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Abstract. The properties of shape memory alloys (SMA) are mainly influenced by phase
transformations between austenite and martensite. The complex material behavior is described
by a variational method which describes the evolution of the phase fractions. We combined the
method with a microstructural analysis based on fast Fourier transformations. Such a highly
resolved microstructural analysis comes along with a high computational effort. To reduce
the later one, we propose a model order reduction technique that uses just a reduced set of
Fourier modes, which is adapted to the underlying microstructure. The presentation of the
theoretical background as well as of the implemented algorithm is followed by numerical results
that underline the performance of our method.

1 Introduction

Shape memory alloys (SMA) show a complex material behavior which is characterized by
solid-solid phase transformations between austenite and martensite and parallel plastic deforma-
tions and formation of dislocations within the polycrystalline structure, see for instance [14, 23].
Compared to classical steel, not only thermal but also mechanical loads can induce this com-
plex microstructural evolution [23]. To show the mutual effect of the microstructural evolutions
and thus to predict fatigue effects of this class of smart materials, a two-scale simulation that
provides a highly resolved analysis is necessary.

Besides such a highly resolved analysis of the microstructure, a multiscale simulation enables
to take into account its influence on the macroscale. One possibility for the simulation of the
microstructure is the use of fast Fourier transformations (FFT) based on [18, 19]. A two-
scale simulation can be performed by the combination with a finite element method (FE) on
the macroscale, see [22, 12]. An overview of FFT methods and their combination with FE
calculations is given in [4, 17, 20].
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There exist several approaches which describe the behavior of SMAs - to mention just a few of
them: the probabilistic model by [5], the thermomechanical approaches by [15] and [21] as well
as works which account for plastic deformations and/or functional fatigue, such as [1, 10, 16].
For the prediction of phase transformations in SMA, we use the variational method presented in
[6], which is thermally coupled in [9], and extended to take into account plastic deformations in
[25] as well as multiple phase transformations in steel in [26]. We combine the earlier presented
variational approach with the use of FFT, which enables a localized examination of the phase
transformations in the different oriented grains. Such a simulation of a highly resolved non-linear
material behaviour comes along with a high computational effort. Thus, we additionally apply
a model order reduction technique to reduce the computation time. The idea is to use only a
reduced number of Fourier modes for the calculations in Fourier space: the considered set of
Fourier modes is adapted to the underlying microstructure as presented in [3].

After a brief description of the material model in Section 2, we present the numerical method
in Section 3 and proof the method’s performance in Section 4 by numerical results for the
microstructural analysis of nickel titanium. The paper is completed by a short summary and
outlook in Section 5.

2 A variational material model for phase transformations in shape memory alloys

As mentioned in the introduction, the material behavior of shape memory alloys is dominated
by a solid-solid phase transformation between austenite and martensite. Within the variational
method introduced by [6], this microstructural effect is considered by a vector of volume fractions
λ = λiei, including the individual fractions for austenite (i = 0) and n different martensitic
variants (i > 0). Each phase is characterized by a transformation strain ηi, a stiffness tensor
Ci and a caloric part of the energy ci. The inner variable λj is the phase mixture at each point
within the microstructure and thus accounts for the present grain’s orientation given by a set of
three Euler angles αj , see also Figure 1. The energy of the phase mixture at one point j within

Figure 1: Concept to describe phase transformations in polycrystalline microstructure.

the microstructure is then described by the free Helmholtz energy Ψj :

Ψj =
1

2

(
εj − ηjeff

)
: Cj

eff :
(
εj − ηjeff

)
+ cjeff . (1)
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In (1) the effective quantities

ηjeff =

n∑
i=0

λjiη
j
i , Cj

eff =

(
n∑

i=0

λji

(
Cj
i

)−1
)−1

, cjeff =

n∑
i=0

λji ci (2)

are used, whereby the stiffness tensor and the transformation strains are rotated into the grain’s
orientation using the rotation tensor Q(α)

ηji =
(
Qj
)T · ηi ·Qj , Cj

i,mnop = Qj
qmQ

j
rnQ

j
soQ

j
tpCi,qrst . (3)

The applied principle of the minimum of the dissipation potential is based on the idea of the
minimization of a Lagrange function which consists of the rate of the Helmholtz free energy

