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Abstract. A corotational mixed flat shell element for the geometrically nonlinear analysis of
laminated composite structures is presented. The stress interpolation is derived from the linear
elastic solution for symmetric composite materials.Displacement and rotation fields are only
assumed along the contour of the element. As such, all the operators are efficiently obtained
through analytical contour integration. The geometrical nonlinearity is introduced by means of
a corotational formulation. The proposed finite element, named MISS-4c, proves to be locking
free and shows no rank defectiveness. A multimodal Koiter’s algorithm is used to obtain the
initial postbuckling response. Results show good accuracy and high convergence rate in the
geometrically nonlinear analysis of composite shell structures.

1 INTRODUCTION

The geometrically nonlinear analysis of composite shell structures attracts nowadays the in-
terests of many fields. Much effort has been invested to develop high-performing materials and
breakthrough technologies that allow to reduce weight in structural shell components. Accord-
ingly, optimal design strategies have been presented to exploit the whole potential that new
technologies offer [23, 18]. One of the key aspects in such procedures is the efficiency and robust-
ness of geometrically nonlinear analyses. As such, many recent proposals move in this direction.
This goal is reached, for instance, through the use of efficient solution algorithms, like in Koiter-
like methods [14, 9] Conversely, the reduction of the discrete variables is pursued, among the
others, by the isogeometric formulations [16, 15] that take advantage from the high continuity
of interpolation functions, and by high-performing Finite Elements (FE) [22, 5]. Within this
last group of FE, interesting results have been obtained by mixed formulations that assume
both displacement and stresses fields as primary variables [6]. In such FE, the selection of the
interpolation function for the stress field is of paramount concern. The minimum number of
stress parameters is equal to the number of kinematical parameters minus the number of rigid
body motions. If the minimum number of stress parameter is adopted, the element is defined as
isostatic and the stress field is uniquely defined by the equilibrium equations of the element and
it has been previously shown how this guarantees the best FE response. Madeo et al. [20] pro-
posed a simple four node mixed isostatic FE in which the stress fields a-priory satisfy equilibrium
equations for zero bulk loads, obtaining good convergence properties in the linear-elastic case.
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The element is afterwards extended to buckling and postbuckling analyses using a corotational
(CR) formulation [2].

Since the first works on the topic [24], the corotational (CR) formulation has shown a great
potential in the description of geometrically nonlinearity for both continuum and discrete models.
The main context of application is that of large deformations (large displacements and rotations)
and small strains with assumed linear-elastic constitutive equations. Within this framework, the
CR formulation allows the decomposition of the large deformation into two contributions, namely
the small strains and the rigid body motions [8]. Using an appropriate CR reference system,
the rigid body motion can be filtered, thereby obtaining a simplified description of small strains.
This means that linear equations can be used in the CR reference system. In this way all models
(continuum or discrete) available in the linear context can be reused to obtain the corresponding
nonlinear ones [10]. Due to its attractive features, the CR formulation has been extensively
employed through the years. Recently, it has been applied to 3D beams [12], Generalised Beam
Theory (GBT) [26], plate/shell models [3], solid-shell formulations [5].

An interesting technique for developing efficient mixed FE is the hybrid-Trefftz method [13].
It is based on assumed stresses that a-priori satisfy both equilibrium equations for zero bulk
loads and compatibility equations in the linear-elastic case and displacement fields assumed
along the element contour only [4]. Based on this technique, a mixed FE for the linear-elastic
analysis of isotropic shell structures has been recently proposed [21]. This element, named
MISS-8, is characterised by accuracy for coarse meshes, high convergence rate and insensitivity
to mesh distortion. However, the extension of hybrid-Trefftz FE to structures made of composite
materials is not straightforward. The elastic matrix, in fact, has influence on the compatibility
equations and, therefore, on the interpolation of the stress fields.

