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ABSTRACT

Recent advancements in electro-osmotic surface coatings have led to
significant theoretical and numerical exploration of how zeta potential
influences the electroosmotic flow of viscous ionic fluids over a stretching
sheet. The governing boundary layer equations are derived from the fun-
damental laws of mass, momentum, and energy conservation using appro-
priate similarity transformations and non-dimensionalization techniques.
This system of equations is solved numerically using MATLAB’s bvp4c
solver. The accuracy of the computational results is confirmed through
comparison with previously published studies. To better understand the
influence of various parameters on flow and thermal behavior, Response
Surface Methodology and Factorial Plot analysis are applied. These sta-
tistical tools enable sensitivity analysis by systematically investigating the
effects of zeta potential, electroosmosis parameter, electric field strength,
and Prandtl number on key flow characteristics such as velocity, tem-
perature distribution, skin friction coefficient, and Nusselt number. The
results reveal that the electric field parameter plays a dominant role in
enhancing axial velocity and increasing skin friction, making it a key factor
in flow dynamics. The zeta potential significantly influences the boundary
layer by modifying the electrical double layer and surface charge distribu-
tion, leading to noticeable deceleration. Meanwhile, the Prandtl number
primarily governs thermal gradients and heat transfer rates, controlling
the thermal behavior of the fluid. These physical insights, combined with
the optimization capability of Response Surface Methodology, provide
actionable guidelines for the design of electroosmotic coating processes
and lab-on-chip biomedical devices.
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1 Introduction

Fluid flow over a stretching sheet represents a core problem in fluid dynamics, with extensive
applications in engineering and industrial processes such as polymer extrusion, glass fiber production,
and metal forming. This scenario involves a flat surface that is continuously extended (or in the oppo-
site case, contracted) in one or more directions, inducing flow in the surrounding fluid. Understanding
the behavior of such flows is crucial in various fields, including aerospace engineering, manufacturing
processes, biological coating manufacture and environmental sciences. The interaction between the
stretching surface and the fluid can introduce complex phenomena such as boundary layer separation,
momentum re-distribution, heat and mass transfer modification, which are of significant interest both
theoretically and for practical applications such as coating in materials processing systems. Numerous
researchers have explored transport phenomena from stretching sheets under various external body
forces, considering both Newtonian and non-Newtonian (polymeric) fluids. In addition, many types
of stretching have been examined including linear wall stretching, quadratic, power-law, exponential
etc, all of which have various benefits in industrial manufacturing processes. Crane [1] was the first
to analyze boundary layer flow induced by a linearly stretching sheet. Further extending this work,
Kumaran and Ramanaiah [2] investigated viscous flow over a quadratically stretching sheet with linear
mass flux and presented the associated streamline patterns. Vajravelu and Cannon [3] analyzed viscous
flow from a nonlinear stretching sheet using Schauder’s fixed point theory, addressing the general case
of a power-law stretching velocity. They derived analytical solutions and validated these for the linear
stretching case with a Runge-Kutta method. In many coating dynamics processes, heat transfer may
also arise. Heat transfer refers to the exchange of thermal energy between systems or objects driven by
a temperature gradient. In the context of a stretching sheet, it involves the transfer of heat from the
deforming surface to the adjacent fluid. The interaction between the stretching sheet and the fluid,
results in convective heat transfer, where thermal energy is transferred through the movement of fluid
particles. Frequently the stretching material may also be non-Newtonian, electromagnetic and indeed
exhibit combinations of these features as for example in functional polymers, smart biopolymers etc.
Ishak [4] numerically investigated the influence of radiative heat flux on thermal convection boundary
layer flow of an Eringen micropolar fluid over a linearly stretching sheet. Fang et al. [5] studied
boundary layer flow over a continuously stretching sheet with variable thickness, considering a power-
law stretching surface velocity. Rana et al. [6] employed a variational finite element method to analyze
the transient hydromagnetic nanofluid coating flow over a rotating and quadratically stretching
sheet. Hassanien et al. [7] analyzed boundary layer flow and heat transfer of a rheological power-
law fluid over a linearly stretching sheet with variable wall temperature, utilizing Chebyshev spectral
numerical methods. Siddheshwar and Mahabaleswar [8] analytically investigated thermo-magneto-
viscoelastic flow from a stretching sheet in the presence of radiative heat flux. Jat and Chaudhary
[9] studied steady two-dimensional laminar stagnation-point boundary layer flow of a Newtonian
magnetized viscous fluid. Salleh et al. [10] explored steady boundary layer flow and heat transfer over
a stretching sheet with Newtonian heating using a finite-difference method, highlighting the notable
effects of the Prandtl number and conjugate parameter on heat transfer behavior. Hayat et al. [11]
applied the Liao Homotopy Analysis Method (HAM) to solve MHD flow with heat transfer over a
permeable stretching sheet incorporating slip, suction, and thermal radiation. Cortell [1 2] numerically
examined radiative-convective boundary layer flow over a stretching surface. Sreedevi et al. [13]
analyzed chemically reactive, time-dependent MHD thermosolutal boundary layer flow of hybrid
nanofluids over a stretching sheet, considering wall suction, slip, and thermal radiation using finite-
element techniques. Chakrabarti and Gupta [14] investigated hydromagnetic Newtonian flow with
heat transfer over a quadratically stretching surface. Andersson [15] derived exact similarity solutions
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for viscous flow along a stretching sheet under a transverse magnetic field. Pop and Na [1 6] computed
MHD flow of a Newtonian fluid over a porous stretching surface under strong suction and injection
conditions. Fang et al. [17] provided analytical solutions for MHD flow over a permeable stretching
surface with hydrodynamic slip and wall suction/injection, demonstrating significant changes in
velocity and shear stress profiles under these influences. Furthermore, Gnaneswara Reddy et al. [1£]
on viscous dissipation and wall slip in non-Newtonian radiative polymer flow from a curved surface;
Shahid et al. [19] on thermo-viscoplastic flow over a quadratically stretching sheet with thermal
relaxation and radiation; and Tazin et al. [20] on ferromagnetic nanofluid dynamics from a power-law
stretching sheet under electromagnetic induction. Collectively, these studies highlight those significant
variations in coating flow characteristics such as wall shear stress, Nusselt number, and Sherwood
number can be achieved by tuning the stretching behavior alongside other physical effects.

Electro-kinetic coating dynamics play a pivotal role in modern manufacturing, particularly in the
development and application of advanced coatings that enhance product performance and durability.
Incorporating a comprehensive understanding of electrokinetic coating dynamics into the manufac-
turing process not only improves coating quality and efficiency, but also reduces material waste and
production costs. Electro-kinetics encompasses the study of electrically induced mechanical motion in
charged particles or fluids, focusing on the behavior of electrolytes and ionic liquids [21]. In the case of
weakly conducting dielectric liquids, this domain is referred to as electro-hydrodynamics (EHD) [22].
A significant subset of electrokinetic phenomena is electro-osmotic flow (EOF) [23], which arises when
an applied electric potential drives fluid motion in systems exhibiting a net charge imbalance typically
due to charged channel walls. Electroosmotic flow over a stretching sheet enables controlled deposition
of ionic fluids using an electric field, an approach particularly useful in emerging microfluidic and
biomedical applications. Compared to magnetic manipulation, electric fields offer better precision
and efficiency when handling small fluid volumes. As the sheet deforms, the interaction between the
fluid and applied electric field induces electroosmotic motion, making this mechanism effective for
mass transport and flow control. Recent advancements in electro-osmotic coating processes include
works by Yang et al. [24] on biopolymer synthesis via electrophoresis, Konasova et al. [25] on tunable
electroosmotic flow using cationic polymer coatings, and Kasicka et al. [26] on fused-silica capillary
coatings. Other notable studies include Horvath and Dolnik [27] on electrokinetic polymer wall
coatings, Huhn et al. [28] on capillary electrophoresis-mass spectrometry coatings, Leclercq et al. [29]
on polyelectrolyte multilayers for protein analysis, Sola and Chiari [30] on multifunctional polymeric
coatings with adjustable zeta potential, and Sun et al. [31] on pH-independent EOF in anionic polymer-
coated capillaries. Theoretical and numerical investigations have also enriched the understanding of
EOF. Prakash and Tripathi [32] analyzed electric double layer (EDL) effects in peristaltic pumping
of Phan-Thien-Tanner fluids in microchannels, while Balaji et al. [33] modeled ionic electro-osmotic
magneto-tribological fluid flow between rotating disks. Misra and Sinha [34] examined EOF in non-
Newtonian flows within hydrophobic microchannels, incorporating velocity slip and temperature
jump conditions. Zhang et al. [35] investigated Darcy-Forchheimer flow of Casson viscoplastic
nanofluids over a stretching sheet under electroosmotic effects, computing flow profiles and wall shear
characteristics. Hafez et al. [36] analyzed Casson nanofluid flow with electroosmosis from a stretching
surface in a nonlinear porous medium, highlighting that stronger electric parameters, Forchheimer
numbers, and permeability lead to greater flow resistance and elevated temperatures due to viscous
and Joule heating.

