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On the derivation and possibilities of the secant stiffness matrix
for non linear finite element analysis

E. Onate

Abstract [n this paper the general non symmetric parametric form of the incremental secant stiffness
matrix for non linear analysis of solids using the finite element metod is derived. A convenient
symmetric expression for a particular value of the parameters is obtained. The geometrically non
linear formulation is based on a Generalized Lagrangian approach. Detailed expressions of all the
relevant matrices involved in the analysis of 3D solids are obtained. The possibilities of application
of the secant stiffness matrix for non linear structural problems including stability, bifurcation and limit

load analysis are also discussed. Examples of application are given for the non linear analysis of pin
joined frames.

1
Introduction

The use of numerical solution strategies based on the secant stiffniess matrix has received little attention
in the context of non linear structural analysis by the finite element method. An exception to this is
the use of quasi-Newion incremental iterative algorithms (i.e. BFGS, etc.) (Zienkiewicz and
‘Taylor (1991); Bathe (1982); Geradin, Idelsohn and Hodge (1981)) where approximate pseudo-secant
stiffness matrices are used as iteration matrices within each iteration loop.

The potential of using the “exact” form of the secant stiffness matrix for developing new solution
algorithms for non linear structural problem has been recently recognized by different authors. Ofiate,
Oliver, Miquel and Suarez (1986) and Ofiate (1991) proposed different secant iteration procedures
for geometrically non linear problems. Kroplin and co-workers have successfully used the
secant stiffness matrix, derived via mixed finite element methods, to propose new solution strategies
based on energy perturbation techniques for predicting the degree of instability and estimating limit and
bifurcation points for static and dynamic structural problems [see Kropin, Dinkler and Hillmann
{1985); Kropin and Dinkler {1988); Duddeck, Kroplin, Dinkler, Hillmann and Wagenhuber (1989);
Kropin, Wilhelm and Herrmann (1991); Kroplin (1992)]. The use of secant stiffness operators has also
been exploited by Kroplin and Dinkler (1990) to reinterpret the concept of consistent tangent operators
in plasticity.

One of the problems in using secant stiffness matrix based procedures is that the expression of
this matrix is not unique and non symmetrical forms are typically found unless a careful
derivation is performed.

The first attempt to obtain the expression of the secant stiffness matrix in the displacement finite
element context was apparently due to Mallet and Marcal (1968) who presented a general approach
for non linear finite element structural analysis based on a Total Lagrangian (TL) description. Starting
from the general expression of the total potential energy Mallet and Marcal expressed the force-balance
equilibrium equation in the form '

(Ko +IN, +IN,Ja—f=K.a—f=0 o

where f is the total external force vector, K, is the linear symmetric stiffness matrix and N, and N,
are non linear symmetric stiffness matrices that depend linearly and quadratically on the total

Communicated by 8. N. Atluri, 20 October 1994

E.T.S. Ingenieros de Caminos, Canales y Puertos
Universidad Politécnica de Catalufia, ¢/ Gran Capitén s/n,
08034 Barcelona, Spain.

The author thanks William T. Matias for many useful
discussions and his help in the analysis of the second example.




nodal displacements a. The form of the secant stiffness matrix K, = K, +iN, +1N, is therefore
symimetric,
Later Rajasekaran and Murray (1973) recognized that the expressions used by Mallet and Marcal
to evaluate N, and N, in (1) were not unique and several non symmetric forms of K, were proposed.
Following these ideas Felippa (1974} presented a general parametric expression of the secant stiffness
matrix. More recently Felippa and Crivelli (1991) and Felippa, Crivelli and Haugen (1994) have
re-formulated the expression of K derived in Felippa (1974) using a “core congruential” TL formulation
based in the expression of the total potential energy in terms of the displacement gradients.
Other attempts to obtain “attractive” expressions of the secant stiffness matrix are due to Wood
and Schrefler (1978) who obtained a symmetrical form of Kjequivalentto (1) usinga B-notation. Badawi
and Cusens (1992) have presented a simpler expression of the symmetric form derived by Wood
and Schrefler, A symmetric secant stiffness matrix for analysis of composite beams and plates has 573
been recently derived by Carrera (1992). Again a TL description was used in all these cases.
In this paper a general parametric form of the secant stiffness matrix for non linear finite element
analysis of solids is proposed. The secant matrix is formulated in an incremental form using
a Generalized Lagrangian (GL) description so as to provide a non linear relationship between finite
increments of nodal displacements and forces as

K,Aa—Af=0 (2)

Eq. (2) is a more general secant expression than that given by (1) and it allows to derive different
incremental iterative procedures. Moreover, it allows to directly obtain the tangent stiffness matrix as

K, = lim K; 3)

Aa—0

in a straightforward manner. Non linear material effects can be also taken into account in the derivation
of (2) using an hyperelastic constitutive model. A convenient symmetric expression of K can be
derived as a particular case of the general parametric form obtained.

The layout of the paper is the following: In the first part the basic geometric, kinematic and
constitutive relationships using a Generalized L agrangian description are presented. Then, starting
from the virtual work expression the full incremental form of the finite element equations are derived
and the corresponding secant stiffness matrix is obtained in a general non symmetric parametric
form. A convenient symmetric expression is derived for a particular value of the parameters. The
detailed form of the secant stiffness matrix for 3D solid elements is given. Different possibilities of
application of the secant stiffness matrix for general non linear structural computations, stability and
bifurcation analysis and the prediction of limit loads are then briefly discussed. In the last part of the
paper the general formulation is particularized for pin joined bar structures and explicit expressions of
all the relevant matrices are given as well as examples of application showing the possibilities of the
secant stiffness approach for this kind of problems.