In this work, a novel mixed FE for the geometrically nonlinear analysis of composite shell
structures is proposed. The element is derived from the Hellinger-Reissner variational principle
in which both stress and displacement fields are assumed as primary unknowns. Inspired by the
hybrid-Trefftz method, the stress fields a-priori satisfy both equilibrium for zero bulk loads and
compatibility equations. In particular, the stress fields are derived for composite materials char-
acterised by symmetric stacking sequences. The element geometry is flat and has 24 kinematical
degrees of freedom, located at the four vertices. In particular, each node has three displacements
and three rotations, including drilling. The element is isostatic and, therefore, the number of
stress parameters is 18.

Due to the nature of the stress interpolation, it is possible to interpolate displacements and
rotations only along the element contour. Along each side, the membrane displacements and the
drilling rotations are handled a la Allman [1], whereas the flexural displacements and rotations
are coupled by a linked interpolation [7]. A cubic, incompatible out-of-plane displacement is
introduced. The element matrices are integrated analytically using contour integration. No rank
defectiveness and spurious energy modes are detected. The element, formulated in the linear-
elastic case, is employed for the solution of the geometrically nonlinear problem through a CR
formulation. Koiter’s asymptotic algorithm is used to obtain the buckling and initial postbuckling
behaviour [11].

Based on the main features introduced above, the element is named MISS-4c (Mixed, Isostatic,
Self-equilibrated Stress for Composite). In MISS-4c, the use of assumed stress fields that satisfy
equilibrium and compatibility equations is extended to composite structures. Therefore, the
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coefficients of the elastic matrix, obtained by means of the First Order Shear Deformation Theory
(FSDT), influence the stress interpolation functions. Additionally, the hybrid-Trefftz method,
commonly used in the linear-elastic case, is successfully adopted for geometrically nonlinear
analyses of shell structures. Results show that MISS-4c exhibits good convergence properties
in the linear solution, in the buckling analysis and in the evaluation of the initial postbuckling
behaviour.

2 MIXED VARIATIONAL FORMULATION AND LINEAR FINITE ELEMENT
MODEL

2.1 Hellinger-Reissner variational formulation

MISS-4c is developed from the Hellinger-Reissner functional, which is

Π[t,d] = Φ[t,d]−W[t,d], (1)

where Π[t,d] is the total potential energy, Φ[t,d] is the mixed strain energy expressed in terms
of stress resultants t and generalised displacements d, while W[t,d] is the work done by external
loads. The mixed strain energy for flat shells is expressed as

Φ[t,d] = Φd[t,d]− Φc[t], (2)

where the strain work Φd[t,d] and the complementary strain energy Φc[t] are defined as

Φd[t,d] =

∫
Ω

(
tTe[d]

)
dΩ , Φc[t] =

1

2

∫
Ω

(
tTE−1t

)
dΩ, (3)

being Ω the two-dimensional structural domain. The stress resultants and the generalised strains
are expressed as

t =

[
tm
tf

]
, d =

[
dm
df

]
, (4)

where subscripts m and f indicate the membrane and out-of-plane quantities, respectively.
Afterwards, the compatibility equations are obtained as e[d] = Qd, whereQ is the differential

operator
If the structure is subject to bulk loads q̄, contour distortions ē and tractions f̄ , the external

work W[t,d] becomes

W =

∫
Ω
dT q̄ dΓ +

∫
Ω
tT ē dΓ +

∫
Γ
dT f̄ dΓ. (5)

where Γ is the contour of Ω. If t satisfies the equilibrium equations with zero bulk loads, it
follows that

QT
mtm = 0 , QT

b tb − Îts = 0 , QT
s ts = 0. (6)

In light of this, the following identity holds∫
Ω
tTQddΩ =

∫
Γ
tTNΓddΓ, (7)
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where NΓ is the matrix collecting the components of the unit outward normal to the contour
n = [nx, ny]

T , whose expression is given elsewhere [17] If t satisfies also the compatibility
equations, then it represents a possible solution dt of the elastic displacement field, that is

t = EQdt. (8)

Therefore, it is possible to write the following identity∫
Ω
tTE−1tdΩ =

∫
Γ
tTNΓdt dΓ. (9)

By recalling Eqs. (7) and (9), the mixed strain energy is conveniently evaluated by line integration
along Γ.

