∂u
∂z

∣∣∣∣
z = H

= 0, (10)

and

u|t=0 = u0. (11)

At the interfaces between the short PVD-soil and long PVD-soil, flow continuity conditions
consist of two parts: continuity of excess pore pressure and flow conservation. The continuity of excess
pore pressure is expressed by Eqs. (8a) and (9a), while the flow conservation condition is included in
the governing equations of short and long PVDs (i.e., Eqs. (6) and (7)).

The top boundary is pervious, and the bottom boundary is impervious due to the presence of
a steel plate anchor [22]. As a result, the boundary conditions for the short and long PVDs can be
expressed as follows:

us
w

∣∣
z = 0

= ∂us
w

∂z

∣∣∣∣
z = Ls

= 0, (12)

and

ul
w

∣∣
z = 0

= ∂ul
w

∂z

∣∣∣∣
z = Ll

= 0. (13)

3.3 Normalization
To simplify the solution of the consolidation model, the following dimensionless variables are

utilized:

X = x
bw

, Z = z
H

, Tv = kvt
γwmvH2

, uD = u
u0

, us
Dw = us

w

u0

, ul
Dw = ul

w

u0

. (14)

By substituting the aforementioned dimensionless variables into the governing equations and
solving the conditions of the model, normalized models for the ground and PVDs can be obtained.

For the ground,

κη2
∂2uD

∂X 2
+ ∂2uD

∂Z2
= ∂uD

∂Tv

, (1 ≤ X ≤ n − 1), (15)

uD|X = 1 = us
Dw, (0 ≤ Z ≤ λs), (16a)

∂uD

∂X

∣∣∣∣
X = 1

= 0, (λs < Z ≤ 1), (16b)
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uD|X = n−1 = ul
Dw,

(
0 ≤ Z ≤ λl

)
, (17a)

∂uD

∂X

∣∣∣∣
X = n−1

= 0,
(
λl < Z ≤ 1

)
, (17b)

uD|Z = 0 = 0, (18)

uD|Z = 1 = 0, (PB) or
∂uD

∂Z

∣∣∣∣
Z = 1

= 0, (IB) (19)

and

uD|Tv=0 = 1, (20)

where κ = kh/kv; η = H/bw; n = be/bw; λs = Ls/H; λl = Ll/H; ‘PB’ represents the permeable bottom
boundary; and ‘IB’ expresses the impermeable bottom boundary.

For short PVDs,

∂2us
Dw

∂Z2
= −κwη

2
∂uD

∂X

∣∣∣∣
X = 1

,
(

0 ≤ X ≤ 1
0 ≤ Z ≤ λs

)
, (21)

and

us
Dw

∣∣
Z = 0

= ∂us
Dw

∂Z

∣∣∣∣
Z = λs

= 0. (22)

For long PVDs,

∂2ul
Dw

∂Z2
= κwη

2
∂uD

∂X

∣∣∣∣
X = n−1

,
(

n − 1 ≤ X ≤ n
0 ≤ Z ≤ λl

)
, (23)

and

ul
Dw

∣∣
Z = 0

= ∂ul
Dw

∂Z

∣∣∣∣
Z = λl

= 0, (24)

where κw = kh/kw.

4 Solving Procedures
4.1 Boundary Transformation

At the lateral boundaries X = 1 (corresponding to Eqs. (16a) and (16b)) and X = n − 1
(corresponding to Eqs. (17a) and (17b)), the conditions are of a mixed-type, incorporating both
Dirichlet boundaries (0 ≤ Z ≤ λs and 0 ≤ Z ≤ λl) and Neumann boundaries (λs < Z ≤ 1 and
λl < Z ≤ 1). Conventional techniques, such as the method of separation of variables and the integral
transform method, are not applicable for solving mathematical models under mixed-type boundary
conditions [32–34]. To overcome this limitation, this study employs the boundary transform method
developed by Chen et al. [35], which effectively converts the mixed boundary conditions to a unified
form. The resulting transformed lateral boundary conditions at X = 1 and X = n − 1 are expressed
as follows:
∂uD

∂X

∣∣∣∣
X = 1

=
{

qs (Z, Tv) , (0 ≤ Z ≤ λs)

0, (λs < Z ≤ 1)
, (25)
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and
∂uD

∂X

∣∣∣∣
X = n − 1

=
{−ql (Z, Tv) ,

(
0 ≤ Z ≤ λl

)
0,

(
λl < Z ≤ 1

) . (26)

where qs (Z, Tv) and ql (Z, Tv) are the unknown variables that need to be determined.

