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A basic thin shell triangle with only translational DOFs
for large strain plasticity
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SUMMARY

A simple �nite element triangle for thin shell analysis is presented. It has only nine translational degrees
of freedom and is based on a total Lagrangian formulation. Large strain plasticity is considered using
a logarithmic strain–stress pair. A plane stress isotropic behaviour with an additive decomposition of
elastic and plastic strains is assumed. A hyperelastic law is considered for the elastic part while for
the plastic part a von Mises yield function with non-linear isotropic hardening is adopted. The element
is an extension of a previous similar rotation-free triangle element based upon an updated Lagrangian
formulation with hypoelastic constitutive law. The element termed BST (for basic shell triangle) has
been implemented in an explicit (hydro-) code adequate to simulate sheet-stamping processes and in
an implicit static=dynamic code. Several examples are shown to assess the performance of the present
formulation. Copyright ? 2001 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Several authors have tried to derive triangular plate and shell �nite elements with displace-
ments as the only nodal variables [1–6]. In essence, all methods attempt to approximate the
curvatures over an element in terms of the de
ection of the nodes in a surrounding patch of
elements. Applications of these displacement-based shell elements to sheet forming analysis
using explicit dynamic codes were reported by Yang et al. [7], Brunet and Sabourin [8], and
Rio et al. [9].
Oñate and co-workers have derived rotation-free thin (Kirchho�-Love) plate and shell tri-

angles from a slightly di�erent perspective. The basic idea is to combine the standard �nite
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element (FE) interpolation with �nite volume (FV) concepts [10–12]. This allows to express
the curvatures over a control domain in terms of the displacement gradients along the domain
edges. These gradients are in turn written in terms of the de
ections of the nodes belonging
to an element patch surrounding the control domain and this leads to a relationship between
curvatures and nodal displacements [14]. In Reference [13], it is also shown how a mixed
Hu–Washizu functional provides an adequate framework for the derivation of the discretized
equations for the new rotation-free plate and shell triangles combining FE and FV approaches.
The above ideas were used in References [14; 13] to derive a simple rotation-free three-

node shell triangle termed BST (for basic shell triangle) showing an excellent behaviour for
linear analysis of plate and shell structures. An extension of the BST element to the non-
linear analysis of shells was implemented in an explicit dynamic code using an Updated
Lagrangian Formulation and a hypo-elastic constitutive model. Excellent numerical results
were obtained related mainly to sheet stamping problems and were reported in References
[15–17]. The behaviour of the BST element in an implicit code has some drawbacks related
to its lack of objectivity due to the hypo-elastic constitutive law and to the way in which
the deformations are integrated in time, demanding short steps (as in an explicit code) for an
accurate modelling.
A large strain formulation for the BST element using a total Lagrangian description is

presented in this paper. The constitutive model is based on von-Mises plasticity with non-
linear isotropic hardening formulated in terms of Hencky stresses. The algorithmic elasto-
plastic tangent matrix relating Hencky’s stress and strain increments is transformed to the
two-dimensional Piola–Kirchho� stress and Green–Lagrange strain spaces. The content of the
paper is the following. Some basic aspects of the geometric de�nition of the element are given
in Section 2. Next, the computation of the membrane strains and the curvatures is presented.
Here the concept of ‘patch of elements’ is again essential to express the element curvatures in
terms of the displacement of the patch nodes alone. In Sections 6 and 7, the derivation of the
residual force vector and the tangent sti�ness matrix is explained in some detail. Details of
the large strain formulation are given in Section 8. The accuracy and e�ciency of the implicit
formulation for the BST element is shown in Section 9 for di�erent examples of application
to non-linear shell analysis and the simulation of sheet stamping problems.

2. DEFINITION OF THE GEOMETRY

The element has only three vertex nodes with three degrees of freedom (DOF) at each node.
This leads to a standard constant strain triangle for the membrane behaviour. For the bending
behaviour three DOFs are not enough, so a cell-element (the control domain) is de�ned by
the main element and the three adjacent elements (see Figure 2).
The node-ordering in the cell-element is as follows:

• The nodes in the main element (M) are numbered locally as 1, 2 and 3. They are de�ned
counterclockwise around the positive normal.

• The sides in the main element are numbered locally as 1, 2, and 3. They are de�ned by
the local node opposite to the side.

• The adjacent elements (which are part of the cell) are numbered with the number asso-
ciated to the common side.

Copyright ? 2001 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2001; 51:57–83



A BASIC SHELL TRIANGLE FOR LARGE STRAIN PLASTICITY 59

Figure 1. Element patch de�nition. Figure 2. Angles for the de�nition of the local
system.

• The extra nodes of the cell are numbered locally as 4, 5 and 6, corresponding to nodes
on adjacent elements opposite to sides 1, 2 and 3, respectively.

• The connectivities in the adjacent element are de�ned beginning with the extra node.
This is done as follows:

Element N1 N2 N3
M 1 2 3
1 4 3 2
2 5 1 3
3 6 2 1

A local co-ordinate system must be de�ned for the patch. Among the di�erent possibilities,
the following has been used: In the main element, the unit vector t1(associated to local co-
ordinate �1) is directed along side 3 (from nodes 1 to 2), t3 (associated to the co-ordinate �)
is the unit normal to the plane, and �nally t2 = t3× t1 (associated to the co-ordinate �2). One
can then de�ne for each element:

lI = eIJeJ (0)

eIJ =



0 −1 1

1 0 −1
−1 1 0




aI = lI · t1
bI = lI · t2

2A(0) = a1b2 − a2b1

where eI(0) are the original nodal co-ordinates, lI are the oriented side vectors, (aI ; bI) are
their projections over the local directions t1 and t2, and A is the triangle area. An upper index
0 in brackets denotes values for the original (undeformed) con�guration.

