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ABSTRACT

Fractional calculus has emerged as a powerful tool for modeling complex
systems with memory and hereditary properties, particularly in biological
and epidemiological contexts. Despite its potential, accurately capturing
the dynamics of diseases like COVID-19 remains challenging due to the
need for models that balance accuracy with computational efficiency. This
study presents a new dynamic analysis of the fractional-order coronavirus
(2019-nCOV) pandemic model. The model incorporates two fractional
derivatives, the Caputo and Atangana-Baleanu in Caputo sense (ABC)
derivatives. By applying the Fractional Temimi-Ansari Method (FTAM),
we derive a power series solution, demonstrating the existence, unique-
ness, and convergence of the solutions. Our findings indicate that the
fractional derivatives, particularly the ABC derivative, offer a more com-
prehensive description of memory effects in biological systems, which is
crucial for accurately modeling the dynamics of COVID-19. The results
show a high degree of accuracy and efficiency in capturing the behavior
of the system, with convergence analyses confirming the robustness of the
model. Graphical representations further illustrate the system’s behavior
under different parameter settings. The proposed model also effectively
simulates the spread of the virus in Ghana, offering valuable insights for
implementing non-pharmaceutical interventions. These findings demon-
strate the potential of fractional calculus in improving epidemic models,
especially in capturing the long-term effects and memory characteristics
of pandemics.

1 Introduction

Mathematical modeling of infectious diseases has evolved greatly over the past three decades and
is still growing in different fields such as epidemiology [1-4]. Diseases pose a great danger to people
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as well as to a nation’s economy. A proper understanding of disease dynamics plays a critical role in
reducing infection in the general population.

Mathematical models have been recognized as serviceable paraphernalia that can assist decision-
makers in global public health institutes more than ever [5]. The COVID-19 was initially reported
in Wuhan, China. It has been seen that COVID-19 is transmitted from animals to humans, as many
infected people were told that they were on 28 November at a local fish and wildlife market in Wuhan
[6]. Sooner, some researchers have proven that transmission also occurs from one individual to the
other [7].

However, basic solutions to these equations have desirable scaling qualities that make them
appealing to implementations. Egypt topped the scene, as it was the first African country to record
the first case of coronavirus infection on 14 February 2020 [8]. Then followed the injuries until Ghana
recorded its first injury on 12 March 2020 [8].

Then the infected cases continued until Ghana documented 12,929 affirmed cases, involving
66 deaths, and 4468 recoveries with 8395 active people, as of 18 June 2020 [9]. Keep in mind that
risk factors were also implicated in these fatalities, for example, diabetes, cardiovascular disease, and
hypertension [9].

Asamoah et al. [10] studied the classic model of COVID-19 using data from Ghana, which has
contributed significantly to current knowledge about the spread of COVID-19 and the dynamic impact
of the virus on the ocean through humanitarian actions in Ghana. It will also help the government
and the system see the ideal pathway to implement non-drug interventions.

The coronavirus transmission system (SEAIRV model) of non-partial arrangement is given in [10]
by the following system of normal differential equations:

[ dS
7 =A—-oS—B[IS+nAS] - B VS+ pR,
dE
= = BUS+nAS]+ B VS — Ell(l = y) +kiy + o),
dA
= =k(-y)E—-A{o+vp+nl -9},
Vs (1
7 =kiyE+vpd—I{c+w+a},
dR
o= v(l —p)A + el — R(p + w),
dv
E :m1A+m21_TV,
with initial conditions
S,(0) = 30416000, E,(0) =5, 4,(0) =5, I,(0) =2, R,(0) =0, V,(0) =0, 2)

where the susceptible population is denoted by S, E denotes the exposed population,

A indicates the asymptomatic population, I represents the population with symptoms, R denotes
the recovered population and V indicates the virus on surfaces in the vicinity. The total number of
individuals, G(¢) at time ¢ is given as:

GO =SO+E@Q+ A0 +1(0) + R().
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Table 1 illustrates the parameters in the model (1) and gives the rates for the evaluated parameters.

Table 1: Evaluated parameter rates for the coronavirus (SEAIRV) model (1)

Parameter Range Baseline worth Reference
A Recruitment rate 1319.294 day 1319.294 [11,12]
1) Natural death rate 4.2578E5 day ™ 4.2578ES5 [9]
B Transmission rate 6.038E-8: 0.8038 6.038E-8 Estimated
B Transmission rate from 4.00199E—8 4.00199E-8 Estimated
the environment
n Proportional 0.62811041: 0.6366 0.6323 Estimated
transmission to day™
asymptomatic
individuals
po How quickly the 0.41138431 day ™' 0.41138431 Estimated
healed individuals
access vulnerable
groups
k, Progress rate from 0.1923: 0.07142238 0.1318 Estimated
exposure with the day™'
symptomatic (highly
infected) group
k, Progress rate from 0.1763: 0.14285824 0.1596 Estimated
exposure with the day™'
asymptomatic group
y Percentage of people 0.01: 0.0648 0.0374 Estimated
who receive prompt
diagnosis
Vi Progress rate from 0.1929: 0.2 day ' 0.1965 Estimated
asymptomatic with the
symptomatic class
v, Advancement from 0.79999398 day ' 0.8 Estimated
asymptomatic to the
recovered group
17 The percentage of 5.00005E-2 50E-2 Estimated
asymptomatic patients
who progress to
severely infected
€ How quickly 8.05084E-2: 8.93E-2 [9]
symptomatic 9.8026529E-2 day '
individuals get well
o Disease induced death ~ 44E-2: 99E-2 day '  72E-2 Estimated
rate
(Continued)
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Table 1 (continued)

Parameter Range Baseline worth Reference
m, How quickly 1.7804E-2 day ' 1.78E-2 Estimated
asymptomatic patients
discharge the pathogen
into the surrounding
environment
m, The speed at which 92.152716E-2 day'  92.15E-2 Estimated

sick individuals
discharge the infection
into the surrounding
area
T The pace at which 29E-2: 33.33E-2 31.17E-2 [1:
environmental viruses  day
(Surfaces) naturally
degrade

(U]
[——

In addition, we assume that all parameters are greater than zero and that compartment /(¢) is the
one experiencing disease-induced death with @ mean of a. The total infection strength was determined
asA = S[B(nd+ 1)+ B, V], where A is the injury strength.