It is important to emphasize that, in the above analysis, only the flow continuity conditions at the
PVD-soil interfaces X = 1 and X = n − 1 are applied. However, the final solutions must also fulfill
the pore pressure continuity conditions, as specified by Eqs. (16a) and (17a).

Incorporating Eqs. (25) and (26) into Eqs. (21) and (23), respectively, the governing equations for
the short and long PVDs can be expressed as:

∂2us
Dw

∂Z2
= −κwη

2qs (Z, Tv) ,
(

0 ≤ X ≤ 1
0 ≤ Z ≤ λs

)
, (27)

and
∂2ul

Dw

∂Z2
= −κwη

2ql (Z, Tv) ,
(

n − 1 ≤ X ≤ n
0 ≤ Z ≤ λl

)
. (28)

4.2 Dimensionless Solutions in the Laplace Domain
To solve the ground consolidation model, a Laplace transform is first applied to the governing

equation (Eq. (15)) and the boundary conditions (Eqs. (25), (26), (18), and (19)) using the initial
condition specified by Eq. (20). Subsequently, a successive Fourier sine transform, followed by an
inverse Fourier sine transform, is performed to derive the dimensionless excess pore pressure in the
Laplace domain, expressed as follows:

uD = 1
p

{
1 − cosh

[√
p (1 − Z)

]
cosh

(√
p
)

}

−2
∞∑

m=1

cosh [βm (p) (n − 1 − X)]
βm (p) sinh [βm (p) (n − 2)]

sin (MmZ)
∫ λs

0
qs

(ς , p) sin (Mmς) dς

−2
∞∑

m=1

cosh [βm (p) (X − 1)]
βm (p) sinh [βm (p) (n − 2)]

sin (MmZ)
∫ λl

0
ql

(ς , p) sin (Mmς) dς ,

(29)

where the Laplace domain variables corresponding to uD (X , Z, Tv), qs (Z, Tv), and ql (Z, Tv) are

denoted as uD (X , Z, p), qs
(Z, p), and ql

(Z, p), respectively; βm (p) =
√(

M2
m + p

)
/ (κη2); p is the

Laplace transform parameter; and Mm = (2m − 1) π/2.

According to Eq. (29), the horizontal and overall average degrees of consolidation in the Laplace
domain (UZ and U) can be calculated as follows:
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UZ = 1
n − 2

∫ n−1

1

[
1
p

− uD (X , Z, p)

]
dX

= cosh
[√

p (1 − Z)
]

p cosh
(√

p
)

+ 2
n − 2

∞∑
m=1

sin (MmZ)

β2
m (p)

∫ λs

0
qs

(ς , p) sin (Mmς) dς

+ 2
n − 2

∞∑
m=1

sin (MmZ)

β2
m (p)

∫ λl

0
ql

(ς , p) sin (Mmς) dς ,

(30)

and

U = ∫ 1

0
UZdZ

= tan
(√

p
)

p
√

p
+ 2

n − 2

∞∑
m=1

1 − cos (Mm)

β2
m (p) Mm

∫ λs

0
qs

(ς , p) sin (Mmς) dς

+ 2
n − 2

∞∑
m=1

1 − cos (Mm)

β2
m (p) Mm

∫ λl

0
ql

(ς , p) sin (Mmς) dς .

(31)

In addressing the seepage models for both short and long PVDs, a Laplace transform is initially
applied to the governing equations (Eqs. (27) and (28)) as well as the vertical boundary conditions
(Eqs. (22) and (24)). The transformed governing equations are then directly solved along with the
corresponding vertical boundary conditions, resulting in the following expressions:

us
Dw = κwη

2

[∫ Z

0

ςqs
(ς , p) dς + Z

∫ λs

Z

qs
(ς , p) sin dς

]
, (32)

and

ul
Dw = κwη

2

[∫ Z

0

ςql
(ς , p) dς + Z

∫ λl

Z

ql
(ς , p) sin dς

]
, (33)

where us
Dw (Z, p) and ul

Dw (Z, p) are the Laplace transformed variables of us
Dw (Z, Tv) and ul

Dw (Z, Tv),
respectively.