Ψ̇ (ε,λ), a dissipation function D
(
λ̇
)

and constraints, such as the non-negativity of λ and the

mass conservation. The minimization problem reads:

L = Ψ̇ (ε,λ) +D
(
λ̇
)

+ cons→ min
λ̇
. (4)

The dissipation function is of rate-independent type and has the form D = r|λ̇| with the so-
called dissipation parameter r. The variational method is in detail described by [6] and results
in the evolution equation for the volume fraction

λ̇ji = βj devAjP
j
Ti ∀i ∈ A

j (5)

with the consistency parameter βj and the active deviator devAjP
j
Ti. The later is calculated via

devAjP
j
T = P j

Ti −
1

njA

∑
k∈Aj

P j
Tk (6)

and relates the thermodynamic driving force P j
Ti of phase i at point j to the averaged driving

force of the njA active phases of the active set Aj =
{
i|λji > 0

}
∪
{
i|λji = 0 ∧ λ̇ji > 0

}
. The stress

tensor σj as well as P j
Ti are calculated by the partial derivatives of the energy (1)

σj =
∂Ψ

∂εj
= Cj

eff :
(
εj − ηjeff

)
(7)

P j
Ti = − ∂Ψ

∂λji
= ηj : σj +

1

2
σj :

(
Cj
i

)−1
: σj − ci . (8)

The consistency parameter βj is determined by the Karush-Kuhn-Tucker conditions, which
include the yield function φ and are also a direct result of the variational method. They read

Φj
T = devAjP

j
T · devAjP

j
T − r

2 ≤ 0, βj ≥ 0, βjΦj = 0 , (9)

see also [6].
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3 An adaptively reduced set of Fourier modes for microstructural calculations in
Fourier space

In the following, the notation (̄·) refers to quantities which are related to the macroscopic
scale, such as the macroscopic strain ε̄. Microscopic quantities are notated without an additional
sign, such as the microscopic position x and the strain tensor at the microscale ε. Quantities
which are related to Fourier space are given by (̂·).

Assuming a general heterogeneous microstructure, the related boundary value problem is
described by three equations: The equilibrium condition

div σ (x) = 0 , (10)

and a constitutive law for the micro stress σ(x, ε(x),λ(x)), which depends on the microscopic
position, strain and the set of inner variables λ(x) - here the volume fractions of the martensitic
variants and the austenite. The boundary value problem is completed by a description of the
strain, that reads

ε (x) = ε̄+ ε̃ (x) . (11)

The micro strain is thus divided in one part which is related to the macroscale ε̄ and one con-
tribution ε̃ that considers strain fluctuations at the microscale.

The calculation of the strain in the real space would require the solution of a convolution
integral, see [13, 27], which can be hardly solved for very simple boundary value problems.
We thus apply a solution strategy by [19] which performs the calculations in Fourier space.
The polarization stress based on works by [7] compares the micro stress with the stress of a
homogeneous reference material with a stiffness of C0. It has the form

τ (x) = σ (x)− C0 : ε (x) . (12)

After the transformation of τ into Fourier space and hence receiving τ̂ , one can calculate the
strain in Fourier space

ε̂(ξ) =

{
−Γ̂

0
(ξ) : τ̂ (ξ) for ξ 6= 0

ε̄ for ξ = 0
. (13)

The Lippmann-Schwinger equation (13) depends on the Greens function and operator in Fourier
space

Γ̂0
ijkl(ξ) =

1

2

(
Ĝ0

ik(ξ)ξjξl + Ĝ0
jk(ξ)ξiξl

)
Ĝ0

ik(ξ) = (C0
ijklξjξl)

−1 (14)

and a set of Fourier modes ξ.

