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Abstract 

A new procedure for the random vibration analysis of hysteretic structures using stochastic equivalent linearization is 

reported. Its aim is to improve the prediction of the response obtained by conventional Gaussian linearization technique. To 

this purpose, mixed discrete-continuous Gaussian distributions are used taking into account the bounded nature of the 

non-linear restoring force. The simple but important property of the mixed distribution is its linearity, which allows the use 

of the previous results obtained by the Gaussian hypothesis, avoiding the need of employing non-Gaussian continuous 

distributions or other time-consuming techniques such as local Monte Carlo simulations. Closed-form expressions of the new 

linearization coefficients for the Bouc-Wen-Baber model are then provided. The relative weights of the discrete and 

Gaussian distributions are calculated in dependence of the degree of non-linearity in each time step. The comparison of the 

results with previously published ones obtained by simulation shows a good agreement, providing a substantial improvement 

of the method with respect to the conventional Gaussian technique with the same calculation effort. Copyright © 1996 

Elsevier Science Ltd. 
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1. Introduction 

The method of stochastic equivalent linearization has received increasing attention during the last 

two decades by scientists and engineers dealing with the analysis of random vibration of mechanical 

and structural systems. Since its initial developments by Caughey [1], Iwan [2] and others, the method 

received its major impulse for practical applications when Atalik and Utku [3] showed that for 

Gaussian distributions the calculation of the linearization matrices can be done in a much simpler way 

than for other distributions. Since then the method has been extensively applied in structural 

engineering for the prediction of response statistics and it is actually considered as the most versatile 

for the random vibration analysis of non-linear structures [4]. F.or a detailed description of the method 

see [5]. 

* Corresponding author. 
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In the field of earthquake engineering the hysteretic model presented by Bouc [6] and developed by 

Wen [7] and Baber and Wen [8] has been used in random vibration analysis of reinforced concrete and 

steel structures [9], soil profiles [10], base isolated buildings [11] and hybrid control [12]. It has been 

demonstrated that the model does not completely agree with plasticity theory and errors in the 

prediction of the deterministic response occur especially when the restoring force does not change 

sign in a cycle--a  case in which the model produces negative energy dissipation [13]. Nevertheless, 

for random vibration purposes the model has been widely accepted due to its versatility and the 

possibility of expressing the linearization coefficients in a closed form. Moreover, the local violations 

of the plasticity principles are of no importance in random vibration analyses if the expected value of 

the restoring force is zero, as is the case normally assumed in practical applications, and in this case 

the dissipated energy will always be positive. Although, some modifications have been introduced in 

the model to correct this anomalous behavior and linearization coefficients have been calculated 

accordingly [14]. 

However, an important deficiency has been found in the method of equivalent linearization when 

using this and other hysteretic models under the hypothesis of Gaussian response; namely, that it 

produces an underestimation of the standard deviation of the displacement response that can reach 

values of the order of 30 or 40%, with the consequence that the prediction of failure probabilities 

deviate greatly from the simulation results, specially at high levels of excitation. This is due to the 

fact that a Gaussian behavior is assumed for all variables, while physically the restoring force is 

constrained to lie in a finite region. 

As a consequence, several attempts have been made in the last years to overcome this difficulty. 

Important efforts in this direction have been exerted by H.J. Pradlwarter, G.I. SchuSller and 

coinvestigators [15,16] who have proposed some numerical techniques to obtain better response 

statistics in the general case of finite-element modeling with any constitutive hysteretic model. But in 

order to obtain the desired result, these techniques require the use of non-linear transformations of the 

Gaussian variables, Monte Carlo simulation and the solution of least squares problems, which in the 

case of non-stationary response analyses imply a large overburden of the computational labour as 

compared with that required by the conventional Gaussian method. If, however, the non-linear 

transformations are not performed, the procedure shows still an underestimation of displacement 

statistics of the order of 25% as can be seen in [16]. 

