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Summary

In this paper we study a variational formulation of the Stokes problem
that accomodates the use of equal velocity-pressure finite element inter-
polations. The motivation of this method relies on the analysis of a class
of fractional-step methods for the Navier-Stokes equations for which it is
known that equal interpolations yield good numerical results. The rea-
son for this turns out to be the difference between two discrete Laplacian
operators computed in a different manner. The formulation of the Stokes
problem considered here aims to reproduce this effect. From the analysis
of the finite element approximation of the problem we obtain stability and
optimal error estimates using velocity-pressure interpolations satisfying a
compatibility condition much weaker than the inf-sup condition of the
standard formulation. In particular, this condition is fulfilled by the most
common equal order interpolations.

—

1 Introduction

The choice of the velocity and pressure spaces for the finite element approximation of
the Stokes problem is of major importance. The standard Galerkin approach necessitates
an interpolation for both fields satisfying the classical inf-sup or Babuska-Brezzi stability
condition (see, e.g., Ref. [1]). Elements satisfying it have been blamed to be complicated
and expensive in practice, especially in three dimensional problems. This being unavoidable
or not, the fact is that several numerical methods have been recently developed with the
goals of either using equal interpolations or stabilizing simple elements, such as the Q1/F
pair (multilinear velocity, piecewise constant pressure). Examples of the first group are
the methods of Brezzi & Douglas [2], Douglas & Wang [3] and the popular Galerkin/least-
squares (GLS) technique of Hughes et al. [4, 5]. Fortin & Boivin [6] and Silvester &
Kechkar [7] developed stabilization techniques for the Q1/Py element, and similar ideas



can also be found in Refs. [8, 9]. The analysis of a rather general stabilization technique
is presented in the paper of Franca & Stenberg [10].

On the other hand, it has been observed in practice that some fractional-step methods
for the incompressible Navier-Stokes equations that employ a pressure Poisson equation in
the projection step allow to use equal interpolation. This is in general true for methods that
segregate the pressure and compute it via a Poisson equation (see for example Refs. [11-
13]). In the fractional-step method presented by Zienkiewicz & Codina in Ref. [14], this
fact was intuitively explained by the presence of a nonzero matrix multiplying the pressure
in the continuity equation. This matrix is the difference between two discrete Laplacian
matrices computed in a different way. It turns out that it is positive semi-definite [15],
thus explaining in part why equal interpolation is possible.

In this paper we present a new formulation for the Stokes problem whose motivation
is to have the same stabilization properties as the fractional-step methods just mentioned,
even though the equations to be solved are very different. We introduce a new vector
variable which, in the discrete problem, is the projection onto the space of continuous vector
functions of the pressure gradient. This results in an important increase in the number of
nodal unknowns, making the applicability of the method limited from the computational
standpoint. Nevertheless, iterative strategies may be devised to make the method more
efficient, although we shall not pursue this in this paper.

To analyze the stability of the finite element approximation, we introduce a technique
based on the decomposition of the vector space that contains both velocities and pressure
gradients into three orthogonal subspaces. We prove stability for each of the components
of the pressure gradient separately. In order to bound one of these components we are
led to an inf-sup condition for stability, similar to that obtained for the classical Galerkin
approximation but much weaker. In particular, it is satisfied by most of the common equal
order interpolations. To prove this fact, we use a macroelement technique similar to that
presented by Stenberg in Ref. [16] (see also Ref. [17]). Once stability is established, optimal
error estimates are proved under the usual regularity assumptions.

We have organized the paper as follows. The formulation we propose is described
in Section 2. After stating the problem and introducing some notation, we describe a
type of fraetional-step methods that motivate the method whose analysis is undertaken
in Section 3. In Section 4 we present some very simple numerical tests and make some
remarks concerning the implementation of the method and its relationship with the GLS
technique. Finally, we draw some conclusions.

2 The Stokes problem reformulated
2.1 Statement of the problem
Let us first consider the classical Stokes problem for an incompressible fluid. Let Q be an

open, bounded and polyhedral domain of R, where d = 2 or 3 is the number of space
dimensions, and I' = 99 its boundary. The Stokes problem consists in finding a velocity



u and a pressure p such that

—vAu+Vp=§f in €2, (1)
V.-u=0 in €2, (2)
u=20 on I', (3)

where v is the kinematic viscosity and f is the force vector. We have considered the
homogeneous Dirichlet boundary condition (3) for simplicity.

To write the weak form of problem (1)-(3) we need to introduce some notation. As
usual, we denote by H™(w) the Sobolev space of mth order in a set w, consisting of
functions whose distributional derivatives of order up to m belong to L2(w), and by H& (w)
the subspace of H!(w) of functions with zero trace on I'. A bold character is used for the
vector counterpart of these spaces. The L? scalar product is denoted by (-, -)w, and the
H™ norm by || - ||mw. The subscript m is omitted when m = 0 and so is w when it is .

Let us now consider the spaces

vem@, o={icr® [qaa=o}. (4)

and the bilinear forms
a(u,v) = v(Vu, Vo), b(q,v) = (¢,V - v), (5)

with w,v € V and ¢ € Q. If < -,- > denotes the duality pairing between V and its
topological dual space V' where f is assumed to belong, the weak form of problem (1)—(3)
consists in finding (u,p) € V X @ such that

a(u,v) — b(p,v) =< f,v > YveV, (6)
b(g,u) = 0 Vg € Q. (7)

Existence and uniqueness of solution to this problem follows from the coercivity of « in
V x V, which is a consequence of the Poincaré-Friedrics inequality, and from the inf-sup or
Babuska-Brezzi condition. These conditions can be written as follows: there exist positive
constants K, and K} such that

a(v,v) > K4|lv||1 Yv eV, (8)
inf sup b(¢,v) > K, (9)
I€Q1 veWy

where )1 and V7 are defined as

Qi={¢e||lqll =1}, Vi={veV|]|v| =1}. (10)

Condition (9) holds true for V' and @ given by Eq. (4). .
If instead of having f € V' = H_I(Q) we require f € LZ(Q) and I is sufficiently
smooth, it is known that the solution of problem (6) & (7) verifies w € V N H?(Q) and



p € QN HY(Q), that is, the regularity of the solution increases (see, e.g., Ref. [18]). Also,
the duality < f,v > in Eq. (6) can be replaced by (f,v). In the case of polygonal T’
that we consider, we need to require explicitly p € HI(Q). This is the situation that we
consider throughout in this paper.