2

Basic kinematic equations

The incremental finite element equations for solving non linear problems can be derived in 2 variety
of ways. The most popular approach is probably to proceed to a direct linearization of the non linear
virtual work equation. This leads to the expression of the so called tangent stiffness matrix, traditionally
used in the context of Newton-Raphson solution algorythms. This procedure can also be interpreted
in several more “rigorous” or “intuitive” equivalent ways like: second variation of the total energy
potential, total differential, linear incrementation, Taylor expansion limited to linear terms, direct
consequence of the Newton-Raphson method for solution of non linear equation systems, etc. This
approach, in one or other form, has been used by an extensive number of authors both in the context
of total Lagrangian (TL) or Updated Lagrangian (UL) descriptions. For references see, for example,
the list of references of chapter 8 of Vol. 2 of [Zienkiewicz and Taylor {1991}].

A second approach is to derive the incremental equations by substracting the virtual work equations
written for two equilibrium configurations and then linearizing the resulting equation. This method
was originally suggested in the finite element context by Yaghmai (1968) and then followed by others
Horrigmoe (1970); Larsen (1971); Bathe, Ramm and Wilson (1975}; Mondkar and Powell (1977). It
has been shown by Frey (1978} and Frey and Cescotto (1978) that the final linearized equations are the
same in both approaches if the displacement field is linearly interpolated in the displacement nodal
unknowns in a standard finite element form.
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[n this paper we will exploit a less popular third alternative based in the development of the
expression of the virtual work equation for an unknown incremental configuration at time ¢ 4+ At
This allows to obtain the full incremental form of the finite element equations from which the secant
stiffness matrix (and subsequently the standard tangent matrix) can be derived.

We will consider a three dimensional body with initial volume *V in equilibrium at a known actual
configuration 'V corresponding to time ¢ under body force ‘b, surface loads 't and point loads ‘p.
When these forces are incremented the body changes its configuration from 'V to“* V. The coordinates
of the body in each configuration are refered to the global Cartesian system x,, x,, x, (see Fig. 1). The
displacements at the actual configuration 'V are defined as

=" = "x, i=1,2,3 (4a)

and the displacement increments from ‘V to "' MV as

Au. — ‘*A’x, _ (x

{ i i (4b)

In (3} and (4) right indexes refer to the global coordinate axe along which the displacement is
measured, while the left superindex denotes the configuration corresponding to each variable.

The displacement and displacement increment vectors are defined as
w= Ly uy, w T, Au=[Aw, Auy, Au, )T (4c)
Obviously, the total displacements at 1 + At are

r+Aru: 'u—}-Au (4d)

A Generalized L agrangian description will be used in which strains and stresses are referred to
an intermediate reference configuration "V (see Fig. 1). Thus the strain tensor at time t+ At
refered to the configuration 'V can be written as {Malvern (1969))

£+ At — Lo+ L+ At At (R :Y
P& =7( P T T ruk,j) ()
where
£+ At
t+ At __a Y

r (YA a,—x_ l?] = 1) 2: 3 (6)
J
The left index in (5} and (6) denotes the configuration in which strains (and stresses) are refered.
Note that for 'V = °V Eq. (5) yields precisely the well known expression of the Green-Lagrange strain
tensor in the Total Lagrangian (TL) description. Also for 'V =V the expression of the Almansi strain
tensor, typical of the Updated Lagrangian (UL) formulation can be derived from (5).
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Fig. I. Deformation of 2 body in a stationary Cartesian coordinate system



The strain increments are oblained as

P . Y I .
rAi’ij - r!‘lj - rl'” - req + rr-'U (7)

where e, and ,n, are the first and second order strain increments. From (4d) and (7) it can be obtained

€= %(rA”f.; + rA“;u’ + 'ruk,irAuk.j + rAuk,i:-uk,j) (8a)
=0 for 'V='V
1, =18, A, (5b)
where
a(Au,)

= Li=1,2,3 9
r ul.; arx] J‘ ()

Equations (8a) and (8b) are easily particularized for the TL and UL formulations simply by making
r=0and r = t, respectively. Note, that the underlined terms in (84) are zero in the UL formulation
"V ="'V} (Malvern (1569}; Bathe (1982)).

The virtual strains are defined as the first variation of the strains in the configuration " #V. On
the other hand, the displacements ‘u, can be considered as fixed during the deformation increment and
thus &, = 0. Taking this into account we can write

5 e =0 e+ my (10)
where
Oy = B0 Moty 40,0t s B, By ¥0, B ) (i1a)
5rﬂ:'j:%(5rAuk,:'rAuk,j + 8w 0 Au, ) (11}
with

0(8Aw) .
5,Au¢.'jz-mé?w, Lj=12,3 (12)

J
where & Au, are the virtual displacement increments. Again the underlined terms in (11a) are zero
in an UL formuiation.

Finally, the first and second order strain increments are defined in matrix form for 3D solids as
e[, ,6 8302 812, 2,652 2,517 (13a)
A= U P Moy 2 s 2 M350 270 1 (13b)
and their corresponding virtual expressions by
S.e=15,8,,06,,06, 20,206,206, (14a)
8.11= 18,11, & Mz 6,732 28,11,30 28,113, 26,1317 (14b)

For convenience we will write the first and second order strain increment vectors as
e=[L,+.L,(g)l.g (15a)
M=3.1..8 (158)

where the gradient vectors g and g are defined as

‘u, CAu,
‘g={lu,y and ,g=<,Au, (16a)
iu,J rAu,B

57%
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with

', dAu,
J'x, a'x,
o'u GAu
! 2 z
u, = soAu, == 16b
[ ('eri ’ N (J'xf. ( )
! -~
'y, dAu,
a’x,. (')'x'.