2.2 Mixed FE: stress and displacement fields interpolations

Stress and displacement fields are approximated separately within the FE. By denoting with
the subscript e the generic element, the stress resultants are interpolated as

t = Bte,

[
tm
tf

]
=

[
Bm ·
· Bf

] [
βm

βf

]
, (10)

where the interpolation matrices Bm and Bf collect the stress modes assumed for the membrane
and the flexural generalised stresses, respectively. Additionally, the interpolation parameters for
the membrane and flexural stress fields are collected in βm and βf , respectively.

To interpolate the displacement fields it is assumed that

d =Dde,

[
dm
df

]
=

[
Dm ·
· Df

] [
dme

dfe

]
, (11)

where the matrices Dm and Df collect the shape functions for the in-plane and out-of-plane
displacements, respectively. The vectors dme and dfe collect the interpolation parameters for
the in-plane and out-of-plane displacements, respectively. As a result, the mixed strain energy
of the element is evaluated by substituting Eqs. (10) and (11) into (2) and integrating over Ωe,
thereby obtaining

Φe[te,de] = t
T
eQede −

1

2
tTeHete,


Qe =

∫
Ωe

{
BTQD

}
dΩ

He =

∫
Ωe

{
BTE−1B

}
dΩ

, (12)

where Qe and He are the compatibility and compliance matrices of the generic element, respec-
tively. In a similar way one can evaluate the element force vector f e from the expression of the
external work W.

If one assumes that t satisfies the equilibrium equations with zero bulk loads, the matrix Qe

in Eq. (12) can be evaluated through a line integration along the element contour as

Qe =

∫
Γe

BTNΓD dΓe. (13)
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In addition, if t also satisfies internal compatibility equations, the matrix He of Eq. (12) can
be evaluated by line integration along the element contour as well, thereby obtaining

He =

∫
Γe

BTNΓDt dΓe, (14)

where Dt collects the shape functions for the elastic displacements dt (see Eq. (9)) described in
terms of stress interpolation parameters te as

dt =Dtte,

[
dtm
dtf

]
=

[
Dtm ·
· Dtf

] [
βm

βf

]
. (15)

3 MISS-4c LINEAR FORMULATION

3.1 Generalised stress field interpolation

The assumed interpolation for the generalised stresses is chosen so as to satisfy equilibrium
equations for zero bulk loads and compatibility equations. Additionally, they are isostatic and
then nβ = 18. The membrane and flexural generalised stress fields are interpolated separately
and ruled by 9 static parameters each. Moreover, the generalised stresses are defined in the
rotated local system {x, y, z}.

3.1.1 Assumed membrane stress field

To define the membrane stress field interpolation, a polynomial shape for the elastic displace-
ment solution dtm is assumed

dtm = B̄mβ̄m , B̄m =

[
B̄mu ·
· B̄mu

]
, (16)

where
B̄mu =

[
1 x y x2 xy y2 . . . x4 x3y x2y2 xy3 y4

]
(17)

and β̄m is a [30 × 1] vector. By applying the compatibility and constitutive equations for the
case of symmetric laminated composite to Eq. (16), the generalised membrane stresses become

tm = EmQmB̄mβ̄m. (18)

Furthermore, the generalised membrane stresses can be rewritten by superimposing the equi-
librium through Eq. (6). Afterwards, a hierarchical selection of 9 independent polynomials is
conducted, leading to the interpolation explicitly given in [17]

Finally, the membrane part of the elastic displacement solution dtm is expressed in terms of
static parameters βm as

dtm =Dtmβm. (19)
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3.1.2 Assumed flexural stress field