Let T}, denote a finite element partition of the domain  of diameter h. For simplicity,
we assume that all the element domains K € J), are the image of a reference element K
through a polynomial mapping Fj, affine for simplicial elements, bilinear for quadrilat-
erals and trilinear for hexahedra. On K we define the polynomial spaces V = (R}, ( )¢

and Q = qu(K ), where, as usual, R = P}, for simplicial elements and R, = @, for

quadrilaterals and hexahedra. From V and Q we construct the finite element spaces

Qn={0neC’®) | alx=i-F', §€Q, KeT,}, (11)
V), = {vh e[COM" | vplg =0 oFg!, eV, Ke :T,,} : (12)
Vio={vh € V4 | vplp =0}, (13)

Notice that both the velocity and pressure finite element spaces V}, and @), are referred to
the same partition and both are made up with continuous functions. The case ky = kq — 1
corresponds to Taylor-Hood type elements. In what follows, we put special emphasis on
the case of equal interpolation ky = kq.

The discrete finite element counterpart of problem (6) & (7) can now be written as
follows: find (up,pp) € Vj o X @} such that

a(up,vp) — b(py,vp) = (f,vp) Yoy, € Vj 0, (14)
b(gp,up) =0 Yap € Qp. (15)

2.2 On a class of fractional-step methods

In order tao-motivate the method to be introduced in the following section, let us first
describe the application of the classical fractional-step method of Chorin [19] and Temam
[20] to the transient version of problem (1)—(3), that is,

—a—zﬁ—VA'u%—Vp:f, (16)

ot
V.u=0. (17)

These equations must be supplied with initial and boundary conditions, although they are
irrelevant for what follows.

Consider a partition of the time interval into time steps of size At and denote by a
superscript the time step counter. With 4™ known, the classical fractional-step method
consists in finding an intermediate velocity u™1/2 as the solution of the equation



followed by the projection of u®+1/2 onto the space of solenoidal vector fields. This leads
to solving

1

vyt =, (20)

A common approach for solving problem (19)-(20) is to take the divergence of Eq. (19)
and make use of Eq. (20), to yield a Poisson equation for the pressure, namely,

1 n+1/2
Atv u : (21)

Once this equation is solved, Eq. (19) can be used to obtain w1 thus uncoupling the
calculation of the velocity and the pressure, which is one of the reasons for the success of
fractional-step methods.

Once a finite element space discretization is performed, the matrix form of Eqgs. (19)-

(21) will be

1 |
-G'U™ =, (23)
AtLP™! _ gtyntl/2 g, (24)

In these equations, we use capital letters to denote the vectors of nodal unknowns of the
corresponding lower case variables, M is the mass matrix, G is the matrix coming from
the gradient term and L is the one coming from the Laplacian.

If the intermediate velocity U™*1/2 is eliminated in Eq. (24) using Eq. (22), we obtain

- -

_GtU™! 4 A (L - GtM—lG) P+l — o, (25)

Therefore, we see that, whereas at the continuous level it is equivalent to use either
Egs. (19) & (20) or Egs. (19) & (21), at the discrete level there is a difference between
using Eqs. (22) & (23) and Eqgs. (22) & (24). The latter choice corresponds a modification
of the continuity Eq. (23) to Eq. (25). The term L - G'M~1G may be understood as the
difference between two discrete Laplacian operators computed in a different manner. This
matrix turns out to be positive semi-definite [15], which increases the stability of the nu-
merical method. Thus, the benefit of using Eqs. (22) & (24) is more than just uncoupling
the velocity and pressure computations.

The matrices appearing in these expressions should in fact be modified according to
the boundary conditions imposed on (18) and (19) & (20), a point that we have deliber-
ately omitted since it does not affect our discussion and boundary conditions are always
controversial when using fractional-step methods.



2.3 Modified discrete problem

We are now in a position to present the finite element formulation that we propose. The
idea is to recover the stabilization properties of the fractional-step method discussed above.
The term G*M~1GP can be obtained by taking first the gradient of the pressure,
projecting it onto the discrete space of velocities and then taking the divergence of the
resulting vector field.
Let a > 0 be given. The modification of problem (14) & (15) that we consider is as
follows: find (up,ay,p,) € Vh,0 X Vi x @}, such that

a(wp, vp) — b(py,vp) = (F,vp) Vv, € V0, (26)
a(Vpp, Vay) — a(ay, V) + b(gp, up) = 0 Y, € Qp, (27)
—(Vpp, ) + (p, ) = 0 Vo, € V. (28)

Observe that the vector uy, is precisely the projection of Vpy, onto Vj,.

If we denote by K the matrix coming from the viscous term (i.e., from a) and introduce
a subscript naught to refer to the non prescribed degrees of freedom, the matrix version
of this problem is

KU—}-G()P:F(), (29)
aLP - aG'U - G{U =0, (30)
—GP + MU =o. (31)

Eliminating U from Eq. (31) and inserting it in Eq. (30) it is found that
a(L—GtM_lG) P-@Gitr=o, (32)

an equation similar to Eq. (25).

Problem (26)—(28) is consistent, in the sense that the solution of the continuous problem
satisfies it.~If this solution is sufficiently smooth, the original problem (1)-(3) may be
replaced by

—vAu+Vp=f in €, (33)
—a(Ap—V-a)+V-u=0 in §, (34)
-Vp+u=0 in £, (35)
=10 on I, (36)
@—n-'&:o on I, (37)

on

where 7 is the unit outward normal to I'. This problem is exactly equivalent to prob-
lem (1)—(3). Since problem (26)-(28) can be thought of as the discretization of the weak
form of problem (33)—(37), we can expect the correct behavior of the pressure near the
boundary. We shall come back to this point in section 4.