In{15) L, is a 6 x 9 rectangular matrix which contains ones and zeros (see Appendix i), ‘L, and
'L are displacement and increment dependent matrices defined as

;gTHI rgTHI
t TH , 'r‘H

:,L|:: rg- 2; rL|= g 2 (17}
ll'gTHﬁ rgTHﬁ

where H, are displacement independent matrices containing ones and zeros given in Appendix L.

A more general case for non standard strain definitions where H, can also be a function of the

displacements is discussed in Felippa and Crivelli (1991) and Felippa, Crivelli and Haugen (1994).
From (15} it can be easily found (noting that §'u, = 0)

de=(L,+!L)ég {18a)
=L dg (18b)

Equations (18) will be useful to derive the corresponding finite element expressions in a next section.
3

Stress field and constitutive equation

The second Piola-Kirchhoff stresses in the configurations 'V and ***V refered to the configuration
"V are written as

[ S 1 ] t t i3 f ¢ T
ro._ [ro-ll’ razz’ 70'33’ rau’ ro-l.i’ rGZB] (19a)
1A [t+AL o+ 4t i+ At 4+ AL A -+ Ar T

P F= A O Oy T Oy r6-13] (19b)

Note that for 'V =V, 5. coincide with the Cauchy stresses in the actual configuration (Malvern
(1968), Bathe (1982)).

The stresses in the updated configuration ’*“‘:cr,.j are obtained in an incremental form as

!+A:o.; :0.+er- (20)
where
Ao=[Ag,, Ac,, Aoy, A, Ac,,, Ac,]T (21)

is the vector of second Piola-Kirchhoff stress increments refered to "V.
We will now assume a constitutive law relating the finite second Piola-Kirchhoff stress increments
and the corresponding Green-Lagrange strain increments as

Ac=1D As (22)
where [ D is the incremental constitutive matrix in the configuration ‘' V and refered to V. The form
of this matrix can be obtained by adequate tensor transformation of the constitutive matrix refered
to the initial configuration °V (Malvern (1969); Bathe (1982)).

Combining Egs. (22) and (7) yields

JAoe='D(.e+ 1) (23}



Remark I. The incremental constitutive refationship {22) can be found for non linear elastic material
behaviour using a hyperelastic model (Malvern (1968}).

4
Virtual work expression

Equilibrium at the updated configuration implies satisfaction of the Principle of Virtual Work (PVW)
in '~ V. This can be written in matrix form as

J'(SH-A:STH-A:o.dV . j‘(‘»}nmu?'umbdv (24)
v v

where

1+A:b: [HNbE,HA(bZ,H Afb]j'r' (25)

For simplicity only body forces b are assumed to act in (24).
From Eqs. (4d), (10}, (20) and (23) and noting again that §'u; = 0, Eq. (24) can be rewritten as

[[6,e" A0+ 6.0 Ao+ "ol dV =[5Au" " YbdV — [ 6. lodV (26)
v v

v
Substituting (23) in (26} we can finally write

[[6,7D e+ (5" D q+6,07De)+6,77D n+d, 1 '6]dV
v

= [ AU b dV ~ [ 5 e ladV (27)
v v

Equation {27} is the full incremental form of the PVW and it is also the basis for obtaining the
incremental finite element equations. Note that the right hand side of (27) is independent of the
displacement increments and it will lead to the expression of the out of balance or residual forces
after simplification of the virtual displacement increments. On the the other hand, all the terms in
the left hand side are a function of the displacement increments. In particular note that the underlined
terms in {(27) contain cuadratic and cubic expressions of the displacement increments. The
consideration of these terms is the basis for the derivation of the secant stiffness matrix. A linearization
of Eq. {27) will neglect these terms, yielding the standard tangent stiffness matrix, The derivation of
these two matrices for elasticity problems is presented in next section.

Remark Il. The form of the PVW in terms of the displacement increment gradients can be obtained
simply by substituting eqs. (15} and (18) into (27). A compact form of this expression can be found
in Felippa and Crivelli (1991} and Felippa, Crivelli and Haugen (1994).

5

Finite element interpolation. Derivation of the secant stiffness matrix for 3D elasticity problems

We will consider a discretization of a general solid in standard 3D isoparametric C° continuous finite
elements with n nodes and nodal shape functions N*(Z, 7, () defined in the natural coordinate system
£, 1, [Bathe (1982) and Zienkiewicz and Taylor (1989)].

The displacement and displacement increment fields within each element are defined by the standard
interpolations :

'u=N'a and Au=NAa (28)
where

N=[N,N%4...,N"]; N'=N*],

a Aal tak to kb Kkt k3T

R Aa o 'a = [‘u),'u;, 1y} (29)
- T Aat = [Aub, Auk, AuF)”
[an Aan

are the shape function matrices and the displacement and displacement vectors of the element and
of a node k, respectively and I, is the 3 x 3 unit matrix.

577
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Substitution of (28) into (164) allows to express the vector of displacement increment gradients
in terms of the nodal displacement increments as

8 =,GAa (30)
dAu,
Au a'x;
r )
70
rg = rAu,Z 3 rAui = Unr u’-
' d'x;
Au, "Au,
&z
8=,GAa
G=[GG%. .., G
ot
o
* 10 0
G"~aNkI-I ¢ 1 ¢
T ek 2 T
ax, *
Box I. Expression of the gradient vector ,g and the gradient matrix /G for 3D elasticity
The form of the gradient matrix ,G for 3D elasticity problems can be seen in Box I,
Combining (30) and (15) gives
e=[L,+/L ], GAa='B,Aa (31a)
M=3,L,,GAa=1 B Aa (31b)
where
iBL=[Lo+;L1],Gm,BLa+£BL1 (32)
rBl =rL1rG (33)

are the first and second order strain increment matrices for each element.