On the other hand, the use of truncated Gaussian plus Dirac pulses proposed recently by Kimura et  

al. [17] for an elasto-plastic oscillator is quite accurate, but it requires the calculation of several 

double integrals for each value of time, which increase the amount of calculations. Finally, an 

empirical equation proposed by Wen and Yeh [18] has been derived for the special case of biaxial 

vibration of shear buildings. Since it requires some knowledge about the degree of non-linearity 

reached by the oscillator in order to calculate a coefficient entering into it, and this coefficient 

depends also on the location of the story, the correction must be applied a posteriori and its use is, in 

general, limited to that type of structure. On the contrary, in the method presented in this paper the 

improved statistics are obtained by a straightforward, general procedure. 

The proposed algorithm is a modification of the classical equivalent linearization method. Its 

purpose is to improve the calculation of the response statistics of non-linear oscillators for which the 

restoring force is bounded by constant or time-dependent limits (non-degrading and degrading cases, 

respectively) as predicted by the Gaussian assumption of the response. The method makes use of the 

mathematical advantages of both the Gaussian and Dirac delta functions. This allows the calculation 
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of closed-form expressions for the linearization coefficients in the case of the Bouc -Wen-Babe r  

model, thus preserving the computational simplicity of the conventional Gaussian method. The 

comparison with simulation results shows a very good improvement in the estimation of statistics of 

displacement responses. 

2. Proposed method 

2.1. Equ iva len t  l inearizat ion 

The equation of motion of a single-degree-of-freedom system with a mass m and a viscous 

damping c is given by 

mii + tic + g ( u ,  tJ, z ) = f ( t )  (1) 

where g ( . )  is the restoring force, f ( - )  the external excitation, u the displacement of the system. Let 

the restoring force be expressed as 

g ( u , u ,  z )  = ~ k u  + (1 - ~ ) k z  (2) 

where k is a constant of proportionality having units of stiffness and z a non-linear function with 

displacement units. In the Bouc -Wen-Babe r  model z is governed by the following differential 

equation [8]: 

= A i r  - / 3 1 a l l z l " -  ~z - r t~lzl"  (3) 

in which A, /3, y, n are parameters that control the shape of the hysteretic loop. The equivalent 

linearization technique proposes the substitution of this non-linear equation by the following linear 

one: 

= s e u + ceti + k~ z (4) 

and the minimization of the expected value of the squared difference between the two equations. This 

gives the result that the vector of coefficients c à  = Is e c~ ke] must be calculated according to 

c T =  E{~yT}S -1 (5) 

where yT is the state vector [u ti z] and S its covariance matrix. If Gaussian distribution is assumed 

for all the state variables and for their joint behavior, the first term of the left-hand side of the above 

equation becomes [5] 

E{~ya`} = E{V~}S (6) 

so that the vector of coefficients can be calculated as 

ca` = E{V~}. (7) 

For the case of the hysteretic model under consideration, the coefficients are expressed as [14] 

Sg=O 

Cg = A - f l F  l - T F  2 

k g = - fl F 3 - ")IF 4 (8) 
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where the subscript e has been changed to g to denote the Gaussian assumption. In these equations, 

Fl = z F 2n/21~ 
7r 

2 ] 

F 3 = F 2 n/2 2 \(n+ 
"n- ~ 2 ( 1 - P u z )  

with 

1)/2 + puzls) 

(9) 

Is = 2jl/2r~ sin n 0 dO 

f =  tan_l(  ~/1 - p2 uz (10) 

P~z 

The fact mentioned above that the restoring force is bounded suggests the use of the following 

alternative density function for the variable z: 

f l (z )  = (1 - 2B)q~l(z) + B r ( z -  zu) + Br (z  + Zu) (11) 

where q~l(') is the univariate Gaussian density, 6(.)  is the Dirac delta function and zu is the 

maximum attainable value of the non-linear component of the restoring force given by 

zo t-ff J " (12) 

B is a weighting coefficient that depends on the degree of non-linearity of the state of the system and 

that can be estimated (as will be described later); it becomes a function of time in the non-stationary 

case. The corresponding joint distribution relating z and the velocity ti can be expressed as 

fe(u, z) = (1 - 2B)q~2(ti, z) + B~(z - zu) q~l(ti) + Br ( z  + Zu) ~t~l(/~ ) (13) 

where q~2(', ") is the bivariate normal density. A similar equation describes the joint behavior of z 

and the displacement u. 