Moreover, the system assumes that no individual without symptoms transmits the infection.
Model (1) can be abbreviated to obtain total DE as follows:

d

—G =A—-—wG—al,

dt

dv ®)
E:mlA—ksz—tV,

where G () is the gross people of individuals.

Numerous classic and fractional models have been employed across various studies to examine
the spread of COVID-19 [14,15]. These models enable us to predict regional epidemic peaks, assess
the impact of different quarantine measures, and understand the transmission dynamics of COVID-
19. The concept of fractional or incorrect order integration and differentiation can be traced back to
the correct order computation configuration itself [16,17].

A mathematical theory suitable for exploring fractional calculus was developed over the years
leading up to the nineteenth century.

However, the most significant advancements in engineering and scientific applications have
occurred in the last century [18,19]. Calculation techniques in many situations meet the requirements
of physical reality. Fractional order models have advantages over integer order models because such
models incorporate a memory effect, which is important in biological processes [20,21].

Additionally, results obtained using the fractional technique are more generic in nature. Fractional
differential equations (PDEs) have been used to study the majority of nonlinear issues that arise in

https://www.scipedia.com/public/Hagag_et_al_2025a 4



A. Hagag, Z. Algahtani and A. Arafa
A new dynamical analysis of COVID-19 epidemic model using

S I p E D I A two fractional operators,
Rev. int. métodos numér. célc. diseno ing. (2024). Vol.40, (4), 3

nature [22-25]. The benefit of FDE is that it has a non-local feature that exhibits the fresh features of
these issues.

However, finding an exact solution to these kinds of issues is extremely hard. To find approximate
solutions to most differential equations of fractional order, certain analytic techniques like pertur-
bation techniques, symmetry techniques and others are feasible and usable [26,27]. It is obvious that
one should realize that most of the techniques do not provide exact solutions to nonlinear differential
equations.

Therefore, many analytical methods have been found that could find approximate solutions to
such equations. The Temimi-Ansari method (TAM) is one of the most competitive in this field that
Temimi and Ansari presented in 2011 [28-30] for solving differential equations, which were matched
with computational approaches of previous studies, but only in their classical case.

In this paper, we will study the fractional order model of COVID-19 found in Ghana from 12
March 2020 to 07 May 2020 using two fractional derivatives, the Caputo fractional derivative [16] and
ABC fractional derivative [31,32] which take the forms:

(DS = A —wS— B[S+ nAS]— B VS + pR,
‘DIE = B[S +nAS]+ VS — Elky(1 — y) + kiy + o},
‘DIA=k(l —y)E—A{w+vip+nl - @)},

‘DI=kyE+vpd—1I{e+o+al, @
‘DIR=v,(1—-¢)A+ €l — R(p + w),
DV =mA+ml -1V,
and
[(P°D7S = A — S — BIS+nAS]— B VS + pR,
CDIE = BIS + nAS]+ B VS — E{ky(1 — y) + kiy + o},
PBEDIA =k (1 —y)E — A{o+vip + (1 — @)}, )

Dl =kyyE+vipd—1T{e+o+a},
PEDIR=v(1 —p)A+€el — R(p + w),
| 2DV =mA+m] — TV,

respectively.

The choice of the Caputo and Atangana-Baleanu fractional differential operators is motivated
by their distinct advantages in capturing memory and hereditary properties of dynamical systems,
which are crucial for accurately modeling the spread of infectious diseases like COVID-19. The Caputo
operator is widely used in fractional calculus due to its compatibility with initial conditions defined
in terms of integer-order derivatives, making it suitable for real-world applications where initial data
is often provided in this form. However, the Caputo derivative has limitations in representing certain
non-local effects.

In contrast, the Atangana-Baleanu fractional operator, defined in the Caputo sense (ABC),
provides a more generalized framework by incorporating a non-singular kernel. This allows for a better
description of complex systems with long-term memory and smoother transitions between states. By
comparing the performance of both operators, we aim to determine which operator offers a more

https://www.scipedia.com/public/Hagag_et_al_2025a 5



A. Hagag, Z. Algahtani and A. Arafa
A new dynamical analysis of COVID-19 epidemic model using

S I p E D I A two fractional operators,
Rev. int. métodos numér. célc. diseno ing. (2024). Vol.40, (4), 3

accurate and realistic representation of the COVID-19 pandemic dynamics in Ghana, while exploring
the differences in how each operator models memory effects.

The paper is arranged as follows: In Section 2, we offer a few essential definitions and ideas
related to fractional calculus. In Section 3, we seek to study convergence analysis, and the existence of
uniformly stable and unique solutions to the system by the Atangana Baleanu operator with Caputo
Sense. In Section 4, we introduce the main concept of fractional Analytical technique (FTAM). In
Section 5, we give a discussion of the results of this study. In the final section, conclusions are presented.

2 Basic Concepts and Definitions

In recent years, there have been several definitions of fractional calculus [16,17].
Definition 1. Assume that o > 0,0 > ¢,0,0,¢ € R,

n

AR o =neN,
Dip@=I""De@=1"C1 . (6)
mb‘[(g_é)"*oflgo(n) (e)dE, n—1<o <neN.

where D¢ is the Caputo fractional differential operator of order o.
Definition 2. The fractional integral operator of R-L of a function ¢(p) € C,,t > —1 is denoted
by I} as
1
Lo = m f‘P (0) (do)”,
¢ o1 (7)
= —)f (0—€) " 'p(e)de, 0,0 >0,

b

Ly =¢(©).
Definition 3. The definition of Sobolev space (S) in (e, f) of order 1 is defined as

S'e.N={peclief):¢ e} ®)

Definition 4. If ¢ € S'(e,f), f > e, o € (0, 1], then the definition of the AB fractional derivative
in left Caputo sense (ABC) can be appeared by

AB (o) | —e)
D () = 1_((;) / ¢ (0) E, [—ou] de, )

l—0o

where AB (o) is a normalized function.
Definition 5. If ¢ € S'(e.f), f > e, 0 € (0, 1], consequently, the left Riemann-Liouville sense
(ABR) definition of the AB fractional derivative can be shown by