4.3 Calculation of Unknown Variables qs
(z, p) and ql

(z, p)

The unknown variables qs
(Z, p) and ql

(Z, p) can be determined by applying the pore pressure
continuity conditions at the PVD-soil interfaces X = 1 and X = n − 1. Incorporating Eqs. (29), (32),
and (33) into the Laplace-transformed boundary conditions of Eqs. (16a) and (17a), it yields
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1
p

[
1 − cosh

[√
p (1 − Z)

]
cosh

(√
p
)

]

= κwη
2
[∫ Z

0
ςqs

(ς , p) dς + Z
∫ λs

Z
qs

(ς , p) dς
]

+ 2
∞∑

m=1

coth [βm (p) (n − 2)]
βm (p)

sin (MmZ)
∫ λs

0
qs

(ς , p) sin (Mmς) dς

+ 2
∞∑

m=1

csch [βm (p) (n − 2)]
βm (p)

sin (MmZ)
∫ λl

0
ql

(ς , p) sin (Mmς) dς ,

(34)

and

1
p

[
1 − cosh

[√
p (1 − Z)

]
cosh

(√
p
)

]

= κwη
2
[∫ Z

0
ςql

(ς , p) dς + Z
∫ λl

Z
ql

(ς , p) dς
]

+ 2
∞∑

m=1

csch [βm (p) (n − 2)]
βm (p)

sin (MmZ)
∫ λs

0
qs

(ς , p) sin (Mmς) dς

+ 2
∞∑

m=1

coth [βm (p) (n − 2)]
βm (p)

sin (MmZ)
∫ λl

0
ql

(ς , p) sin (Mmς) dς .

(35)

Notably, any value of Z within the intervals [0, λs] and
[
0, λl

]
can ensure the validity of Eqs. (34)

and (35).

The intervals [0, λs] and
[
0, λl

]
are evenly divided into I and J segments, respectively, each with

segment lengths of ΔZs and ΔZl (as shown in Fig. 4). Within each segment, qs
(Z, p) and ql

(Z, p)

take constant values of qs
i (p)(i ∈ [1, I ]) and ql

j (p)(j ∈ [1, J]), respectively. Substituting the midpoint
coordinates Zs

i and Zl
j of each segment in the intervals [0, λs] and

[
0, λl

]
into Eqs. (34) and (35),

respectively, yields
I∑

k=1

Aik (p) qs
k (p) +

J∑
k=1

Bik (p) ql
k (p) = ai (p) , (1 ≤ i ≤ I), (36)

and
I∑

k=1

Cjk (p) qs
k (p) +

J∑
k=1

Djk (p) ql
k (p) = bi (p) , (1 ≤ j ≤ J), (37)

where Aik (p), Bik (p), Cjk (p), Djk (p), ai (p), and bi (p) can be expressed as

Aik (p) = κwη
2f s

ik + 2
∞∑

m=1

gs
mk

βm (p)
coth [βm (p) (n − 2)] sin

(
MmZs

i

)

Bik (p) = 2
∞∑

m=1

gl
mk

βm (p)
csch [βm (p) (n − 2)] sin

(
MmZs

i

)

Cjk (p) = 2
∞∑

m=1

gs
mk

βm (p)
csch [βm (p) (n − 2)] sin

(
MmZl

j

)
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Djk (p) = κwη
2f l

jk + 2
∞∑

m=1

gl
mk

βm (p)
coth [βm (p) (n − 2)] sin

(
MmZl

j

)
ai (p) = {

1 − cosh
[√

p
(
1 − Zs

i

)]
/ cosh

(√
p
)}

/p

bi (p) = {
1 − cosh

[√
p

(
1 − Zl

j

)]
/ cosh

(√
p
)}

/p,

in which

f s
ik =

⎧⎪⎪⎨
⎪⎪⎩

ΔZs
kZ

s
k, 1 ≤ k ≤ i − 1

ΔZs
i

(
Zs

i − ΔZs
i

8

)
, k = i

ΔZs
kZ

s
i , i + 1 ≤ k ≤ I

f l
ik =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ΔZl
kZ

l
k, 1 ≤ k ≤ j − 1

ΔZl
j

(
Zl

j −
ΔZl

j

8

)
, k = j

ΔZl
kZ

l
j, j + 1 ≤ k ≤ J

gs
mk = 2

Mm

sin
(
MmZs

k

)
sin

(
MmΔZs

k

2

)