3 Numerical analysis
3.1 Preliminaries

In this section we analyze problem (26)-(28). We prove that the solution is stable under
a mild condition for the velocity and pressure finite element spaces. After this, we give
optimal error estimates for the unknowns.

First we need to introduce some notation. Let us consider the bilinear form on (Vo x

Qn x V3)? defined as

B(wh, P, Gh; V4, ap, Up) = alup, vp) — b(pp, vp)
+ a(Vpp, Vap) — a(ty, Vag) + b(gh, up) (38)
— a(Vpp, 0p) + (g, vp).

Problem (26)—(28) can be written now as: find (uy,, pj,, @),) € Vo x Qp x Vj such that

B(wp, phy hs vhy ah, 0p) = (Fov)  Y(vp,qp, 9p) € Vio X Qp x V. (39)

We assume that the family of finite element partitions {Th}hso 1s quasi-uniform, that
is, there exists a constant o > 0 such that for all 4 > 0

min{diam(Bg) | K € T3} > o max{diam(K) | K € Thl, (40)

where B is the largest ball contained in K € Jp. Condition (40) is needed in order to
have the following inverse estimate (see, e.g., Ref. [21]): there exist a constant C' > 0 such
that

C’
lvplll < E”"’h”O Vo), € V. (41)

From now onwards we use C, possibly with subscripts, to denote a positive constant
independernt of the mesh size, not necessarily the same at different occurrences.

A possible modification of the bilinear form B defined in Eq. (38) could be to define
the parameter o and the terms that it multiplies elementwise, that is, a(Vpy, Vgqyp,) could
be replaced by

> ax(Vop V)i (42)
[&'E‘Ih

and similarly for the rest of terms affected by «. This modification would allow to replace
condition (40) by the weaker condition of nondegeneracy of the family {Th}n>0, since only
the elementwise version of the inverse estimate (41) would be needed (see Ref. [21]).

Let VQ}, denote the space of vector functions which are gradients of elements of Q)
and consider the vector space

Ej =V, +VQ, = Eh,l a5 Ehyg ® Eh,3’ (43)



where E}, ;, ¢ = 1,2,3, are three mutually L? orthogonal subspaces defined as

Eh,l = Vh,O) (44)
Eh,2 = VhJ:O NV, (45)
Ep3:= V- (46)

Let us denote by P, ; the orthogonal projection from Ej, to E}, ji» and Py ;5= Py + Py ;,

= 1,2,3. Also, we denote Ej, ;; := Ej}, ; ® Ej ;. In order to prove that the pressure
gradlent in problem (39) is stable we shall bound independently the three terms in the
decomposition

Vpr = Py 1(Vpp) + P ao(Ven) + Pp 3(Vpy). (47)

Finally, to obtain error estimates for the solution of problem (39) we shall make use
of the approximation properties of the spaces V), 0> & and Vj,. These can be written as
follows. If v € H"(Q)NV,r > 1, and ¢ € HS(Q) NQ, s > 1, there exist I 1(v)
Vh,0o Op2(q) € Qp and I, 3(Vq) € Vh such that

lv = TIp 1 (0)llm < C1AF o], k1 = min{r, ky + 1} —m, (48)
llg = Th 2(0)lm < Coh*qlig,, kg = min{s, kq + 1} —m, (49)
Vg =11, 3(Vg)llm < C'3hk3HVq||k3, ks = min{s — 1,ky + 1} —m. (50)

3.2 Stability

We now prove that the solution of problem (39) is stable. For the pressure gradient, the
three components appearing in Eq. (47) are bounded separately. The bound for the first
one can be obtained independently of «, whereas the third component can be bounded only
if @ > 0. Thus, the stability provided by the method in comparison with the standard
problem (14) & (15) is precisely in the control over the term P, 3(Vpy), that is, the
component of the pressure gradient orthogonal to the space of continuous vector fields V,.

The second component in Eq. (47) deserves special attention. It depends on the prop-
erties of the finite element spaces, and not on the problem actually solved. For the moment,
we assume that there is a positive constant K such that

IVanll < Kl|Py13(Vap)ll - Yan € Qp, (51)

which means that || P, 9(Vgp)|l can be bounded in terms of || P 13(Vqp)|l. In the next
subsection we show that this is similar to the inf-sup condition of the standard problem,
although much weaker and, in particular, verified when equal interpolation is used.

We also need to make an assumption on the behavior of « in terms of h: there is a
constant a(, independent of h, such that

o> aoh?. (

Ut
(V]



Under all these assumptions we can prove the following:

THEOREM 1. Suppose that the family of finite element partitions {T}} ¢ is such that
the inverse estimate (41) and condition (51) hold, and suppose also that « satisfies (52).
Then, there exists a unique solution to problem (39) that verifies the stability estimate

lwnlls + AVl < C|I £ (53)
for a constant C' independent of h.

PROOF: Since the problem is finite-dimensional, it is enough to prove that (53) holds.
From the definition of the bilinear form B in Eq. (38) it is easy to see that

B(wh, Py Ghs Wh, Phy Gp) = alwp, up) + al|[Voy — apl|2 = (F,up) < || Fllllunlli (54)

From the coercivity of the bilinear form a (Eq. (8)) it follows that

l (55)

On the other hand, Eq. (28) can now be written as ), = Py 19(Vpp), and therefore from
Eq. (54) it follows that

a|| Py s(Vpp)lI? = al|Vpp — apl2 < || £l

and, from estimate (55),

1
||Ph,3(vph)“ < \/oTx’a”f“ (56)

On the other hand, from Eq. (26) we have that

1Py 1(VoR)II® = (Von, Pr1(Vop))
= (F, Pn,1(Vpn)) — a(up, Py 1(Vpy))

< £ IR (VER)I + Nallwpll1llPr, 1 (Vos)l
& [l .
< (1r1+ 520y op, (57)
where we have called N, the norm of a and we have used the inverse estimate (41).
Estimate (53) follows now from (51), (55)—(57) and the assumption (52) on «. O

3.3 A weakened inf-sup condition

The previous stability estimate, as well as the error estimate in section 3.4, depend on
whether condition (51) holds or not. This condition is equivalent to the existence of a
constant {9 > 0 such that

Vagp,v .
inf sup Vap, o) > K. (58)
IEQL vyEE), 13 IVaullllvall



The equivalence between conditions (51) and (58) is easy to prove. In particular, it is
found that the constant Ky in Eq. (58) may be taken as 1/K3, where K} is the constant
in Eq. (51).

