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ABSTRACT

Long testing times are usually required for the life testing of very reliable
products or materials. The testing process can be hastened by using
accelerated life tests. The lifespan of the items that accelerated life tests
inspect is reduced since they test products in more severe circumstances
than those found in regular use scenarios. Data that was censored and
disclosed the precise timings of failure may point to accelerated life tests
where all units assigned to test are unknown, or where all units assigned to
test have not failed for a few reasons, including challenges with technology,
tools, costs, and schedules. The step-stress partially accelerated life test
was examined in this work using the type-I progressive hybrid censoring
scheme and the type-II progressive censoring scheme. The influence of the
stress shift is explained using the tempered random variable model, where
the failure times of the items are assumed to follow the alpha power Lomax
distribution. The unknown parameters are estimated using the maximum
likelihood estimation and Bayesian methods. The asymptotic theory of
maximum likelihood estimation is also employed in the construction of
the approximate confidence intervals. While the point estimates under
two censoring schemes are compared in terms of absolute biases and
root mean squared errors, approximate confidence intervals and coverage
probabilities are compared in terms of their lengths and coverage proba-
bilities. Additionally, three possible optimal test strategies are investigated
using different optimal criteria. The performance of the estimators was
evaluated and contrasted with two censoring techniques with various
sample sizes using a simulation study. Finally, a numerical example for
insulating fluid between electrodes data is presented to illustrate how the
methods will work in real-world scenarios.
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1 Introduction

In the contemporary era of technical advancements, product reliability has grown recently due
to continued efforts by many organizations to improve their production processes. Using traditional
life testing procedures to assess a product’s lifetime and predict failures will be costly and time-
consuming, especially given the fierce rivalry among companies to quickly launch their products.
Therefore, because they can be used to trigger early failures at elevated stress levels of stressors like
temperature, voltage (electric field), pressure, and so on, accelerated life tests (ALTs) are frequently
employed to explore the lifetime of exceptionally reliable items. After that, life testing and reliability
assessments were conducted on the constant-stress and step-stress models in the ALTs, for more
information, see [1]. Constant stress ALT (CSALT) is the most widely used and practical form of
the ALT experiment. In this type of experiment, independent samples of testing units are subjected to
varying stress factor levels and kept constant during the entire experiment. SSALT is a different kind
of ALT experiment. A single sample is used in an SSALT experiment, and every test unit is subjected to
the same experimental conditions, which change throughout the test process (typically in an increasing
way). Specifically, every item is subjected to the same amount of stress, which can be raised once or
multiple times, after a set amount of time, or after a predefined number of failures. Compared to
CSALT, SSALT trials produce faster results (see [2]). Simple SSALT tests are those that just use one
stress-change point. Time and money constraints can lead to the censoring of data in reliability trials
and life testing. The hybrid censoring method, which incorporates type-I and type-1I censorings as
special cases, is widely utilized in reliability research. For those interested in learning more about
hybrid censoring, we recommend reading [3]. The hybrid censoring technique does not permit the
removal of units during the testing phase due to financial and scheduling constraints. To solve this
problem, a progressive censoring technique was created, which permitted the experimental units to be
deleted at different points during the test ([3]). Notably, the experiment has no time limit; therefore,
it takes a very long time. In contrast, the number of required failures and the number of items that
must be eliminated are preset in the increasing type-II hybrid censoring. The type-I progressive hybrid
censoring scheme (TIPHCS), which [4] presented as a solution to this problem, has a time and failure
constraint that states the experiment will continue until a predefined time point or a certain number of
failures, whichever comes first. However, due to the random sample size in TIPHCS, there would only
be a small number of failures or none before a predetermined time limit, which would lead to a low
efficiency of parameter estimation. A pre-fixed progressive censoring scheme p,, ps, . .., p.,, and a life
test with n units subjected to a predetermined number of failures m are the two main components of
[5] proposed adaptive type-II PHCS (ATII-PHCS). However, the experimenter is free to alter some of
the p,,’s during the experiment based on the conditions. When the experiment reaches its first failure
time, Xy,,.., 0, units are randomly selected from the remaining n — 1 living items and eliminated. At the
second failure time, units x,.,.,, 0, are randomly selected among the remaining n — 1 — p, units, and
so forth. The experiment stops at time Xx,,..,., if the m—th failure time, x,,.,..,, happens before the preset
time 7. All leftover p,, = n —m — >, p; units are then eliminated. The experiment can continue
beyond the test termination time limit thanks to the ATII-PHCS. Consequently, the experiment will
end fast by putting o1, Pes2s - - - » Pt = 0, 1f X,ne > T'. This means that until the effective sample of m
failures is reached, no surviving item will be removed from the experiment, resulting in the remaining
units p, =n—c— > P if Xepw < T < Xey1pm, Where ¢ + 1 < m and x,,,,, are the c—th failure time
occurred before 7.