To reduce the computational effort of solving the Lippmann-Schwinger equation, a reduced
set of Fourier modes may be considered, while the quality of the reached solution highly depends
on the set of chosen modes: either on the number as well as on the specific choice, see [2, 11].
Based on our previous work in [3], we adaptively choose the reduced set of modes Rξi by taking
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Figure 2: Algorithm to describe phase transformations in polycrystalline microstructure.

into account the current strain field εi of the observed boundary value problem. The algorithm is
also presented in Figure 2: For the current load step n+ 1, we prescribe the macroscopic strain
tensor ε̄n+1. In addition, the microscopic strain field as well as the inner variables and the
reduced set of Fourier modes are known from the former load step n. The current micro strain
is iterativeley calculated using the basic fixed point scheme. For each iteration step i, the volume
fractions and the stress are calculated based on the material model given in Section 2 (orange).
They then influence the polarization stress τ and with that the strain tensor. When the latter
one converges, its L2-norm is transformed into Fourier’s space using the full set of modes. Then,
the frequencies with the highest amplitudes are identified and used for the following load step
(blue). The percentage of chosen modes is given by R. Further information about the model
order reduction technique can be found in [3].

4 Numerical results

For the numerical results, we assume nickel titanium (NiTi) and thus a transformation be-
tween austenite and twelve different martensitic variants. The elastic constants Ci as well as
the transformation strains are taken from [24, 8]. The dissipation parameter is assumed with
0.006 GPa and the caloric energies with c0 = −0.03 GPa and ci>0 = 0.0 GPa. The calculations
are performed using a microstructure discretized by 127×127 grid points and R = 1% of Fourier
modes.

The stepwise prescription of a tensile strain εxx = 0.04 [-] results in the macroscopic stress-
strain relation given in Figure 3. The classical hysteresis curve is characteristic for the pseu-
doelastic behavior of SMA: First, the originally austenitic material behaves linear elastic. After
reaching a certain stress, the transformation from austenite to martensite takes place resulting
in a stress plateau. The smooth transition in Figure 3 stems from the different starting points in
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Figure 3: Macroscopic stress-strain relation.

the individual grains. When the transformation is finished, the stress increases again. Unload-
ing then leads to a back transformation into austenite and with that to a second stress plateau,
which is smaller than the first one. When the reverse transformation is completed, the material
again behaves linear elastic.

Figure 4 shows the microstructural evolution of the strain as well as the austenitic volume
fraction within the assumed polycrystal. In the beginning, the isotropic austenite results in a
homogenous strain state. During the transformation, higher strain concentrations at the grain’s
boundaries are accompanied with a there initiated transformation into martensite. When the
transformation is completed, the anisotropic polycrystalline structure consisting of different
martensitic variants leads to the still visible strain concentrations at the grain boundaries.

Figure 4: Microstructural evolution of the strain εxx (top) and the austenitic volume fraction λ0 (bottom)
for different macroscopic strains ε̄xx for the loading path.

In Figure 5, the absolute microscopic error in the strain field ∆εxx = |ε100%
xx − ε1%

xx | (left)
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as well as the relative macroscopic error in the stress field ∆σ̄xx = (σ̄R%
xx − σ̄100%

xx )/σ̄100%
xx (left)

are presented. Both errors compare the solution with the reduced number of Fourier modes
with the unreduced calculation. The microscopic error is given for a prescribed macro strain
of ε̄xx = 0.03 [-] and shows just small differences of a solution with R = 1 % compared to the
reference solution. The macroscopic error is given for the loading path ( ˙̄ε > 0) and is also small.
It mainly appears for the start and the end of the transformation.

Figure 5: Errors of the reduced solution with R = 1% of Fourier modes compared to the unreduced
calculation: microscopic error of the strain ∆ε̄xx for ε̄xx = 0.03 [-] (left), macroscopic error of the stress
∆σ̄xx for the loading path (right).

5 Conclusions

We presented the application of a model order reduction technique for calculations using Fast
Fourier Transformations for the microstructural analysis of phase transformations in polycrys-
talline shape memory alloys. For the consideration of the transformations between austenite
and martensite, we used the variational method introduced by [6]. By the presentation of nu-
merical results, we were able to show the pseudoelastic behavior of the polycrystal considering
the highly resolved microstructure. The model order reduction technique is based on the idea
of an adaptively chosen reduced set of Fourier modes by [3]. The set is determined based on the
microstructural strain field of the former load step and guarantees a reduction of the numerical
effort without producing high errors.

In our future works, we will implement the developed algorithm into a two sale approach in
which we will perform a finite element analysis for the macroscale. Additionally, we want to
couple the phase transformations with other microstructural effects, such as crystal plasticity,
to examine the fatigue behavior of SMAs.

Acknowledgements. The authors gratefully acknowledge the financial support of the re-
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