ABRSDU (0) = AB(G)( )/ (0) E, |: (0 —e 2 ] €. (10)

https://www.scipedia.com/public/Hagag_et_al_2025a 6
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Definition 6. The fractional integral with non-local kernel which helper to the fractional derivative
is defined as

o -1
¢ (o) + @ (€) (0 —€) de,

g
AB (o) AB(0)T (o) /

Y19 (0) =

¢ (o) + I"¢ (0)) . (11)

— O o
AB (o) AB (o) T (o)
If o = 0, we recuperate the underlying function and if additionally o = 1, we acquire the ordinary
integral.
Definition 7. For any function ¢(¢), the norm ||¢(?)| is defined as the supremum of the absolute
value of ¢(#) over the domain ¢ € [0, T, i.e.,

le@1 = supfle®] -t € [0, T} (12)

3 Convergence Analysis of the Model
3.1 Convergence Analysis

To provide the most effective affinity analysis for the technique discussed in this article, we will
begin by detailing the subsequent steps of the presented analytical algorithm. We get the parts in these
shapes

I'LO = C()o(t),
pr = O[],
o= O [ + ], (13)

/’Ln+l=®[M0+Ml+"'+/’Ln]'

The operator © [w(#)] can now be described as
n—1

Olw]=w,0) - D o), n=123., (14)

i=0
where part w, () denotes the approximate solution that evidenced from the FTAM.

This approximate analytical method outlines the necessary stipulations for the convergence of the
formula. The main findings are expressed in the following theories.

Theorem 1. If w(?) = > w,(t) is convergent, it will illustrate the exact solution to the present issue.

i=0
Proof 1. The sequence {G, )}, is defined as

n=0

Gy = wy,
Gl - /'L0+/-'L]’
G, = o+ 1 + po, (15)

Gil:l’L0+/“Ll+”'+/"Ln'

In the Hilbert space H, we display that {G,}> is a Cauchy sequence. Consider that
1Gi = Gull = litur | < S llpall < 8 Nlptucill < -+ < 8" laaoll - (16)

https://www.scipedia.com/public/Hagag_et_al_2025a 7
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For every n,j € N, n > j, we have
|G, - G| = (G- G.)+ (G = Go) -+ + (G — G) |
<G, = G DI+ Gy — G+ + [ (G — G) ||

) -8
< 8" ol + 8" ol + - + 8 ol = ﬁﬁ”' ol (17)
and since 0 < & < 1, we get
lim ” G, — G,-H =0. (18)

n,j==00

As a result, {G,}, is a Cauchy sequence in the Hilbert space H, implying that the series solution

w(t) = > w,(f) converges. This proof is complete. O

Theorem 2. Assume that © defined in Eq. (14), is an operator that goes from the Hilbert space
H to H.

The series solution w(t) = >_ w,(t) converges if 30 < § < 1 such that
i=0

1O Lo + py -+ sl = 80O [0 + oy + -+ - + w]ll (such that ||, || < 8 | all) V6 € NUL0}.

When we look at the fixed point principle more closely, we see that the antecedent theory
is a private case of it and that it is deemed a necessary condition for discussing the FTAM’s
convergence [33].

Theorem 3. Assume that the series solution ) w,(t) be convergent to w(t), the maximum error E,(t)

i=0
is evaluated by

1
E, (x,0) < HS"“ ol , (19)

if the amputated series D w,(t) is utilized as an approach to the solution of the present nonlinear
i=0
issue [33].

Briefly, Theorems 1 and 2 express that FTAM for linear and nonlinear issues, was obtained utiliz-
ing the analytical iteration Eqs. (13) or (74), converges to an exact solutionif ||® [1o + 4y + « - - + tuii ]|l
< §1O[pmo+ g + -+ w,]ll (that is ||w,ll < 8llm.ll) V8 € N U {0} under the condition that
30 < § < 1. TAM’s solution converges to the exact solution, according to the theoretical description
under the condition: 30 < § < 1 such that

(122

b n 0,
Co=1 el Il |l # (20)
0, lleall =0,

when0 < C, < 1,Vn=0,1,2,---, then, the solution >_ w,(f) converges to w(¢).
n=0

https://www.scipedia.com/public/Hagag_et_al_2025a 8
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3.2 Existence of Uniformly Stable Solution
Suppose that

[D°S = A —wS— B[IS+nAS]— B VS+ pR
=Y, (S,E, A, LR 1),

DIE = B[IS +nAS]+ B VS — E{k;(1 —y) + kiy + o}
=Y,(S,E, A, LR 1),

DiA=k(1—-y)E—A{wo+vi¢g+ vl —¢)}
=Y,(S,E,A,I,R, 1),

21
DI =kyE+vipAd—1{e+o+a}
=Y, (S,E, A, LR 1),
D'R=v,(1 —¢p)A+€el — R(p + w)
=Y;(S,E,A,I,R, 1),
DV =mA+ml -tV
=Y (S,E,A,I,R, ).
For a constant N, suppose that
© = {(S1),E(0), A1), I(1),R®), V() e R*: [ X (| < N,0 <1 =<1}. (22)

At that point over, we get

9Y, Y,
asl__w Bl +nA]— ﬁlV:> L =w+ B[+ ndAl+ BV < hy; aE_0=> Y\ (E) = hy;
3Y, 3Y, 3Y, 8y
94 IBWSZ}‘BA IBUSS 135 9l ,BS: 31 =p 145 ( )
9Y, aY, 9Y,
aRI—/O:>‘— =p= hls’aVl ' 1 =BV < g
9Y. 3Y.
—— =B +nAl+ BV = |—=| =BU +nAl+ BV < Iu;
0S 9S
9Y- 3Y, 9Y, 9.
BEZZ_{kz(l_V)+k1V+CU}:>‘ﬁ' kz(l_)/)+k1y+w<h22, 94 _,BUSZ>‘ -