The versatility and flexibility of generalized distribution to simulate real-life data in a variety of
practical fields, including survival analysis, engineering, and medicine, is one of its key characteristics.
In addition, adding an additional parameter to the baseline distribution to increase its flexibility, for
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more information, see [0]. So, increasing the shape parameter to the Lomax distribution in lifetime
analysis, it becomes a more flexible model in the actual life applications. In other words, it has been
used in a variety of fields, including biological sciences, reliability and life testing, modeling business
failure data, and wealth and income data analysis; see [7]. As far as we are aware, not much research has
been done on the alpha power Lomax (APL) distribution [8]. We investigate statistical inference of the
APL distribution under ATII-PHCS considering this case. The APL distribution’s flexibility in terms
ofits hazard rate function (HRF) and probability density function (PDF) has made it a valuable model
for life testing and reliability assessments; see Fig. 1. The cumulative distribution function (CDF),
PDF, survival function (SF), and HRF of an APL random variable Y are provided by

al—(1+%)_6 1

FO,a,B,0) = p— ,o,8,0,y >0, (1)
log (ar) 0 (1 4 %) )
f(y;(X’ﬁ’Q): ﬂ(a—l) 7a,ﬂ’97y>05 (2)
P\~o
al(l+ﬂ> »
S(y;a,ﬂ,@):l—T,a,ﬁ,Q,y>0, 3)
and
log(a)e(l—l—ﬁ) a\ P
h(y;a,pB,0) = ,o, 8,0,y >0, 4)

)

respectively, where @ > 0 and 0 > 0 are the shape parameters and 8 > 0 is a scale parameter.
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Figure 1: PDF and HRF of APL distribution

It is noted from Fig. 1 that the curves show a wide range of behaviors, such as increasing,
decreasing, unimodal, and right skewed which indicate the flexibility of the APL model in survival
analysis or reliability engineering. The paper presents several original and valuable contributions,
which we summarize below:

https://www.scipedia.com/public/Alotaibi_et_al_2026 3


https://www.scipedia.com/public/Alotaibi_et_al_2026

R. Alotaibi, H. Rezk and E. M. Almetwally,
Statistical inference of step stress partially accelerated life-testing

S I p E D I A for insulating fluid between electrodes under censored data and different loss functions,
Rev. int. métodos numér. calc. diseno ing. (2026). Vol.42, (1), 3

This work is among the first to study the APL distribution under a step stress partially accelerated
life test (SSPALT) and tampered random variable (TRV) framework. This integration is novel and has
not been previously addressed in the literature.

We adopt and implement two advanced censoring mechanisms—TIPHCS and ATII-PHCS—
which allow greater flexibility and reflect more realistic testing scenarios. These schemes require careful
re-derivation of the likelihood, then calculating the bootstrap and approximate confidence intervals
(AClIs) for the model parameters, after that and posterior functions, adding significant methodological
value.

The Bayesian analysis is performed not only under standard symmetric loss functions but also
under generalized asymmetric loss functions. These are rarely used in reliability studies and provide
deeper insight into estimation robustness under various risk preferences.

We introduce and compare multiple optimality criteria (e.g., max-trace, min-trace, min-det)
to determine the best progressive censoring strategy, offering practical guidelines for experimental
design—a contribution beyond parameter estimation.

The simulation study explores the impact of varying censoring levels, stress times, and prior
settings on estimation accuracy, providing a thorough performance comparison of the maximum
likelihood estimators (MLEs) and Bayesian methods. Additionally, the real data analysis (on insulating
fluid breakdown times) demonstrates the method’s practical utility.

In light of these points, we believe that the manuscript makes a substantial contribution both
methodologically and practically, going beyond routine parameter estimation, and we hope this
clarification addresses the reviewer’s concern.

This is how the remainder of the paper is structured. The lifetime model and the test assumptions
are explained in Section 2. The MLEs of the APL parameters under the ATII-PHCS are derived in
Section 3. The confidence intervals for the unknown parameters are constructed in Section 4. Section 5
illustrates a Bayesian analysis of the unknown parameters. In Section 6, we run simulations to examine
the suggested model’s performance on a finite sample. An illustrative real-data example is presented in
Section 7. In Section &, concluding remaks is presented, with the model’s Fisher information relegated
to Appendix A.

2 Testing Assumptions and Procedure

Pretend that there are just two stress levels in a basic SSPALT test: S,, (regular operating
conditions) and S,. (accelerated condition). Assume that S,, < S,., where the twins S,, and S, reside.
Every stress level should see at least one failure. At both stress levels in Eq. (2), we assume that the test
item failures follow the APL distribution. Then, the lifetime X of a test item is determined and utilizes
a TRV model supplied by

T, T<rt
X = T—1 ,
T+ , I'>r1
14
where y > 1 is an accelerated factor (AF), T indicates an item’s lifetime under stress, t is the time
point at which stress is applied, before time 7, the stress level is normal, after time 7,the stress level
increases and the item’s lifetime is transitioned from ua to ac. Next, using the TRV model, X’s PDF,
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CDF, and SF are obtained by

o1 ( f)e
log (o) 0 (1 ¥ %) o \ B
Jua (X300, B,6) = Bl -1 ; )
X —0
O{l(HE) _
Fua (x;a,ﬂ,@) = ?9 (6)
X -6
1—(14—5) _
S (e poy=1-2—"" =1 (7)