Condition (58) is similar to the standard Babuska-Brezzi condition for the discrete
problem, that is, the discrete version of condition (9). The only difference is the space
where vy, runs: it is E}, 13, and not only E}, 1 as it happens with the standard condition.
This is possible due to the fact that control over | Pr,3(Vpp)|| is provided by the formulation
itself, without having to rely on a compatibility condition on the velocity and pressure finite
element spaces. Thus, condition (58) is weaker than the standard one.

This section is devoted to show that condition (58) holds under mild conditions over
the finite element interpolation and, in particular, that it is satisfied when using some
equal interpolations. To this end, we apply a macroelement technique similar to that of
Refs. [16, 17], from which we take part of our notation.

For each h, let My, be a collection of macroelements covering {2, a macroelement M
being the union of one or more element domains of Jh- One of these macroelements
M € M, is said to be equivalent to another macroelement My € My, if there exists an
homeomorphism Gy : My — M such that:

(1) Gu(Mp) = M,
(ii) If My = U;nzl Ky j, then M = U;'nzl Gu(Kp,j), where Koj € Thgd =1,...,m.
(i) Gumik, = Fx oFK—-Ol, where ' = G)/(K)) and Fj and Fi, are the mappings from
the reference element I to I € Jp and to Ky € Jhg» Tespectively, introduced earlier.

Note that equivalent macroelements can be associated with the same or with a different
finite element partition. Thus, with this definition, {M},},¢ is split into a finite number
of equivalence classes &1, ..., En,-

Let us consider the spaces V0, @, Vi, En and E) i, 1 =1,2,3, defined as their
analogues Vo, @n, Vi, Ey and Ej;, 1 = 1,2,3, but replacing the partition T} by the
partition of a macroelement M € M}, (the zero mean restriction is not imposed on Q;y).
Also, Py ; are the orthogona.l projections from FEj; to Epi, 1=1,2,3.

We first show that if a condition like (51) holds in a macroelement, then it also holds

in §2: =
LEMMA 1. If there exists a constant C' > 0 such that
IVarlle < CllPy13(Vap)lie - Ve, € Qp, (59)

for all M € M}, then condition (51) holds for a constant K} independent of h.

PROOF: Let g5 € Q), and let vpr,; be the extension by zero of Py i(Vgy) i = 1,3, to the
whole domain 2. Consider also the vector field

v = Z'UM = Z (vM,l + v 3), (60)
M

M

Clearly, vps1 € Epg C Ep 1 VM and thus 3, vy € Ep1. Let vy 19 € Ej ). Since

10



vp12lm € Epr 12 = EA%I 3 (orthogonality in Ejs) we have that

/ Vh,12° (Z "’M,3) d§2 = Z/ vp 126 - v 3 A2 =0,
Q = — Jm

that is, ) ), var 3 € E,%m = E}, 3. Therefore, vy in Eq. (60) belongs to E}, 13.
Let Nps be the maximum number of macroelements to which an element domain be-
longs, and Nk the maximum number of element domains per macroelement. Let us bound

first ||vp||:
2
2 = v
ol = [ (2 M)
= /g; Z(’U]w)2 +2 Z VN - Uyt dQ

| M M#M' \MOM' #£0

2
<D lloml* +2 > lvarll 1o
M

M#M' MOM'#()

2 2 2
<Yleal?+ > (ol + lloael?)
M

M#M' \MOM'#£(

< (14 NuNi) Y Jloal)?

< (14 NuNie) Y IVanlls
M

< (1+ Ny Ni) Nyl Vay]?,
that is, there exists a constant Cj > 0 such that
lvall < CollVall- (61)
On the other hand, from (59) it follows that

Vg vy A2 = / Vap - vm
/Q %: M
= Z ”PM,13(V‘1h.)||2
M
1 2
2 c? Z IVarllas
M

1
> S IVanll*. (62)

But, using inequality (61),

/Q Vg -y, il /Q Py 13(Van) - vh 49 < CollPa1s(Van) IV anll (63)

11



The lemma follows combining inequalities (62) and (63) with K} = CyC?. O

The next step is to give sufficient conditions for property (59) to hold. First we give a
rather technical lemma whose proof is omitted:

LEMMA 2. Let M be a metric space with distance dist, X and Y two subsets of M and
{Yu}u>0 a family of subsets such that

sup inf dist(yu,y)| = 0. (64)
yeY Yu€Yy

lim | sup inf dist(y,,y)| = lim

Let Z be another subset of M such that Y C Z and Y, C Z for all p > 0. Consider a
family of functions {fu},~0 from M x M to R that converge uniformly in X x Z to a
function f uniformly continuous in the second argument. Then

nf sup |f(z,y). (65)

lim | inf sup |fu(2,yu)l| = inf

u_>0 xEX yue u

This result is used now to prove the following:

LEMMA 3. Let &; be one of the equivalence classes introduced above, i € £ 152 s Fle bs
and suppose that the following condition holds:

dMy € &; such that Vg € Qumy / Vg-vdM =0 Vv ¢ Ey,13 = Vg=0.
My

(66)
Then, there exists a constant C; > 0 such that, for all M € &;,
IVallm < CillPrya3(Vg)llm Vg € Qur. (67)
PROOF: Let us consider the following function defined on the class &;:
B(M)= inf sup Vo, v)n (68)

1€QM veEp 15 IVallmllv]ln

Inequality (67) is equivalent to saying that B(M) > 1/C; for all M € &;. This can be
proved as the equivalence between (51) and (58).