Copyright ? 2001 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2001; 51:57–83
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In the adjacent elements, the local system is chosen to match the local system in the main
element. For an initially 
at surface this co-ordinate system is easily continued over the rest
of the triangles in the patch. For an initially curved surface some care must be taken as shown
next.
The projections of the �rst side of each adjacent element ‘J ’ (sharing side with the main

triangle) are simply

aJ1 =−aJ

bJ1 =−bJ

Note that with an upper index we are denoting geometric parameters associated to the
adjacent elements to the main element M (see Figure 2).
We now de�ne � as the angle between side 1 of the adjacent element with local axis 1

(see Figure 2). Then

cos �= aJ1 =‖lJ1 ‖

sin �= bJ1 =‖lJ1 ‖

Calling � the angle between sides 1 (lJ1 ) and 2 (l
J
2 ), we can write

cos�=
lJ1 · lJ2

‖lJ1 ‖‖lJ2 ‖

sin �=
(lJ1 × lJ2 ) · tJ3
‖lJ1 ‖‖lJ2 ‖

where tJ3 is the unit normal vector to the adjacent element J . These two angles allow to
compute 
, the angle between side 2 of the adjacent element and the local axis 1, as the sum
of angles � and �. Finally, the side projections are computed as

aJ2 = ‖lJ2 ‖ cos 


bJ2 = ‖lJ2 ‖ sin 


aJ3 =−aJ1 − aJ2

bJ3 =−bJ1 − bJ2

with 
= �+ �.
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3. MEMBRANE STRAINS COMPUTATION

On each triangle, the co-ordinates and displacements are linearly interpolated using standard
area co-ordinates

e=NIeI =NI
(
eI(0) + uI

)
(1)

The Cartesian derivatives are

e′�=NI′�eI =
{−(bI =2A) eI ; �=1

(aI =2A) eI ; �=2
(2)

First, the metric tensor of the mid-surface in the original con�guration is de�ned as

a(0)�� =e
(0)
′� · e(0)′� = ��� (3)

with ��� being the Kronecker delta. For any other con�guration the metric tensor is

a��=e′� · e′� (4)

The Green–Lagrange strains for the mid-surface are

���= 1
2(a�� − a(0)�� )= 1

2(a�� − ���) (5)

Mid-surface strains variations are computed as

����= 1
2

(
NI′�e′� + NI′�e′�

) · �uI (6)

In explicit form

�



�11

�22

2�12


 = 3∑

I=1




NI′1eI′1
NI′2eI′2

NI′1eI′2 + NI′2eI′1


 · �uI (7)

4. COMPUTATION OF CURVATURES

The following de�nition of curvatures will be used in this work

k��= t3′� · e′�= t3′� · e′� = −t3 · e′��= − t3 · e′�� (8)

The normal vector t3 to the deformed con�guration can be computed as

t3 = �(e′1 × e′2)=
A(0)

A
(e′1 × e′2) (9)

Parameter � de�nes the stretching of the shell in the normal direction as

�=
h
h0
=
A(0)

A
(10)

where h and h0 denote the current and original thickness values.
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The second equality assumes that the deformation is isochoric (even elastic deformation).
For metal sheets, where elastic deformations are small and plastic 
ow is taken as isochoric,
this approximation has no practical consequences. For materials with other characteristics this
assumption must be reviewed.
The assumption that �bres originally normal to the surface in the reference con�guration

are also normal to the surface in the current con�guration (Kirchho� hypothesis) is adopted.
The changes of curvatures are computed as the di�erence between the values in the current

and original con�gurations

���= k�� − k(0)�� = − t3 · e′�� + t
(0)
3 · e(0)′�� (11)

As in the original BST element [14], the curvatures are assumed to be constant within each
element. For this purpose, an averaging of the curvatures k�� is made over the element in a
mean integral sense as

k��=
−1
A(0)

∫
A(0)
t3 · e′�� dA(0) (12)

Integrating by parts the right-hand side of Equation (12) gives

k11

k22

k12


 = 1

A(0)

∮
�(0)



n1 0

0 n2

n2 n1



[
t3 · e′1

t3 · e′2

]
d�(0) (13)

where ni are the components in the local system of the normal to the boundary �(0) given
for each side J by

nJ =

[
nJ1

nJ2

]
=
1
|lJ |
[
bJ
−aJ

]
(14)

Equation (13) can be found to be equivalent to standard conservation laws used in �nite
volume procedures as described in Reference [12] (see also remarks in Reference [14]).
Due to the de�nition of t3, then t3 · e′�=0, i.e. the curvature of a 
at triangle is zero.

In order to compute the line integral of Equation (13), the following averaging procedure is
used: along each side of the triangle the average value of e′� between the main triangle and
the adjacent one is taken leading to


k11

k22

k12


 = 1

A(0)
3∑
I=1



−bI 0

0 aI

aI −bI



[
t3 · 12 (eM′1 + eI′1)
t3 · 12 (eM′2 + eI′2)

]
(15)

Recalling that
∑
aI =

∑
bI =0 and also due to the condition t3 ·eM′�=0 in the main triangle

one has 

k11

k22

k12


 = 1

2A(0)
3∑
I=1



−bI 0

0 aI

aI −bI



[
t3 · eI′1
t3 · eI′2

]
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=
3∑
I=1



NI′1 0

0 NI′2

NI′2 NI′1



[
t3 · eI′1
t3 · eI′2

]
(16)

This can be seen as the projection of the local derivatives in the adjacent triangles eI′�
(denoting with an index I values associated to the adjacent element) over the normal to the
main triangle t3. As the triangles have a common side (t3·eI′s=0), with eI′s being the derivative
along the side, only the derivative along the side normal (eI′n) has non-zero component over
t3, leading to [

t3 · eI′1
t3 · eI′2

]
= nI (t3 · eI′n)=

1
|lI |
[
bI
−aI

]
(t3 · eI′n) (17)

These projections will be denoted as

cI3� = t3 · eI′�= tT3
3∑
J=1
NJ (I)′� eJ (I) (18)

cI3 = t3 · eI′n=
1
|lJ |
(
bJ cI31 − aJ cI32

)
(19)