Now, the PDF, CDF, and SF of X are as follows when the stress ST = ac:

foe (530, 8,0,y) = Fa-1 ,o,8,0, x>0,y > 1,
(®)
1( r+y(x—t))_9
A _
Far(x;oz,,B,G,y)za p— 1,a,,3,9,x>0,y>1, 9)
1( ‘L'+)/(X—‘L'))0
o B -1
Snc (X;Ol, ﬂaes V) = 1 - o — 1 ) (10)

where o, 8,60,x > 0,y > 1. Assumed to be tested using SSPALT and a well-known progressive
censoring technique p,, p,, ..., p,, an n-item sample is allocated to the stress level S,,. The items
from n that do not fail up to time S,, are placed via S, to test, and the test will continue until the
censorship time is reached. If the m-th failure does not occur within the censoring point 7, then no
item will be deleted from the test. Testing will go on until the m-th failure is found, at which time
it will stop once every item has been ruled out. Thus, the strategy that has been put into practice is
O1s P2y o5 0,0,0,...,0, p,. Consequently, we derive the observed samples supplied by

xl:m:n < x2:m:n <...< xmu:m:n <T< xmu+1:n1:n <...< x(':m:n < T < x(‘+l:m:n <...< xm:m:n:

The next part discusses the maximum likelihood approach, and the confidence interval methods
used in the classical paradigm to estimate the unknown parameters.
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3 The Classical Inference
3.1 Maximum Likelihood Method

Note that the ATII-PHCS was used to produce the likelihood function for the data, which is as
follows:

L (x; a; ﬁ, 0) V) X H {ﬂﬂ (xl) [Sua (xi)]pi} H {ﬁ/ll (xz) [SIM‘ (xi)]pi [Sll(‘ (xnl)]pm} 2 (l 1)
where X; = Xippns Pn = N — C — Z;=l Pis (1 + W) = Vi, (1 + W) = Vm

and (l + %) = V,vspace = 3pt. We may thus rewrite the probability function as X follows the density,
as indicated by Eq. (5).

pi
| log (@) oV, "V a1
L(x;a,ﬁ,e,y)oc]"[[ FYPEY =

i=1

% [log (@) yoY, o' P i [ PR b [
H{ Ba—1) [1_ o — 1 ] Hl‘—a_l ] : (12)

i=myg+1

Since maximum likelihood estimation (MLE) produces estimates with desirable statistical quali-
ties, it is frequently employed to estimate the unknown parameters. The following is the related log-
likelihood equation; log L (x; «, 8,6, y) = L of Eq. (12) is shown as follows:
¢ =mlog (log (@) + mlog ) — @ + 1) D logVi+ > [1—V,"]log (a) — mlog (B) — mlog (a — 1)

i=1 i=1

Mya _ |_Vl_—9 m m
+ > plog [%} +m—m)log(y)—@+1) > log¥? + > (1-¥,)log()
i=1

i=myq+1 i=mygq+1

m o ylYi 1=Vm _
~ > plog (%) + pu log (1 - “—) . (13)

_ o oa—1
i=myg+1

The following nonlinear system equations can be solved to determine the MLEs of the parameters
a,0,p and y:

3¢ m il—vﬁ’ m Z po! N (1= V,)

da =a10g (@) * a  a-1 (@—1) (¢ —a%")

i=1 i=1

m

l_vi - i =i l_vl m 1=m l_vm
n Z ( )+ Z piot 1 ( ) L P ( )

v — (14)
ot o ot (x—D(@x—a")  (x—1)(x—a'")
ag m Mmyq myq B Myq pial_viﬂ‘) (a . 1) log vi m |
7 =5 — ; log V; — log (@) ; V.7 logV; — log (@) ;( P — ,-=mz"+1 logV,?
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1-v; 1=V

m m l v l

1 p,-V,-Hot PmVm®
-1 E V.logV,7 + — — P
og (o) 1108V, Z ala—1DA—-—aY)  (¢—1)(a—a-¥m)’ (1

i=myq+1 i=myq+1

B Myq Myag Myqg B Myuq Mmyq pl o — l)al vi—(? Vi_a
,3 =0+ I)Z 3> le eV — —|—log(a)ZZlogV logz\?’ - +Z: VR
"ty (x—1) m “ o
+O+1) D, ———————+ > log(a)0p7,"
i=myq+1 ﬁzvi 0 /3 i=myq+1
—~ pi(a—Dao"™"V,  p,(@—1a'""™V,
+Z,0(2 ) _ ,0(2 ) g (16)
i=myq+1 Olﬁ (1 —o l) Olﬁ (1 - "”)
and
. m—m, (X, — 1) r+)/(x—r)
— =" 0+]) ——elog() —
m gpimvlflafvi HIOWMVM’IO[*V/H
B’ B’
+ Z o — ol + o — ql-Vm : (17)
i=myq+1

It is observed that the parameters of the nonlinear equations previously described have no easy
solution or solutions in closed form. As a result, to obtain the MLEs numerically, we are compelled to
employ an iterative method such as the Newton-Raphson method. We look at the confidence interval
technique in the following.

3.2 Technique of Confidence Intervals
An integer set that fairly approximates an unknown population attribute is called a confidence
interval (CI). We consider the two types of CI listed below while considering the unknown parameters.