= BnS < hy; (24)
9Y: 3Y. 3Y, 9Y: 9Y:
8—12=ﬁS=> 8; = BS < hay; R=0=>Y2<R>=hzs;a—;=ﬂlsz> 8; = B,S < hiy;
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0%, Y,
—=0= ;) =hy;, — =kl -y) = =k —y) < hy;
39S oFE
0Y; Y,
a {w+V1§0+V2(1—€0)}:> - —a)+V1(P+V2(1— ) < hy; — Yi =0= Y;(I) = hy; (25)
0%, Y,
a_R3:()Z> Y3(R):h35;8_1/3:0:> Y (V) = hy;
Y, Y, Y,
8_S4_0:> Y, (S) = hy; — 9E li/:>' =ky < hp; — 9A =V = ‘_ =@ < hy;
Y, Y, 0%,
a—;z—{e+w+a}=>‘a—A4 :e+w+a§h44;a—R4=0: Y, (R) = hys;
Y,
3_V4=0:> Y, (V) = hyg; (26)
0Y. dY. dY. Y-
s =0= V() =hyy e =0 = YS(E)=h52;8—;=vz<1—w>=>‘a—;‘ﬂz(l—@shﬁ;
dY. Y. oY Y
B_ISZE:> 8A5 < hsy; — IR _(P‘f‘w):}‘ =p+ hSS,BV—O:> Ys (V) = hs;
(27)
Y. Y. Y. 0Y,
8S6—0:> Y, (S) = hg; EG—():> Ys(E)=h62;8_AG=Wll:> 8_/16 =m < hg;
Y, Y, 0Y, Y, 0Y,
a_;:m2:> 8_146 _m2_h64, 8126_0:> Y(,(R) h657 al;__o-:> B_I; _‘E<h669 (28)

where 4,, > 0and 1 <y,z <6.

From the foregoing, we conclude that the Lipschitz condition is valid in each of the functions from
(23) to (28).

In the next part, we will prove the existence of solutions of the model (5). Leto = T(1) x (1) and
T (1) be a Banach space on A with the norm

IS, E, A, 1, R, VI = ISl + I Ell + 141 + Il + IRl + 1 V1,

https://www.scipedia.com/public/Hagag_et_al_2025a 10
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where

[1SIl = sup {IS(0)| = 1 € A},
|Ell = sup {|E(®)| : t € A},
Al = sup {|A()| : 1 € A},

(29)
111l = sup {lI(D)] : t € A},
IRl = sup {IR(D] : t € A},
VI =sup{IV(D)] : 1 € A}.
We can transform Eq. (5) to a Volterra type integral equation as
l1—0o o
S —S0) = 1B {A =S —BUDS®) +n40)SO] = AV (OSO) + pR(1)} + 1B o)

X /(Z —0)" ' {A —wS(e) — Bl1(0)S(0) + nA(0)S(@)] — BV (0)S(e) + pR(0)} do.

(30)
1—
E(t) —E0) = F(GG) BUDOS@) +nAD)SO]+ BV ()S(t) — E@) {k,(1 —y) + kiy + o)}
+ m X /(z —0)" " {BI(0)S(0) +nd(0)S@)]+ BV (0)S(0)
—E(0) k(1 —y) + kiy + w}} do, (31)
A — A0) = =% el — E@) — Al | °
- ()_AB(O’){Z( —V)E@) — A0 {w 4+ vip + vy —(P)}}'Fm
x / (1 — 0 tha(l — Y)E(Q) — A@) to+ wig + 12(1 — 9))} dg, (32)
10 —10) = - =% kv Ea A(r) — (1 c
(n — ()_AB(U){ WE@) +vipA(t) — (){E+w+a}}+m
X /(t —0)" " {kiyE(@) + vipA(0) — I(0) {¢ + w + a}} do, (33)
RO — RO) = =% (01 — 0)A() + eI (1) — R(z ) g
(0 — ()_AB(O’) (1 —@)A() + €l(t) — R(D)(p + w) +m
< / (1= 07 (1l — @A) + €l(@) — R@)(p + @) do, (34)

0

https://www.scipedia.com/public/Hagag_et_al_2025a 11
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1 _
V() — V(0) = F(U") (MA@ +md (1) — o V(D)) + m
< / (t = 0 im A(Q) + mI(0) — TV(0)) do. (35)

0
Suppose for simplicity

T.(1,S) = A —wS — B[IS + nAS] — B, VS + pR,
Y,(t,E) = B[IS + nAS]+ B VS — E{k,(1 — ) + kiy + o},
4 Y51, A) = k(1 = y)E — Ao+ vp + (1 — )}, (36)

Y, (t,]) =kiyE+vipA —I{e + o+ a},

Ys(t, R) = v,(1 —p)A + €l — R(p + w),
| Y2, V) = mA+ml —tV.

Theorem 4. The Lipschitz condition is satisfied by the kernels Eq. (36) Y., i =1,2,---,6, if the next
inequality holds: 0 < x, <1, i=1,2,---,6.
Proof 2. We start by analyzing the kernel Y, (¢, .S). Consider two functions, S and S*, in which

[T, 8) =10, 8| =@+ BU+nd]l+ B V) (S — S @)l

<@+ BI04+ B IV ISO) — S0l < x|S0 - s 0], 7
Similarly, for the other kernels, we have
ITa(t, E) = L ED < el EQ) = EX0), (38)
V5t A) = L, A = 1l ) — 4D, (39)
Tt D) =T, I < xllI(t) = O, (40)
ITs(t, R) = Yot Y < x6RG) — R, (1)
1Tt V) = Tt VI < Xl VD) = V-1 42)

https://www.scipedia.com/public/Hagag_et_al_2025a 12
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where a = max ||A®)||, i = max | I(®)|,v = max ||V (¢)| and
teA(t) tel(t) telV (1)