The �rst variation of this expression (necessary for the evaluation of ����) is composed of
two parts

�
(
t3 · eI′�

)
= t3 · �eI′� + eI′� · �t3 (20)

The �rst term leads to

t3 · �eI′�= t3 ·
(
NJ′��u

J )I (21)

For the second term, recalling Equation (9), one has

�t3 = �(�e′1 × e′2 + e′1 × �e′2) + ��(e′1 × e′2)

= �(�e′1 × e′2 + e′1 × �e′2) +
��
�
t3

= �(−ê′2�e′1 + ê′1�e′2) +
��
�
t3 (22)

where ê′� is the corresponding skew-symmetric matrix associated to vector e′�. Noting that
t3 · �t3 = 0 and resolving �t3 in components (�t3�) on the convective base e′�

�t31 =e′1 · �t3 = �(−e′1 · ê′2�e′1 + e′1 · ê′1�e′2)= �(−e′1 × e′2 �e′1) = −t3 · �e′1 (23)

�t32 =e′2 · �t3 = �(−e′2 · ê′2�e′1 + e′2 · ê′1�e′2)= �(e′2 × e′1 �e′2) = −t3 · �e′2 (24)
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which leads to

�t3 = �t31ẽ′1 + �t32ẽ′2 (25)

where ẽ′� are the contravariant base vectors de�ned in this case as

ẽ′1 = �e′2 × t3 (26)

ẽ′2 =−�e′1 × t3 (27)

Then one has

�t3 = (−t3 · �e′1)ẽ′1 + (−t3 · �e′2)ẽ′2

=−
3∑
J=1

[
NJ′1ẽ′1 + N

J
′2ẽ′2

](
t3 · �uJ

)
(28)

Substituting this last expression into eI′� · �t3 one has

eI′� · �t3 = −
3∑
J=1

[
NJ′1eI′� · ẽ′1 + N

J
′2eI′� · ẽ′2

](
t3 · �uJ

)
(29)

De�ning the complementary projections of Equation (18)

cI�� =eI′� · ẽ′� (30)

so that

eI′�= cI�� e′� + cI3� t3 (31)

Replacing in the previous expression

eI′� · �t3 = −
3∑
J=1

[
NJ′1c

I1
� + N

J
′2c

I2
�

](
t3 · �uJ

)
(32)

and �nally, substituting these expressions into the variation of (t3 · eI′�) one has

�
(
t3 · eI′�

)
=

3∑
J=1
NJ (I)′� t3 ·

(
�uJ
)I − 3∑

J=1

[
NJ′1c

I1
� + N

J
′2c

12
�

](
t3 · �uJ

)
(33)

The �rst term contributes to adjacent elements while the second term contributes to the
main triangle only

�



�11

�22

�12


= 3∑

I=1

3∑
J=1



NI′1 0

0 NI′2

NI′2 NI′1



[
NJ (I)′1 t3 · (�uJ )I −

[
NJ′1c

I1
1 + N

J
′2c

I2
1

]
(t3 · �uJ )

NJ (I)′2 t3 · (�uJ )I −
[
NJ′1c

I1
2 + N

J
′2c

I2
2

](
t3 · �uJ

)
]

(34)
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5. BOUNDARY CONDITIONS

A special consideration must be done at the boundaries where there is no adjacent element to
a side. The type of essential boundary condition referred to the normal rotation is crucial. The
simplest choice is to neglect the contribution to the side rotations from the adjacent element
missing in the patch in the evaluation of the curvatures via Equation (13) [14]. More precise
changes can be, however, introduced to account for the di�erent types of boundary conditions.
For instance, when a �xed support (clamped boundary) or a symmetry plane is present, it is
assumed that the contribution to the evaluation of curvatures of the clamped side (for example
side I) has the following components (see expression (17)):



k11

k22

k12



I

=− 2



NI′1 0

0 NI′2

NI′2 NI′1



[
nI1

nI2

]
(t3 · e(0)′n ) (35)

with e(0)′n , as the normal direction to the plane of symmetry (or plane of �xed support) referred
to a local-to-the-boundary system (side I). In the reference con�guration this contribution is
zero, and as the shell deforms it will correctly take into account the rotation of the triangle.
For the computation of the variation of the curvatures associated to this boundary condition,

there is only one component, as e(0)′n is �xed, and

�
(
t3 · e(0)′n

)
= �t3 · e(0)′n (36)

resolving �t3 in the local system

�(t3 · e(0)′n )=−
3∑
J=1

[
NJ′ne

(0)
′n · ẽ′n + N

J
′se

(0)
′n · ẽ′s

](
t3 · �uJ

)
(37)

where NJ′n and N
J
′s are shape function derivatives referred to the local boundary system. Note

that e(0)′n · ẽ′s=0; then, it follows that

�
(
t3 · e(0)′n

)
=e(0)′n · �t3nẽ′n= − e(0)′n · ẽ′n

3∑
J=1
NJ′n
(
t3 · �uJ

)
(38)

The �nal contribution of the clamped side (I) to the curvature variation is



��11

��22

��12



I

=2



NI′1 0

0 NI′2

NI′2 NI′1



[
nI1

nI2

] [
nI1 nI2

]
e(0)′n · ẽ′n

3∑
J=1

[
NJ′1

NJ′2

] (
t3 · �uJ

)
(39)

For a simple supported (hinged) side, the problem is not completely de�ned. One may
assume that the curvature normal to the side is zero, and consider a contribution of the
missing side to introduce this constraint. As the change of curvature parallel to the side is
zero along the hinged side, both things lead to zero curvatures in both directions. Denoting
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the contribution to curvatures of the existing sides (J and K) by

k11

k22

k12



J−K

it can be easily shown that to set the normal curvature to zero the contribution of the simple
supported side (I) should be


k11

k22

k12



I

=−




(
nI1
)4 (

nI1
)2(nI2)2 (

nI1
)3nI2(

nI1
)2(nI2)2 (

nI2
)4 nI1

(
nI2
)3

2
(
nI1
)3nI2 2nI1

(
nI2
)3 2

(
nI1
)2(nI2)2





k11

k22

k12



J−K

(40)

For the case of a triangle with two sides associated to hinged sides, the normal curvatures
to both sides must be zero. Denoting by nI and nJ the normal to the sides, and by mI and
mJ the dual base (associated to base nI − nJ ), the contribution from the hinged sides (I and
J ) can be written as a function of the contribution of the only existing side (K):


k11

k22

k12



I−J

= −




mI1m
J
1

mI2m
J
2

mI1m
J
2 +m

I
2m

J
1


 [ 2nI1nJ1 2nI2n

J
2 nI1n

J
2 + n

I
2n
J
1 ]



k11

k22

k12



K

(41)

For a free edge, the same approximation can be used but due to Poisson’s e�ect this will
lead to some error. The curvature variations of these contributions can be easily computed.