3.2.1 Approximate Confidence Intervals

Large sample theory for this distribution is easily established and shows that the MLEs are
approximately normally distributed and consistent under certain regularity conditions. Specifically,

the variance-covariance matrix is represented as [(& —a), (é — 0) , (ﬁ - ﬁ) (7 - y)] ~ N(0,0),
where 0 = 0;,1,j = 1,2,3,4. The observed exact inverse of the Fisher information matrix is a natural

estimate of the variance-covariance matrix. The estimated values are shown by the 100(1 — #)% two-
sided confidence intervals for the unknown parameter.

(ﬁLia ﬁUi) : 7%1‘:]:217%\/6:, la,] = 1929 394a (18)

where Z,_ 9 is the #—th percentile of the conventional normal distribution and 7 = («, 0, 8,y). We
address the parametric bootstrap percentile intervals as a corrective measure; refer to [9].
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3.2.2 Bootstrap Confidence Intervals

The bootstrap confidence intervals have many appealing qualities; therefore, we investigate them
here. The following process is used to calculate the pertinent percentile bootstrap confidence intervals
and perform parametric bootstrap sampling.

The Algorithm for Bootstrap

1. Step 0: Assume that » = 1 for the fundamental configuration. Next, identify the MLE, & =
(a, 0, B,y), which can be expressed as 7 = (&, 0, B, )?) .

2. Step 1: Using F (.I fr), get a sample in the first step. Then, get the B™ bootstrap resample r,
where 7 is the MLE is from Step 0.

3. Step 2: Using the 7;, resample that was obtained in Stepl, bootstrap estimates and calculate

the values for B™ and 7% = (&*B, 0, ", J;*B)-

4. Step 4: Repeat steps three and four: Steps 1-3 should be repeated until B equals b after setting
B~ B+ 1.

5. Step 4: Commence by initiating in ascending order: Sort the estimations in increasing order to
y
get the following:{a,a®, ... a1}, {900,6C),. g0) {0, poB, . g} {peti) el . 201}

Then, for the unknown parameters, the 100 (1 — @) % percentile bootstrap confidence intervals
are calculated as (7, 7y) = ( & ]b 7 [l"] ) where i = 1,2,3,4, 77 = &*, 7; = 0°,72; = " and

77 = p*. In the following section, we analyze the estimation using the Bayesian paradigm.

4 Bayesian Estimation

Our primary interest in this case is the Bayes estimate for the unknown parameters. Prior to
initiating the Bayesian analysis, the unknown parameters must be specified. This study is predicated on
the assumptions that the parameters «, 6, 8 and y have independent gamma priors and are statistically
independent. The form of the related joint prior is as follows:

Pry (@,0, B, y) oc 11077 praty sttty (19)

where the pre-established hyperparameters, x;,& > 0,j = 1,2,3,4, denote prior knowledge of the
unknown parameters.

Elicitation of Hyper-parameters: The process of determining the hyper-parameters is based on
the use of informative prior distributions. Specifically, the informative priors for the parameters
a,6, B, and y are constructed by matching their means and variances with those of the gamma prior
distributions assumed for these parameters in the APL model. Accordingly, and in line with the
approach proposed in [10], the hyper-parameters are derived by equating the mean and variance of
@,6, B, and p to those of the corresponding gamma priors.

R lR 2
_ZA/_&_I |:fvl_f—— é;{} =X =120 = (2.9,

J=1
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R is the number of samples iteration. Now on solving the above two equations, the estimated
hyper-parameters can be written as:

2 N
X, = [Ril 211 ZU';/] . R Z/il ;]

i R n i R ~ 722 i R N R i

(R - 1)_] Zj=1 [wzj - % =1 w-lj] (R - 1)_1 Z’:l [wtj - % j=1 wzj]

The resulting unknown parameters’ cumulative posterior distribution will be:

PV (aaeaﬂa V|£) (0.8 PV] (Ol,@,,B, V)L(Xaaaealg’y) (20)

bR

It should be emphasized that inferring posteriors of the model parameter is difficult due to the
structure of the joint posterior in Eq. (20). We use Markov chain Monte Carlo (MCMC) techniques
to provide posterior samples of the unknown parameters required for posterior inference. For
more information, refer to [10]. The collected samples will be utilized to construct the matching
greatest posterior density (HPD) credible intervals and approximate Bayes estimates for the unknown
parameters. The current analysis produced the following Bayes estimates of the unknown parameters
under the symmetric (SLF) and asymmetric (ELF) loss functions:

L@d=G-o,e(0.0)=(1-0).2(68)=(F-8) .L0.7) =G - @1

The estimated posterior means of «, 6, p and y are represented by the variables &, 6, 8 and 7. When
choosing an asymmetric loss function, we take the following into account. A simple generalization of
the entropy loss with the shape parameter @ set to 1 yields an asymmetric loss function called the
generalized entropy (GE).

£ (. 7) (f) —win (f) Lo £, 22)
v/ b/
where 7 represents the calculated value of 7 given by
=
For = [E. (77)]7 . (23)

For relevant details, see [11], assuming that 7~ is real and finite and that E, represents the
expected value.