Remark [II. Note that B, =L, G is the standard displacement-independent strain matrix as derived
from infinitesimal theory [Bathe (1982), Zienkiewicz and Taylor (1989, 1991)] and |B, =L, Gis
the displacement-dependent part of the first order strain increment matrix.

Remark IV. Matrices !B, and ,B, can be computed node-wise in terms of the infinitesimal strain
matrix in the following simple manner:

;B (‘a) = Bf (I, +/L7("a)] = Bf + !B, (34a)

Bi(Aa) = B 17(Aa) (34b)

where ‘L and ,L are 3 x 3 matrices of the same form depending on the displacements a and the
displacement increments Aa, respectively. The form of all the matrices appearing in Egs. (34) is shown
in Box II for the case of 3D solids. Note that ‘L = 0 (and hence iBfl =} in an UL formulation.

Equations (18) and (31) allow to obtain the virtual strain increments as

5.-5 = iB_ré(Aa)’ 5,1?= rBlé(Aa) (35)




5.1
Discretization of the incremental constitutive equation
Substituting (31) into {23} yields the constitutive equation in the form

Aa='D['B, +1,B/]Aa (36a)
Making use of Eq. (34a) and Box Il allows to write (36a) as

Ao~ DY B 1, +/L7(2) +},17(Aa)] Aa*
k
=,Ad +!DY Bf 'L7('a) +1,L"(Aa)]Aa* (368)
k

where Ad’ is the stress increment obtained from infinitesimal elasticity theory. Equation (365) can
be useful for computational implementation.

5.2

Derivation of the secant stiffness matrix

By substituting the discretized finite element equations into the PVW {Eq. {27)} a expression relating
the total applied forces with the corresponding nodal displacement increments can be obtained, thus
yielding the form of the incremental secant stiffness matrix. Howeves, the expression of this matrix
is not unique and generally non symmetrix. A method for deriving a parametric expression of the
incremental secant stiffness matrix is presented next.

e='B Aa; =1 B Aa
‘B, = (B, (B,...,(B]]
B, = {,Bi,,Bf,. s, BT
‘B = B+

k_ pk 1T
rBl “rBLOrL

(NE 0 0]
0 NI o0
0 0 N
Bk —_ rh3 : 1Bk — Bk rL‘I‘
rly ,1\{;_( ,N';( O r Ly rLyr
NP o0 N
L0 NI Nj.

iL = [:'u.l’ :u.l’ ;u,zl; rL = [rAu,v rAu|2) ,-Aul3]

k

iN
with  Nf=--
Y Ox

and |u, Au; asgivenin Eq. (16b)

Box IL. First and second order strain increment matrices for 3D solids

The terms involving displacement increments in the left hand side of the PVW expression, Eq. (27),
can be written after some algebra (for details see Ofiate {1994)), using Eqgs. (31), (35) and (36a), as

5,7:D,e. = 8(Aa)" [‘BY ‘D 'B,]Aa (37a)

(Sr qTf’Dre + 5rer :—quz 5(Aa)r JZ.iB{ :D rBl + @ rB;riD :'BL + (i W d) rGT:E PG]Aa (37b)
, 1 i

8,77 'D, p=5(Aa) ;(Zmﬁ),B]T',D,BIJrZ,GT:H,G Aa (37¢)

5,07 o= 5(Aa) [ BT, 'S B, ]Aa (37d)
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In (37} all the matrices and vectors have been previously defined with the exception of ‘E, B, ,'H and
.S which are shown in Box I for the case of 3D elastic solids.

al, dI, el
‘E= bly fli i labcdef]"='De
sym. cl,
By, 0 0 N O 0 N0 o N7
rBNL= 0 rBN.’_ 6 ; IENL= erl 0 0 r"\'r,.'i1 0 0 rN,;
ﬁ 0 rBNf, rI\r,BI 0 0 rN.i 6 0 rN.g
:g O {) iall ﬁ’aIZ igll
S=10 8 0f $= T O0n 10
0 0 S Ty O Ty
0 0 0 0 .
- éN
0=10 0 0 0= "Nf=af
X
0 0 0
& 6
;H = z Z rr(‘ii_,ir}]'jH:i; r’?j = rgTerg
i=1jm1
.d;; element ij of constitutive matrix ‘D

Box IIL. Matrices 'E, B, , ‘S and ‘H for 3D elastic solids.

Substituting Eqs. (37} in (27) the following secant expression is obtained, after simplification of
the arbitrary virtual displacement increments,

Kg(Aa)Aa= —'r (38)

In Eq. (38) [r is the standard residual force vector [Bathe (1982) and Zienkiewicz and Taylor (1991)]
which can be written for each element with volume "V © as

jr“) - j‘ iBg :o,dv_wmf(e) {3%9a)
oyt
with
r+Argte) I NT i+t Jy (39b)
et

being the equivalent nodal force vector for the element, and ‘K is the incremental secant stiffness
matrix which can be written as

'K;(Aa) =K, + K, (Aa) + 'K, (Aa?) + K, (40)

where for each element

’K,= | {B[\DB,dV (41a)
ryrin)
Ka(82) = [ [LBIID B, 4 BID B, 41— oz v (ib)
ryla
K (Aa?) = | B (2—$),B7'D B, +§ GTiH ,G]dv (a10)
et
:Kﬂ = .[ r'B:{!L :'S rBN‘L dV (41d)

rppter



The global secant stiffness matrix and the residual force vector for the whole structure are assembled
from the individual element contributions in the standard manner {Zienkiewicz and Taylor (19%1)].