In recent years, there has been a growing emphasis on the use of optimization techniques to
enhance thermal and overall system performance. Among these, Response Surface Methodology
(RSM) and factorial plot design have gained significant attention. Box and Behnken [37] introduced
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innovative three-level experimental designs tailored for quantitative variables, particularly focusing
on incomplete factorial designs suitable for estimating second-order polynomial coefficients. This
framework has since been widely adopted, with many researchers employing experimental factorial
design strategies supported by practical, software-based approaches [38,39]. RSM is particularly
effective for conducting sensitivity analysis. In this approach, selected control variables, termed
RSM parameters, are evaluated at three coded levels: low (-1), medium (0), and high (4+1). RSM
facilitates a systematic exploration of the relationships between independent variables (factors) and
dependent variables (responses), allowing for the development of quadratic regression models. These
models are typically analyzed using statistical software to estimate the influence of each parameter
on transport characteristics such as the Nusselt number. The statistical validity of the RSM models
is assessed using Analysis of Variance (ANOVA), with significance determined based on p-values
at specified confidence levels. Several recent studies have demonstrated the effectiveness of RSM
in optimizing thermal and flow-related phenomena. Ahmad et al. [40] applied RSM to enhance
membrane performance via thermal-mechanical stretching. Venkatadri et al. [41] combined the D2Q9-
based Lattice Boltzmann Method with RSM-based sensitivity analysis to optimize natural convection
of a hydromagnetic TiO,/Cu—water hybrid nanofluid in a fuel cell enclosure containing a porous
medium. Their findings indicated that optimal thermal performance occurs at high Darcy number,
low nanoparticle concentration, and low Hartmann number. Qader et al. [42] employed RSM along
with ANSYS FLUENT to optimize thermal and thermo-hydraulic performance parameters (THPP)
in turbulent convection within a solar air heater (SAH) equipped with inclined fins. The RSM
analysis identified optimal design configurations fin length of 1.52 mm, fin pitch of 19.04 mm, slant
angle of 49°, and Reynolds number of 18,243.5, yielding a maximum THPP of 1.928. Similarly,
Mehmood et al. [43] utilized RSM to optimize swirling nanofluid disk coating flows with autocatalytic
reactions and entropy generation. Comprehensive discussions on RSM applications across engineering
disciplines are provided in the works of Khuri and Mukhopadhyay [44], while Giovanni [45] elaborates
on its use in manufacturing and product synthesis. Babu et al. [46] investigated the squeezed flow
of a polyethylene glycol and water-based hybrid nanofluid over a magnetized sensor surface, using
a statistical approach to analyze heat and mass transfer characteristics. Yusuf et al. [47] focused
on optimizing heat transfer in MWCNT-AI203 hybrid nanofluids, considering both convective and
irreversible effects, highlighting strategies to enhance thermal performance in complex nanofluid
systems.

While Response Surface Methodology (RSM) has been previously applied in fluid mechanics
and heat transfer optimization, prior electroosmotic studies have largely focused on parametric
sweeps or simplified design-of-experiments approaches. To the best of our knowledge, this is the
first work to integrate RSM with factorial plots in the context of electroosmotic stretching sheet
flows. This combination enables not only the optimization of flow and thermal responses but
also the identification of parameter interactions between zeta potential, electroosmosis parameter,
electric field, and Prandtl number insights not explicitly addressed in earlier studies. By linking
statistical optimization with physical mechanisms such as charge distribution, velocity retardation,
and thermal gradient control, this work advances beyond prior EOF-RSM studies and provides a
more comprehensive optimization framework for electrokinetic coating processes. In the present study,
inspired by electro-osmotic coating dynamics in manufacturing processes, a mathematical model is
developed to investigate the influence of zeta potential on the electroosmotic flow of a viscous ionic
coating fluid over a stretching surface. The governing equations for mass, momentum, and energy
conservation, along with the associated boundary conditions, are non-dimensionalized and reduced to
a nonlinear system of coupled ordinary differential equations. This boundary value problem is solved
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numerically using the bvp4c solver in MATLAB, with validation against previous studies included to
ensure accuracy. The resulting velocity and temperature profiles are further analyzed using Response
Surface Methodology (RSM) and Factorial Plots (FP). RSM is demonstrated as a robust tool for
sensitivity analysis, enabling optimization of key flow and thermal characteristics namely velocity,
temperature, skin friction coefficient, and Nusselt number by systematically varying the zeta potential,
electroosmosis parameter, electric field parameter, and Prandtl number. Comprehensive visualization
of the flow field is also provided through streamline and isotherm contour plots, offering detailed
insights into hydrodynamic and thermal behavior.

Although earlier electroosmotic coating studies have primarily focused on direct analytical or
numerical treatments, they often lacked systematic optimization frameworks for exploring parameter
interactions. The present work advances this field by integrating Response Surface Methodology
(RSM) and factorial analysis into the modeling of electroosmotic stretching sheet flows. This dual
approach not only enables sensitivity analysis across key governing parameters but also identifies
optimal operating regimes with reduced computational expense. To the best of our knowledge, such
integration of optimization tools into electroosmotic stretching sheet studies has not been reported
previously, thereby filling an important methodological gap in coating and microfluidic transport
research.

2 Mathematical Model
2.1 Problem Definition

The present model considers steady, incompressible, two-dimensional electroosmotic flow of
a viscous Newtonian ionic fluid along a stretching sheet coinciding with the plane y = 0, with
the boundary layer developing in the region y > 0. The wall is stretched by applying two equal
and opposite forces along the x-axis, keeping the origin fixed. The physical model is depicted in
Fig. 1a. In the present formulation, Joule heating and viscous dissipation effects have been neglected.
This assumption is valid for moderate electric field strengths (up to order 10°-10* V/m) and ionic
concentrations typical of microfluidic applications, where heat generation due to electric current
remains small relative to convective and conductive heat transfer. Similarly, viscous dissipation effects
are negligible when the electrokinetic Reynolds number is small, as is common in microscale coating
flows. For stronger electric fields or highly viscous media, these effects may become significant
and should be incorporated into extended models. Thus, the present model is most applicable to
microfluidic and thin-film coating systems operating under moderate field intensities and laminar
regimes.
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Figure 1: (a): Physical model for electroosmotic boundary layer flow from a stretching sheet,
(b) Comparison of numerical vs. semi closed form solutions in the absence of U, and y. (¢): Absolute
error vs. Pr. (d): Relative error (%) vs. Pr

2.2 Governing Equations

The flow is considered laminar with constant fluid properties such as viscosity and thermal
conductivity, while surface reactions are neglected. Heat conduction follows Fourier’s parabolic law.
By extending the models in [14—17] and incorporating suitable electrical body force terms [35,36], the
boundary layer equations for steady flow and heat transfer can be formulated as:

ou 8v_

— =0 1
o T ay = (1)
u u 9’u
v = uSE L pE, 2
p(uax+vay) uay2+pe 2)
aoT oT 9’T
pClu—+v—)=0—. 3)
0x ay ay?

Here, u and v denote the velocity components in the x and y directions, respectively. 7 is the
temperature, u is the viscosity, p is the fluid density, E. is axially applied electric field, o is the ionic
fluid thermal conductivity, and C, is the specific heat at constant pressure.

2.3 Electro-Osmotic Flow

The electrostatic potential ®, which is related to the local net charge density per unit volume
p. at specific locations within the ionic fluid (electrolytic solution) through the Poisson equation,
represented as [32,33]:

d*® Oe

A e’ (4)
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Here, ¢ represents the permittivity (or dielectric constant) of the ionic (electrolytic) fluid. Assum-
ing the validity of the equilibrium Boltzmann distribution, the number concentration of type-i ions,
denoted as n;, in a symmetric electrolyte solution is given by:

z,ed
- (_ s ) | 5)
B4y

Here, n; and z; denote the bulk ionic concentration and the valence of type-i ions, respectively,
e is the elementary charge, k; is the Boltzmann constant and 7, is the absolute temperature. For
a symmetric electrolyte with valence z, the net volume charge density p, is determined by the total
concentration difference between the cations and anions, expressed as:

p. = ze(n, —n_). (6)

By substituting the expressions for the number concentration of each ion from Eq. (5) into Eq. (6),
we obtain:

O
p. = —2zen, sinh (;ij) . (7

Substituting the expression for charge density from Eq. (7) into the Poisson equation (Eq. (4))
yields:

d*®  2zen, zed
= inh ) 8
dy? € S (kB T‘,) ®)

2.4 Boundary Conditions

The boundary conditions reflect the physical reality of the stretching sheet and electroosmotic
interface. At the wall (y = 0), the no-slip condition is modified to incorporate electroosmotic
slip, governed by the zeta potential, which specifies the induced velocity at the charged interface.
The wall temperature is prescribed to represent controlled thermal input during coating or lab-on-
chip operation. At y — oo, the velocity is assumed to vanish, reflecting quiescent fluid beyond
the electrokinetic influence region, while the temperature approaches ambient conditions. These
conditions ensure that the model realistically captures both near-wall electrokinetic effects and the
asymptotic decay of flow and thermal disturbances in the bulk fluid.

u=ax=u,v=0,T=T,d=¢aty=0, (9a)
u—0,T—>T,,®—>0asy— oo. (9b)
2.5 Non-Dimensional Transformations

To simplify the system of partial differential equations into ordinary differential equations, the
following similarity transformations are applied:

T—T ®
n=y\/§,u=aXf’(n),V= —Javf () ,00) = ——= = —

= . 10
TV - T [eS) kb Tv ( )