The following MH-within-Gibbs sampling steps can be used to obtain samples of «, 0, 8, and y
Step 1: Set the initial values ¢ = ¢ and «© = k.
Step 2: Set I = 1.

Step 3: Generate o*, 0%, B, and y* from N (&, V) , N (é, Vé) ,N(B.,V;)and N(7, V,), respectively.

‘ ) . 7 (00D, gU=D, 5 U=D ) . 7 (9%, gU=D, 5 U=D )
Step 4: Obtain £, = min |:1, 7 (@0 De0-D, gU, 5D, y) ,ig =min | 1, 7 (00T Ve, gTD_, T g |

- (y*la(pl)"8(17”,0(171)’ Z) i|

7 (B*lal=D, 60D =D )
hp = min | 1, I-D1,0-1) gd-1) ,d-0)
7 (BT Va1, 60D, 7D )

and », =min | 1,
7 (Dot D, BID, 00D, )
Step 5: Generate samples U;;j = 1, 2, 3,4 from the uniform U(0, 1) distribution.

Step 6: If U, < h,, U, < hy, U; < hy and U, < h, then set o = a*, 0" = 6%, 0 = g*,y " = y*;
otherwise ¢ = """, 0" =9V B = U=V and y» = UV respectively.
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Step 7: Set I =1+ 1.
Step 8: Repeat Steps 3—7 B times and obtain «”, 0", B and y*, for1 =1, 2, ..., B.

The Bayesian estimates are obtained via SEL. The 95% two-sided HPD credible interval for the
unknown parameters or any function of them is given [W g5y v» Woorsy: x] Dy using the method proposed

by [12].

5 Method of Optimization

Recently, there has been a lot of research on the best censoring approach; see [2,13]. For values of
n and m determined by the test samples, an acceptable censoring scheme is any possible and allowed
combination of p,, ps, ..., p,. We must first decide which of the many progressive censored approaches
yields the most information about the unknown parameters before deciding on the best sampling
plan. The first issue might be figuring out how to generate the unknown parameter data using a
specific progressive censoring data set. Comparing two different progressive censoring systems’ worth
of information measurements is the second challenge. The set of optimality criteria we used for this
paper is listed in Table 1 below. A variety of popular measures (shown by Opt,) are provided in Table |
to assist in selecting the best progressive censoring strategy.

Table 1: Criteria for several optimum censoring schemes

Criterion Method

Opt, Max-trace [£ 4,4 ()]
Opt, Min-trace [1,.4 ()]
Opt, Min-det [1,.4 ()]

It is necessary to maximize the observed Fisher information [/, (.)] for Opt,. We also minimize
the determinant and trace of [1,., (.)]”' for Opt, and Opt, criteria. Comparing several of the previously
stated criteria is easy when we only have one parameter. Because Opt, is not scale-invariant, com-
paring the two Fisher information matrices becomes difficult when working with a multiparameter
distribution. For the optimal progressive censoring, the highest value of Opt, and the lowest value of
Opt,,i,=2,3.

6 Simulation

This section describes how researchers used computer simulations (Monte Carlo methods) to
find the missing pieces (unidentified parameters) of a distribution called APL distribution based on
ATII-PHCS. They compared two different estimation methods: a common method called MLE and
a Bayesian approach that considers a specific loss function. The researchers assessed these methods
by looking at bias, how accurate the estimates were on average mean squared errors (MSEs), and
how confident they could be in the range of possible values (LCI). They also evaluated how often the
confidence intervals captured the true value (coverage probabilities (CPs)) using a technique called
bootstrapping with two different algorithms.

The simulations were run for various combinations of predetermined settings (n, m, 7, etc.)
and a data removal process (binomial removal scheme). Finally, they used the simulation results to
estimate the APL distribution’s parameters based on data samples generated under another method
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ATII-PHCS. The entire estimation process followed a specific sequence of steps implemented through
computer simulations as follows:
I. Initial sample values: We begin by assigning starting values to variable n, m, t, and 7. These
likely represent parameters or settings for simulation.

II. Additional initializations: We also set initial values for parameters of APL based on ATII-
PHCS as following cases:

Case: 1 a=04,6=03,0=05,y=13 =15 T=>5
Case: 2 a=04,6=03,0=05,y=13 =1 T=4
Case: 3 a=14,=2,0=05y=123 T=1.5 T=5
Case: 4 a=14,=2,60=05,y=1.3 T=3 T=5
Case: 5 a=04,6=050=2,y =2 =15 T=3

IT1. Dives into generating a specific sample:
ATII-PHCS Sample: We're creating a particular type of sample called ATII-PHCS sample. This
likely refers to a specific kind of data point used in the simulation.

Underlying Assumption: The process assumes that the number of units removed after each failure
follows a specific pattern.

Binomial Distribution: This pattern is described by a binomial distribution; a common statistical
model used for situations with two possible outcomes.

Probability Details: The specific details of this binomial distribution will be provided in the next
section (the “pmf” refers to the probability mass function, which defines the probability for each
possible outcome).