Remark V. A similar parametric form of the secant stiffness matrix relating total dispiacements and
external forces was deduced by Felippa and Crivelli (1991) and Felippa, Crivelli and Haugen (1994)
using a “core congruential formuiation™ and a TL description. The secant expression deduced here can
be considered an extension of the work carried out in these references as it relates finite displacement
increments and residual forces using a GL description.

Remark VI. Note that the expression of the incremental secant stiffness matrix is non symmetric

for values of # # 1/2. An infinite set of symmetric forms is obtained for % = 1/2 depending on the
values of the parameter . The particular symmetric expression of the incremental secant stiffrness
matrix for « = 1/2, { = 0 was derived by Ofiate (1991) also using a GL description. Other symmetric
forms of the secant stiffness matrix relating fotal displacements and applied forces using a TL description
have been proposed in Mailet and Marcal (1968); Rajasekaran and Murray {1973); Wood and Schrefler
{1978), Badawi and Cusens (1992}; Carrera (1992).

Remark VII. Note that in (41) ‘K, and 'K are the standard finite element initial displacement and
initial stress matrices, respectively Bathe (1982); Zienkiewicz and Taylor {1991) The new matrices | K,
and 'K, are a linear and quadratic function of the displacement increments respectively and their
contribution will be zero in a linearization of the PVW,

By substituting Eq. (34a) into {41a) the computation of the initial displacement matrix [K,
can be splitied up in the usual manner {Zienkiewicz and Taylor (1991)]

K= :-KLD + ;KL, (42)

where

iKY, = [ Hjav (43)
ryie

with "HY = [, BF 17D B/ , is the standard contribution to the stiffness matrix from the infinitesimai
theory and

KY = | [HYLT 4L [EY] LY LTV (44)

e
where 'L (‘a) was defined in Box II.

Remark VIII. Equations (41)-{44) can be particularized for the TL and UL forsnulations by making
"V =°V and 'V ="V respectively. Note that in the later case matrix 'K =0 due to the fact that L is
then a null matrix as previously mentioned.

5.3

Derivation of the tangent stiffness matrix

The standard way of obtaining the expression of the tangent stiffness matrix is to linearize the PVW
expression. This implies neglecting the underlined terms in Eq. (27) containing quadratic and cubic
terms in the displacement increments. An alternative method, which should lead to identical results,
is to derive the tangent matrix as the limit of the incremental secant matrix when the values of the
displacement increments tend to zero. Thus starting from the expression of | K, of Eq. (40) we can write

K= lim K, = K+ K, (45)

A —D
where 'K is the standard tangent stiffness matrix [Bathe (1982}, Zienkiewicz and Taylor (1991)].

6

Possibilities of application of the secant matrix

Equation (38) can be used as a total secant equation to solve the displacements between the initial
load-free configuration and any deformed one using a direct iteration scheme (see Fig. 2a) as

r+Atai+l — [iKS(|+Arar‘)]-—l |+A:t- (46)
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Fig. 2. Total, secant and incremental secant approaches (P(a) = K;(a}a)

where the superindex i denotes the iteration number and “**f is the nodal force vector due to the
total load applied to the structure. In this case the option "V = °V seems the most convenient one.

Solution of (46) follows until an adequate error norm in the displacement increments is satisfied.
Obviously the efficiency of this approach will very much depend on the well known limitations of
the direct iteration scheme to solve non linear problems.

Equation (38) is also the starting point for deriving an updated total secant approach. This implies
dividing the total applied force in several increments and obtaining the displacement increments
between two equilibrium configurations by using a total secant algorithm (see Fig. 2b) as

Aa! = [[K(Aa)] Af . (47)

A third alternative is to use an incremental secant approach. (Fig. 2c) This is based in the iterative
solution of (38) by

Agf == — [:Ks(t+drai’ Aai-l)]—z trri (48a)
CHAf L A +Ad {48b)
with “*#a° = ‘a and Aa~" = 0. Convergence of this algorithm is controlled by means of satisfaction

of any of the standard error norms in the displacement increments or the residual force vector [Bathe
(1982), Zienkiwicz and Taylor (1991)].

Another interesting application of the secant stiffness matrix is the direct computation of the residual
force vector from the known values of the displacement increments (see Eq. (38)). This circunvents
the need for stress computations for evaluating the residual vector (i.e. for convergence checking)
which might prove to be useful in some situations.

The structure of the secant stiffness matrix allows to combine the use of secant and tangent iteration
algorithms in a simple unified manner. This should allow to take advantage of the best properties
of both algorithm families to improve the solution of complex non linear problems.

6.1 .

Applications to predict the degree of structural stability

The secant stiffness matrix can be used to find the distance from an equilibrium point in the
pre-buckling state to the nearest point in the neighbouring equilibrium post-buckiing state, i.e. the

distance between points A and B in Fig. 3. It is obvious that in this case the increment of external forces
is zero and Eq. (2) reads

'K,('a,Aa)Aa =10 (49)
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Assuming now Aa = Aer where a is an estimate of the displacement pattern at the post-buckling
state, Eq. (48) can be formulated as the following eigenvalue problem

[K ("a) + K {'0) + A K, (o) + A K (o) =0 (50)

Equation (50) is a quadratic eigenvalue problem which can be solved using iterative techniques.
This procedure has been successfully exploited by Kroplin, Dinkler and Hillmann (1985) and Kroplin
and Dinkler (1988) to define the degree of stability of a structure as

>0 stable
v . —
—_ot =g indiferent ey

crit

< unstabie

where U_, is the minimum strain energy required to push the structure to the nearest post-buckling

state (i.e. from A to B in Fig. (3)) and W__ is the energy of an external perturbation load (the actual
loading can be considered a particular case). The values of U_,and W_ can be computed as

—LALT . — AaT
U =382 [Kyda; W, =Aap (52)
where p is the external perturbation force vector, Aa, are the displacement increments induced by

the perturbation forces (computed via an standard incremental analysis), Aa = ler where 2 is
the minimum eigenvalue obtained from (50) and K,, is the energy stiffness matrix given by

;KU::KL+:KG+:KM+:KN (53)

with 'K, and 'K, defined as in (41) and

'K, = j”[fg (:B/:D B, + BT ‘D!B)+(l~¢) GE ,G]dv (54)
e

- 1

Ky = I“B BIID B, +-(1~7) ,GT:HrG]dV 3

in (54) and (55) ¢ and y are arbitrary parameters. Note, that 'K,, is always symmetric as expected.