Here, a prime indicates differentiation with respect to the dimensionless transverse coordinate 7,
and v represents the kinematic viscosity of the ionic liquid. By substituting the above scaling variables
from Eq. (10) into Eqgs. (1), (3), and (8), along with the boundary conditions in Eq. (4), the following
nonlinear ordinary differential equations governing momentum, energy, and electric potential are
obtained:
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LM = () + Uy =0, (11)
0" + Prfo’ =0, (12)
V' — m’sinh(y) = 0. (13)
The dimensionless boundary conditions take the following form:
ff=1,f=0,6=1and ¢y =y atn=0, (14)
f— 0,06 > 0and v — 0asn — oo. (15)

Here, f represents the dimensionless stream function, 6(n) is non-dimensional temperature
function, ¥ denotes the electrical potential. The Prandtl number is given by Pr = uC,/o, while

U, = i U, defines the electric field parameter, where U,y = — % 1s the Helmholtz—Smoluchowski
. . : L .

velocity. The zeta potential parameter is expressed as y = T and the electroosmosis parameter

. , 22 . .

is defined by m* = «**, where k* = _25:<Tr0 is the Debye-Hiickel parameter. The reciprocal of «,

i.e., - denotes the Debye length, which characterizes the thickness of the electric double layer (EDL).
Zeta potential plays a pivotal role in assessing the stability of ionic liquids. It reflects the electrostatic
interactions either repulsive or attractive between dispersed droplets within the fluid. Thus, it serves
as a measure of the electrokinetic potential and indicates the surface charge in colloidal systems.
Importantly, the stability of an ionic (electrolyte colloidal) liquid system is governed by the interplay
between opposing forces: the van der Waals attractions and the repulsive forces of the electrical double
layer.

Important surface characteristics in electro-osmotic materials processing are defined by shear
stress (C;) (skin friction coefficient) and Nusselt number (NVu) (heat transfer coefficient) at the surface
of the sheet:

T Xq,,
C; = — and Nu = — 1

_ 16

In the above-mentioned expressions, dimensional shear stress 7, and heat flux at the wall, ¢, are

respectively:
T, = I (%) and ¢, = —o (g) . (17)
v/ 3y /2
Making use of (10) and (16) in (17), the non-dimensional form of (16) emerges as:
VRe,C; = f"(0). (18)
Furthermore, the local wall heat transfer gradient is defined as:
VRe.Nu=6'(0), (19)

av . e
where Re, = — denotes the local Reynolds number, C;, represents the coefficient of skin friction and

Nu indicates th% Nusselt number.
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3 Numerical Solution

The boundary value problem defined by Eqs. (11)—(15) is of seventh order. Due to the strong
coupling, nonlinearity, and presence of higher-degree terms, obtaining an analytical solution is
extremely challenging, but not impossible. Therefore, the governing Eqs. (11)—(13), along with the
boundary conditions (14) and (15), are solved numerically using MATLAB’s bvp4c algorithm. To
facilitate and accelerate this numerical solution, the following steps were implemented:

e System Reduction: The original set of higher-order partial differential equations was simplified
by adding additional variables, resulting in a set of first-order ordinary differential equations.

e Boundary conditions were created to ensure that the newly added variables adhered to the
restrictions of the issue.

e The first estimates for these new variables were obtained, serving as a foundation for the
numerical solution.

e The required solution was reached by following these processes and efficiently solving the
resultant problem using the bvp4c function.

To utilize the bvp4c solver, the nonlinear ordinary differential equations and associated boundary
conditions must be converted into a system of first-order differential equations. The standard syntax
used is: sol = bvpdc (@OdeBVP, @OdeBC, solinit). Here, @OdeBVP defines the system of first-order
ODEs, @OdeBC specifies the boundary conditions, and solinit contains the initial mesh points and
initial guesses for the solution at these points. To obtain multiple solutions, different initial guesses
can be provided in solinit. The reformulated first-order system is expressed as follows:

S=FW);f'=FQ);f =FQ);f"=F@);0=F@);0=F(5);0=F(Q®); (20)
Y=F@O):; ¥V =FM:; V' =F(); 21
here:

F (3) = F Q) — F(1)F (3) — Um’sinh (F (6)), F' (5) = —PrF (1) F(5), (22)
F'(7) = m* sinh (F(6)) . (23)

It is the desire for achieving a continuous solution that gives the mesh selection and error function
a critical role. After reaching its starting value of 10, the discrepancy remained the same. At a value
of n equal to seven, the numerical solution is accurate and asymptotically convergent. The numerical
solution was calculated on a grid that had 197 different individual elements. A residual of 8.402 x 10"
is the highest value computed.

The bvp4c solver was employed with absolute and relative tolerance levels of 10~°. Convergence
was verified through grid independence tests by refining mesh points until further refinement produced
changes of less than 0.1% in the output quantities. Additionally, sensitivity tests with multiple sets of
initial guesses confirmed the stability of the obtained solutions. These checks ensure the robustness of
the numerical results and minimize dependence on arbitrary solver initialization.

4 Optimization Procedure and Validation
4.1 Response Surface Methodology (RSM)

Quantitative data and rigorous testing are very efficient methods for describing several variables
concurrently while minimising resource use. In the approach known as Response Surface Methodology
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(RSM) [44,45], a number of different aspects and variables that have an effect on the response variable
are taken into consideration. The RSM approach features the following steps:

(i) Developing and analysing tests to meet the necessary and reliable standards for the intended
outcome.
(i1) Utilizing mathematical models that accurately represent the response surfaces of first and
second orders with the highest level of accuracy.
(iii) Identifying the optimal combination of factors that provide the highest or lowest response
surface.

(iv) Examining the direct and interaction impacts of the method parameters using ANOVA
(Analysis of Variance).

However, there are other objectives that may be accomplished by using RSM statistical design:
(1) Computing the coefficients of a quadratic regression model.
(i1)) Decreasing the quantity of tests.
(iii)) Conducting the analysis of the impact of many variables on test outcomes.
(iv) Offering the absence of the fit test.
(v) Determining the optimal values of the components via a minimal number of experiments.
(vi) Also, computing the factorial plot and streamline plot with help of the RSM data.

4.2 Method for Testing

The present study examines the impact of three key factors (U,,m and y) on velocity and skin
friction coefficient, as well as the impact of four key parameters (U,, m, y and Pr) on temperature and
Nusselt number. This investigation is conducted utilising the statistical RSM model. RSM is therefore
used to determine the optimal configuration of parameters in computing findings within a certain
topic of study. Furthermore, it included the interplay among the aforementioned factors [37,44,45].

According to the preliminary testing conducted for this research, the following is a range of
modifications that may be made to the model parameters:

(1) Electric field parameter (—5 < U, <5),
(i1) Electroosmosis parameter (0 < m < 4),
(iii)) Zeta potential (0 <y < 1), and
(iv) Prandtl number (3 < Pr <9).

The selection of these parameters occurs at three distinct levels. Additionally, the determination of
the statistical model table, which consists of 20 or 31 runs, is dependent on the number of parameters
and their corresponding levels. A model is constructed for each dependent variable using the Response
Surface Methodology (RSM) technique. This model comprehensively captures the main effects of
variables on each variable, as well as the interplay between these factors on each variable independently.
A potential depiction of the multivariate model is described in more detail in Box and Behnken
[37] and Gardiner and Gettinby [39]. A model is developed for each dependent variable using the
RSM approach. This model captures the primary impacts of variables on each variable as well as the
interaction effects of those factors on each variable individually. One possible representation of the
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Y=o+ ZLI XX + Z; zj:m ;XX (24)

The equation consists of many regression coefficients. n represents the number of independent
variables, «, represents the intercept, o, represents the linear regression coefficient for the /™ factor,
«; represents the quadratic regression coefficient for the /™ factor, and «; represents the interaction
between the i and j™ factors. Y represents the dependent variable. The objective is to enhance the
efficiency of the response of variable Y and establish an accurate correlation between the independent
variables and the response variable. Also, n denotes the quantity of independent variables. In this
model, the value of # is set to 20 for velocity and skin friction coefficient, and 31 for temperature and
Nusselt number.

A summary of the parameters and their levels is presented in in Tables | and 2 for axial velocity
(AV), skin friction coefficient (SFC), temperature and Nusselt number (NN). In that order, the low
level is (—1), the middle level is (0), and the high level is (41). The quadratic polynomial regression
equations are statistically analyzed using specialized software to identify significant coefficients and
assess the influence of various parameters on the dependent variables. The factors and answers were
examined using an experimental methodology, with coded values representing the replies. The first step
in making a 95% confident decision about the findings’ fitting quality is to employ a certain coefficient
of determination and adjust resources based on the p-value. An analysis of variance (ANOVA), factorial
plots and streamlines are then used to examine the replies.