To define the flexural stress field interpolation a polynomial shape for the elastic displacement
solution dtf is assumed

dtf = B̄f β̄f , B̄f =

 B̄fu · ·
· B̄fφ ·
· · B̄fφ

 (20)

with

B̄fu =
[
1 x y x2 xy y2 · · · x5 x4y x3y2 x2y3 xy4 y5

]
,

B̄fφ =
[
1 x y x2 xy y2 · · · x4 x3y x2y2 xy3 y4

] (21)

and where β̄f is a [51 × 1] vector. By applying the compatibility and constitutive equations
for a symmetric laminated composite to eq. (20), the generalised flexural stresses the following
expression

tf = EfQfB̄f β̄f . (22)

The generalised flexural stresses can be rewritten as explicitly shown in [17] by superimposing
the equilibrium through Eq. (6) and after a hierarchical selection of 9 independent polynomials.

Finally, the flexural part of the elastic displacement solution dtf is expressed in terms of static
parameters βf as

dtf =Dtfβf . (23)

3.2 Generalised displacement field interpolation

The interpolation of the displacement field d is ruled by 24 nodal translation and rotations,
collected in the vector de.

Due to the assumptions on the generalised stress field (see Section (3.1)), the displace-
ment field is interpolated only along the contour of the FE. To this end, for a generic side
Γk having end nodes i, j, the displacement parameters are collected in the vectors die =
[dix, diy, diz, φix, φiy, φiz]

T and dje = [djx, djy, djz, φjx, φjy, φjz]
T , respectively.

3.3 Assumed membrane displacement field

The membrane displacements along the generic side Γk are defined as the sum of three con-
tributions

dkm[ζ] = d
(l)
km[ζ] + d

(q)
km[ζ] + d

(c)
km[ζ], (24a)

where ζ is the one-dimensional abscissa −1 ≤ ζ ≤ 1 along Γk (see Eq. (??)). The first contribu-
tion in Eq. (24a) is a linear interpolation from the vertex values

d
(l)
km[ζ] =

1

2
[(1− ζ)di + (1 + ζ)dj ] , di = [dix, diy]

T , dj = [djx, djy]
T . (24b)

The second contribution is a quadratic expansion for the normal displacement

d
(q)
km[ζ] =

Lk

8
(1− ζ2)(φjz − φiz)nk (24c)
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evaluated according to Allman’s kinematic [19]. Finally, the third contribution is a cubic expan-
sion for the normal component of the side displacement defined as

d
(c)
km[ζ] =

1

4
Lk(ζ − ζ3)nk αc, (24d)

where αc is the average distortional drilling nodal rotation obtained as

αc =
1

4

4∑
i=1

φiz − φez, (24e)

where the expression of each term is given in [17]. The cubic contribution d(c)km[ζ] is an incom-
patible mode introduced to avoid rank defectiveness, as discussed in [19].

3.4 Assumed flexural displacement field

The displacement ukz[ζ] along Γk is assumed as the sum of a linear, a quadratic and a cubic
contribution. The latter is introduced to avoid rank defectiveness. Their expressions are given
in [17].

The normal rotation φkn[ζ] along Γk is assumed to be the sum of a linear and a quadratic
contribution, while the tangential rotation φkt[ζ] is assumed to be linear.

4 GEOMETRICAL NONLINEAR FE BASED ON A COROTATIONAL APPROACH

A CR approach is used to transform the linear version of MISS-4c presented in Section 3 into
a geometrically nonlinear FE [11, 10]. Within the fixed frame {e1, e2, e3}, a CR reference system
{ē1, ē2, ē3} is defined

ēk = Rc[α]ek, k = 1 . . . 3 (25)

whereRc is a rigid rotation, parameterised through the rotation vector α according to Rodrigues’
formulation [25].