The derivation of | K, follows identical arguments than those used previously to derive the expression
of |K;. A similar form of K, using a TL formulation is given in Felippa and Crivelli (1991) and Felippa,
Crivelli and Haugen (1994).

6.2

Estimates for [imit and bifurcation points

The condition of limit and bifurcation points is the singularity of the tangent stiffness matrix 'K,.
Having solved the non linear problem in (50} the point of vanishing tangent operator can be found
atan intermediate position between points A and B (see Fig. 3). Taking for instance the middle point as



an estimate, the critical load is found using (2} as

Aat\|A
Af = [iKL('a) +,K,('e) + iKM(%') + K;{—f—ﬂf (56)

Remark IX. The value Aa/2 is found to be an exact estimate if a mixed formulation is used [Kroplin,
Dinkler and Hillmann (1985) and Kroplin and Dinkler (1988)].

An alternative procedure which avoids the solution of the non linear eigenvalue problem (50) is
estimating the critical displacement values instead of those of the forces as done in classical limit load
theory. The displacement vector in the limit state is splitted now as

{+Alra:1a+Aa (57)
where Aa = Ad with ¢ being an estimate of the buckling pattern in the limit point (¢ ="a, the first
eigenmode in ‘a or the last converged value of the displacement increment vector can be taken)

and / is a multipiier. Introducing (54) in the expression of the tangent matrix (45) and requiring
this to be singular at "*%~a gives

llr+N‘K'r5 :iKT‘F;L{:KLz_i_tK ]"E')al[',K_,_l'i"K ]=0 (58)

rom reoay

where the form of matrices (K, ,'K, 'K _and!K_can be found in Appendix IL.

Equation (58) can be solved for 1 and the corresponding eigenvector ¢. Obviously the solution
of Eq. (58) can be simplified further neglecting the quadratic term in 1.
The critical load increment is now estimated using the secant relationship

Af = TK () + 1K, (A1) + K (2 ¢)] 9. (59)

This procedure was first proposed by Kroplin (1992) in the context of a mixed formulation. Examples
of the efficlency of this approach are given in next section.

7

Application to the analysis of 3D trusses

We will consider a 3D straight bar elemnent defined in a cartesian frame x;(i = 1, 3} and subjected to

axial forces only. A local coordinate system x;, x;, x, is also defined where x, is aligned wih the bar

direction and x; and x; are any two orthogonal vectors contained in a plane orthogonal to x| (see Fig. 4a).
For the sake of preciseness we will use here an Updated Lagrangian formulation ("V' ="V'). The

first and second order axial strain increments can be defined as

d{Au)) . ld(Au)) d(Au))
En= s dnT 5 T
d'x; 2 dix;  d'x

’

{60)

where Au/ is the displacement increment along the local axis ‘.

X3z |

Xq,U4q
a

Fig. 4 a,b. a Bar element for truss analysis b Linear 2 node bar element



The constitutive equation is now written in the simpler form
AN='[EAlle, + 1] (61)

where AN is the axial force increment and 'E and 'A are respectively the Young modulus and the
area of the bar cross section at the configuration .
Local and global displacement increments are related by the standard transformation

. d'x, .
Auj:alxjaui; Lj=1,2,3 (62)

The finite element interpelation is defined in the usual manner. Thus, if n noded one dimensional
isoparametric elements are used we can write

Au, =3 NY(OAuf; i=1,2,3 (63)

k=1

Substitution of (62) and (63) into (60} yields the expression of the strain matrices B, and B, shown
in Box IV together with the rest of the relevant matrices necessary for computation of the secant
stiffness matrix via Eqs. (40) and (41).

, 1
€, =B, Aa; rBL_?}MiIXTNENC
ro_ Aa: _ IA THgT
My =B Aa; | B, ?}_2 a N_ENI5
. 1
tBNL27N,E
1
1G=?N‘C
d{Auw) IEA}
TR — - rl '[EA}I — .fxTNTNAa
! d'x) } et wT

dN! dN"
L,

X =[x, %l Xy s X7, L w21

Aa = [Auy, Aud, Aul, .. Aul, Aug, Aufl”

r

o d%) A
]——O—I—C— (usuaily]——T) I,=

(o B e B
[ TR - S .}
S o= T

Box IV. Relevant expressions involved in the computation of the secant stiffness matrix for 3D bar elements

7.1

Particularization for the [inear bar element

The simplest and most widely used elernent for truss analysis is the 2 node one dimensional bar element
with linear shape functions N; = {1 + &£}, i =1, 2 (see Fig. 4b).

The simplicity of the element allows to obtain an explicit form of the different matrices involved
in Eq. {40) for the computation of the secant stiffness matrix. A symmetric form with e = 1/2and f =0
has been chosen here. The exact expression of these matrices for the case of constant cross section
and homogeneous material is shown in Box V.
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Example 1

2 bar truss under central point load

The secant stiffness formulation developed in previous section will be applied to the well known
example of a simple two bar truss structure under a symmetrical vertical point load as shown in
Fig. 5. Due to the symmetry of the problem only one degree of freedom, the vertical displacement
of node 2, is involved.