Table 1: Impact of key parameter involved in axial velocity (AV) and skin friction coefficient (SFC)
for fixed value at n = 1

U, m Y S S

0 1.5 0.5 0.367690822965314 —1.000172536480670
0 1.5 0.5 0.367690822965314 —1.000172536480670
0 1.5 1.3409 0.367690822965314 —1.000172536480670
0 4.02269 0.5 0.367690717672249 —1.000172542009050
0 1.5 0.5 0.367690822965314 —1.000172536480670
-3 0 1 0.367690822965314 —1.000172536480670
0 1.5 0.5 0.367690822965314 —1.000172536480670
3 3 0 0.367690789711274 —1.000172449262650
—5.0454 1.5 0.5 —0.432578205727882 —3.509972731546970
5.04538 1.5 0.5 —0.432578205727882 —3.509972731546970
-3 3 1 —0.552774695416748 —8.259961426095960
-3 3 0 0.367691299536369 —1.000171916443280
0 1.5 0.5 0.367690822965314 —1.000172536480670
-3 0 0 0.367690822965314 —1.000172536480670
0 1.5 —0.3409 0.367690822965314 —1.000172536480670

(Continued)
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Table 1 (continued)
U. m Y A e

3 0 0 0.367690822965314 —1.000172536480670
3 0 1 0.367690822965314 —1.000172536480670
0 1.5 0.5 0.367690822965314 —1.000172536480670
0 —1.0227 0.5 0.367690822965314 —1.000172536480670
3 3 1 0.859192738012697 5.211187554981360

Table 2: Impact of key parameter involved in temperature and Nusselt number (NN) for fixed value
n=0.6

U, m y Pr 6 (0.6) 6’ (0)

-1 0 1 3 0.3965448897617420 —1.1651646653947300
1 3 1 3 0.3093455632899180 —1.3733138635440100
0 1.5 0.5 5 0.2568913610509200 —1.5679885416314600
2 1.5 0.5 5 0.2090389952381750 —1.7045369712799600
1 0 1 7 0.1723629331608260 —1.8953442626318700
1 0 0 7 0.1723629331608260 —1.8953442626318700
0 1.5 0.5 5 0.2568913610509200 —1.5679885416314600
0 1.5 -0.5 5 0.2568913610509200 —1.5679885416314600
0 1.5 0.5 5 0.2568913610509200 —1.5679885416314600
0 1.5 0.5 5 0.2568913610509200 —1.5679885416314600
-1 0 0 7 0.1723629331608260 —1.8953442626318700
-1 0 1 7 0.1723629331608260 —1.8953442626318700
0 1.5 0.5 5 0.2568913610509200 —1.5679885416314600
0 1.5 0.5 5 0.2568913610509200 —1.5679885416314600
-1 3 0 7 0.1723629331216680 —1.8953442627215000
0 1.5 1.5 5 0.2568913618658070 —1.5679885393672100
0 1.5 0.5 9 0.1179606358324630 —2.1783344519344900
1 3 1 7 0.1100748432028430 —2.1531142187498100
1 0 1 3 0.3965448897617420 —1.1651646653947300
0 —-1.5 0.5 5 0.2568913610509200 —1.5679885416314600
1 0 0 3 0.3965448897617420 —1.1651646653947300
-1 3 0 3 0.3965448928662200 —1.1651646620200100
0 1.5 0.5 5 0.2568913610509200 —1.5679885416314600
-1 3 1 7 0.4114503611839500 —1.2537784554036500
0 1.5 0.5 1 0.6677783051604480 —0.5826632579114160
-2 1.5 0.5 5 0.1641203121043650 —1.7168166454245400
-1 3 1 3 0.7208303996921570 —0.5196591760604450
1 3 0 7 0.1723629331204580 —1.8953442627243300
0 4.5 0.5 5 0.2568913615231520 —1.5679885358492900

(Continued)
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Table 2 (continued)

U, m y Pr 6 (0.6) 6’ (0)
1 3 0 3 0.3965448898363880 —1.1651646628048200
-1 0 0 3 0.3965448897617420 —1.1651646653947300

4.3 Validation

The methodology section outlines the use of the BVP4C numerical tool in MATLAB for solving
the coupled non-linear differential equations. It is critical to provide detailed information on the model
validation process in order to strengthen its validity. The manuscript should specifically detail the
comparison between the results from the bvp4c tool and existing data from previous studies. For
validation, it is critical to specify the sources of existing literature data, including details such as data
collection conditions and parameters. Table 3 displays the numerical results obtained by simulating
the current model using the bvp4c solver. The changes in Nusselt number are examined in relation
to the variations in Prandtl number (Pr) for a specific situation where U, = y = 0. These results
are then compared to the findings provided by Hassanien et al. [7]. The great degree of agreement
demonstrates the validity of the current flow model analysis and numerical simulations. Also, Table 3
clearly demonstrates that the data show a high level of compliance.

Table 3: Numerical solution based on Eqs. (11)—(13) without U, and y compared to known findings
Hassanien et al. [7]

Pr Present numerical Existing semi-closed form solution
solution for —6'(0) (Hassanien et al. [7]) for —6'(0)

0.72 0.466972501154412 0.46325

1 0.582663261619192 0.58198

3 1.165164660051621 1.16525

10 2.307950035497639 2.30801

100 7.765610856461937 7.74925

Fig. 1b shows a direct comparison between the present numerical solution and the existing semi-
closed form solution across various Prandtl numbers (Pr). Both methods produce results that align
extremely closely, as the curves practically overlap across all values of Pr. At low Pr values (e.g., 0.72
and 1), the numerical and semi-closed values are nearly identical, while at higher Pr values (e.g., 100),
although the magnitude of the results increases significantly, the two solutions continue to follow each
other closely. This indicates that both approaches are consistent and reliable for estimating the heat
transfer parameter 0'(0), with very small deviations.

The second graph (Fig. 1c) illustrates the absolute error between the numerical and semi-closed
solutions as a function of Pr. The error remains extremely small for most Pr values, lying close to zero
across the scale. At intermediate values (Pr = 3 and 10), the error is almost negligible (on the order of
10~*), while the maximum error occurs at the highest Pr value (Pr = 100), where it reaches about 0.016.
This demonstrates that the discrepancy between the two methods is minimal throughout but slightly
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grows with increasing Pr, suggesting that at very large Pr, the semi-closed approximation begins to
deviate slightly from the numerical benchmark.

Fig. 1d presents the relative error in percentage terms, offering a clearer sense of proportional
deviation. The relative error is highest at the lowest Pr (0.72) at approximately 0.80%, showing
that even small absolute differences can appear larger in relative terms when the magnitude of
the solution is small. As Pr increases, the relative error rapidly decreases, falling below 0.2% for
Pr = 100. This confirms that the two solutions are in excellent agreement across all cases, with relative
discrepancies that are practically negligible in engineering or scientific contexts. Overall, the relative
error trend emphasizes that both methods are consistent, and the semi-closed form is a highly reliable
approximation of the numerical solution.

5 Results and Discussion

This section examines how the electric field parameter, electroosmosis parameter, and zeta
potential affect the velocity and skin friction coefficient. An optimal mode is achieved, and a sensitivity
analysis is conducted on the influential factors of velocity and SFC (skin friction coefficient) in relation
to the strength of electric fields. This study therefore aims to accomplish optimized electro-kinetic
stretching, of relevance to emerging multi-functional materials processing.

The present work introduces the novel integration of Response Surface Methodology (RSM)
and factorial analysis into the study of electroosmotic stretching sheet flows. Unlike previous elec-
troosmotic coating studies, which primarily emphasize direct analytical or numerical solutions, our
approach leverages statistical optimization tools to identify key parameter interactions, predict system
performance with reduced computational demand, and propose optimal operating regimes. This
methodological advancement not only broadens the analytical scope of electroosmotic flows but also
provides a more robust framework for engineering design and application. The present analysis focuses
on four key physical parameters that govern electroosmotic stretching sheet flows:

(1) Zeta potential (¢): a measure of the surface charge at the solid-liquid interface, which
determines the strength and thickness of the electrical double layer (EDL). Variations in ¢
directly influence the electroosmotic body force and, consequently, the velocity distribution
within the boundary layer.

(i1) Electroosmosis parameter (K): representing the coupling between electrokinetic forces and
viscous resistance. This parameter quantifies the contribution of electroosmotic driving forces
to the overall flow dynamics.

(iii) Electric field strength (E): denoting the magnitude of the applied external field, which acts as a
primary driving mechanism for ionic fluid motion. Physically, stronger electric fields intensify
fluid acceleration and modify surface shear, directly impacting coating uniformity.

(iv) Prandtl number (Pr): the ratio of momentum diffusivity to thermal diffusivity, which dictates
the relative thickness of velocity and thermal boundary layers. Higher Pr values correspond to
lower thermal diffusivity, thereby steepening temperature gradients and enhancing convective
heat transfer. Together, these parameters capture the coupled electrokinetic, viscous, and
thermal mechanisms that control coating performance and microfluidic transport.

5.1 Analysis of Variance (ANOVA)
The analysis of variance (ANOVA) is a statistical tool that gives variance to discover correlations
that are statistically significant between two or more input elements. Using the statistical instrument
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known as MINITAB-19, the values of the regression model for twenty different runs are analysed
and shown in Tables 4-15. Using the analysis of variance (ANOVA) and the sequential f-test, these
findings were produced. All the statistical estimators that were generated via the use of the ANOVA
approach are shown in Tables 4-15. Both the momentum Eq. (11) and energy Eq. (12) have their own
F-values and p-values, respectively. To determining the variance of the data, the F-value is used. An
F-value larger than one validates the accuracy of the data. Validating regression models is another use
of the p-value that may be employed. In the process of creating the equation of output responses, the
p value that is less than 0.05 is regarded as statistically significant; however, the p value that is larger
than 0.05 will disappear and will not be taken into consideration.