6. EVALUATION OF RESIDUAL FORCES

The stresses are computed using a Total Lagrangian Formulation. For a step n, the con�gu-
ration en and the plastic strains UnP are known. The con�guration en is obtained by adding
the total displacements to the original con�guration en=e0 + un. The stresses are computed
at each triangle using a single sampling (integration) point at the center and dividing the
thickness into NL layers. The plane stress state condition of the classical thin shell theory is
assumed, so that for every layer three stress components are computed, (�11, �22, and �12)
referred to the local Cartesian system.
The computation of incremental stresses is as follows:

1. Evaluate incremental displacements: �un+1

2. Generate actual con�guration en+1 =en +�un+1
3. Compute metric tensor an+1�� and curvatures k n+1�� for con�guration n+ 1
4. Compute total and elastic deformations at each layer k

[U]n+1k = Un+1 + zk�n+1

[Ue]n+1k = [U]n+1k − [Up]nk
Copyright ? 2001 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2001; 51:57–83
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5. Compute trial elastic stresses at each layer k

�n+1k =C[Ue]n+1k

6. Check plasticity condition and return to plasticity surface if necessary, correct plastic
strains [UP]n+1k at each layer (small strain plasticity)

7. Compute generalized stresses

Nn+1 =
h(0)

NL

NL∑
k=1
�n+1k

Mn+1 =
h(0)

NL

NL∑
k=1
�n+1k zk

Note that zk is the current distance of the layer to the mid-surface and not the original
distance. However, for small strain plasticity this distinction is not important.
This computation of stresses is adequate for an implicit scheme independent of the step

size and it is exact for an elastic problem.
The residual forces are computed from the expression

�uTr(u)=
∫
V0
�UTb dV0 (42)

For a shell theory, the above expression simpli�es to

�uTr(u)=
∫
A0

(
�UToN+ �fTM

)
dA0

and

rn+1 =A(0)
[
BTm BTb

]n+1 [ N
M

]n+1
(43)

7. TANGENT STIFFNESS MATRIX

For an implicit scheme used in conjunction with a Newton-type method the tangent sti�ness
matrix K is obtained as

�uTK�u=
∫
A

@
@u
(
�UTN+ �fTM

)
�u dA (44)

The two following contributions are identi�ed in Equation (44).

7.1. Material part

�uTKM�u=
∫
A

(
�UT @
@u
N+ �fT @

@u
M
)
�u dA

= �uTA(0)BTDEPB�u (45)
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where DEP is the elastoplastic constitutive matrix obtained by integrating across the thickness
the algorithmic tangent matrix CEP. This matrix relates strain increments with stress increments
in the plane stress state of each layer.

DEP =
h(0)

NL

NL∑
k=1

[
CkEP zkCkEP

zkCkEP z2kC
k
EP

]
(46)

7.2. Geometric part

�uTKG�u=
∫
A

(
@
@u
(�UT)N+ @

@u
(��T)M

)
�u dA (47)

Membrane and bending contributions are considered separately in the computation of KG.
The membrane contribution is standard

�uTKGm�u=
∫
A

@
@u
(�UT)N�u dA

= A(0)
3∑
I=1

3∑
J=1
[NI′1N

J
′1N11 + N

I
′2N

J
′2N22

+(NI′1N
J
′2 + N

I
′2N

J
′1)N12]�u

J ·�uI

= A(0)
3∑
I=1

3∑
J=1
�uI [NJ′1 NJ′2 ]

[
N11 N12

N21 N22

][
NJ′1

NJ′2

]
�uJ (48)

For the bending part more algebra is involved. Recalling Equations (16) and (17), the
contribution to the geometric sti�ness due to bending can be written as

�uTKGb �u= A
(0)[M11 M22 M12 ]

3∑
I=1



NI′1 0

0 NI′2
NI′2 NI′1



[
�[�(t3 · eI′1)]
�[�(t3 · eI′2)]

]

= A(0)
3∑
I=1
[NI′1 N

I
′2 ]

[
M11 M12

M12 M22

][
�[�(t3 · eI′1)]
�[�(t3 · eI′2)]

]
(49)

Or, alternatively

�uTKGb �u=A
(0)

3∑
I=1

[
NI′1 NI′2

] [M11 M12

M12 M22

][ nI1
nI2

]
�[�(t3 · eI′n)] (50)
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Then one has to compute

�[�(t3 · eI′�)] =�
[
�t3 · eI′� + t3 · �eI′�

]
=�(�t3) · eI′� +�t3 · �eI′� + �t3 ·�eI′� + t3 ·�

(
�eI′�

)
(51)

Note that the last term is zero (�(�eI′�)=0). The second and third terms are of the form
(they lead to corresponding symmetric components)

�t3 ·�eI′� =
{
−

3∑
J=1

[
NJ′1ẽ′1 + N

J
′2ẽ′2

](
t3 · �uJ

)} ·
{

3∑
K=1
NK(I)′� �uK(I)

}

=−
3∑
J=1

3∑
K=1
(�uJ )T[NJ′1(t3⊗ ẽ′1) + N

J
′2(t3⊗ ẽ′2)]N

K(I)
′� �uK(I) (52)