From assumption (66) it is easy to see that (M) > 0 for all M € &;. Since M is defined
by the coordinates of its nodes, A can be considered as a function of these coordinates.
Due to the quasi-uniformity of the family {J},},,5¢ (or simply due to its non-degeneracy),
all the nodes are isolated points of Rd, and therefore they form a compact set. Thus, 3
can be considered as a function defined on a compact set. To prove that it is bounded
below by a positive constant it is enough to prove that it is continuous.

12



Let M, M' € &;. We want to show that BM') — B(M)as M' — M. Let G: M — M’
be the homeomorphism that relates M and M’. We denote its Jacobian matrix (piecewise
continuous) by DG. Let also

J' := max |[DG7 (2’ ; ' := min |DG7 (2’ ,
z,eM,I (=), j z,eM,l (") (69)
where |- | stands now for the determinant of a matrix. Here and below, we use the symbol

' to refer to quantities associated with M’. The two functions in (69) depend on the
macroelement M’ and tend to 1 as M’ — M, that is, as G — 1.
Let us write the function 3 as

. (Vg,v)u
— f \V4 =
A = 8 oo fVew),  f(Vg0) = i

where Qpr0 = {¢ € Qm | V¢ # 0} and S is the the unit sphere of E;; 3.
Let v’ € Epp 13, q € Qw0 and v, ¢ the pull-backs of v’ and ¢’ (that is, v = G*v' =
v oG, g =G* = ¢ oG). It can be readily checked that

/ Vi v dM' = | vq. DG v|D@G| dm,
’ M

/ v v dM’:/ v -v|DG| dM,
M’ M

/lvlq'-V’q' dM’:/M ('\_/'q-DG_l) : (Vq-DG_l) IDG| dM.

If we introduce the abbreviation Vgq := V¢ - DG and denote by (-, )e.m the L? scalar
product in M with weight |[DG|, we have that

(V'¢', 0" )ar (Veg, v)e,um
f/(vl /,'Ul) = — ) - fG(Vq,’U)
- IV'¢ e llo' e 1V sqlloarllvllon ’
where [ - ||g,» is the norm associated with (-, -)g .

Since DG is nonsingular, if V/¢’ # 0 then Vg # 0, that is, if ¢ € Qa0 then G*¢ €
Qumo- If v/ € S’ let us see where does v = G*v' belong. Let v’ = v+ v’3 with
v] € Eypq and vk € Epva. Since v' is continuous and vanishes on M’ and G is

1 M1 3 M3 1
continuous, G*v] € Ej, 1. In general, G*v'., ¢ E 1,12 for all v}, € E,;1,. However,
) 1 M,1 g 19 M,12 12 M’ 12
G*vé ¢ Ep 3 if 'vg € E)y 3. This is due to the fact that

Vi € B2 / v1g - G*vy dM :/ (m oG—l) -v3|DG| dM’,
M M’

which is in general # 0 since vy e G~ DG| ¢ E, 12 1f [DG|is not continuous. Therefore,
if SG = G*SI then SG 7é S.
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Using the previous results, the function B evaluated at M’ can be written as

B(M')= inf sup fo(Vg,v).
9€QM0 veS

Now we use lemma 2 to prove the continuity of 8. Let
1
ZZ{UEEM l §S||v||MS2}.

We have that
IG*v|)2, = / v ' |DG7Y| dM,
MI

and thus 1/j/ < |G*v||mr < V/J', with j’ and J' defined in Eq. (69). If we take M’
sufficiently close to M, j' > 1/4 and J' < 4, so that S C Z and Sg C Z.

It is now easy to prove that f(Vg,v) is uniformly continuous in the second argument
in Qu,0 X Z and that fo(Vg,v) converges uniformly to f(Vg,v) in Qa0 % Z. To apply
lemma 2 it remains to check condition (64) with ¥ = S and Y, = Sg, the parameter p
being now replaced by the function G and 1 — 0 by G — 1I.

Let vg € Sg C Ejy and v/ = 'v'I + vé € S’ such that v = G*v', with 'v’l € EM/,1 and
'vé € Eyyr 3. Then vg = G*v’l + G’*'vg, with G’*v'l € Ey 1 but G*vé ¢ E,; 3 (in general).
Let, .

G™v;y 5o Y

IDG™!| -G’ llwlln

w :G’*'vl1+

It is easily verified that the second component in w belongs to E); 3, and therefore v € S.
A simple calculation shows that dist(vg,%) — 0 as G — I, that is, as j/, J' — 1. Hence,

sup inf dist(vg,v) -0 as G — I. (70)
vGESG 'UES

Also, given™@ = vy + w3 € S, with v, € Ey; 1 and v3 € Epy 3, let

'v/3 o ~ G*w'

/
IDG|.G-1" ¢

w :v'loG_l—i—

[l [|p
It turns out that v¢ € S¢ and that dist(vg,v) — 0 as G — I, thus proving that

sup inf dist(vg,v) -0 as G — I. (71)
vES VGESG

From (70) and (71) it may be concluded that hypothesis (64) holds in the present situation
and ultimately that the function § defined in Eq. (68) is continuous, which is what had to
be proved. OJ

Combining lemmas 1 and 3 we obtain the following result:
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THEOREM 2. Suppose that for all the equivalence classes &;, i = 1, ...,n. of macroele-
ments of {J}} 5 condition (66) holds. Then, there exists a constant K9 > 0, independent
of h, for which the inf-sup condition (58) is verified.

PROOF: Let C = min{C1, ...,Cp_}, where C; is the constant for the equivalence class &;
established by lemma 3. Since for all 2 > 0 functions g, € Q}, restricted to a macroelement
M € M}, belong to Qar, we are in the hypothesis of lemma 1. The theorem follows from
the equivalence between (51) and (58). O

From this result we see that condition (66) is the key for proving that the finite element
formulation is stable. Again, it is similar to the condition obtained in Ref. [16], the only
difference being the space where the function v runs: E)s,1 in that reference, Ej; 13 in our
case.

Next we prove that condition (66) is verified in a simple case using equal interpolation,
namely, using complete polynomials of degree k& > 1 for simplicial elements. According
to theorem 2, we prove it on arbitrary classes of macroelements. The only restriction on
them is specified next. The macroelement technique can also be applied to other cases of
interest, such as the use of tensor product polynomials for quadrilaterals and hexahedra.