gl
mk = 2

Mm

sin
(
MmZl

k

)
sin

(
MmΔZl

k

2

)
.

Figure 4: Local discretization of (a) short PVD-soil interface, and (b) long PVD-soil

To solve qs
i (p)(i = 1, 2, . . . , I) and ql

j (p)(j = 1, 2, . . . , J) efficiently, Eqs. (36) and (37) are refor-
mulated in matrix form as
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[
AI×I BI×J

CJ×I DJ×J

] {
qs

I×1

ql
J×1

}
=

{
aI×1

bJ×1

}
, (38)

where matrices AI×I , BI×J , CJ×I , and DJ×J are composed of elements Aik (p), Bik (p), Cjk (p), and Djk (p),
respectively; qs

I×1 = [
qs

1 (p) . . . qs
I (p)

]T
; ql

J×1 = [
ql

1 (p) . . . ql
J (p)

]T
; aI×1 = [

a1 (p) . . . aI (p)
]T

;

and bJ×1 = [
b1 (p) . . . bJ (p)

]T
.

Once the discrete variables qs
i (p) (i = 1, 2, . . . , I) and ql

j (p) (j = 1, 2, . . . , J) are obtained and
incorporated into Eqs. (29)∼(33), the Laplace domain solutions for the ground consolidation and the
seepage models of both short and long PVDs are obtained. These solutions can then be transformed
into the time domain through the application of a numerical Laplace inversion technique [36].

5 Numerical Verification

The proposed solutions are derived using the model equivalence technique, boundary transform
method, and local discretization method. Additionally, the soils below short and long PVDs are
assumed to be discarded to form a regular solving domain. While the previous subsection mainly
focuses on the accuracy evaluation of the equivalent plane model, this subsection employs numerical
analysis to comprehensively investigate the effectiveness of the measures adopted in the model
equivalence and solving procedures.

To simplify the simulation process based on the symmetry of PVDs’ layout, a unit cell presented in
Fig. 5 is selected, and the parameters used in the numerical calculation are listed in Table 1. The Heat
Transfer interface within the Mathematics Module of COMSOL Multiphysics is employed to simulate
soil consolidation. The governing equation is as follows:

da

∂u
∂t

+ ∇ · (−c∇u) = f , (39)

where u denotes the temperature variable, representing the excess pore pressure in the consolidation
model; da is the damping or mass coefficient, corresponding to γwmv in the consolidation model; c is
the diffusion coefficient, representing the coefficient of permeability; and f is the source term, which
is set to zero in the consolidation model. It should be noted that the seepage within both the short and
long PVDs is also simulated using Eq. (39), with the mass coefficient da set to a very small value (taken
as 10−10 m−1 in this model) to represent the assumption that seepage occurs without deformation in the
PVDs. The solving conditions are the same as the original model.

By utilizing the model equivalence technique, the equivalent parameters of the simplified model
are determined as follows: kh = 1.703 × 10−9 m/s, kv = 10−8 m/s, kw = 10−5 m/s, mv = 5 × 10−7 Pa−1,
bw = 9.817 × 10−4 m, and be = 5 × 10−1 m. The other parameters not listed above remain the same
as those in the original model. The original model and the equivalent model are calculated using
the finite element method and the method proposed in this paper, respectively. Fig. 6 compares the
overall average degree of consolidation obtained by the proposed method and the numerical method.
The agreement between the numerical solution and the proposed solution is reasonable, indicating
that the equivalent plane model can effectively replace the original three-dimensional model, and all
measures used to solve the equivalent model are feasible. It should be mentioned that the influence
of discarding the soil below short and long PVDs on the overall consolidation degree of the ground
can be ignored, which is consistent with the free strain consolidation model of ground with partially
penetrating PVDs proposed by Chen et al. [24]. This conclusion provides a novel idea for solving
the equal strain consolidation model with partially penetrating or long-short vertical drains, thereby
avoiding the complexity of traditional methods [37].
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Figure 5: Unit cell extraction for numerical calculation