The origin of the CR frame is translated by the vector c, while d and R denote displacements
and rotations, respectively, at the position X in the fixed reference frame. The corresponding
displacements and rotations in the CR frame, d̄ and R̄, are

d̄ = RT
c (X + d− c)−X , R̄ = RT

c R. (26)

Using a vector parameterisation for R̄ and R and denoting the rotation vectors by ψ̄ and ψ,
one has

ψ̄ = log(R̄[ψ̄]) = log (RT
c [α]R[ψ]). (27)

A CR frame can be defined for each element through the element rotation vector αe and
the element origin ce, which are function of the element kinematical parameters de in the fixed
frame, namely

αe = αe[de] , ce = ce[de] (28)

The local kinematical parameters d̄e in the CR frame are related to de through the geometrical
transformation

d̄e = g[de] (29)
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where g collects the CR transformations for displacements and rotations, Eqs.(26) and (27),
conveniently rearranged once the definition of local kinematic parameters d̄e is given.

Based on the relations given above, the linear FE characterised by the energy in Eq. (12) can
be transformed into a geometrically nonlinear one by simply introducing a CR description and
assuming that the elemental kinematical parameters in Eq. (12) are referred to the CR frame.
Therefore, the FE energy can be expressed as

Φe[te,de] = t
T
eQeg[de]−

1

2
tTeHete. (30)

The strain energy in each FE can be expressed in terms of the unknown vector

ue = {te, de}T (31)

which collects the parameters that define the configuration of a single FE. This vector can be
related to the global configuration vector u through standard FE assemblage procedure

ue = Aeu (32)

where the matrix Ae implicitly contains the connectivity constraints between elements.

5 Numerical results

The test regards a composite square plate under compression loading. Geometry, loads and
boundary conditions are reported in Fig. 1. The length is ℓ = 0.508, while the thickness is
1.172 · 10−4. The plate is simply supported (SS1) and in-plane constraints are applied to remove
rigid body motions. A compression load qx = 1 is uniformly distributed along two end sides.
Additionally, an out-of-plane uniformly distributed load qz = 10−8 is applied. A regular and a
distorted mesh are considered, as shown in Fig. 1.

X

Y

q

q

A A

l

l

mesh A mesh B

Z

uz=0

1

2

 l

2

5

 l

2

5

 l

1

2

 l

Figure 1: Composite plate: geometry, loads, boundary conditions and initial meshes.

The material properties are E11 = 181 · 103, E22 = 10.27 · 103, G12 = 7.17 · 103, G13 = G23 =
5.135 · 106 and ν12 = 0.28. The material directions 1 and 2 are aligned along the directions x
and y, respectively. The stacking sequence is [±45]2S .

Subsequently, the results of a linearised buckling analysis are presented. Figure 2 shows the
convergence of the four lowest buckling loads for regular and distorted meshes of MISS-4 and
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MISS-4 mesh A MISS-4c mesh A
MISS-4 mesh B MISS-4c mesh B

−1.5 −1 −0.5
−4

−3

−2

−1

0

1
2

log(h)

log(Eλ)

λ1

−1.5 −1 −0.5
−4

−3

−2

−1

0

1
2

log(h)

log(Eλ)

λ2

−1.5 −1 −0.5
−4

−3

−2

−1

0

1
2

log(h)

log(Eλ)

λ3

−1.5 −1
−4

−3

−2

−1

0

1
2

log(h)

log(Eλ)

λ4

Figure 2: Composite plate: convergence of the four lowest buckling loads, lamination [±45]2s.

MISS-4. In all cases, a rate of convergence of h2 is observed, while MISS-4c gives a lower error
in the evaluation of the first buckling load.

The use of MISS-4c gives advantages over MISS-4 also in the evaluation of initial postbuckling
response. This aspect can be observed in Fig. 3 that gives the equilibrium paths evaluated using
MISS-4, MISS-4c and compared with a solution obtained with S8R and a path-following analysis.
Only the first buckling mode is used in Koiter’s analysis.

The influence of the stacking sequence on the accuracy of the proposed FE is studied. To this
end, a parametric stacking sequence is introduced, namely [0/90]2S + ϑ, in which ϑ varies from
0◦ to 90◦. Figure 4 shows the error in the evaluation of the first buckling load with varying ϑ
and for different meshes and lower error for MISS-4c is observed in all cases.
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