(X, = o+ Bli+nal+ By,
X2 = k(1 _V)+k1V + w,
3=+ ve+nl-—-oe),

two fractional operators,

Rev. int. métodos numér. célc. diseno ing. (2024). Vol.40, (4), 3

(43)
Xse =€+ w+a,
XS = p + w,
(X6 = T.
The following can be used to represent the kernels of the model (5):
[ l1—0 o .
S(’)_S(O)'FAIB( o 1(Z,S)+mf( —0) ' (0,S)do,
o -1
E(t) = E0) + 1B )TZ(Za E) + m f(f —0)" ' M1(e, E)do,
A = A0) + =Tt A+~ [~ oy Talo. A)de
AB) S AB@I (@) e (44)
o o )
1(1) :I(O)—FWT“(LD mf( —0)" ' Yy(o, Ddo,
R(1) = R(0) + 4B )Ts(l ,R) + m f(f —0)"'Y5(0, Rdo,
V(D) = VO + ~— T V) 4~ [(1— 0" Tulo, V)do
AB(o) AB(0)I(0) A
Consider the next iterative formula and initial conditions as
( l—0o o .
S.(1) = S(0) + B(O_)Tl(ta Si1) + 4B (©0) ) f( —0)"'T(e,S,-1)do,
E(t):E(O)+1 Y,(t, E, )++f(—g)”‘T( )d,
n AB( ) 2 n—1 AB( )F( ) ZQs n—1 Qs
A(0) = AO) + =Tyt Ay )+ ——2— [ — 0y Ts(0, Ay 1)do
n lAB( ) 3 n—1 AB( )1-,( ) 3 B n—1 B (45)
a -1
L,(t) = 1(0) + B(U) Yu(t,1,-,) + r)[,() f(t —0)"'"Yy(o,1,-1)do,
R = RO) + Tt R + ——0 [ = 0" Tu0s Ro)d
n AB( ) 5\t n—1 AB( )F( ) Q SQ: n—1 Q:
Vi) = VO) + =T ot, Vo) + —— 2 [t — 0T )d
n - AB( ) 6 n—1 AB( )1_,( ) 6Q7 n—1 Q’
and S(0) > 0, E(0) > 0,4(0) > 0,1(0) > 0, R(0) = 0, V(0) > 0, respectively.
https://www.scipedia.com/public/Hagag_et_al_2025a 13
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The variance between the successive components assumes the following form:

l1—0o
S(Z) = Sn(t) - Snfl(t) = AB(U) [Tl([a Snfl) - Tl(ta Sn72)] + m
x / (1 — ) [Y4(2.5,1) — Ty(0. S, de. (46)
80 = Et) — E, (1) = ~—— % 1yt E Y,(t, E c
() =E, () — "_]()_AB(O')[ (8, E, ) — 1(1, n—z)]+m
X /(f - Q)Fl [Ty(0,E,.1) — Yx(0, E, »)]do, 47)
ﬂt—AtAt—l_GTtA (¢, A d
()_ n()_ n—l()_AB(o_)[ 3(5 nfl)_ 3(3 n—2)]+m
x / (1 — 0 [Ya(0s Ar) — Yalo. A,_o)] do. (48)
IO =L@ — L) = A= ) — Yt ] c
()_n()_n—l()_m[ 4(71171)_ 4(3 n—2)]+m
x / (1 — 0" [Yulo. T, ) — Yulo.T,_)] do. (49)
Rt—RlRl—l_GTtR Ys(t, R g
(1) =R, (¥) — n—l()—AB(U)[ s(8, R,1) — Ys(¢, n—z)]—i-m
x / (1 — )" [Ts(0, Roy) — Ys(0. R, do, (50)
V() = V,(t Vo =" vy (1, V, 0
()_ n()_ n—l()_m[ 6(a nfl)_ 6(a n—2)]+m
x / (1 — @) [Teles Vi) — Ylo. Vo)l do. (51)

0
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From the above equations and calculations, one may see that

S,(0=D 81, EM=D &0, AWM= AW, Loy=> 10, R0=>D R®.

i=0 i=0 i=0 i=0 i=0
Vi) =D V. (52)
i=0

By applying the norm property on Susceptible (S) of Eq. (46), we get

NGIES MNGESG]

1 _
v B(;’) 106, ) = 16, S, | +

=

TADr NN - JI’Y\lanl Tl>n2d
AB()F()/< )" Mi(e, 1) = Mile, S, de-

(33)

Since the Lipschitz condition is fulfilled in the kernels, we get

Snfl (Q) - Sn72(Q) ” dQ7

Snfl(t) n 2(t)H =

o ~1
AB( ) } S-1(0) _S)HZ(I)” +m)(1/(l—@) |

(54)

then we have

xll} () = SO + / (t—0)"||S-1(@) — S, 2(0) | do, (55)

AB(o )F( )~

Likewise for Eqs. (47)—(51), we get the next

t

& <>|}_ AB() x| ,,_1<r)—En_2<z>H+m / (t—0) | E-i(0) — E.a(@)|do,  (56)

12,0 £ =T s[4y (1) — A, (D] o 0 14 Ao, (57

(1) _AB(U)X3 w1 () — A, (2) +m}(3/( —0) —1(0) — A4,-2(0) || do, (57)
o 1

HL(:)H_ 1B ) n,l(z>—1n,z<z)u+mx4 / (t —0)" | 1.-1(0) — 1,2(0) | do. (58)
1—0o 1

R, < AB(U);@!Rn,mt)—Rn,z(r)H+m / (t—0)" ' |Rii(0) — Rix(0)|do, (59

https://www.scipedia.com/public/Hagag_et_al_2025a 15
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l _ t
|v.o| < v B(:) Xo| Vir () = V(0| + mxé / (t—0)""'||Vii(@) — Vi) |do.  (60)

3.3 Uniqueness of Solutions
For the first model Eq. (5), we find that

l1—0o ] N
S(t)_S(l):AB(a) (Tl(l,S)—Tl(l,S))-i-m/( —0)" (M1(2,8) — Y (1,57) do. (61)

From applying norm on above equations, we get

ISt —-s(n] < AB( )HTI(I S) =T (t, S m/t@—g)”l 1710, $)—T1(0, 5% | do. (62)
In this way, we get

IS -S| < Am)mwm—SWW+za%Frﬂ&0—ﬁmH (63)
Then, we find that

NOERYO] (1 - j B_(;’)xl - B(f;; (0)) <0, (64)

ISt = S* )| =0 = S(t) = S"(»).

From this evidence, we can use the same approach to demonstrate the uniqueness of the solutions
to functions E(¢), A(¢), I(¢t) R(¢) and V (¢).