It is evident that this formulation makes use of the mathematical advantages of the Gaussian and 

Dirac functions, and not only of the latter as is seen in the approach of Kimura et al. [17] who use the 

two Dirac delta pulses combined with a truncated Gaussian density. Also, the linearity of the 

proposed mixed density allows the decomposition of the calculation of the coefficients between a 

purely Gaussian part and a mixed discrete Gaussian one, so that their values in Eq. (8) can be used 

with the corresponding weights. Thus, the application of the proposed mixed density to the 

Bouc-Wen-Baber model gives the new values 

cT=[SeCeke] =(1--2B)[sgcgkg]  + 2B[SdCdkd]V -1 (14) 
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where V is the covariance matrix 

and 

v E{ uz// 
/~/g /~2 /AZ 

ZU ZU z 2 

sd= ~r.u( A - -  yZ n) 

Cd = ~ 2 ( A  - yZu ~) 

kd=  -- O-u/3Z~ '+1 

(15) 

(16) 

The hysteretic model under study has been extended to the case of degrading systems in [8]. The 

above equations also apply to this case with the transformations 

A 

Z ~ tZA(t)= lxn(t) 

lx~( t ) fl 

fl---)/~/3(t) = /zn(t) 

m(t)  
y ~ / x ~ , ( t )  = /xn(t) (17) 

where A(t),  rl(t) and v( t )  are now functions of time that control the degradation of the system. The 

variation with time of these parameters is determined by the mean dissipated energy I~w(t) in the 

following way: 

i.£A( t ) -~ a o - t~ A I ~ w  

I~n(t) = "% + 6~tz w 

= + ( 1 8 )  

in which the subscript 0 indicates the initial values and the 6 s are the coefficients of degradation of 

the respective parameters. It is important to observe that the increase of 7/and v causes stiffness or 

strength degradation, respectively, and that the decrease of A implies both kinds of deterioration. 

Notice that now the maximum value of the non-linear component that must be used in Eq. (16) 

becomes also a function of time zu(t). 

2.2. Weighting function 

The last point which has to be discussed for the implementation of the present method is the 

appropriate value of the weighting function that must be used in order to improve the estimated 

statistics of the response. The weight must be such that its value is low for linear behavior and high 

for a strongly non-linear one. Since the response of the non-linear system up to the yielding value is 
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Gaussian under a Gaussian input, it seems logical to take as the weight the probability mass in excess 

of the maximum value of the non-linear component 

Bo= qb(Zu) = f ~  ~l( z)dz (19) 

which is also the intensity of Dirac functions used in [17] in combination with truncated Gaussian 

distribution. Since in the present case the Gaussian function is not truncated, there still remains a 

probability mass above the critical level, so that the improvement obtained by applying this correcting 

term can be expected to be low. Hence a stronger criterion must be invoked. After testing several 

alternatives, a weighting function defined as the contribution to the total variance of the area above 

the critical level z, was found satisfactory and simple to evaluate. This is given by 

B 2 = (20) 
O'z 2 

where 
o o  

v2= f z2q~,(z)dz. (21) 
Zu 

After replacing the Gaussian density function in the above equation, the following expression is 

obtained: 

1 c 

~ z 2  ) (22) 

where FC(a, x) is the complementary incomplete gamma function 

re(a, x) = fx ya-le-Ydy (23) 

which can be evaluated using standard routines such as the GAMIC function of the IMSL libraries. 

i , i , I i , i , I , 

' Weighting functions 

=- \ X . . . . . . . .  Bo 

i x 
.~ , \ 

\ 

, . , . , . , . ' ~ ° "  . F - - - .  H -  , . 

0. 0.5 1. 1.5 2. 2.5 3. 3.5 4. 
Normalized ganssian variable, x 

Fig. 1. Values of  the weight ing  funct ion corresponding to probabil i ty (B  o) and variance (B  2) criteria. 



J.E Hurtado, A.H. Barbat 5 5  

Fig. 1 shows the values of  the two expressions of the weighting function for a normalized Gaussian 

variable x. It is seen that the two are almost equal when x ~ 0 or x ~ ~, corresponding respectively 

to high and low standard deviation, but they are rather different in the intermediate range. As it will 

be seen in the following examples, the use of B 2 gives excellent results for both non-degrading and 

degrading cases, except in one example where a large strength degradation (governed by a high value 

of 6 v) takes place. In cases like this it is advisable to use a stronger correction, as it will be shown in 

the next section. 