P(jl = hl) — (n}; h) p/ll (1 _p)nﬂn—hl.
While, fori=2,3,...,m—1,

i-1 .
POi=hlJ3i .y =hiy,.... 5 =h = (n o 2 Zj:l h/) phi(l _p)n_m_z}zlhj-

Additionally, assuming that J; is unrelated to X; for all 7, the likelihood function can be articulated
as follows:
L(x,o,B,0,y)=L(x;,0,B,0,y|lo=r)Plw=r),
where
PR=rn=PRi=h,3=h,..3_=h,) = PR,
=hp i ISy =lpny o, =hy)
X P =h |8 s=hps....3=h)... PR,

= hz |C:91 = hl)P(Sl = hl)-
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Precisely,
| m—1
P(j — h) (I’l - m) z i1 hl(l _p)(m—l)(n—m)—zz.’;]l(n1—i)/7,-

= m— m— p
(n—m— Zi:ll hi)! Hi:ll hi

IV. Generate a random set (u,u,,...,u,) of size n from a uniform distribution U(0, 1) while
excluding certain values (31, A FYRA SN I 3,,,) at stress level T and time 7" of ATII-
PHCS. Then, the failure data at stress level t can be acquired from the APL distribution using
the inverse CDF method with the given equation:

[ —1/6
,8|:(1— ! ln((a—l)u,+1)) —1i| X, <T
In (@)
X, = 1 1 —1/6
,8|:(1— ln((oe—l)u,——i—l)) —1i|—,o
In (@)
o+ y X, >T

Utilize the progressive generator algorithm as introduced by [14].
Acquire ATII-PHCS data under the SSPALT method to validate this sampling technique.

e Arrange the data in ascending order:

xl:m:n < x2:m:n <...< xmu:m:n <T< xmu+l:m:n <...< xc:m:n < T < xz?+l:m:n <...< xm:m:n

e Obtain ATII-PHCS data following the SSPALT approach by repeating steps 1-3. Stop the test
at T, which is the minimum value among x,,,,., and .

If x,..... < T, end the test at time x,,,.,., by removing all J,, = n — m — Z:’: 7, survivals (case I).
If x,,.., > T, conclude the test at time 7" by eliminating all J,, = n—m— Z: J; survivals (case II).

V. Involves obtaining the MLEs and Bayesian estimates of the parameters («, 8,6, y) using
numerical techniques applied to equations. Three suggested R packages, specifically ‘CODA’,
‘maxLik’, and ‘GoFKernel’, are employed for computing MLEs, Bayesian estimates, and
generating a series of random variables using MCMC methods.

VI. Involves cycling through steps I to V for a total of 10,000 iterations, acquiring the average
MLEs and Bayesian estimates along with their MSEs and absolute Biases (ABiases).

VII. Involves obtaining ACIs along with their corresponding lengths and CPs.

Tables 2—7 consistently demonstrate that the ATII-PHCS estimates closely approximate their true
values for censored data. Bayesian estimation generally results in smaller MSEs and Biases compared
to MLEs. Increasing sample sizes (n and m) while holding censoring times (7, and T) constantly
reduces MSEs and biases across all scenarios for both censoring schemes (P = 0.25 and P = 0.85), as
expected with larger datasets.
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Impact of sample size and censoring parameters:

For fixed values of m, 7, and T, MSEs consistently decrease with increasing sample size (n). With
fixed values of n, p, and m, extending the stress change time p leads to lower MSEs and biases, likely
due to more failures occurring under normal operating conditions with a longer stress change time.

Impact of censoring time t:

For ATII-PHCS, increasing the censoring time T with fixed values of n, m, and t results in decreas-
ing MSEs and Biases. However, this isn’t the case for ATII-PHCS because it has a predetermined
number of failures, and surpassing t doesn’t reveal additional failures.

Confidence intervals:

Agresti-Coull Intervals (AClIs), bootstrap, and HPD intervals are reasonably precise for both
censoring schemes (P = 0.25 and P = 0.85). HPD intervals generally have narrower intervals
compared to ACIs. Increasing sample sizes (n and m) results in narrower ACIs and bootstrap intervals,
with CPs approaching 95% for both censoring schemes, as expected with larger datasets. For fixed
values of T and T, expanding n and m narrows ACIs and bootstrap intervals in all cases for both
schemes.

7 Application

This section focuses on analyzing a specific data set to demonstrate how well our proposed model
performs. A real data set contained times to breakdown down an insulating fluid between electrodes
recorded at different voltages; these data have been discussed by [15]. The following list shows the data
as follows: 0.19, 0.78, 0.96, 1.31, 2.78, 3.16, 4.15, 4.67, 4.85, 6.5, 7.35, 8.01, 8.27, 12.06, 31.75, 32.52,
33.91, 36.71, 72.89, are the failure times (in minutes) are presented, which is for an insulating fluid
electrode subject to a voltage of 34 kV. Fig. 2 dives into the insulation fluid electrodes dataset using
various visualizations and statistical tools to gain a deeper understanding:

Total Time on Test (TTT): Imagine a graph with dots representing individual data points. These
dots show how much time elapsed before an event (likely a failure) occurred for each data point.