This term relates the nodes in the main triangular element with the nodes in adjacent ele-
ments. The contribution of the second and third terms of Equation (51) leads to the following
expression for the bending part of the tangent sti�ness matrix:

�uTKGb1�u= A
(0)

(
−

3∑
J=1
(�uJ )T

[
NJ′1 N

J
′2
] [ t3⊗ ẽ′1

t3⊗ ẽ′2

])

3∑
I=1

[
NI′1 N

I
′2
] [M11 M12

M12 M22

]
3∑

K=1

[
NK(I)′1

NK(I)′2

]
�uK(I) (53)

The �rst term on the r.h.s. of Equation (51) �(�t3) ·eI′n (the form of Equation (50) is more
convenient here) is rather complex. In the appendix it is shown that �(�t3) can be resolved
in the convective base, leading to

�(�t3) = [�(�t3)]1ẽ′1 + [�(�t3)]2ẽ′2 + [�(�t3)]3t3

=−(ẽ′� · ẽ′�)[�eT′�(t3⊗ t3)�e′�]t3

+[�eT′�(t3⊗ ẽ′�)�e′�]ẽ′� + [�eT′�(ẽ′�⊗ t3)�e′�]ẽ′� (54)

Vector �(�t3) will be used in conjunction with eI′n, then

�(�t3) · eI′n =−(ẽ′� · ẽ′�)[�eT′�(t3⊗ t3)�e′�]t3 · eI′n
+[�eT′�(t3⊗ ẽ′�)�e′�]ẽ′� · eI′n

+[�eT′�(ẽ′�⊗ t3)�e′�]ẽ′� · eI′n
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= �eT′�




−(ẽ′� · ẽ′�)(t3 · eI′n)(t3⊗ t3)
+(ẽ′� · eI′n)(t3⊗ ẽ′�)

+(ẽ′� · eI′n)(ẽ′�⊗ t3)


 �e′� (55)

�(�t3) · eI′n=
3∑
J=1

3∑
K=1

2∑
�=1

2∑
�=1
NJ′�N

K
′�[�u

J ]TPIa��u
K (56)

with

PI��=
[−a��cI3(t3⊗ t3) + cI�(t3⊗ ẽ′�) + c

I�(ẽ′�⊗ t3)
]

(57)

where the de�nition of the contravariant metric tensor has been used, i.e.

a��= ẽ′� · ẽ′�=(a��)
−1 (58)

Finally,

�uTKGb2�u= A
(0)

3∑
I=1
[NI′1 N

I
′2 ]

[
M11 M12

M12 M22

][
nI1

nI2

]
[�(�t3) · eI′n]

= A(0)
3∑
I=1

2∑

=1

2∑
�=1
(M
�N I′�n

I

)

3∑
J=1

3∑
K=1

2∑
�=1

2∑
�=1
NJ′�N

K
′�[�u

J ]TPIa��u
K (59)

Equation (59) has components only in nodes of the main element.
Matrix KGb is computed by adding up the contributions from KGb1 and K

G
b2 deduced from

Equations (53) and (59), respectively.

8. LARGE STRAIN FORMULATION

To consider large strain plasticity, an adequate de�nition of strain and stress measures must
be considered. For this, �rst the position of any point is written as

x(�1; �2; �)=e(�1; �2) + ��t3 (60)

where �1; �2 are curvilinear local coordinates over the middle surface, and � is the original
distance of the point to the middle surface. With this de�nition the product �� is the actual
distance of the point to the middle surface.
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The deformation gradient can be written as

F=[ e′1 + ��t3′1 e′2 + ��t3′2 �t3 ] (61)

The product FTF=U2 (with U being the right stretch tensor) is

U2 =



eT′1 + ��tT3′1
eT′2 + ��tT3′2

�tT3


 [e′1 + ��t3′1 e′2 + ��t3′2 �t3 ]

=



e′1 · e′1 e′1 · e′2 0

e′1 · e′2 e′2 · e′2 0

0 0 �2




+��




2e′1 · t3′1 e′1 · t3′2 + e′2 · t3′1 0

e′1 · t3′2 + e′2 · t3′1 e′2 · t3′2 0

0 0 0




+�2�2



t3′1 · t3′1 t3′1 · t3′2 0

t3′1 · t3′2 t3′2 · t3′2 0

0 0 0


 (62)

Neglecting the term associated to �2 and introducing the de�nition of the metric tensor a�� at
the middle surface and of the curvatures k�� gives

U2 =



a11 + 2k11�� a12 + 2k12�� 0

a12 + 2k12�� a22 + 2k22�� 0

0 0 �2


 (63)

For computational convenience, the following approximate expression (which is exact for
initially 
at surfaces) will be adopted

U2 =



a11 + 2�11�� a12 + 2�12�� 0

a12 + 2�12�� a22 + 2�22�� 0

0 0 �2


 (64)

where �ij are the changes of curvatures of the middle surface.
The de�nition of an objective strain measure requires the computation of the eigenvalues

(��) of the right stretch tensor U and the associated eigenvectors r�. It is clear that U and U2

have the same eigenvectors and that the eigenvalues of U can be obtained taking the square
root of the eigenvalues of U2. An immediate eigenpair of U is �3 = � and r3 = (0; 0; 1); the
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other two pairs de�ne the principal strain directions in the plane. The Hencky (logarithmic)
strains will be adopted

E=



�11 �21 0

�12 �22 0

0 0 �33


 = 3∑

�=1
ln(��)r� ⊗ r� (65)

Assuming small elastic strains, an additive decomposition of the elastic and plastic strains
can also be adopted

E=Ee + Ep (66)

Consistently, the Hencky stress tensor as stress measure will be used, and a linear (constant)
isotropic “plane stress” relation between elastic strains and stresses will be assumed

T = CEe

T11

T22

T12


 =

E
(1− �2)



1 � 0

� 1 0

0 0
1− �
2





�e11

�e22

2�e12


 (67)