3. Numerical study 

Some simple numerical analyses were performed in order to test the goodness of the present 

method with respect to the conventional technique. The data of  the selected examples as well as the 

simulation results were taken from [8], where the classical Gaussian approach was followed. In all 

cases the response statistics are obtained by solving the Lyapunov differential equation [5] 

= AS + SA T + W (24) 

where S is the covariance matrix of the state vector y expanded to include the required filter 

parameters; A is the state matrix which includes the linearization matrices and W is a matrix whose 

only non-zero element is equal to the intensity of the modulated input noise at each time step. All 

variables collected in the state vector are assumed to have a zero mean, so that their standard 

deviations will also be designated as root mean square (r.m.s.) responses in what follows. 

3.1. Non-degrading simple system 

In this case a system with one degree of  freedom is subject to a white noise passed through a 

Kanai-Tajimi filter and using a modulating function of Shinozuka and Sato [19] to give a 

non-stationary nature to the excitation. Fig. 2 shows the prediction of displacement variance using the 

conventional Gaussian assumption, the proposed approach with weights Bi, i = 0, 2, and the 

i [ i I T I i I i 
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d 

~ • * S imu la t i on  

0. 10. 2 ; .  30. 40. 50. 

Time, s 

Fig. 2. Displacement response of a single degree of freedom non-degrading system using Gaussian and mixed distributions 
with B o and B 2. 
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Fig. 3. Velocity response of a single degree of freedom non-degrading system using Gaussian and mixed distributions with 
B o and B 2. 

simulation results. While the use of B 0 gives a slightly better solution than the Gaussian approach as 

expected, it is observed that a significant improvement is obtained with the application of the 

proposed method using the variance-based function B 2 in the zone of higher r.m.s, displacements, and 

similar results as those obtained with the Gaussian assumption in the final instants of this very long 

excitation. Since one of the main uses of the method of stochastic linearization is to estimate the 

maximum responses from the knowledge of their variances, it is evident that the improvement 

obtained with the present method has a relevant practical importance. 

With respect to the results of the estimated r.m.s, of the velocity, Fig. 3 shows that both methods 

give accurate results in the whole time range, except in the zone of maximum values where they are 

slightly under- and overestimated by the conventional and proposed approaches, respectively. The 

error of the proposed method in that region of the response is in this case about 6% on the safe side. 

3.2. Two story shear building 

The excitation in this case is also a filtered and modulated white noise. Fig. 4a and b show the 

results of the r.m.s, of the relative displacement of the two floors using the B 2 method. (In the rest of 

the examples this will be the only expression of the weighting coefficient that will be used unless 

otherwise stated.) In spite of the scatter of the simulation points, which is due to the fact that they 

were obtained in [8] with 50 samples only, the excellent improvement obtained with respect to the 

Gaussian method is again conspicuous. On the other hand, Fig. 5 shows the values of the function B 

reached in the two stories. The maximum weights of the Dirac pulses are approximately 15% and 

20%, which are roughly similar to the value of the error of the Gaussian method. 

3.3. Degrading single degree of freedom systems 

Three cases of degradation were considered, by assigning a non-zero value to one of the three 

parameters in each case. Figs. 6 and 7 show that the results corresponding to the cases of stiffness 
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Fig. 4. Displacement response of the (a) first story and (b) second story of a shear building calculated with conventional 
(Gaussian) and proposed methods. 

degradation with 6 n = 0.2 and both stiffness and strength deterioration with 6 a = 0.05. In both cases 

the agreement with the simulation results is again excellent in the zone of maximum responses, which 

are underestimated by the conventional approach. 