PROPOSITION 1. Suppose that ky = kq = k and that Kisa simplex. Let £ be a class of
equivalent macroelements with reference macroelement M, such that there is at least one
interior vertex and, for d = 3 and k > 2, no element I C M has three faces on OM. Then
condition (66) is satisfied on M.

PROOF': We prove condition (66) by imposing continuity of Vq on M rather than orthog-
onality to E); 3, due to the difficulty of characterizing this space. Orthogonality to Ey;
is enforced directly.

Let us consider the case of linear elements (k = 1) first. For a given ¢ € @y Vais
constant on each element K C M; if we assume V¢ is continuous, it must be constant on M.
Since we have assumed the existence of at least one vertex P interior to M, orthogonality
of V¢ with respect to all velocity fields which take arbitrary values on P and zero at the
nodes of M implies the vanishing of Vg.

Let us now turn to the case of higher order elements (k > 1). Given ¢ € @y, for
each K C M one has that the components of V| belong to P,_1(K). Thus, if these
components are continuous, they can be determined by their values at the nodes of M
corresponding to a piecewise interpolation with polynomials of degree k — 1. Let n;,; be
the number of nodes in the interior of M, denoted by Int(M), and ny,_ 1 the number of
nodes associated to an interpolation with polynomials of P;_;. Since the orthogonality
conditions of V¢ with respect to all continuous vector functions that take arbitrary values
at the nodes of Int(M) are linearly independent restrictions, it is enough to prove that
Nint = Ng—_1-

Let us consider the two-dimensional case first; for any triangle K C M , there are
(k — 1)(k — 2)/2 nodes associated to P on Int(X) and (k+1) on each edge of K (including
the vertices). Thus, there are (k — 2)(k — 3)/2 nodes associated to Pj,_; on Int(K) and k
on each edge of K. Suppose first that all the elements have at most one edge on M. If



Nele is the number of elements in M with one edge on the boundary, nyer the number of
edges with only one node on the boundary and Nedg the number of edges on M, we have
that
Mint — Mk—1 2 Nele X [(k = 1)(k —2)/2 — (k — 2)(k - 3)/2]
+ Nver X [(k+1)—1—k]+nedg X [0—(k—2)]

2 Nele — Nedg»

which is > 0 due to the assumption on M. If now we include the triangles with two
edges on the boundary, the contribution to njy; is (k — 1)(k—2)/2+ (k — 1), whereas the
contribution to ny_j is (k — 2)(k — 3)/2 4+ 2(k — 2) + 1. These two quantities are equal, so
we still have that nj,, —ngp_q > 0.

Finally, in the three-dimensional case each tetrahedron K C M has (k—=1)(k -2) x
(k —3)/6 nodes of Pp(K) on Int(K), whereas (k—2)(k —3)(k—4)/6 of P,_;(K). As
before, consider first the case in which the elements have at most one face on OM. If Nele
is the number of elements with one face on M, ng,. the number of faces with one edge
on OM, nyer the number of edges with one node on M, Nhou the number of faces on M
and neq, the number of edges on OM, we have that

Ming = k-1 2 Nele X [(k = 1)(k = 2)(k = 3)/6 — (k — 2)(k — 3)(k — 4)/6]
+ 7gac % [(k = 1)(k = 2)/2 = (k = 2)(k — 3)/2] + nver x [(k+1) — 1— k]
+ npou X [0 — (k= 2)(k —3)/2] + Nedg X [0 — (k — 2)]
2 Nele + Nfac — Nedg — Mbous
which is again > 0. If now we consider elements with two faces on M , for each of these

elements njy, increases by (k — 1)(k — 2)(k — 3)/6 + (k — 1)(k — 2) + (k — 1), whereas the
increase of ny_1 is only (k — 2)(k — 3)(k — 4)/6 + (k — 2)(k — 3)+ (k—2). O

3.4 Convergence

Once the stability of the finite element approximation of the Stokes problem given by
Eqs. (26)—(28) or, equivalently, by Eq. (39) has been established, we turn now our attention
to the convergence analysis. We give error estimates in the H! norm for both velocity and
pressure. In this particular case, this is the ‘natural’ norm for proving these error estimates,
since it is the norm in which we have proven stability. After this one can prove convergence
in the L% norm by using classical duality arguments as in Ref. [2] for the GLS method.

THEOREM 3. Suppose that the family of finite element partitions {Jp}p~ and the

associated finite element spaces V), and @), are such that the inverse estimate (41) and the

stability condition (58) hold. Assume also that the parameter « in Eq. (27) is such that
agh? < a < a1h?, (72)

with ag, «) independent of h. Then the solution of problem (26)—(28) satisfies the error
estimate

lw = wplly + 2V = Vpyll + 1| Vp — || < CE(R) (73)
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where

1
E(h) := i — f - inf -
()= int Je=vil+ g st e ol + ot lp— al

+ h 1nf ||Vp Vap|l + h 1nf ||Vp — |
and u and p are the solution of the continuous problem (6) & (7).
PROOF: Since problem (39) is consistent we have that

B(w,p, VD5 p,an,0p) = (F,9) V(0 qhy 0p) € Vg X Qp X V.

Substracting this equation from Eq. (39) and taking as test functions (v}, — Up, Gh —Ph, Vp —
Up) € Vi o X Qp X Vj, we obtain

B(u —up,p —pp, Vp — @p;u — up,p — pp, Vp — 1)

N N (74)
=B(u — up,p — pp, Vp — tp;u — vy, p — qp, Vo — 0y),

for all (vp,,qp, ) € Vh,0 X Qp X V. Using the expression of the form B given in Eq. (38),

from Eq. (74) it is found that

a(u — up, w —up) + a(@p — Vpp, @y — Vpp) = a(w — up, u — vy,)
+(Vp — Vpp,u —vp) + b(p — qp, w — wp) + a(@y, — Vpy, o, — Vap).