Table 4: Coded coefficients for AV

Term Coef SE coef ~ T-value  p-value VIF
Constant  0.3603 0.0947 3.80 0.003

U, 0.174 0.106 1.65 0.131 1.00
m —0.053 0.106 —0.50 0.628 1.00
% —0.053 0.106 —0.50 0.628 1.00
U’ —0.663 0.173 —3.83 0.003 1.02
m? 0.137 0.173 0.79 0.447 1.02
y? 0.137 0.173 0.79 0.447 1.02
Um 0.499 0.232 2.15 0.057 1.00
Uy 0.499 0.232 2.15 0.057 1.00
my —0.152 0.232 —0.65 0.528 1.00

Table 5: Analysis of variance for AV

Source DF Adj SS Adj MS F-value p-value Significant
Model 9 1.62431 0.180479  3.35 0.037 YES
Linear 3 0.17293 0.057644  1.07 0.406 NO
U. 1 0.14598 0.145983 2.71 0.131 NO
m 1 0.01347 0.013474  0.25 0.628 NO
y 1 0.01347 0.013474  0.25 0.628 NO
Square 3 0.92997 0.309990 5.75 0.015 YES
U’ 1 0.79279 0.792792  14.70 0.003 YES
m’ 1 0.03375 0.033747 0.63 0.447 NO
v? 1 0.03375 0.033747 0.63 0.447 NO
2-way interaction 3 0.52141 0.173805  3.22 0.070 YES
U.m 1 0.24921 0.249206 4.62 0.051 YES
Uy 1 0.24921 0.249207 4.62 0.051 YES
my 1 0.02300 0.023001 0.43 0.528 NO
Error 10 0.53943 0.053943
Lack-of-Fit 5 0.53943 0.107887 = *
(Continued)
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Table 5 (continued)

Source DF Adj SS AdjMS  F-value  p-value Significant
Pure error 5 0.00000 0.000000
Total 19 2.16375
Note: R? = 75.07%; Adjected R? = 52.63%; *Not applicable.
Table 6: Fits and diagnostics for unusual observations for AV
Obs AV Fit Resid Std Resid
10 —0.433 —0.129 —0.303 —2.08R
16 0.368 —0.018 0.386 2.89R
20 0.859 0.562 0.297 2.22R
Note: R: Large residual.
Table 7: Coded coefficients value for skin friction coefficient (SFC)
Term Coef SE Coef T-value p-value VIF Correlation
Constant —1.025 0.752 —1.36 0.203
U, 0.986 0.499 1.98 0.076 1.00 Not correlated
m —0.077 0.499 —0.15 0.881 1.00 Not correlated
y —0.077 0.499 —0.15 0.881 1.00 Not correlated
U —0.728 0.486 —1.50 0.165 1.02 Moderately correlated
m? 0.160 0.486 0.33 0.749 1.02 Moderately correlated
y? 0.160 0.486 0.33 0.749 1.02 Moderately correlated
Um 1.684 0.652 2.58 0.027 1.00 Not correlated
U,y 1.684 0.652 2.58 0.027 1.00 Not correlated
my —0.131 0.652 —0.20 0.845 1.00 Not correlated
Table 8: Analysis of variance for SFC
Source DF Adj SS Adj MS F-value p-value Significant
Model 9 68.022 7.5580 2.22 0.011 YES
Linear 3 13.449 4.4830 1.32 0.323 NO
U. 1 13.288 13.2880 3.91 0.076 NO
m 1 0.080 0.0805 0.02 0.881 NO
% 1 0.080 0.0805 0.02 0.881 NO
Square 3 9.068 3.0226 0.89 0.480 NO
U 1 7.633 7.6325 2.24 0.165 NO
nt’ 1 0.367 0.3671 0.11 0.749 NO
(Continued)
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Table 8 (continued)

Source DF Adj SS Adj MS F-value p-value Significant
v? 1 0.367 0.3671 0.11 0.749 NO

2-way interaction 3 45.505 15.1685 4.46 0.031 YES

U.m 1 22.684 22.6840 6.67 0.027 YES

U,y 1 22.684 22.6840 6.67 0.027 YES

my 1 0.137 0.1374 0.04 0.845 NO

Error 10 34.021 3.4021

Lack-of-fit 5 34.021 6.8041 * *

Pure error 5 0.000 0.0000

Total 19 102.043

Note: R? = 66.66%; Adjected R? = 36.65%; *Not applicable.

Table 9: Fits and diagnostics for unusual observations for SFC

Obs SFC Fit Resid Std Resid
11 —8.26 —6.07 -2.19 —2.06R
16 —1.00 -3.79 2.79 2.63R

20 5.21 2.64 2.57 2.43R

Note: R: Large residual.

Table 10: Coded coefficients for temperature

Term Coef SE coef T-value p-value VIF Correlation

Constant 0.2569 0.0246 10.44 0.000

U, —0.0260 0.0133 —1.95 0.068 1.00 Not correlated

m 0.0172 0.0133 1.30 0.213 1.00 Not correlated

y 0.0172 0.0133 1.30 0.213 1.00 Not correlated

Pr —0.1231 0.0133 -9.26 0.000 1.00 Not correlated

U: —0.0114 0.0122 —0.94 0.363 1.03 Moderately correlated
n’ 0.0062 0.0122 0.51 0.619 1.03 Moderately correlated
y? 0.0062 0.0122 0.51 0.619 1.03 Moderately correlated
Pr? 0.0402 0.0122 3.30 0.005 1.03 Moderately correlated
Um —0.0446 0.0163 —2.74 0.015 1.00 Not correlated

Uy —0.0446 0.0163 —2.74 0.015 1.00 Not correlated

U,Pr 0.0069 0.0163 0.42 0.678 1.00 Not correlated

my 0.0259 0.0163 1.59 0.131 1.00 Not correlated

mPr —0.0038 0.0163 —0.23 0.820 1.00 Not correlated

y Pr —0.0038 0.0163 —0.23 0.820 1.00 Not correlated
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Table 11: Analysis of variance for temperature

Source DF Adj SS Adj MS F-value p-value Significant
Model 14 0.523186 0.037370 8.82 0.000 YES
Linear 4 0.393883 0.098471 23.24 0.000 YES
U, 1 0.016173 0.016173 3.82 0.068 NO
m 1 0.007138 0.007138 1.68 0.213 NO
y 1 0.007138 0.007138 1.68 0.213 NO
Pr 1 0.363435 0.363435 85.78 0.000 YES
Square 4 0.053863 0.013466 3.18 0.042 NO
U? 1 0.003722 0.003722 0.88 0.363 NO
nm’ 1 0.001088 0.001088 0.26 0.619 NO
y? 1 0.001088 0.001088 0.26 0.619 NO
Pr? 1 0.046128 0.046128 10.89 0.005 YES
2-way interaction 6 0.075440 0.012573 2.97 0.038 YES
U.m 1 0.031761 0.031761 7.50 0.015 YES
Uy 1 0.031761 0.031761 7.50 0.015 YES
U.Pr 1 0.000758 0.000758 0.18 0.678 NO
my 1 0.010706 0.010706 2.53 0.131 NO
mPr 1 0.000227 0.000227 0.05 0.820 NO
y Pr 1 0.000227 0.000227 0.05 0.820 NO
Error 16 0.067789 0.004237

Lack-of-fit 10 0.067789 0.006779 * *

Pure error 6 0.000000 0.000000

Total 30 0.590974
Note: R? = 88.53%; Adjected R? = 78.49%; *Not applicable.

Table 12: Fits and diagnostics for unusual observations for temperature

Obs T Fit Resid Std Resid
26 0.1641 0.2632 —0.0991 —2.36R
27 0.7208 0.6109 0.1099 2.62R

Note: R: Large residual.

Table 13: Coded coefficients for nusselt number

Term Coef SE coef T-value p-value VIF Correlation

Constant —1.5680 0.0539 —29.08 0.000

U, —0.0720 0.0291 —-2.47 0.025 1.00 Not correlated

m 0.0342 0.0291 1.17 0.257 1.00 Not correlated
(Continued)
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Table 13 (continued)

Term Coef SE coef T-value p-value VIF Correlation
y 0.0342 0.0291 1.17 0.257 1.00 Not correlated
Pr —0.3786 0.0291 —13.00 0.000 1.00 Not correlated
U’ —0.0227 0.0267 —0.85 0.407 1.03 Moderately correlated
m? 0.0130 0.0267 0.49 0.633 1.03 Moderately correlated
y? 0.0130 0.0267 0.49 0.633 1.03 Moderately correlated
Pr? 0.0598 0.0267 2.24 0.039 1.03 Moderately correlated
Um —0.1096 0.0357 -3.07 0.007 1.00 Not correlated
Uy —0.1096 0.0357 —3.07 0.007 1.00 Not correlated
U, Pr —0.0029 0.0357 —0.08 0.937 1.00 Not correlated
my 0.0513 0.0357 1.44 0.169 1.00 Not correlated
mPr —0.0033 0.0357 —0.09 0.926 1.00 Not correlated
y Pr —0.0033 0.0357 —0.09 0.926 1.00 Not correlated
Table 14: Analysis of variance for nusselt number
Source DF Adj SS Adj MS F-value p-value Significant
Model 14 4.17909 0.29851 14.67 0.000 YES
Linear 4 3.62073 0.90518 44.47 0.000 YES
U. 1 0.12448 0.12448 6.12 0.025 YES
m 1 0.02810 0.02810 1.38 0.257 NO
y 1 0.02810 0.02810 1.38 0.257 NO
Pr 1 3.44007 3.44007 169.01 0.000 YES
Square 4 0.13160 0.03290 1.62 0.219 NO
U? 1 0.01473 0.01473 0.72 0.407 NO
m? 1 0.00481 0.00481 0.24 0.633 NO
y? 1 0.00481 0.00481 0.24 0.633 NO
Pr? 1 0.10243 0.10243 5.03 0.039 YES
2-way interaction 6 0.42675 0.07113 3.49 0.021 YES
Um 1 0.19206 0.19206 9.44 0.007 YES
Uy 1 0.19206 0.19206 9.44 0.007 YES
U.Pr 1 0.00013 0.00013 0.01 0.937 NO
my 1 0.04214 0.04214 2.07 0.169 NO
mPr 1 0.00018 0.00018 0.01 0.926 NO
y Pr 1 0.00018 0.00018 0.01 0.926 NO
Error 16 0.32567 0.02035
Lack-of-fit 10 0.32567 0.03257 * *
Pure error 6 0.00000 0.00000
Total 30 4.50476
Note: R? = 92.77%; Adjected R? = 86.44%; *Not applicable.
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Table 15: Fits and diagnostics for unusual observations for nusselt number

Obs Nu Fit Resid Std Resid
24 —1.2538 —1.4764 0.2227 2.42R

26 —1.7168 —1.5147 —0.2021 —2.19R
27 —0.5197 —0.7116 0.1919 2.08R

Note: R: Large residual.