Estimated Hazard Rate: This visualization is like a risk meter. It shows how likely failure is at any
given time, and how that risk increases over time. This will be compared to the TTT plot to see the
connection between elapsed time and failure risk. Kernel Density Plots: This creates a smooth curve
that depicts the probability of encountering a particular data point at a specific value. Think of it as a
landscape, with higher areas showing where data points are more clustered.

Violin and Box Plot: This is a combination of two plots. The violin plot shows the overall spread
of the data, with a wider area indicating more data points in that range. The box plot in the middle
shows the median (center point), the interquartile range (IQR—middle 50% of the data), and potential
outliers. By looking at both plots together, we can see how the data is distributed, where the center is,
and if there are any extreme values.
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Examining all these visualizations together helps us identify key features and patterns within the

data set of insulating fluid electrodes dataset. APL distribution has been estimated of parameters by
MLE as o = 1.5586, B = 638.6883, and 8 = 4.0895. Also, this model has KS distances which are
0.060773 and p-value is 0.8156. These results confirm that the APL distribution is fitting of this data.
Also Fig. 3 confirms this conclusion.

hazard rate estimate Box Plot Violin Kernel Density
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Figure 2: Some plots for insulating fluid electrodes dataset
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Figure 3: Fitting of the APL model by estimated CDF, PDF, and PP-plot: insulating fluid electrodes
dataset

Fig. 3 shows several plots that visually confirm our earlier statement. These plots include P-P
Plot: This plot compares the observed data against the theoretical expectations of the APL model. A
close match in this plot indicates good agreement. Estimated CDF: This plot shows the probability
of observing a value less than or equal to a certain point in the data. The estimated CDF for the
data should resemble the expected CDF of the APL model. Histogram with Estimated PDF: This
visualization shows the distribution of the data with a smooth curve representing the estimated
probability of encountering a specific value. A good fit between the histogram and the estimated PDF
suggests the data aligns well with the APL model.
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By looking at all these plots together in Fig. 3, we can see a strong correlation between the actual
data and what we would expect to see if the data truly follows the APL model.

Fig. 4 helps confirm that the values we estimated are not just the highest (maximal), but also the
only ones that reach that maximum (unique). Here’s why:

The graph shows the function’s derivative, which tells us how the function itself is changing. In
this case, the derivative is always decreasing (consistently descends).

The function’s curve itself intersects the x-axis (horizontal line at y = 0) at only one point.

There’s a connection between the derivative and the slope of the function. A constantly decreasing
derivative, like we see here, corresponds to a function that’s always going down after a certain point.

Since the function’s curve only touches the x-axis once, that means it can only reach its maximum
value at that single point.

Putting it all together, the continuously decreasing derivative and the unique x-axis intersection
strongly suggest that our estimated values are the only maximum points for this function. This
guarantees that they are unique.

This part presents the results of applying the proposed method to the insulating fluid electrodes
dataset.

Table 8 shows the ATII-PHCS data generated using different sampling schemes for the coal-
mining dataset. ATII-PHCS likely refers to a specific data processing method used in the analysis.
Table 9 focuses on the estimates obtained using two different approaches: MLE and Bayesian
estimation. These estimates are for the parameters of the APL model applied to the ATII-PHCS data.
Table 10 discusses the “optimality” of the different sampling schemes used to generate the ATII-PHCS
data. Presumably, this table compares the different schemes and identifies the most effective one based
on some criteria.
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Figure 4: Profile likelihood of the APL parameter: insulating fluid electrodes data

Table 8: Insulating fluid electrodes dataset based on ATII-PHCS data with different scheme measures:

T =40
m T p Data
15 20 0.25 X1 0.190.78 0.96 1.31 2.78 3.16 4.15 6.50 8.27 12.06
X2 31.7532.52 33.91 36.71 72.89
R 201100000000000
20 0.85 X1 0.190.78 0.96 1.31 4.154.67 4.85 6.50 7.35 8.27 12.06
X2 31.7533.91 36.71 72.89
R 031000000000000
15 33 0.25 X1 0.190.78 0.96 1.31 2.78 3.16 4.15 6.50 8.27 12.06 31.75
32.52
X2 33.91 36.71 72.89
R 201100000000000
33 0.85 X1 0.190.78 0.96 1.31 4.154.67 4.85 6.50 7.35 8.27 12.06
31.75
X2 33.91 36.71 72.89
R 031000000000000
17 20 0.25 X1 0.190.78 0.96 2.78 3.16 4.15 4.67 4.85 6.50 7.35 8.01
8.27
X2 31.7532.52 33.91 36.71 72.89
R 10100000000000000
20 0.85 X1 0.190.78 0.96 1.31 2.78 4.15 4.67 4.85 6.50 7.35 8.01
8.27 12.06
X2 31.7533.91 36.71 72.89
R 01100000000000000
33 0.25 X1 0.190.78 0.96 2.78 3.16 4.15 4.67 4.85 6.50 7.35 8.01
8.2731.7532.52
X2 33.91 36.71 72.89

(Continued)
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Table 8 (continued)

m T p Data
R 10100000000000000
33 0.85 X1 0.190.78 0.96 1.31 2.78 4.15 4.67 4.85 6.50 7.35 8.01
8.27 12.06 31.75
X2 33.91 36.71 72.89
R 01100000000000000