Using the coercivity of a, the continuity of @ and b and Schwarz inequality we get

lw — wp||? +7 ”“h — Vpnll? < Clllu —upllillw — vplli + VP — Vullllu — vy
+ lp — anlllle — up|l1 + alli@, — Vppllllon — V] -

Let us denote by Ep(-) the error in the H™ norm of either %, p or Vp and Im(u) =
I — vl Zo(p) = llp — anll, 10(Vp) := V5 — Vapl| and Io(d) i= | Vp— 5a]l. Also, let
G := ||up, — Vpp||. We can thus write Eq. (75) as

Ef(u) + %GQ < C[Ey(u)I1(u) + Eo(Vp)Io(u) + In(p)E1(u) + aG||v), — V]

Since

19n = Varll < 195 — Vol + IV = Vil = Ip(@) + Ip(Vp),
from Eq. (76) we obtain
E3(u) + %GQ <cC [El(u) + hEy(Vp) + /%G
a

1 .
X max {Il(u),fo(p), EIO(U)’ al/gfo(u), al/QIO(Vp)} .
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The problem now is to bound Ey(Vp). We have that

Eo(Vp) <1IVp = Pp1o(Vap)ll + 1Py 12(Van) — V|
< IV = Py 1o(Vau)ll + 1Ph,1(Van) — Pr 1(Vpp)|| (78)
+ 1Ph,2(Van) — Pra(Vor)ll + |1 Pr s(Vop)ll-

Using now the stability condition (51) we obtain

1Pr,2(Van) — Pra(Vop)ll < CllPy13(Vap) — Py 13(Vay)||
< CllPra(Van) = Pra(Vop)ll (79)
+ Cl|Py3(Vap)ll + Cl| Py 3(Vpp)||-

On the other hand

1Pr3(Va)ll = IVan, — Py 1o(Vap)ll
< IVap = Vol + IVp — P 19(Vay)|.

Using this in Eq. (79) it is found that

1Ph,2(Van) = Pho(Vep)ll < C [[I1Py1(Var) — Py (Vep)|l
+ IVan = Vpll + IV = Py 1a(Vap)ll + |2y s(Vp)ll] -

Using this inequality in the estimate (78) we get

Eo(Vp) < (1 + CO)NIVp = Ph1a(Vap)ll + (1 + O Py 1(Vap) — Po1(Vpp)|l

(80)
+ 1+ ONPy3(Vpp)ll + Cl[Vp = V.

Let us bound now the different terms in Eq. (80). If we still denote by Py, 19 the extension
of the projection onto E}, 19 = V), from the whole space LQ(Q), we have that
VP = Ph12(Vap)ll < IVp — Py 12(VD)Il + [1Pr12(VP) — Ph1a(Vap)- (81)

Since
(Vp— Py 15(Vp),9p,) =0 Vo, €V,

and Py 19(Vp) — o), € V}, for 9, € V), we have that

IVp — Py 1a(V)I* = (Vp — Py19(Vp), Vp — Py, 19(Vp) + Py 12(Vp) — 03)
= (Vp — Py 12(Vp), Vp — 0y)
<V = Py 1a(Vo)IVP — 04|,

that is,
IVp — Py 12(Vp)|| < Ip(a). (82)
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If || Py 12|| is the norm of Py 19 as a linear operator from L2?() to E}, 19, since this norm
is < 1 we have that

1Pn,12(VP) = Pr1a(Vap)ll < 1P 12llIVe — V|| (83)
< Ip(Vp).
Using inequalities (82) and (83) in (81) we obtain

IVP = Phaa(Van)ll < Io(@) + Io(Vp). (84)

The second term in Eq. (80) can be bounded using the first equation of the problem,
that is, Eq. (26), and making use of the inverse estimate (41):

1Ph,1(Van) = Po1(VeR)II® = (Van — Vg, Py 1(Vas) — Py 1(Vpp))
= (Vp = Vpp, Py 1(Vap) — Py 1(Vpy))
+ (Vap = Vp, Py 1(Vay) — P 1 (V)
= —a(u —up, P, 1(Vap) — Pp1(Vpy))
+ (Vap = Vp, Py 1(Vap) — Pr1(Vpp))
< (2B + 19 ) 1P A(F01) — Phu(Ty )L

where N, is the norm of a. Therefore

N,
1Pr,1(Van) — Pp1(Vpp)ll < C'TaEl(U) + Ip(Vp). (85)

The third term in Eq. (80) is (1 4 C')G and the last one is CIo(Vp). So, using bounds
(84) and (85) in (80) we obtain

,
Ey(Ve) < € [1(a) + Tu(Ve) + 2 Byw) + 6]

(86)
and using this in (77) we get
E2(u) + %GQ <cC [El(u) +hIo(Vp) + hIo(@) + (h + a'/?)G]
e { 1) o), (), o 2ot 1o (V)| o

From the behavior assumed for the parameter «, Eq. (87) implies that there exist constants

C'1 and C9 such that

Ey(u) < Cymax {Il(u), %Io(u), hIy(Vp), Iy(p), h-’o(’ll)} ;

G < %max

(88)

{mu), = To(w), hIo(Vp), To(p). hfo(ﬂ)} . (39)
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Equation (88) is the error estimate for the velocity. Using (88) and (89) in (86) we obtain
the error estimate for the pressure:

hEo(Vp) < Cymax | I (w), ~Tp(w), hIp(Vp), To(p), hIo(d) \ (90)
h

On the other hand,
l@n = Vpll = [IVpp, = Vp — Py 3(Vpp)|| < Eo(Vp) + G. (91)

The theorem follows combining inequalities (88)-(91). O

Clearly, estimate (73) is optimal. From the approximation properties (48)—(50) it
follows that if w € H"(2)NV,r >1,and p € H*(2)N Q, s > 1, then the error function
E(h) in Eq. (73) behaves like h*, with k = min{r — 1, s, kv, kq+1}.

It 1s also remarkable that we have had to use the fact that aoh.2 <a< alle, whereas
to prove stability in Theorem 1 we only used that a0h2 < «. Thus, the behavior of a is
dictated by the stability and convergence analysis. To make it dimensional, we take it as
o= a0h2/u, where o is a dimensionless parameter.