Typically, the factorial design (FD), central composite design (CCD), and Box-Behnken design
(BBD) are used for constructing second-order empirical correlations. Out of the three designs, the
BBD needs a somewhat smaller number of numerical tests to extract all the necessary information on
the answers. BBD also refrains from conducting numerical trials in harsh settings. Thus, in this work,
the BBD (Box-Behnken Design) is used to optimise the velocity and skin friction coefficient in the
stretching sheet (f(1) and f(0)). This optimisation is achieved by considering three important physical
parameters: the electric field parameter (U,), the electroosmosis parameter (m) and the zeta potential
parameter (y). These three parameters were selected at three distinct levels (low, moderate, and high),
and the experimental design (based on Box-Behnken design (BBD)), along with their related answers,
is shown in Tables 4—15.

While the RSM and ANOVA analyses provide valuable insights, certain limitations must be
acknowledged. For example, the adjusted R? value for the skin friction coefficient (SFC) model is rel-
atively low (36.65%), indicating limited predictive reliability. This is consistent with the high sensitivity
of SFC to nonlinear interactions among ¢, electroosmosis parameter, and electric field strength, which
a quadratic polynomial may not fully capture. Additionally, outliers and large residuals observed in
Tables 5, 6, 8 and 9 highlight parameter regions where the statistical approximation diverges from the
numerical solution. These deviations, though expected in strongly nonlinear transport systems, restrict
the predictive strength of certain models. Accordingly, the claims regarding RSM should be interpreted
primarily in terms of identifying dominant parameters and interaction effects, rather than precise
quantitative prediction. Future improvements could include transformation techniques or narrowing
factor ranges to enhance regression quality.

In uncoded units, the regression equation for the axial velocity and temperature equationsatn = 1
may be expressed as:

£ =0.466 — 0.0832U, — 0.0.5m — 0.149y — 0.02606 U2 + 0.0215m? + 0.194y> + 0.0392U,m
+0.1177U,y — 0.071my. (25)

The constant parameters U,, m and y coefficientsin Eq. (25) have a clear negative value, indicating
their critical role in reducing axial velocity profiles. Fig. 2a—c depicts the numerical solution (obtained
using the MATLAB bvp4c method) for the axial velocity profile. This solution exactly corresponds to
the features described in Eq. (25). The factorial plot discusses the interaction between the parameters.
Fig. 2a—c shows the impact of the electric field parameter (U,), electroosmosis parameter (72) and
zeta potential parameter (y) on both axial velocity (f") and axial displacement (f) profiles. The x-axis
represents a dimensionless spatial coordinate (), while the y-axis indicates the values of " and f. For
Axial Velocity (f") Profiles: (i) As U,,m, and y increases, the peak axial velocity generally decreases.
This suggests that a stronger electric field tends to inhibit the maximum fluid velocity. (ii) The shape
of the velocity profiles changes with U,, m, and y. For lower U,, m, and y values, the profiles are more
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parabolic, indicating a predominant shear-driven flow. As U,, m, and y increases, the profiles become
flatter, suggesting a greater influence of the electric field on the flow. The axial displacement increases
with U,, m, and y. This implies that a stronger electric field leads to a larger net fluid movement in the
axial direction. The curvature of the displacement profiles also changes with U,,m, and y. A higher
U.,m, and y results in a steeper initial rise in displacement, indicating a quicker response of the fluid

to the electric field.

038

o
bove
0.4

0.2

Solid line: f*
Dash-dotted line: [

Solid line: f
Dash-dotted line:

Solid line: f”
Dash-dotted line: f

Figure 2: (a): Axial displacement and velocity profiles for U,. (b): Axial displacement and velocity

profiles for m. (¢): Axial displacement and velocity profiles for y
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In uncoded units, the regression equation for the temperature equations at n = 1 may be expressed
as:

6 = 0.8004 + 0.0459U, — 0.0077 m — 0.023y — 0.1582Pr — 0.0114U” + 0.00274 m* + 0.0247y°
+0.01004Pr* — 0.0297U,m — 0.0891 U,y + 0.00344 U, Pr + 0.0345 my — 0.00126 mPr
—0.0038y Pr. (26)

The equation for regression in uncoded units for the skin friction coefficient (SFC) and Nusselt
number (Nu) equations is calculated as:

SFC = —0.68 — 0.794U, — 0.177m — 0.53y — 0.0809U> + 0.071n7* 4 0.64y> + 0.374U.m
+1.123U,y — 0.175my, (27)

Nu = —0.255+0.154U, — 0.0231 m — 0.069y — 0.3356Pr — 0.0227U? + 0.0058 m* + 0.052y
+0.01496Pr* — 0.0730U,m — 0.2191U,y — 0.0014U, Pr + 0.0684 my — 0.0011 mPr
— 0.0033y Pr. (28)

The selected BBD’s validity is assessed by a statistical z-test, utilising the p-value, coefficient of
determination (R?), and adjusted R* (R® adj) statistical characteristics. Tables 5, 6, 8, 9, 11, 12, 14
and 15 illustrate an analysis of variance (ANOVA) that includes different statistical parameters for
the response variables f (1) ,60(1) and f” (0),6'(0). The values of (R?, Adjusted R?) for f (1),6(1) were
determined to be (0.7507, 0.5263) and (0.8853, 0.7847), whereas for f” (0),0’(0) they were (0.6666,
0.3665) and (0.9277, 0.8644). A value of R? near to 1 indicates the optimal predicting performance of
the selected model. A further finding from the statistical study was that the p-value and F-value for
f(1),6(1) were found to be (<0.05, 3.35) and (<0.05, 8.82), whereas the corresponding values for
1(0),60'(0) were (<0.05, 2.22) and (<0.05, 14.67). Considering that the p-value should be less than
0.05 for a confidence level of 95% and the F-value should be more than 1, these data suggest that the
designs that were chosen are statistically significant.

The ANOVA results highlight clear differences in the relative influence of the governing param-
eters on fluid flow and heat transfer responses (Tables 10—15). The Prandtl number (Pr) shows the
strongest effect on the Nusselt number, confirming that thermal diffusivity dominates heat transfer
rates in electroosmotic stretching sheet flows. The electric field parameter (£) significantly influences
axial velocity and skin friction, demonstrating its role in enhancing momentum transport through
electrokinetic forcing. The zeta potential (¢) exhibits moderate but non-negligible effects by altering
the electrical double layer and charge distribution, thereby modifying near-wall flow deceleration.
Finally, the electroosmosis parameter contributes primarily to modifying bulk fluid motion, with
smaller but consistent effects compared to Pr and E. Collectively, these results provide not only
statistical validation of the model but also practical physical insights: thermal control strategies should
prioritize adjustment of Pr, while electrokinetic control can be effectively achieved through tuning E
and ¢.

5.2 Factorial and Contour Plots for Axial Velocity

In factorial experiments, Minitab employs a factorial plot to visually depict the impacts of several
variables and their interactions. Factorial studies include the simultaneous manipulation of numerous
variables to examine their impact on a response variable. There are two main categories of factorial
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plots: The plot illustrates the primary effects: (i) Main Effect: The overall influence of modifying a
single component on the outcome variable while considering the different amounts of other variables.
Every factor’s degree corresponds to an average reaction. The x-axis denotes the independent variables,
whereas the y-axis indicates the mean value of the dependent variable. If the line is not parallel to
the horizontal axis, it shows that the factor has a substantial impact on the response variable. (ii)
Interaction Plot: The graphic depicts the connection between two or more variables, demonstrating
how their interplay influences the result. An interaction effect refers to the combined impact of many
variables on the response variable, which is distinct from the simple addition of their separate effects.
An interaction plot displays the average response for different combinations of component values. The
x-axis indicates a single variable, whereas distinct lines reflect various degrees of the second variable.
Non-parallel lines suggest a correlation or relationship between the components. Fig. 3a—d provide
factorial plots and contour plots, respectively, to examine the interaction effects of input variables on
axial velocity. Factorial plots are used as graphical instruments to visually represent the impacts of
many category variables on a response variable. They assist in comprehending the impact of altering
one component level on the response while considering the simultaneous changes in other variables,
which is vital for detecting interactions among factors. There are two primary categories of factorial
plots (see Fig. 3a,b)—the main effects plot and the interaction plot. The main effects plot displays the
average impact of each factor on the response variable without considering the influence of other
variables. It aids in determining if each individual component has a substantial influence on the answer
and in which direction (positive or negative). An interaction plot visually displays the relationship
between two factors and illustrates how the impact of one element varies depending on the degree
of the other factor. It helps in determining if the elements collaborate to impact the response in a
synergistic or antagonistic manner.