The constitutive equations are integrated using a standard radial return algorithm for the
von Mises yield criteria with non-linear isotropic hardening.
Finally, one needs to obtain the second Piola–Kirchho� stresses (S) for the evaluation of

the residual forces in the total Lagrangian formulation employed. De�ning the rotated tensors
as

TL = RTLTRL

SL = RTLSRL
(68)

where RL is the rotation tensor obtained from the eigenvectors of U

RL = [ r1 r2 r3 ] (69)

The relation between the second Piola–Kirchho� stresses and Hencky stresses is (see for
example Reference [18])

[SL]�� =
1
�2�
[TL]��

[SL]�� =
ln(��=��)
1
2 (�

2
� − �2�)

[TL]��
(70)

The second Piola–Kirchho� stress tensor can therefore be computed as

S=RLSLRTL (71)

A simpli�cation might be considered here assuming that U and T are colinear, that is, that
they diagonalize in the same base. In this case, Equation (71) simpli�es to

S=TU−2 (72)
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Figure 3. Patch test for a constant twisting moment. Exact results for
displacements nd stresses are obtained.

This approximation is exact for elastic processes (isotropic materials) and perhaps for inelastic
processes with radial loading, but not for general elastic-plastic processes.
The computation of the generalized stresses is performed integrating in the (original) thick-

ness the second Piola–Kirchho� stresses but using for the evaluation of moments the current
distance to the middle surface as described earlier.

9. EXAMPLES

The accuracy and e�ciency of the BST (for basic shell triangle) element will be tested in a
number of linear and non-linear examples of plate and shell analysis.

9.1. Linear examples

9.1.1. Patch test. The membrane behaviour does not deserve any consideration as it cor-
responds to the well-known constant strain triangle. For the bending behaviour, as the for-
mulation does not allow moments as loads (the element has translational DOFs only), it is
not possible to test an isolated patch under loads leading to a constant bending moment. A
constant twisting moment can be imposed through a point load on the corner of a rectangular
plate with two (consecutive) sides simple supported and the other two sides free. Figure 3
shows three patch con�gurations that lead to the correct results both in displacements and
stresses.

9.1.2. Square plate. A square plate under uniform load, with either hinged or clamped support
is considered in this section. It is intended to assess the convergence properties of the BST
element for structured and unstructured meshes. Due to symmetry one-quarter of the plate
is modelled in all cases. Figure 4 shows the type of unstructured and structured meshes
considered. For the case of structured meshes two orientations are possible.
Table I lists values of the normalized displacement of the plate mid-point for both boundary

conditions for the three types of meshes considered. Convergence rates for the structured
meshes are better than typical ones of linear triangles. Note that for plate bending analysis
only one DOF per node is required [10; 14]. For example in Reference [19] for the simple
supported case and a mesh with 208 DOFs, the two elements presented in that paper show an
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Figure 4. Square plate under uniform load, E=10:92E5; �=0:3; L=h=1000: (a) unstructured mesh;
(b) structured mesh, orientation A; and (c) structured mesh, orientation B.

Table I. Normalized results for the square plate under uniform load.

Mesh-A Mesh-B Unstructured

NDOF s.s. Clamped s.s. Clamped NDOF s.s. Clamped

1 0.9496 2.0667 2.1364 5.9044
4 1.0050 1.5090 1.2315 2.0531 11 1.0034 1.2687
16 1.0029 1.1573 1.0486 1.2418 46 0.9529 0.9969
64 1.0005 1.0432 1.0112 1.0606 288 0.9807 0.9955
256 1.0000 1.0138 1.0027 1.0179 762 0.9828 0.9778
1024 1.0000 1.0066 1.0006 1.0076 3042 0.9873 0.9867

Table II. Cylindrical roof under uniform dead load. Normalized displacements.

Point-A Point-B

NDOF Mesh-A Mesh-B Mesh-A Mesh-B

16 0.7416 0.4042 1.3523 0.8978
56 0.7401 0.6164 0.7559 0.6824
208 0.8849 0.8501 0.8827 0.8637
800 0.9652 0.9563 0.9639 0.9586
3136 0.9910 0.9888 0.9899 0.9885

error in the central displacement between 1.5 per cent (mesh A) and 0.6 per cent (mesh B).
For the present element with only 64 DOFs the errors are of 0.05 per cent (mesh A) and 1.1
per cent (mesh B). Unstructured meshes show a slower convergence rate. The accuracy can
be improved here by using adaptive mesh re�nement [13; 14].

9.1.3. Cylindrical roof. This cylindrical shell roof, loaded vertically by dead weight, is shown
in Figure 5. It is supported by rigid diaphragms at the ends. Only one-quarter of the roof
is modelled due to symmetry. Structured meshes with the two possible orientations (�gure
shows mesh-A orientation) were considered to assess convergence. Table II shows normalized
vertical displacements at the crown (Point A) and at the midpoint of the free edge. The exact
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values uA =0:5407 and uB = −3:610 used for normalizing the present results were taken from
Reference [20].
In this membrane dominated problem, the convergence is typical of the constant strain

triangle. The advantage of the present formulation is that the element has only 3 DOFs per
node. For example, a mesh with 16 elements per side, in the present formulation, has 800
DOFs while for elements combining the constant strain triangle for membrane and the Discrete
Kirchho� Triangle for bending (CST-DKT) [21] the number of DOFs is between 1328 (5
DOFs per node) and 1584 (6 DOFs per node), with similar convergence properties.

9.2. Non-linear examples

Six examples are included to assess the performance of the present formulation of the rotation-
free BST element in the non-linear range. The �rst three examples consider elastic material
with large displacements and rotations. Then plasticity with small strains is considered. The
last two examples are well-known sheet metal forming benchmarks. Computations for the
last two examples are performed with an explicit formulation due to severe frictional contact
conditions. Contact is ensured by means of a standard penalty formulation and friction is
considered via a linear Coulomb model.