4 Numerical tests

In this section we present two simple numerical examples of the solution of problem (26)-
(28). In the implementation on the computer, we have solved this problem iteratively, first
updating w from Eq. (26) using a guess for pj,, then updating pj from Eq. (27) using a
guess for 4y, and the current up and finally updating @), from Eq. (28) using the pj, just
computed. Although the performance of this scheme has not been completely satisfactory,
the problems to be solved in this iterative process are very simple, all of them requiring
the solutiofi of algebraic systems with symmetric and positive-definite matrices. We have
solved them using the conjugate gradient method.

4.1 A test with analyical solution

The purpose of this first test is to check numerically the convergence rates predicted by
theorem 3, that is, the convergence of u, to w in the H! norm and the convergence of Vpy,
and 4, to Vp in the L2 norm. For that purpose we consider the test problem presented in
Ref. [22], in which © is the unit square and the force term is selected so that the solution
of problem (1)-(3) with v = 1is u = (ug,uy), with u, = z2(1 — 22)(2y — 6y2 + 4y3) and
uy = (—2z + 622 — 423)y2(1 — y)?, and p = ¢ — 22.

We have solved the problem using the P| and the Py elements. We have also solved
the standard problem (14) & (15) using the mixed Py/P; element (continuous quadratic
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Figure 1. Convergence of ||[Vu — Vu,||. o: Py element; o: Py element; x: mixed P,/ P
element.

velocities, continuous linear pressures), which satisfies the discrete counterpart of the inf-
sup condition (9). All the finite element meshes that we have employed are uniform.

We have plotted in Fig. 1 the convergence of the velocity. As expected, the rate of
convergence is 1 for the P; element and 2 for the Py and the mixed Py/P] elements. In
this case, these last two elements give the same error for the three meshes that we have
used.

Figure 2 shows the convergence of the pressure gradient. For the Py and the mixed
Py /Py elements the rate of convergence is 1, being the absolute error of the latter greater
than that of the former. What is not predicted by Theorem 3 is the convergence of the
pressure gradient for the P; element observed in Fig. 2. Notice that for the finest mesh
the rate of convergence found for the first three meshes is lost.

Convergence of the projected pressure gradient (p) is very similar to that of the
pressure gradient itself for the P} and Py elements. It is shown in Fig. 3.

4.2 Behavior of the pressure near the boundary

This second example is intented to discuss a misbehavior of the pressure near the boundary
using the GLS formulation, as described in Ref. [23]. In essence, the GLS method consists
in replacing @y, in Eq. (27) by gj, := f + vAwuy, and evaluating the integrals involved in
the L? inner product element by element (see Ref. [4]). In other words, instead of using
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Figure 2. Convergence of ||Vp — Vpa||.- o: P; element; o: Py element; x: mixed Ps/ Py
element.

the projection of the pressure gradient onto the space of continuous vector functions, the
expression resulting from the differential form of the momentum equation (that is, Eq. (1))
evaluated on each element is employed.

Although the rate of convergence of the method in the H! and L? norms is opti-
mal [2, 4], the pressure may be poorly approximated near the boundary. Suppose that
J = 0 and that the flow is induced by a non-homogeneous Dirichlet condition. Then,
gn = vAwy and this approximates vAu within the elements only using polynomials of
order k£ > 2. In the case of linear elements, g, = 0. If we take u, = 0 in problem
(33)=(37), it is clear that the pressure verifies (weakly) the condition dp,/On = 0 on T
(see Eq. (37)), which is wrong. Therefore, we may expect an incorrect pressure near the
boundary, especially using linear elements. To overcome this, a modification of the GLS
method including a boundary term was presented in Ref. [23]. This problem does not
appear in the formulation introduced in this paper.

One of the numerical examples of Ref. [23] consists in the solution of a Poiseuille flow in
a trapezoidal domain. We have also solved this problem using two meshes of P elements
with 13 x 13 and 25 x 25 nodes uniformly distributed along the sides. The first mesh is
shown in Fig. 4. For this problem, f = 0 and a parabolic velocity profile is prescribed
at both the inlet and the outlet; on the top and bottom edges u = 0 is prescribed. The
pressure gradient in this case must be constant.

Pressure contours computed with both the GLS method and the formulation presented
in this paper are shown in Fig. 5. In spite of the improvement obtained with the mesh
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Figure 4. Finite element mesh using 12 x 12 P; elements for the Poiseuille flow example.

of 25 x 25 nodes with respect to that of 13 x 13 nodes, pressure contours using the GLS
method are wrong near the boundary, whereas results solving problem (26)—(28) are correct
on both meshes.
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Figure 5. Pressure contours for the Poiseuille flow example. (1): GLS method, coarse
mesh; (2): GLS method, fine mesh; (3): Present method, coarse mesh; (4):
Present method, fine mesh.

5 Conclusions

We have analyzed in this paper a finite element formulation for the Stokes problem that
has a compatibility restriction for the velocity and pressure interpolations weaker than
that of the standard approach. We have seen that this restriction can be formulated in
terms of a condition that involves only macroelements, that is, assemblies or ‘patches’ of
elements, and that is easy to check. In particular, it is verified using equal interpolation for
the velocity and the pressure. From this compatibility condition we have proved stability
and obtained optimal error estimates. Also, the formulation depends on an algorithmic
parameter o whose dependence on the mesh diameter has been dictated by this convergence
analysis.

The development of efficient numerical methods for solving the Stokes problem from
the formulation that we have presented remains open. Although the straight solution of
problem (29)—(31) is unacceptable from the computational point of view, we believe that
the idea of using the projection of the pressure gradient onto the velocity space can be
used for the design of practical numerical algorithms, especially in the context of iterative
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schemes for the Navier-Stokes equations.

We think that the fact that the formulation presented here allows equal velocity-
pressure interpolation makes it interesting by itself. However, in our opinion the real
interest of our analysis relies on the fact that it explains why equal interpolation is possi-
ble in some commonly used fractional step methods and, in general, in any method that
in terms of a primitive u-p approach introduces the difference between the two discrete
Laplacians appearing in Eq. (32).
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