First, the main effects plot is analyzed to evaluate the correlation between the response variable
and the predictor variables. The lines are assessed to ascertain the presence of a primary effect, using
the following method: When the line is parallel to the x-axis, there is no primary impact. The response
value remains constant, regardless of the value of the predictor. A primary impact is observed when the
line is not horizontal. The response value exhibits variability across different predictor values. The more
pronounced the incline of the line, the larger the size of the primary impact. Fig. 3a shows that the axial
velocity is significantly influenced by the electric field parameter, in comparison to the electroosmosis
parameter and zeta potential. The electroosmosis parameter and zeta potential parameter exhibit
comparable behavior in terms of axial velocity. Fig. 3b displays the interaction plot depicting the
estimated average axial velocity as a function of the combinations of U, x m, U, x y and m % y.
The observed figure exhibits apparent interaction effects due to the non-parallel lines, indicating
that the connection between axial velocity and each element is contingent upon the configuration
of another factor. The Analyse Factorial Design findings reveal that the interaction effects for
U,+*m,U, x y and m * y are statistically significant. The factorial plots reveal that the combined
increase in zeta potential and electric field strength significantly enhances axial velocity. Physically,
this arises from the fact that both parameters act on the electrical double layer (EDL): a higher zeta
potential increases surface charge density, while a stronger electric field enhances the electroosmotic
body force acting on the counter-ions. The interaction thus produces a synergistic acceleration of
near-wall fluid, which also elevates surface shear. Conversely, when the Prandtl number interacts with
the electroosmosis parameter, the combined effect is seen in thermal transport: while electroosmotic
forcing modifies fluid velocity profiles, a higher Prandtl number reduces thermal diffusivity, confining
heat near the wall.
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Figure 3: (Continued)
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Figure 3: (a) Factorial (main effects) plot for axial velocity (AV). (b) Factorial interaction plot for axial
velocity (AV). (¢) Contour plot of axial velocity vs. m, U,. (d) Contour plot of axial velocity vs. U,, y

Contour plots in Fig. 3¢,d are used to examine the combined impacts of input factors on axial
velocity (AV). The curved outlines are a result of the inclusion of statistically significant quadratic
factors in the model. The figure shows that the greatest ratings for wrinkle resistance of AV are in the
top right corner, which indicates high values for both m, U, and m, y. The figures show that the lowest
ratings for wrinkle resistance are in the bottom left corner, indicating low values for both m, U, and
m,y.

5.3 Factorial and Contour Plots for SFC
Fig. 4a,b shows contour plots that reveal the combined effects of input variables on SFC. Since
statistically significant quadratic factors were added to the model, the edges are bent. Fig. 4a illustrates

that the sluggish decrease in SFC is seen as the Helmholtz-Smoluchowski U, increases, whereas the

: . . . KT eE, C
quick decrease is observed as y increases. It is noteworthy that U,y = ————— and is directly
uze

proportional to the axial electrical field, E,. Clearly a stronger axial electrical field therefore suppresses
the skin friction as the electro-osmotic body force, +U,y" in the momentum Eq. (11) opposes
momentum development (it is effectively negative for positive E, values). The zeta potential however

ze¢

arises only in the wall boundary condition, ¥ = y in Eq. (14), where y = T and therefore

when this parameter is elevated, it influences the charge distribution at the bmfnciary (substrate)
which produces a more direct impedance to the velocity. The maximum rate of axial velocity is seen
at lower values of both U, and y when m is at a moderate level. For the electro-osmotic coating,
therefore peak acceleration in the boundary layer is achieved with this combination of the three control
parameters. Fig. 4b demonstrates that increasing the values of both m and y leads to a decrease in the

skin friction coefficient (SFC), indicating strong deceleration. Since m* = «*— is the electroosmosis
a

2z2%e’n,

. L1
represents the electroosmotic parameter, while — denotes the Debye

parameter where k*> = —
eK;T, K
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length (characteristic thickness of the EDL), the implication is that thinner EDL is associated with
deceleration whereas a thicker EDL corresponds to acceleration.
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Figure 4: (a) Contour plot of axial velocity vs. U,, y. (b) Contour plot of axial velocity vs. m, y

5.4 Factorial and Contour Plot for Temperature

The factorial and contour plots presented in Figs. 5a,b and 6a—c, respectively, are utilized to
analyze the interaction effects of input variables on temperature. Factorial and contour design is a
statistical method used to study the effect of multiple factors (U,, m, y, Pr) on a response variable.
This approach systematically varies the levels of the input factors to observe their individual and
combined effects on the response variable, namely temperature. Fig. 5a represents the factorial main
effect on temperature profile in the presence of U,,m,y and Pr. The parameters are not aligned
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horizontally, resulting in a substantial influence on the temperature profile. Additionally, Prandtl
number, Pr, which since it is inversely proportional to thermal conductivity of the ionic liquid
(electrolytic solution), has significant influence on temperature, can be compared to the effects of
U.,,m and y. The estimated average temperature and its relationship to various combinations of
U xm U, xy,mxy,U, x Pr,mx* Pr and y * Pr are shown in the interaction plot in Fig. 5b. The
link between temperature and each element depends on the configuration of another component,
as shown by the apparent interaction effects in the observed image caused by the non-parallel lines.
Parallel lines in interaction plots signify the absence of interaction, but non-parallel lines show the
presence of an interaction effect. The outcomes of the factorial design show that there are statistically
significant interaction effects for U, x m, U, x y,m % y, U, * Pr,m % Pr and y % Pr. This helps in
determining if the variables collaborate to have a synergistic impact on the response. Fig. 5b displays
the interaction plot depicting the estimated average temperature as a function of the combinations of
U, xm,U, xy,mx*y,U, x Pr,mx Prand y % Pr. The observed figure exhibits apparent interaction
effects due to the non-parallel lines, indicating that the connection between temperature and each
element is contingent upon the configuration of another factor. The Analyse Factorial Design findings
reveal that the interaction effects for U, x m, U, x y,m x y, U, x Pr,m % Pr and y = Pr are statistically
significant.
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Figure 5: (a) Main effects factorial plot for temperature. (b) Factorial interaction plot for temperature

A contour plot is a graphical representation used to examine the correlation between a fitted
response variable and two continuous predictor variables. It functions by presenting contour lines that
link sites with identical anticipated response values. The temperature profile (8) contour plot is shown
in Fig. 6a—c for the pair parameters (U,,m), (U,, Pr) and (Pr,m). Fig. 6a illustrates the non-linear
relationship between 6 and the combined impacts of m and U,. The greatest temperature, 6, is seen

https://www.scipedia.com/public/Prakash_et_al_2026 28


https://www.scipedia.com/public/Prakash_et_al_2026

J. Prakash, D. Tripathi, O. A. Beg, S. Kuhart and Kh. S. Mekheimer,
Heat transfer and electroosmotic flow over stretching sheet: a sensitive

S I P E D I A analysis through response surface method,
Rev. int. métodos numér. calc. diseno ing. (2026). Vol.42, (2), 44

at high values of m and U,, while maintaining a fixed value of Pr = 5 (representative of aqueous
ionic coating fluids) and y = 0.5. Furthermore, as shown in Fig. 6b,c, the maximum temperature is
computed for low-level values of (U,, Pr) and (Pr,m) when y = 0.5 level.
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Figure 6: (Continued)
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Figure 6: (a) Contour plot of temperature vs. U,,m. (b) Contour plot of temperature vs. U,, Pr.
(¢) Contour plot of temperature vs. m, Pr

5.5 Factorial and Contour Plot for Nusselt Number

Both the factorial plots and the contour plots that are shown in Figs. 7a,b and 8a—c are used to
investigate the interaction effects of the input variables on the Nusselt number (Nu). Fig. 7a shows the
impact of U,,m, y and Pr on the Nusselt number in a factorial main effect model. A significant impact
on the temperature profile is caused by the parameters not being horizontally aligned. Furthermore,
it has been noted that U,,m,y and Pr all significantly affect Nusselt number. The fitted mean of the
Nusselt number against combinations of U,xm, U,*y, U,x Pr,m= Pr,mxy and Prxy are shown in the
interaction plot, as visualized in Fig. 7b. The fact that the lines in this figure are not perfectly parallel
suggests that the strength of the correlation between axial velocity and each variable is conditional
on the value of some other variable, suggesting the presence of interaction effects. According to
the findings of the Analyse Factorial Design, there is a statistically significant interaction effect for
U xm,Uxy,U,x Prm=* Pr,mxy and Prxy.