Table 9: MLE and Bayesian of APL parameters based on ATII-PHCS data for insulating fluid
electrodes dataset

m T P MLE Bayesian
Estimates  StEr Estimates  StEr
15 20 0.25 o 2.0900 2.9568 1.5947 1.6621
B 3.2837 266.1142  8.2977 6.2889
0 0.7783 0.2353 0.9360 0.2052
y 1.6972 2.5826 2.1151 1.7237
20 0.85 o 0.4920 1.7100 0.9519 0.7453
B 12.1006 5.5864 15.8101 3.3010
6 1.1863 1.6957 1.3756 0.6912
y 1.0501 1.1233 1.0519 0.6870
33 0.25 o 0.0132 0.0083 0.0275 0.0017
B 4.8723 29.1589 37.6239 5.2151
6 0.1926 0.1485 0.5347 0.0825
y 19.5058 2.4876 17.2968 1.4017
33 0.85 o 0.0194 0.0104 0.0442 0.0103
B 6.6013 4.7836 10.4351 3.2920
0 0.2607 0.1829 0.3829 0.1222
y 16.5246 1.0311 21.3395 0.5947
17 20 0.25 o 0.4087 8.8981 0.6412 0.6293
B 13.7586 4.5862 37.3306 2.7049
0 1.2026 1.4940 2.2705 1.1531
y 1.2048 1.1008 1.3665 0.8385
20 0.85 o 0.0066 0.0013 0.0087 0.0008
B 189114 161.7310  42.8264 31.3421
0 0.5137 1.1891 0.9343 0.6062
y 0.9168 0.7878 0.8943 0.5324
33 0.25 o 0.0161 0.0638 0.0168 0.0018
B 8.2474 3.6312 9.8217 2.0819
0 0.2932 0.2055 0.2920 0.1585
y 14.2694 0.9484 27.8584 0.6943

(Continued)
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Table 9 (continued)

m T P MLE Bayesian
Estimates  StEr Estimates  StEr
33 0.85 o 0.0167 0.0011 0.0497 0.0004
B 7.6660 56.6986 7.9837 4.9304
0 0.3026 0.1887 0.3683 0.1225
y 14.0660 0.0453 43.7248 0.0354

Table 10: Optimal Criteria values for different parameters of binomial removal: insulating fluid

electrodes dataset

m T Opt, Opt, Opt, Opt, Opt, Opt,

15 20 559.8889  227.9311  29.52902  5741.115  1191.52 15.26482
33 720.8033  0.455443  3718.039  534.2881  1.285261  1919.388

17 20 1976.079  235.4093  18.84217  1063.709  0.014121  13646.28
33 416.3275  0.902665  2902.422  396.9384  0.717181  2726.654

Fig. 5 displays the MCMC diagnostic plots for the parameters «, 8, 6, and y based on 10,000
iterations. The trace plots show good mixing and no evident autocorrelation, while the running mean
plots indicate rapid stabilization of the posterior means, supporting convergence. The histograms with
density curves and boxplots illustrate approximately symmetric and unimodal posterior distributions.
Overall, these diagnostics confirm that the MCMC algorithm has converged and produced stable
posterior estimates. Nonetheless, a sensitivity analysis to prior choices is recommended to further
evaluate the robustness of the Bayesian results.
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Figure 5: MCMC plots of where m = 17, tau = 33, P = 0.85

8 Concluding Remarks

It is well recognized that a large amount of data from reliability trials and life testing may show
inconsistent shapes and are suppressed because of financial and scheduling limitations. As a result,
accelerated life tests are frequently performed to investigate the lifespan of dependable objects by
exposing them to high stress levels of potential early failure causes. This finding inspired us to use
data from the APL distribution under adaptive type-II progressively hybrid censoring to study the step
stress partially accelerated life testing model. We considered Bayesian and likelihood-based statistical
inferences of the unknown model parameters of the APL distribution. To create two different kinds
of approximate confidence intervals for the unknown parameters, we first considered the maximum
likelihood estimates for the unknown model parameters. Next, under the symmetric and asymmetric
loss functions, we performed Bayesian inference for the unknown parameters with non-informative
and informative priors. Additionally, we examined three distinct likely optimal test methods for the
suggested model under various ideal standards. The performance of the suggested approach for
estimating the APL parameters under various sampling techniques is excellent, as demonstrated by
numerical results from simulations and a real-data application. Thus, we may draw the conclusion
that the suggested model has a lot of potential for studying life testing and reliability assessments
using censored data under the ATII-PHCS.
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Appendix A Fisher Information Matrix

A fundamental idea in statistics, the Fisher information matrix shows how much knowledge
data can provide about an unknown variable. It can be applied to ascertain the maximum-likelihood
estimates’ behavior close to infinity as well as the variance of an estimator. An estimator of the
asymptotic covariance matrix is the inverse of the Fisher information matrix. The expected values of
the negative second-partial and mixed-partial derivatives of the log-likelihood function with respect
to «, 6, B and yare used to calculate the Fisher information matrix. Here’s an additional justification
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The components of the relevant matrices are calculated. Therefore, the following is how the
variance-covariance matrix for MLEs can be created.
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