Table 1: Calculation parameters of the numerical model

Parameter Value

ro
w 2.5 cm

ro
s 5 cm

d 1 m
Ls 10 m
Ll 15 m
ko

w 10−5 m/s
H 20 m
ko

h = ko
v 10−8 m/s

ko
s 5 × 10−9 m/s

mo
v 5 × 10−7 Pa−1

σ 100 kPa

Figure 6: Comparison of proposed and numerical solutions for IB and PB conditions
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6 Influence of Penetration Depth of PVDs

To facilitate the implementation of ground improvement with alternating length PVDs, it is
necessary to investigate the impact of penetration depth on consolidation characteristics. All the
parameters used in the analyses are identical to those in Table 1, except for the investigated parameters
Ls and Ll. Furthermore, only the ‘PB’ condition is considered below. The influence of the penetration
depth of alternating PVDs is divided into two categories: inconstant and constant total length of PVDs.

6.1 Inconstant λs + λl

For comparison, four different dimensionless penetration depths of short PVDs (i.e., λs = 0.4, 0.6,
0.8, and 1.0) are utilized, while long PVDs are installed to the full depth of the ground (i.e., λl = 1.0). As
depicted in Fig. 7, the influence of the penetration depth of PVDs during the early stage of consolation
can be disregarded, as the four consolidation curves nearly coincide. This is attributed to the fact that,
during the early stage of consolidation, consolidation mainly occurs in the upper soil layer, rendering
the effect of increasing the short PVDs length on consolidation efficiency minimal. During the middle
and later stages of consolidation, increasing the penetration depth of short PVDs gradually improves
consolidation efficiency. However, the accompanying increase in well resistance limits the effectiveness
of further extending the short PVDs, thereby reducing the marginal improvement in consolidation
efficiency. For instance, when U = 80%, the required consolidation time for λs = 0.4, 0.6, 0.8, and 1.0
are Tv = 0.137, 0.122, 0.116, and 0.115, respectively. That is to say, the penetration depth of short PVDs
can be reduced up to 0.6 H without any significant increase in the consolidation time for U = 80%,
which is consistent with the conclusion proposed by Indraratna and Rujikiatkamjorn [38].

Figure 7: Overall average degree of consolidation for different penetration depths of short PVDs
(inconstant λs + λl, but fixed λl = 1.0)

6.2 Constant λs + λl

To investigate the effect of penetration depth of PVDs on consolidation under a given total length
(i.e., λs + λl = 1.2), four different penetration depths of short PVDs (i.e., λs = 0.2, 0.3, 0.4, and 0.6) are
considered, and the results are given in Fig. 8. The consolidation characteristic under different lengths
of short PVDs is found to be very complicated, with intersections between different consolidation
curves. Taking the consolidation curves corresponding to λs = 0.4 and λs = 0.6 as an example, the
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overall average of consolidation for λs = 0.6 is larger than that for λs = 0.4 before the time factor
Tv = 0.085, whereas an opposite conclusion can be drawn after this point.

Figure 8: Overall average degree of consolidation for different penetration depths of short PVDs
(constant λs + λl = 1.2)

To intuitively show the influence of penetration depth of alternating length PVDs on consolidation
characteristics, the variations of consolidation time required to achieve a given consolidation degree
are shown in Fig. 9. The results indicate that the time needed to reach a specific consolidation degree
first decreases and then increases with the penetration depth of short PVDs. There exists an optimal
penetration depth for short PVDs, which corresponds to the minimum time factor. Notably, the
optimal penetration depth of PVDs is not λs = λl = 0.6, suggesting that alternating length PVDs
are more effective than equal length PVDs. Moreover, as the desired consolidation degree increases,
the layout of PVDs deviates from the equal length layout, with the optimal length of short PVDs
decreasing. For example, the optimal penetration depths of short PVDs for U = 50%, 60%, 70%,
80%, and 90%, are λs = 0.550, 0.515, 0.480, 0.450, and 0.425, respectively.