The third case corresponds to a value of 8~= 0.2. As Fig. 8 shows, a very large strength 

deterioration takes place in this case, as compared with that calculated in the previous example 

corresponding to 8 a = 0.05. In this case it is then expected that the displacement statistics obtained 

with the Gaussian hypothesis exhibit the poorest agreement with the experimental ones, due to the 

fact that more probability mass of the restoring force is allocated in the regions above and below the 

moving strength bounds as degradation increases. In fact, this is the example in [8] in which the 
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Fig. 5. Calculated values of the weighting function in the analysis of a two-story shear building. 

greatest difference can be seen between the simulation and the results of the conventional method. In 

Fig. 9 it can be observed that the improvement with the proposed method is not as good as it was in 

the previous examples. In cases like this a stronger criterion for the correcting function B appears to 

be necessary. Since one of the consequences of strength degradation is to produce a probability 

density function of the restoring force of a more flat shape than in the case of no degradation, a 

kurtosis-based function given the following expression was tested: 

k4 (25) 
B 4 = 30.z 4 

I I n i I i 

°°o oO°O 

Stiffness 

~.-I I . . . . . . . . . .  Gaussian l 

o. lo. 20. 30. 40. 50. 

Time, s 

Fig. 6. Displacement response of a single degree of freedom system with stiffness degradation (8,~ = 0.2). 
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Fig. 7. Displacement response of  a single degree of freedom system with strength and stiffness degradation (6  a = 0.05). 

where 

k4z = f Z4~Ol(Z)dZ 
Zu 

so  that 

2 c Z~2 /. 
B 4 = -~-~F  (2.5, -~z2 / 

(26) 

(27) 

¢:i- ,. 

o 

¢i- 

0. 1{). 2(). 30. 40. 50. 
Time, s 

Fig. 8. Strength degradation reached by systems with 8a = 0.05 (dashed line) and 8~ = 0.20 (solid line). 
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Fig. 9. Displacement response of a single degree of freedom system with strength degradation (~ = 0.20) using variance 
(B 2) and kurtosis (B 4) criteria. 

It is observed in Fig. 9 that the accuracy of the predicted maximum r.m.s, displacement using this 

stronger criterion is excellent, but that the estimation is affected in the last instants of the response. 

From these numerical studies it is concluded that the variance-based weighting function can be 

used as the standard technique in the non-degrading case and in those degrading cases when there is 

not a large strength reduction, for which the kurtosis-based function gives better predictions of the 

maximum second moment displacement response. 

4. C o n c l u s i o n s  a n d  f u t u r e  r e s e a r c h  

A method has been proposed to improve the equivalent linearization technique for random 

vibration analysis of hysteretic systems, by assuming that the non-Gaussianity of the restoring force 

can be expressed as a linear combination of Gaussian and Dirac densities. The combination is 

performed by means of weighting functions that depend on the degree of non-linearity reached by 

each non-linear degree of freedom of the structure at each time step. The main advantage of the 

proposed algorithm is that it preserves the computational simplicity of the Gaussian, conventional 

method without using complicated alternatives, because it maintains the use of the special properties 

of the Gaussian function. This allows the derivation of closed form expressions of the linearization 

coefficients in certain cases. In the present paper these expressions have been provided for the case of 

the Bouc-Wen-Baber  hysteretic model. 

Three possibilities for the calculation of the weighting functions have been tested. They are based 

respectively on the probability, variance and kurtosis contribution of the regions of the Gaussian 

density of the restoring force z above the strength of the system. The numerical studies performed 

with both degrading and non-degrading structures show that the use of the second criterion 

overestimates somewhat the maximum standard deviation of the velocity, but it predicts them 

accurately in the ascending and descending branches of the non-stationary response. With respect to 
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the displacement response, an excellent agreement with the simulation results was observed in the 

zone of maximum responses, and a prediction similar to that obtained by the conventional approach in 

the last instants of the response. In a special case when a very large strength degradation takes place, 

the use of the kurtosis-based weighting function gives an excellent adjustment with the simulation up 

to the instant of time corresponding to the maximum r.m.s, response, but the prediction after that time 

is affected. Nevertheless, since the estimation of maximum responses is dominated by the maximum 

value of its standard deviation, the importance of obtaining this with better accuracy is self-evident. 

For all these reasons it can be concluded that the proposed method represents a significant 

improvement with respect to the conventional method based on the assumption of Gaussian response, 

requiring the same computational effort. 

Additional analyses are being conducted by the authors to study the prediction of the random 

response of other non-linear systems and the effectivity of the proposed method for the estimation of 

failure probabilities, for which the conventional Gaussian method is known to give non-conservative 

estimations at high excitation levels. 
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