3.4 Sensibility Analysis of Reproduction Number (R,) Without Control
So as to investigate the sensibility of R, to every one of its components, we locate the partial
derivative for every parameter in the reproduction number R,.

3_730 i Bi (m, (yCky +vi X¢) +m, Q) + Bo (yCk, + pv X + tXY)

= > 0,
A CotwY
B_RO _ A (yCk, + pv X +tXY) -0, (65)
ap CtwY

R _ AB I (yCh+vX¢) +mQ) + fo (yCki + pv X +1XY)) 0

Jw Cotw*Y ’
A
3_?0 _Y (Bo + Bim,) >0, (66)
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% _ kA (Bo+ pim) a_Ro _ AX (Bpo + Bimy9) -

= > 0, = 0,

oy otwY ap CotwY

R, _ A (m, (yCky + v X¢) +m, Q) -0, 67)

MRy BAm (yChi+ v X¢) +mi Q) -0 IRy BIA (yChki + v X¢) =0 IR, BAX -0

do CotwY Cam, CotwY 9t Cto ’
(68)

Ry AX (Bpo + Bimyp) R, BIAQ Ry BiAmv X

_ = > 0’ —_— = > 0, _— (69)

ov, CotwY om, CotwY 17 CotwY

In sensitivity analysis, it was determined that R, increases with all parameters in R, except for two
parameters and decreases with @ and o.

This means that to reduce disease prevalence, those parameters with negative rates of the fractional
derivative must be reduced in the environment. Since the R, value is equal to 2.68 without control
reserves in Ghana based on what has been calculated, this shows, on average, that one infectious person
can spread the disease from 2 to 3 susceptible people [10].

Therefore, encouraging preventive measures including social distancing, using nasal masks,
routinely washing hands with disinfectant, and reducing contact will disrupt the primary mechanisms
that facilitate the disease’s spread.

4 Numerical Simulation

In this section, we examine the novel coronavirus known as the SEAIRV model with Caputo and
ABC fractional derivatives to display our algorithm’s potential, spread, and superiority. All analytic
and numerical calculations were completed using the MATHEMATICA 12 software package during
the computation time.

4.1 The Main Idea for TAM of Fractional Order
The general non-homogeneous fractional differential equation (FDE) is used to explain the basic
ideas of the suggested algorithm as [28,29]

Elo@®)]+ Plw@®)] =w(), n—1<o <n, (70)
with boundary condition
dw
B — | =0 71
[w, 5 t] : (71)
where the fractional derivative of w(¢) with Caputo sense is indicated as & = D7 = (generic

ot
differential operator), the general differential operator is represented by &, the nameless function

is represented by w(?), the known continuous functions are represented by w(¢) and the boundary
operator is represented by 8. & is the main requirement; however, we can combine many linear terms
with nonlinear terms as desired.
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The initial condition is obtained by removing the nonlinear component

0
Do) =w(t), B [wo, %] —0. (72)
To construct the first iteration of the solution, we’ll solve the next equation
ow,
Diw (1) + @ [wy(D] = w(1) , B | w, a5 | = 0. (73)

As a result, we have a simple iterative stride w,., (#) that adequately solves a linear and nonlinear
series of problems

Do () + Sy = w(), B [w 8%] 0. (74)

It is critical to remember that any of w,,(¢) is a discrete solution to the problem when using this
method (70).

We confirm that these iterative procedures are simple to perform and that every solution is an
improvement on the previous iteration. To ensure that solutions are converging, successive iterations
must be checked against the previous iteration.

The analytic solution converges with the exact solution to the issue (70) when more iterations are
performed. On this basis, a sufficient agreement between the exact solution and a plausible analytical
solution can be found as follows:

w(t) = lim w,(?). (75)
4.2 2019-nCOV with the Caputo Fractional Derivative

From the SEAIRV model and the initial conditions (2), (4) with the fractional Caputo derivative,
we’ll use the semi-analytic iterative approach to solve the problem by first rewriting the equation as

Z(S) =D}V = VR D, (S) =S - BUS+nAS]— B VS + pR, wi() =A,
°E
E,(E) = CDZE = 97 &, (E) = BIS +nAS1+ B VS — E {k,(1 — Y) + kiy +w}, wy(1) =0,
vV
E()(V):CD;IV: 8ZU ) q)é(V)ZmlA—i-sz—TV, W()(t):O
(76)
The initial issues which should be tackled are
Z,(S) =0, S(0)=30416000,
Z,(E) =0, EW0) =S5,
o (77)

Es(Vy) =0, V(©0)=0.
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Eq. (77) can be solved using a simple treatment, as seen below:

[1°(°D7Sy) =0,  S(0) = 30416000,
I’ (“D°E)) =0, E() =S5,
'( ) (78)
|17 (‘D7 Vy) =0, V(0)=0.
As a result of the fundamental properties of Definition 1, the initial iteration is
[5,(1) = 30416000 + —~
EO(I) = 55
Ay(1) =5, (79)
IO(t) = 23
RO([) = 05
L Vo(t) =0.
We can now calculate the next iteration
[(2,(S) + @ (S,() + w(t) =0, S,(0) = 30416000 + —
[(o+1)
2, (E) + @ (Ey () +w() =0, E(0) =S5, (80)
[ Zs (V) + @ (Vo(D) +w(@) =0, V(0) =0.

Then, by integrating both sides of Eq. (80) and using the fundamental properties of Definition 2,
we arrive at

ol

IU (CD;’S](t)> = IU (A - C()S() - /3 [I()S() + nA()So] - ﬂ] V()SO + ,OR()) ) SI(O) = 30416000 + m,
r (CDfEl(l)) = 1" (B[S +nAoSo] + B VoS — Eo {ka(1 — y) + kyy + @}, E\(0) =5,

I (D V(D) =17 (m Ay + mydy, — TVy), V,(0) = 0.