The relationship between the external vertical force P and the angle rotated by the bar (} is given
in “exact” form by Pignataro, Rizzi and Luongo (1991)

P=2EAIl[sin0 — cos (), tang ()]

where [ is the initial bar length and (), = 15" in this case. The values of the critical angles and
the critical load are simply obtained from the condition dP/d() = 0 as

Uoin = arcos(cos 0,)'” | = £ 8.6937 (64)

P =2EA(cosl,)(tangf,)”

. = + 69.066 (65}
crit

The “exact”, critical vertical displacement of node 2 is thus

—1.112

o= . — = 66
(V2)ee = £l cos O, tang 6, — Isen§, {—4.0651 (66)

EA r(xil)z 'xlz r}lll lxlz lzlz
:KLij = :l:?:l( -1 r()’12 » Y12 tzlz
sym. Yz, )

EA 2%,u, (v, +ypty)  (xpw, +'z,u,,)
:KM:‘;' = |:2_.[3:|( -1y 2%, (raw, + 'z,v,)
Sym. 2z,w,

EA "
* [ﬁ;}( =1, + Vvt 2,w, 11,
rEA (u,)? UpVi, HpW,
:KN-; =" -2—1—3]( ~ 1) (v, Via Wi

- sym. (w, )

N -
K= [0,

3 e __ _ — —_
Xy = X — %y U =Au ~Au, etc. I,

Qo
@ - O
- O O

Box V. Expressions of the different matrices involved in the computation of the secant stiffness matrix for the
two node 3D bar element (x = 1/2, § = 0)

Finite element solution  From the expressions of Box V the secant equilibrium Eq. (38) can be written
in the form

14 Al

3,(k\,. 'k ‘N
ILtC2 ¥ e ¥ 2 = —
[k S +2 ([) SAv,+—-—~2,lz(Av2) + ,I:lsz

+'N‘S (67)
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Fig.5. Two bar truss under point load. Geometry, load-displacement curve and limit-load estimates

where Av, is the increment of vertical displacement of node 2, “+2'p the total vertical load applied,
‘N the corresponding axial force in the bar 1 — 2. Also in (67)

= '(#) and ‘S$=sin'f= - (%) (68)

Equation (67} is a cubic polinomial in Av, relating the total vertical load applied and the
corresponding displacement increment. If a total secant algorithm is used with the unloaded
configuration taken as the initial configuration 'k = °k, ‘S =S, Av, ="y, = v,, 'N=0and 4P p,
Then

o o 2 éo _IE o ﬂk 2 miE
[.’c(S)—l«2 (I Sv2+ﬁ*~2(cl)2(v2) Vo= (89)

Equation (69) can be solved by direct iteration for values of v, for each load levei P. The
load-displacement curve obtained is displayed in bold line in Fig, 5. Clearly the numerical computation
of the descending branch of the load-displacement curve requires the use of arch length or similar
displacement control techniques (Bathe {(1982)).

In particular, the solution of (69) for P =¢ yields

vy =0
v, = —"1°§ = — 25882 (70)
o v,=—2°°8) = —5.176

which corresponds exactly with the three intersecting points of the load-displacement curve with
the horizontal axis, P =0.

Solution of Eq. (69) for any value of P yields all the possible vertical displacement solutions { % 3)
obtained by intersecting the load -displacement curve of Fig. 5 with a horizontal ine P = P.

Axial force-displacement relationship The axial force-displacement relationship can be obtained
from Eq. (27) and the expressions of Box IV (taking into account that (3N, /3¢) = { — 1)/2). Thus
using a total secant approach gives

_ o _'EE o vl
N= ( ; )[ S+2°JV2 (71)

where N =""%N,




From (71) it is found that the axial force in the bar reaches a maximum compression value for
v, = — "["§ and

Noww=—3"(EAY('SY | = —334.934 (exact) (72)

Also from (71) we see that for v, = — 2 "I “S the axial force is zero and for v, << — 271”5 the axial

force has an increasingly positive (traction) value as shown in Fig. 6. A plot of the axial force in
the bar versus the applied external load is also shown in Fig. 6.

Computation of critical points  The critical points are obtzined from the condition dP/dv, = 0. Thus,
using (69} gives

[

. S 3%k
( S)2+3:’—V2+5?(V2)2:0

] (73)
which yields
; 3 — 1.0938 (1.56% error)

v} =787 _1+£= 74

R |: 3 :| {— 4.0824 (0.42% error) 4
Substituting (74} into (69) gives the two values of the critical load as
+2°k(°8y¥°l

P .= :———9(~+)-— \/3 = + 66.732(3.38% error) (75)

Approximate computation of critical points The estimation of the first critical point foflowing the
mid -point procedure described in a previous section gives (using (70)).

L=k J=]

(V) o = = 1.2941 (14.13% error) (76}

Substituting (76) into {69) gives the approximate critical load as

P =3%%k(°5)*°l = 65.01 (5.87% error) (78)
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a0t Fig. 6. Two bar truss under point load. Axial force versus

displacement and load curves



The second estimation procedure is based on the approximation of the tangent stiffness singularity
condition at the critical peint corresponding to time ¢. Thus, we can write from (67)

:'KT=['(k (S )+ (};NZO (78)

From Fig. 5 we note

St 4y,
ZT (79}

I
¢

. . . . . op . . - 589
Substituting this expression and (71) into (78} and assuming I = °{ gives the singularity condition —
for the tangent stiffness in a form identical to (73). Neglecting the quadratic term in this expression

yields

o

3"5
LK~ (U5 )+ T 0 (80)

and the approximate critical displacement is now

aj o

—°1°8
——— = —0.863 (22.34% relative error) (81)

(Vl)cril = 3

The approximate critical load is obtained substituting this displacement value into (69) giving
P =8k (°$)*°l = 64.20 (7.04% relative error) (82)

Note that the etror in the estimation of both the critical displacement and the critical load values
is slightly bigger in this case. However, it is important to point out that the first procedure requires
the knowledge of two points in the equilibrium curve (i.e. the solution of a non linear system is
mandatory), whereas in the second procedure only a simple linear equation is solved.