9.2.1. Pear-shaped cylinder. The elastic large de
ection response of a pear-shaped cylinder
under end shortening, was proposed as a benchmark test in Reference [22]. The main features
of the benchmark are elastic large displacements and rotations, initial softening behaviour
followed by sti�ening up to �nal buckling (collapse) load, stress redistribution and varying
interaction of bending, membrane and shear e�ects. Figure 6(a) shows the geometrical def-
inition of the cylinder cross-section and material data. Due to symmetry, a quarter of the
geometry is discretized with 1920 BST elements involving 1067 nodes and 2794 DOFs. The
uniform end-shortening is applied using a displacement control arc-length in 45 equal steps
until collapse is well-developed (maximum end-shortening is 0.45). Figure 6(b) shows a plot
of the total axial load as a function of the normal displacement at the point denoted as node
1, located at the middle of the length of the cylinder, on the plane of symmetry, 
at side.
The results are compared with “target” results obtained with the program ABAQUS [23].
The value of the collapse load for the present formulation (2504) is in the range suggested
(2437±3 per cent).

9.2.2. L-shaped plate strip. The stability of this model problem (see Figure 7(a)) has been
investigated by a number of authors (see for example [24; 25]) using beam elements as well as
shell elements. The material properties are E=71240 (Young’s modulus), �=0:31 (Poisson’s
ratio); the edge length is l=240, the edge width is b=30 and the thickness is h=0:6. The
strip is subjected to an in-plane load in the free-edge. The post-buckling behaviour depends
on the direction of the load which is indicated in the �gure. A bifurcation point is arrived at
using an extended system of equations [26]; a switch of the displacement path is performed
at this point and the postbuckling path is followed using an arc-length method. Figure 7(b)
shows the normalized post-critical path using a model with 258 elements (516 DOFs) for the
present element (�cr = 1:216). Results obtained using a transverse shear deformable quadratic
triangle (34 elements and 510 DOFs) [27] are also plotted for reference (�cr = 1:163). The
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Figure 5. Cylindrical roof under uniform dead
weight. E=3 106; �=0:0; thickness=3:0; shell

weight=0:625 per unit area.

Figure 6. Pear-shaped cylinder: (a) geometry
and material properties; and (b) displacements
of point 1 vs. total axial load, (——) present

element, (•) target values.

behaviour of the present element is a little sti�er than the quadratic triangle but has better
convergence properties.

9.2.3. Pinched hemispherical shell. This example has also been presented as a benchmark in
Reference [22] and analysed in Reference [25]. An hemispherical shell of radius r=10 and
thickness h=0:04, with an 18◦ hole at the pole and free at all boundaries is subjected to two
inward and two outward forces 90◦ apart. The material properties are E=6:825 × 107 and
�=0:3. Only one quadrant is modeled due to symmetry with 640 BST elements (1036 DOFs).
Figure 8(a) shows the geometry and discretization used; the deformed geometry (without
magni�cation) is also shown for �=100. The displacements of the loaded points are plotted
in Figure 8(b) as a function of the load factor. The BST element results compare very well
with both the target results obtained with ABAQUS [23] and the results from Reference [25].

9.2.4. Pinched cylinder with isotropic hardening. A short cylinder bounded by two rigid di-
aphragms at its ends, is subjected to opposite load at the middle section. Due to symmetry
only one-eighth is discretized with 3528 BST elements involving 1849 nodes and 5336 DOFs.
The geometry of the cylinder is: length L=600, radius r=300, thickness t=3. The mate-
rial properties are: Young’s modulus E=3 × 103, Poisson’s ratio �=0:3, initial yield stress
k0 = 24:3 and isotropic hardening modulus k ′=30:0. Figure 9(a) plots the applied load factor
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Figure 7. L-shaped plate strip under in-plane
loading: (a) geometry and deformed shape for
�=�cr = 1:67; (b) normalized displacements of
point 1 vs. normalized load, (——) quadratic

triangle, (•) BST.

Figure 8. Pinched hemispherical shell: (a)
geometry and deformed shape for �=100;
and; (b) displacements of loaded points vs.
load factor; (——) present element, (•) target

results, (◦) results of Ref. [23].

versus the load point displacements. Figure 9(b) shows the deformed con�guration for a load
displacement of 180 (60 per cent of the radius) and the e�ective plastic strain contours at the
external face. Small strain kinematics were considered in this case to avoid an early collapse
due to unbounded plastic strain growth under the loaded point. The numerical results obtained
agree with those reported in References [25; 28].

9.2.5. Hemispherical Punch Stretching. This benchmark was proposed in Reference [29].
The geometry and material properties are shown in Figure 10(a). A friction coe�cient of
�=0:3 was adopted. A �ne mesh of 800 BST elements was used to model one-quarter of
the geometry due to symmetry. Figure 10(b) shows the total force over the punch as a func-
tion of the punch travel. Figure 10(c) shows the thickness distribution for di�erent punch
displacements. Both results are in excellent agreement with results obtained with a mem-
brane formulation using logarithmic strains [30] as well as with a rigid–viscoplastic formu-
lation [31].
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Figure 9. Pinched cylinder: (a) load factor vs. load displacement; and (b) deformed
geometry and plastic strain contours.

9.2.6. Deep drawing of a square cup. This example reproduces one of the benchmarks pro-
posed at NUMISHEET’93 [32]. It is the deep-drawing of a mild steel square cup. One-quarter
of the geometry has been modelized due to symmetry conditions. Figure 11 shows the geom-
etry de�nition of tools (matrix, punch, and blank-holder) and the blank. Figure 12(a) shows
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Figure 10. Hemispherical punch stretching.

Figure 11. Deep-drawing of a square cup. Geometry de�nition.

the deformed mesh of the sheet after the �nal travel of the punch and contour lines of the
logarithmic strain in the thickness direction. The �nal draw-in values are DX =29:84 mm
and DD=15:95 mm that compare quite well with the average of the experimental values
(DX =27:95 mm and DD=15:36 mm). Figure 12(b) shows the logarithmic strain distri-
bution along lines OA and OB. Comparisons with the experimental values show the same
di�erences encountered with other numerical simulations [32].
Other examples of the good behaviour of the BST element for sheet stamping analysis can

be found in [15–17].
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Figure 12. Deep-drawing of a square cup: (a) deformed shape and thickness contours; (b) logarithmic
thickness strain along lines OB and OA; and (◦) average of experimental results; (•) BST element.