The Nusselt number profile (Nu) contour plot is shown in Fig. 8a—c for the pair parameters
(U., Pr), (m, Pr) and (Pr,y). As shown in Fig. 8a—c, the maximum temperature is observed for low-
level values of (U,, Pr), (m, Pr) and (Pr, y) also the minimum temperature occurred in the high values
of (U,, Pr), (m, Pr) and (Pr,y). Hence, this analysis provides insight into how various combinations
of these variables influence temperature profiles, aiding in understanding heat transfer processes and
optimizing thermo-electro-osmotic coating process systems.

https://www.scipedia.com/public/Prakash_et_al_2026 30


https://www.scipedia.com/public/Prakash_et_al_2026

S

IPEDIA

J. Prakash, D. Tripathi, O. A. Beg, S. Kuhart and Kh. S. Mekheimer,
Heat transfer and electroosmotic flow over stretching sheet: a sensitive
analysis through response surface method,

Rev. int. métodos numér. calc. diseno ing. (2026). Vol.42, (2), 44

0.5
Pr
. U, m 14
Z o
-
°
g
s s —_\ L e
20
T
2 ) 2 00 25 50 00 08 1@ H 10
101 Ue »m m
4 - 0
—— — =15
S—
il T oSSR -—- 3
=
-2.0] =
0] Uy sy msy 14
z - 0
z — P — =05
S asf —— =124 =zt = T -—- 1
5 ~—=_| =
= .20 ~.
Uy »Pr m=Pr y*Pr
10 _x\ - T =
S———=tr e e~ e e =
- |- | ===
________ -~ e T
20T =77
2 0 2 00 25 50 a0
U, m Y

(b)

Figure 7: (a) Main effects factorial plot for nusselt number. (b) Factorial interaction plot for nusselt

number

EEETNEN

Hold Values
m=15
y=15

(@
Figure 8: (Continued)

https://www.scipedia.com/public/Prakash_et_al_2026

31


https://www.scipedia.com/public/Prakash_et_al_2026

S

J. Prakash, D. Tripathi, O. A. Beg, S. Kuhart and Kh. S. Mekheimer,
Heat transfer and electroosmotic flow over stretching sheet: a sensitive

I p E D I A analysis through response surface method,
Rev. int. métodos numér. calc. diseno ing. (2026). Vol.42, (2), 44

< -2.00
-200 - -175
-1.75 - <150
-125
-125 - -1.00
-1.00 - -075
-0.75 - -0.50
> -0.50

EEECTNEEN
i
(=]
1

Hold Values
U.,=0

y =05

z
c

-2.00
-175
-1.50
-125
-1.00
-0.75

-0.50

-0.50

-2.00
-1.75
-1.50
-125
-1.00
-0.75

N I T A R T PN

Hold Values
U,=0
m=15

(V]

Figure 8: (a) Contour plot of Nusselt number vs. U,, Pr. (b) Contour plot of nusselt number vs. m, Pr.
(c) Contour plot of nusselt number vs. Pr, y

RSM is overall an excellent tool which has been shown to offer some significant advantages in
thermal optimization in electro-osmotic stretching coating flows, which we have summarized below:

e Prediction between Input and Output Parameters: Response Surface Methodology plays a crucial
role in developing empirical models that capture the relationships between input variables and
the corresponding output responses. By systematically varying the input parameters, RSM
helps us understand how each factor and their interactions influence the response variables.
This predictive capability is essential to our research, enabling a structured and quantitative
understanding of the complex dynamics involved in fluid flow and heat transfer.

https://www.scipedia.com/public/Prakash_et_al_2026 32


https://www.scipedia.com/public/Prakash_et_al_2026

J. Prakash, D. Tripathi, O. A. Beg, S. Kuhart and Kh. S. Mekheimer,
Heat transfer and electroosmotic flow over stretching sheet: a sensitive

S I P E D I A analysis through response surface method,
Rev. int. métodos numér. calc. diseno ing. (2026). Vol.42, (2), 44

e Output Parameter Optimization: The primary advantage of using RSM is its ability to optimize
the response variables within a given range of input parameters. Through the design of
experiments and subsequent analysis, RSM identifies the optimal conditions that maximize or
minimize the desired outputs. This optimization process is vital for improving the efficiency and
overall performance of the systems being investigated. Using RSM, we can determine the best
combination of input parameters that yields the most favourable outcomes, such as maximum
heat transfer or minimal flow resistance.

e Novelty and Contribution: The innovative application of RSM significantly contributes to the
novelty of our research. By incorporating RSM into our analysis, we have developed a more
comprehensive understanding of the system’s behaviour than traditional methods would allow.
This methodology not only provides a robust statistical framework for analysing complex
interactions but also offers a systematic approach for exploring a wide range of operating
conditions. In this context, RSM is instrumental in uncovering new insights and optimizing
performance metrics that were previously unattainable.

e The novelty of this study lies in the integration of RSM and factorial plots with the elec-
troosmotic stretching sheet flow model. Unlike prior works that primarily examined flow
and thermal responses under fixed parametric conditions, our approach provides a statisti-
cally robust optimization framework capable of capturing complex parameter interactions,
quantifying significance levels, and predicting optimal performance regimes. This contribution
extends beyond descriptive analysis to deliver actionable optimization insights, establishing a
methodological advancement over existing electroosmotic coating investigations. In doing so,
the study not only deepens theoretical understanding of electrokinetic flows but also equips
engineers with practical tools for designing efficient coating and microfluidic systems.

5.6 Applications and Practical Impact

The present analysis extends beyond theoretical modeling and provides practical insights for
the design and optimization of advanced coating and microfluidic systems. In biomedical and
pharmaceutical coating processes, precise control of electroosmotic flow is essential for achieving
uniform surface deposition and functional film formation. Our results highlight that variations in
zeta potential typically ranging between —50 and +50 mV in realistic systems can strongly influence
surface charge distribution and boundary layer retardation, enabling designers to fine-tune coating
adhesion and thickness. Similarly, the role of applied electric field strength, often operating within
10*-10* V/m in microfluidic and lab-on-chip devices, was shown to significantly modify axial velocity
and skin friction, parameters directly tied to coating uniformity and process efficiency. The sensitivity
of thermal gradients to the Prandtl number further suggests pathways for tailoring heat transfer in
ionic and polymeric fluids commonly employed in biomedical coatings. These findings are particularly
relevant for lab-on-chip technologies, where controlled thermal and mass transport are critical for
diagnostics, biosensing, and targeted drug delivery. By integrating Response Surface Methodology
(RSM) and factorial analysis, this study delivers actionable optimization guidelines that bridge
theoretical electroosmotic flow models with industrial parameter ranges, thereby strengthening the
link between fundamental fluid mechanics and real-world engineering applications.
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6 Concluding Remarks

To optimize the electro-osmotic coating flows, a mathematical model was developed to simulate
the influence of zeta potential on the electroosmotic flow of a viscous ionic coating fluid over a stretch-
ing surface. The governing boundary layer equations for mass, momentum, and energy conservation,
along with their boundary conditions, were transformed into a dimensionless system of nonlinear
coupled ordinary differential equations forming a boundary value problem. This system was solved
numerically using the bvp4c solver in MATLAB, with validation performed through comparison with
existing studies. Further analysis was carried out using Response Surface Methodology (RSM) and
Factorial Plots (FP) to investigate the sensitivity of the flow system to key parameters. RSM effectively
mapped the influence of the zeta potential, electroosmosis parameter, electric field parameter, and
Prandtl number on primary output characteristics, including velocity, temperature, skin friction
coefficient, and Nusselt number. A strong correlation was established between the input variables and
output responses through the RSM-based empirical modeling. Analysis of Variance (ANOVA) was
also conducted to evaluate regression coefficients and quantify residual errors. The study provides a
detailed evaluation of how variations in zeta potential, electroosmosis strength, electric field intensity,
and thermal diffusivity impact the fluid flow and heat transfer behavior. The principal computational
findings are summarized as follows:

a) Evidence of a robust relationship between inputs and outputs is seen by the higher R, and Adj
R, values for axial velocity, skin friction coefficient, temperature, and Nusselt number.

b) In addition to demonstrating normal data and a strong correlation between input parameters
and output responses, the residual plots of AV, SFC, temperature, and Nusselt number further
corroborated this.

¢) In comparison to other factors, the electric field parameter had a more substantial impact
on the axial velocity and skin friction coefficient, whereas the Prandtl number had a more
pronounced influence on temperature and the Nusselt number.

d) A stronger axial electrical field was observed to deplete the skin friction, whereas a modifi-
cation in zeta potential (arising only in the wall boundary condition) influenced the charge
distribution at the boundary and a more significant deceleration effect in the boundary layer.

e) A stronger axial electric field enhances the electroosmotic body force, which accelerates near-
wall fluid motion and raises surface shear. This explains the observed increases in axial velocity
and skin friction.

f) Higher Pr values correspond to lower thermal diffusivity, leading to steeper temperature
gradients near the wall. Physically, this results in stronger convective heat transfer and higher
Nusselt number.

g) Changes in surface charge density alter the structure of the electrical double layer (EDL),
directly influencing the balance between electrostatic driving forces and viscous resistance. This
manifests as measurable deceleration effects within the boundary layer.

h) The interplay of electrokinetic driving forces, viscous stresses, and thermal diffusion governs
coating uniformity and heat transfer in electroosmotic systems, providing a mechanistic
foundation for optimization through RSM.

The assumptions of negligible Joule heating and viscous dissipation make the present model
particularly suited to moderate electric fields and microscale coating applications. Future studies
could extend the model to include strong-field regimes where these effects become non-negligible. The
current study has shown that factorial plot analysis and RSM are powerful techniques for optimizing
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thermal electro-kinetic coating flows. However, the analysis has been restricted to Newtonian ionic
liquids and Fourier heat conduction and has also ignored porous media effects, all of which may
arise in thermo-electro-convective coating dynamics. Future studies may consider viscoelastic ionic
liquids and non-Fourier heat flux, and also electrolytic nanofluids, chemical reaction, and non-Darcy
permeable medium effects.
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