Also note that the critical load values have been estimated from the initial unloaded configuration.
A higher precission will be obtained if the same procedure would be attempted starting from an
intermediate equilibrium point. The evolution of the prediction of the critical load using this technique

has been plotied in curve AC of Fig. 5. It is interesting to point out that a lower bound of the critical
load is obtained in all cases.

Remark X. Note the accuracy of above approximation with respect the crude estimate provided by
the solution of the standard “initial” stability problem giving

oN )

CSY 4+ =0, i “Ney=—"1(S) (83)
and

P_ = 2°k°I(°8)’ = 346.70 (432% relative error) (84)

The evalution of the critical load predicted using standard limit load analysis is plotted in cutve
BC of Fig. 5.

Example 2
3D pin-joined star structure
The geometry, loading and material properties are shown in Fig. 7a.

Figure 7b shows the evolution of the load with the displacement of the central point, obtained
using an incremental secant approach. The cost of the numerical solution in this case was identical
to that of the standard Newton-Raphson solution.

Figure 7b displays also the approximation of the limit load values obtained using the classical
incremental limit load analysis (curve BC) and the method based on the approximation of the tangent
matrix singularity condition, as proposed in this paper (curve AC). Note the accuracy of this second
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procedure, even for predictions based on initial deformed configurations far from the critical value
sought. Also note that curve AC provides a lower bound of the critical load values.

Further details on this example and other similar analyses of two and three dimensional pin-joined
bar structures can be found in Ofiate and Matias (1993).

3

Conclusions

The formulation proposed in this paper provides a simple procedure to derive the general expression
of the incremental secant stiffness matrix for non linear finite element analysis of solids and pin-joined
trusses.

The symmetric form obtained emerges in a natural manner from the general non symmetric
expression and it can be simply particularized for both TL and UL descriptions. The formulation
proposed opens many possibilities for deriving new iterative solution strategies and some of them
have been suggested in the paper. The possible merits of each one and also those of using particular
non-symmetric forms of the secant stiffness matrix should be investigated in more detail.

One of the more interesting applications of the secant matrix approach could be its potential for
predicting instability points in a simple manner. The methodology proposed in the paper has proved to
be extremely efficient to predict very accurate lower bounds for the limit load in the two examples
presented.

Results for a wide range of examples analyzed by the author’s group show the same promising
trend (Ofiate and Matias (1995)),

Appendix |
The first and second order strain increments can be written as

,e=[L, +.L.(;g)l.g

A=5L,g (1.2)



For 3D solids:
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Appendix Il

Approximate expression of the tangent stiffness matrix at the limit point

Let us assume a known equilibrium solution at time ¢ with displacements ‘a and stresses 'c. The limit
point will occur at time ¢, = ¢ + At, for which

ta="a-+Aa

“o='o+ Ao

w

o o w
| I———

(L.3)

{1.4}

(1.3)

(1.6)

(1.7)

(IL1}
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The displacement increments Aa will be assumed to be of the form Aa = ~@with ¢pbeing an estimate
of the buckling pattern in the limit point. The simplest choices are ¢ = 'a, ¢ equal to the first eigenmode

of 'K or ¢ equal to the last converged displacement increment vector. For simplicity "D = ‘D wi]]
also be assumed,

With these assumptions the stress field at the limit point can be written as (using Eqs. (20) and (36))
, . . . .
“o='c+!D['B,(‘a) +§,B,(¢}]/.q§: ‘e+ r0, + i, (11.2)
where

g, =D ‘B ('a) g

{11.3)

o2 =10 .B,(d)¢ (I1.4)
The first order strain matrix at the critical point can be written as

¢B, =.B.(a) + 1 B, (¢) (11.5)

In above ,B,{¢) is obtained from the expression of ,B, given in Box II simply substituting the
displacement increment vector by the estimated increment @. Note that when ¢ =‘a then B, =B,
(see Eq. {32) and Box 1I).

Substituting (I1.2) and (IL5) into (45) the tangent stiffness matrix at the critical point can be found
to have the following expression

fKT=iKT+AflKLZ+:Kﬂl]+AZ[£KL)+iKﬂ2] (IL6)

where | K. is the standard tangent stiffness matrix at time ¢ and

‘K, ﬁiﬂ [B/:D B, +,BI'D'B,] (1.7)
1KL3=P‘£dr§TiD,§.dV (11.8)
K, = ,vjm By 18, B, dV (11.9)
K, = rvjm By iS, B, dV (IL.10)

where /S, and 'S, are obtained by substituting the “stresses” ¢, and o, given by (IL.3) and (I1.4) into
the expression of matrix :$ of Box III, respectively.

The condition |*K,| =0 yields a quadratic eigenvalue problem which can be solved iteratively for
4and an approximation of the limit point position is then obtained as “a = ‘a + i¢. Obviously Eq. (L.6)
can be further simplified simply neglecting the quadratic terms in 2.

The value of the critical load can be subsequently computed using the incremental secant relationship
(2} as

Af . =K () Ag (IL11)
and

f.="f+Af, (IL12)
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