(81)
Then, we get the subsequent iteration as
1334.06r"  0.0565841¢* 8.68617¢  0.00041116¢*

S1(7) = 30416000 — E () =5 82
() +F(0+1) Qo +1)° 1) +F(U+1)+ Q2o +1) ° (82)
3.21697t 0.163526¢ 4.1586¢° 1.932¢
At=5———, [[(H)=2————, R(Ht)=—— )= ——. 83
(1) Fo D) 1(0) ot D)’ (1) Fo D) (1) Fo+ D) (83)
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The following iteration is calculable and is provided as

( A
E(S) +D(Si(0)+w@ =0, S5,0)=30416000 + T

E D (E 0, E, O 5 @+
&, (Ey) + 1) +w(l) =0, V)=
| &2 (E2) (Ei(D) + w() ©0) 84)

Es (V) + (Vi) +w() =0, V,(0)=0.

By integrating both sides of Eq. (84) and using the fundamental properties of Definition 2, we
arrive at

o

I (°D7S,(0) =17 (A — S, — BILS, + 1A, S]] — B VS + pR),  S,(0) = 30416000 + NCETI
o
r (CD;’Ez(Z)) =17 (BILS, +nASi]+ B VS — E {k(1 —y) + kiy + o)), E,(0) =5,

[ 1° (CD‘; Vz(t)) =1"(mA, +md, —tV)), V,(0) = 0.
(85)
Then, we get the subsequent iteration as

2426 x 10757 7.38716 x 10°T' 2o + 1) 14.7624r

(1) = 30416000
20 T TG+ 1) | Te+DTGo+D) T+

- -9 30 —0 f0
. t 131999 — 3.1332 x 107°T' 3o + 1)t 5916114«

To+ D I'2o + Dl (@do + 1) +F(G+1) )

(86)

2

By =54 SO801T0
[(o+1)
. (_ 7.38716 x 10°T'2o + 1) 3.1332 x 10°T"'(3o + 1)*¢°
o+ 1) o+ 1HI'Qo + D' (4o + 1)
F'Go + 1)

— 6.52288 x 10‘5)

5.426334

F(a—l—%)l"(o—l—l)

; (87)
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At) = 5 3.21697¢ 6.909864 12 6.31669 x 10757
2 = - 1 )
I'(c+1) F(U+§)F(a+1) 'Go +1)
(88)
4.1586 7.597224- ¢
R,()y=1r To) 0 ,
oarie F(0+E)F(a+l)
L) =2 0.163526¢° N 0.0982714- ¢ N 2.026 x 107
2 = - 1 5
F'(o+1) F(a+§) Mo+ 1) 'Go + 1)
(89)
1.932 1.435964—" 1
RO=rvoTn T 1
“ F(O’—FE)F(G-F])

Each iteration of w,(f) appears an analytical solution to the model (4), according to Eq. (75).
The analytical solution gets closer to the exact solution as the number of iterations increases. For the
analytical solution, we satisfy the following series template as

w(t) = lim w,(?) ~ w,(1), (90)

where w,(¢) represents both S,(7) or E,(2) or A,(?) or I,(¢) or R,(¢) or V,(¢).

Using the approach described in (13), we shall provide an example of the fractional analytical
solution’s convergence analysis.

We get the following results:

1319.29¢
S) = 30416000+ ——" ;1. (S) = ¢
o (S) +F(O’+1)’Ml() (

14.7624 B 0.0565841¢
I'o+1) Q2o +1)

) s 2 (S) =850 —=81(0),- -,
o1

(E) =5 (E) = 0.00041116¢* n 8.68617¢ (E) = E(t) — E\(1) 92)
Mo =5, W = Qo +1) F(U—i—l)’ M2 = Ly 1), 5

1.932¢ 1.435964 7>
o (V) =0, (V) = o——=, (V) = —

Ll +1) F(o+%)f‘(o+1)

We obtain the next C,’s by using the above iterations and calculating amount of C, for the present
problem
@l
B 7651 I

93)

f’l=0,1,2,"‘, (94)
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where n > 0, V(¢) : t € T and the C,’s are less than one as shown in Table 2.

Table 2: Compute the convergence analysis of FTAM solutions for SEAIRV model with Caputo and

ABC fractional derivatives

Caputo fractional derivative

ABC fractional derivative

G, C G C
o =1.00 S 2.42436514E-7 0.0575394830 2.4243651E-7 0.0575394830
E 0.5211741272 0.0528752651 0.5211741272 0.0528752651
A 0.1930182354 0.1817771251 0.1930182354 0.1817771251
1 0.0408815140 0.0847629770 0.0408815140 0.0847629770
R 00 0.2576751384 oo 0.2576751384
\" o'} 0.1048338169 o0 0.1048338169
o =0.90 S 2.466621152E-6 0.2530232067 2.7010642E-7 0.0707723101
E 0.7238224105 0.0851692880 0.6112266552 0.0684287355
A 0.2680714738 0.3741911346 0.2263689578 0.2352477763
1 0.04917812291 0.1403858674 0.0455575779 0.1042336974
R 00 0.4267684956 0o 0.3168645733
A% oo 0.1736285875 0o 0.1289147368
o =0.80 S 4.615470918E-6 0.3054983529 2.9885890E-7 0.0861621950
E 0.9169772509 0.0724100400 0.7119212540 0.0876525941
A 0.3396073948 0.5426301120 0.2636607139 0.3013368372
I 0.05668874144 0.1882753102 0.0504201698 0.1268675606
R oo 0.5723508527 's) 0.3856693971
A" o0 0.2328580276 o's) 0.1569076288

4.3 2019-nCOV with the ABC Fractional Derivative

From the SEAIRV model and the initial conditions (2), (5) with the ABC derivative, we’ll use the

semi-analytic iterative approach to solve the problem by first rewriting the equation as

f a’S
E(S) =DV = —,
@, (S) = —wS — BIS + nAS]— B VS + pR,
WI(Z) = Aa
°E

E,(E) = "DE=—,
, (E) E=

D, (E) = BUS +nAS]+ B VS — E{k,(1 —y) + kiy + o},

95
wy (1) =0, ©2)
4
EG(V) =ABCD{;V= 8[0 )
q)é (V) = mlA +m21 - TV,
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The initial issues should be tackled are

I ot
) = = 3041 Al (- [
1 (Sp) =0,  S,(0) = 30416000 + (( o)+ T+ 1)) ,

8, (E) =0, E0)=S5, (96)

{ e (Vo) = 0; VO(O) =0.