Figure 9: Consolidation time required to reach different overall average degrees of consolidation
(constant λs + λl = 1.2)

https://www.scipedia.com/public/Lv_et_al_2025 15

https://www.scipedia.com/public/Lv_et_al_2025


B. Lv, C. Zhang, W. Zhou, F. Wang, H. Wang and Z. Chen,

Free-strain consolidation of soft ground improved

with alternating length PVDs,

Rev. int. métodos numér. cálc. diseño ing. (2025). Vol.41, (3), 42

In practice, it is often unnecessary for the entire soft soil layer to reach the designed strength
when the ground thickness is substantial. Construction can be carried out if the soil above a design
depth meets the required strength criteria. Given this, the consolidation characteristics of the ground
with alternating length PVDs vs. equal length PVDs are compared, using the average degree of
consolidation Uu within the design depth Hd and the average degree of consolidation Ud below the
design depth Hd, which can be expressed as:

Uu (Tv) = 1
λd

∫ λd

0

UZ (Tv) dZ, (40)

and

Ud (Tv) = 1
1 − λd

∫ 1

λd

UZ (Tv) dZ, (41)

where λd = Hd/H.

The scheme of alternating length PVDs is more adaptive than the layout of equal length PVDs
for a given total length of PVDs. A control case with equal length PVDs is considered, and the design
average degrees of consolidation within the design depth λd = 0.8, corresponding to the time factors
Tv = 0.109, 0.144, and 0.194, are Uu = 80%, 85%, and 90%, respectively. To ensure that the ground
improved with alternating length PVDs also reaches the design average degree of consolidation at
the same time point, the consolidation model is back-calculated to obtain the length of short PVDs.
The resulting average degrees of consolidation within and below the design depth (i.e., Uu and Ud)
are presented in Fig. 10. The results show that the consolidation of the ground with alternating length
PVDs is faster than that of the ground with equal length PVDs after reaching the design consolidation
degree. Furthermore, for the ground with alternating length PVDs, the average degree of consolidation
below the design depth is higher than that of the ground with equal length PVDs when the average
degree of consolidation within the design depth reaches the target value. For example, when the Uu

value reaches 80%, 85%, and 90%, the Ud value for alternating length PVDs can be increased by 5.30%,
7.42%, and 7.27%, respectively, compared to the case with equal length PVDs. Overall, the layout of
PVDs with alternating length is superior to that of equal-length PVDs when the total length of PVDs
remains constant.

Figure 10: Average degree of consolidation (a) within the design depth; and (b) below the design depth
for different penetration depths of short PVDs (constant λs + λl = 1.2)
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7 Conclusions

This paper proposes an equivalent plane model to describe the free strain consolidation of ground
with alternating length PVDs. A semi-analytical solution for this equivalent plane model is derived
using the boundary transform and local discretization methods. The effectiveness of the solution is
evaluated, and a parametric study is conducted to assess the influence of the penetration depth of short
and long PVDs on the consolidation behavior. The main conclusions of the study are as follows:

1. The model equivalence technique is effective in simplifying the original three-dimensional
model into an equivalent plane model, in which the soil below short and long PVDs can be
discarded to have a negligible impact on the overall average degree of consolidation, and as
such, measures used to solve the equivalent plane model become feasible.

2. There are intersections between the consolidation curves for the ground with equal length and
alternating length PVDs. The overall average degree of consolidation for alternating length
PVDs is less than that for equal length PVDs before reaching the intersection, whereas an
opposite conclusion is achieved after passing the intersection.

3. When the total length of PVDs is constant, the time needed to reach a given consolidation
degree firstly decreases, and then increases with the penetration depth of short PVDs. The
optimal penetration depth of short PVDs, corresponding to the minimum time factor, is not
consistent with the case of equal length PVDs, which decreases with the increase of design
consolidation degree. Besides, the average degrees of consolidation within and below the design
depth for alternating length PVDs are faster than those for equal length PVDs after the soil
within the design depth reaches the target consolidation degree.
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