10. CONCLUDING REMARKS

A simple rotation-free shell triangle for large strain analysis of thin shells has been presented.
The new BST element is based in a Total Lagrangian formulation with an hyper-elastic-based
constitutive law that makes it adequate (objective) for implicit and explicit analysis.
The element has only translational DOFs, which makes it simple, but implies restrictions in

the possibilities to mix the present element with other types of elements. Improvements in the
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treatment of simple supported and free edge boundary conditions are still possible. However,
for the many examples solved, the results agree quite well with results from other references.
In the linear examples tested the element performance is better than that of standard tri-

angular plate and shell elements measured in terms of the number of DOFs (for published
results obtained with structured meshes). The performance, however, deteriorates slightly for
unstructured meshes due to the way in which the curvatures are computed. Work to improve
the element performance for very irregular meshes is in progress.
Very good results have also been obtained in examples including large displacements and

large strains using implicit and explicit formulations.
In summary, the BST element shows many promising features for analysis of large-scale

linear and non-linear shell problems.

APPENDIX

The computation of �(�t3) is derived here. Recall that

�t3 =−[(t3 · �e′�)ẽ′�]

=−[(ẽ′�⊗ t3)�e′�]

where a repeated greek index indicates summation (�=1; 2)

�(�t3) =−[(�ẽ′�⊗ t3) + (ẽ′�⊗�t3)]�e′�

= [−(�ẽ′�⊗ t3) + (ẽ′�⊗ ẽ′�)(t3 ·�e′�)]�e′�

Noting next that

ẽ′� ·e′� = ���

�ẽ′� ·e′� =−ẽ′� ·�e′�

ẽ′� · t3 = 0

�ẽ′� · t3 =−ẽ′� ·�t3

and resolving �ẽ′� in the convective base

�ẽ′� =−[(ẽ′� ·�e′�)ẽ′� + (ẽ′� ·�t3)t3]

=−[(ẽ′�⊗ ẽ′�)�e′� + (t3⊗ ẽ′�)�t3]
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one can write

�(�t3) = {[(ẽ′� ·�e′�)ẽ′� + (ẽ′� ·�t3)t3]⊗ t3+ (ẽ′�⊗ ẽ′�)(t3 ·�e′�)}�e′�

= {(ẽ′� ·�e′�)(ẽ′�⊗ t3) + (ẽ′� ·�t3)(t3⊗ t3)+ (t3 ·�e′�)(ẽ′�⊗ ẽ′�)}�e′�

Replacing now the term �t3 one has

�(�t3) = {(ẽ′� ·�e′�)(ẽ′�⊗ t3)− ẽ′� · [(t3 ·�e′�)ẽ′�](t3⊗ t3)+ (t3 ·�e′�)(ẽ′�⊗ ẽ′�)}�e′�

= {(ẽ′� ·�e′�)(ẽ′�⊗ t3)− (ẽ′� · ẽ′�)(t3 ·�e′�)(t3⊗ t3)+ (t3 ·�e′�)(ẽ′�⊗ ẽ′�)}�e′�

= (ẽ′� ·�e′�)(t3 · �e′�)ẽ′� − (ẽ′� · ẽ′�)(t3 ·�e′�)(t3 · �e′�)t3+ (t3 ·�e′�)(ẽ′� · �e′�)ẽ′�

= (�e′� · t3)(ẽ′� ·�e′�)ẽ′� + (�e′� · ẽ′�)(t3 ·�e′�)ẽ′�− (ẽ′� · ẽ′�)(�e′� · t3)(t3 ·�e′�)t3

= [�eT′�(t3⊗ ẽ′�)�e′�]ẽ′� + [�eT′�(ẽ′�⊗ t3)�e′�]ẽ′�− (ẽ′� · ẽ′�)[�eT′�(t3⊗ t3)�e′�]t3
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17. Oñate E, Z�arate F, Rojek J, Du�et G, Neamtu L. Advances in rotation-free shell elements for sheet stamping
analysis. NUMISHEET ’99, Gelin JC, Picart P (eds). BURS Edition: Besan, 1999.

18. Eterovic A. A study of formulations for large strain elasto-plastic �nite element analysis. M.Sc. Thesis, MIT:
Cambridge, USA, 1989.

19. Belytschko T, Stolarski H, Carpenter N. A C0 triangular plate element with one point quadrature. International
Journal for Numerical Methods in Engineering 1984; 20:787–802.

20. Huang HC. Static and Dynamic Analysis of Plates and Shells. Springer: Berlin, 1989; 40.
21. Carpenter N, Stolarski H, Belytschko T. Improvements in 3-node triangular shell elements. International Journal

for Numerical Methods in Engineering 1986; 23:1643–1667.
22. Prinja NK, Clegg RA. A review of benchmark problems for geometric non-linear behavior of 3-D beams and

shell. NAFEMS, September 1993.
23. Karlson H, Sorensen Inc. ABAQUS, version 5.2.1, Pawtucket, USA.
24. Argyris JH, Balmer H, Doltsinis J St, Dunne PC, Hasse M, Kleiber M, Malejannakis GA, Mlejenek HP, Muller

M, Scharpf DW. Finite element method—the natural approach. Computer Methods in Applied Mechanics and
Engineering 1979; 17=18:1–106.

25. Simo JC, Fox DD, Rifai MS. On a stress resultant geometrically exact shell model. Part III: computational
aspects of the non-linear theory. Computer Methods in Applied Mechanics and Engineering 1990; 79:21–70.

26. Wriggers P, Simo JC. A general procedure for the direct computation of turning and bifurcation points.
International Journal for Numerical Methods in Engineering 1990; 30:155–176.
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