Stratifying the same basal concept of the TAM of fractional order, we get the next analytical
solutions

2653.29 — 1319.24 0.056584101t°
Si(1) =3.04173 x 107 + (—0.05658410 — 1333.94)0 + ot ( o o ) ,

T+ 1)  TQo+1)
7)

1327.98 — 1319.290  0.000411165
E, (1) = 13.6866 + (0.000411160 — 8.687)0 + o'1° ( “ 9 ) . (98)

I'ec+1) + 2o +1)

ot’ ot’
ot ot
R (1) =4.1586 (1 — - Vi(t)y =1932({1 — _—), - 100
1(0) ( 0+F(0+1))’ (D) ( G+F(U—|—1))’ (100)

Each iteration of w,(f) appears an analytical solution to the model (5), according to Eq. (75). The
analytical solution gets closer to the exact solution as the number of iterations increases. We complete
the following analytic solution series template as

w(®) = lim w,() ~ w(f). (101)

We will demonstrate the convergence analysis for the fractional approximate solution using the
method given in (13). We get the following results:

ZU

F(UHl) 1319 65841027 (102)
o (1334 — 1319.240)¢" 00565841521~
S) = 14.7058 — (0.056584102 + 14.6492 _
i (5) ( ot o) Io+1) Q2o +1)
o (E) = Ey =5,y (E) =8.68658 + (0.000411160 — 8.6870)0
1327.98 — 1319296 0.000411160#
# 103
( Lo +1) + Qo +1) )’ (103)
Vy=Vo=0. 0, () =1932(1-0+-—2" (104)
Mo =Vo=Y, W = 1. o NCEEYA
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Using the aforementioned iterations we determine the subsequent C,’s and determining the
quantity of C, for the current issue

_ @I
SR PROT

where n > 0, V(¢) : t € I, and the C,’s are less than one as shown in Table 2.

n=0,1,2, (105)

5 Analysis and Discussion

In this study, we utilized two distinct fractional operators, the Caputo and Atangana-Baleanu in
Caputo sense (ABC) derivatives, to model the COVID-19 epidemic. While both fractional operators
allow for the inclusion of memory effects in the system dynamics, our results indicate that the
ABC derivative provides more detailed insights than the Caputo derivative. The ABC derivative is
characterized by a non-singular kernel, which enables it to capture both short-term and long-term
memory effects more effectively than the Caputo derivative, which primarily focuses on short-term
memory.

This property of the ABC derivative becomes particularly important in the context of epidemi-
ological models, where past states, such as infection and recovery rates, have lingering effects on the
future course of the epidemic. The long-term memory characteristics embedded in the ABC derivative
allow it to simulate the gradual and complex evolution of the epidemic, offering a more comprehensive
understanding of the disease’s progression over time.

Our simulations demonstrate that the ABC fractional model fits the clinical data more accurately
than the Caputo model. Specifically, the ABC model shows smoother transitions and more gradual
changes that align closely with observed real-world data. This is critical in epidemic modeling, as
abrupt changes in state variables, such as infection and recovery rates, are not typically observed in real-
life scenarios. The ability of the ABC model to reflect this gradual change is one of its key strengths.

In our comparative analysis, we simulated the epidemic model using both the Caputo and
ABC fractional derivatives under various parameter settings. The results reveal that the ABC model
consistently maintains accuracy and stability over a wider range of conditions, particularly when
modeling the long-term behavior of the epidemic. For instance, when simulating infection rates and
recovery dynamics over extended periods, the Caputo model exhibited sharper transitions and was less
adaptable to changes in the system, especially when parameter values varied significantly. In contrast,
the ABC model demonstrated a more robust response, accurately reflecting the memory effects and
adapting to the parameter variations without significant deviations from the expected behavior.

Figs. 1 and 2 illustrate this comparison. The graphs show that, under identical initial conditions,
the ABC model converges more smoothly to equilibrium and better captures the gradual decline in
infection rates. These results substantiate our claim that the ABC derivative offers a more accurate and
comprehensive representation of memory effects in the system compared to the Caputo derivative.

From Table 2, all FTAM solutions converge because all the values of C/s at different values of
a are less than one. We note that the past has a greater impact on the model reflecting the Mittag-
Leffler type kernel and as compared to the classical and Caputo fractional derivatives, has the highest
convergence. Figs. 3-8 show the new fractional coronavirus (2019-nCOV) geometric component
solutions at different values sv using two fractional derivatives (Caputo-ABC). Actually, we can easily
see that the derived analytical solutions are continually dependent on the fractional derivative o.
Figs. 1 and 2 show the new fractional coronavirus (2019-nCOV) geometric component solutions at
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o = 0.80. Evidence suggests that ABC fractional derivatives reveal more information for comparison

with clinical data.

3.5

151

&— Susceptible (S)

I |—— pre asymptomatic (E)

—#— Asymptomatic (A)

—&— Symptomatic (I)

—o— Recovery (R)

Virus in the Environment (V)

Population(S, E, A, I, R,V)

1000

Figure 1: Variance of populace concentration vs. time for Caputo fractional derivative at ¢ = 0.80
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Figure 7: Comparison of behaviour solution between Caputo and ABC fractional derivatives for
recovery population R(7)
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Figure 8: Comparison of behaviour solution between Caputo and ABC fractional derivatives for virus
on surfaces in the environment V()

6 Conclusion

In this paper, we have studied a new fractional coronavirus (2019-nCOV) model using two
fractional derivatives namely the Caputo fractional derivative and the ABC fractional derivative. The
convergence analysis, existence and uniqueness of solutions with ABC fractional derivative have been
established. In addition, we study the sensibility analysis of reproduction number (R,) without control.
The numerical results of the proposed fractional model were obtained using the FTAM. We have
observed that the COVID-19 model can effectively be modeled with fractional derivatives operators.
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It is noted that memory features in the ABC derivative are of a more general nature than in the
Caputo derivative. It’s an excellent mathematical tool explaining how complex systems store memory
and inherit certain traits. Comparatively, fractional models’ basic solutions continue to show practical
scaling characteristics that draw users in.
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