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SUMMARY

In this paper the possibilities of the viscous voided shell approach for deriving bending/membrane finite
elements for sheet metal forming problems are presented. These elements can be selectively used for

membrane or full bending analysis of some parts of the sheet according to the nature of the deformation.
Numerical aspects of this approach are discussed and some examples of application are also given.

INTRODUCTION

Over the years flow formulation has proved to be a simple and effective procedure for finite
element analysis of metal forming problems.*® The inclusion of void degradation effects in the
viscoplastic flow model introduces compressibility and the resulting formulation is analogous to
standard non-linear elasticity theory.” This analogy provides a basis for deriving a ‘viscous shell’
formulation for analysis of sheet metal forming problems in a simple and straightforward
manner.>”

The objective of this paper is to show the possibilities of the viscous shell approach for deriving
membrane and bending viscous finite elements. These elements can be used in different parts of
the sheet in a selective hierarchical manner according to the specific features of the sheet
deformation pattern.

The content of the paper is the following. In the first part a summary of the basic concepts of
the ‘viscous voided’ flow approach is given. Then the basis of the finite element viscous shell
formulation for sheet metal forming problems is presented and some numerical aspects of the
solution algorithm are discussed. In the next section details of the full axisymmetric viscous shell
formulation are given and an algorithm for the selective choice of membrane or bending elements
in different parts of the sheet is presented. Finally, some examples of applications of the proposed
algorithm are presented. - :

BASIC CONCEPTS

The basis of the ‘flow approach’ is the assumption that the deforming material behaves like an
equivalent fluid with strain rates &; and velocities u; related by

1{du, Ju;
foomm | —t =L 1
& 2( 6xj+ 6xi) or £ u 83
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and the stresses satisfy the standard equilibrium conditions®

L'6¢ +b=0 in the volume V (
: 2)
M's —t=0 in the boundary T
where b and ¢ are body force and surface loads, respectively, and M is a matrix containing the
compeonents of the unit normal to the boundary T
We consider here the flow of a pure plastic/viscoplastic metal in which elastic effects are
neglected. Further, the constitutive model used is based on Gurson’s theory for void containing
metals.” Under these assumptions, and using standard plasticity theory, the constitutive equation
relating strain rates and stresses can be written in the following rate form:”19-12

- - I ‘7
Ejj=£?‘j1“x§é:[ﬂ'ijmakkaij] @

where &; and & account for the total and non-linear plastic/viscoplastic strain rate tensors,
respectively.

Note the analogy of (1), (2) and (3) with the strain—displacement, equilibrium and stress—strain
relationships of elasticity theory.® The problem can then be stated as one of standard elasticity
with displacements and strains playing the role of velocities and strain rates, respectively, and
G and v being the equivalent ‘elastic shear modulus’ and Poisson’s ratio, respectively. The values
of the equivalent elastic material parameters G and ¥ can be obtained as? 19-12

Viscoplastic flow: (Gy = 6y + k&j3)

" 1 .
G=M" | pwent

3, 3

@)
1 — BC?
2+ BC?

v

with )
B =fsmh(A) 4= T
24 20y

1\ 1 k.
:(m), m=-_, c=(1+—e‘ﬂ) (5
¥ R Oy
i 2 172
g = (gé}’fé}’fw)

where @y, is the tensile yield limit of the matrix méteriai, f 1s the void volume fraction, y is the
fluidity parameter, n is the exponent of the vield function in the viscoplastic law, é;7 is the
deviatoric viscoplastic strain rate tensor and w = 1 — 2fcosh (4) + [Tz

Plastic flow: (o = oy)

The equations for plastic flow are simply obtained by making k = 0 in (4) and (5). This yields

(©)
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Equations (1) and (6) are completed with the adecuate evolution law for the void volume
fraction which can be taken as

J=fe+fut]. (7
where subscripts g, n and ¢ stand for growth, nucleation and coalescence of voids. For details of
the different terms of (7} see References 7 and 13.

Note that the inclusion of the effect of voids results in a ‘compressible’ flow with ¥ # 4. For
non-voided metals f= 0 and (4) and (6) are

Viscoplastic flow:
i (é>m
Tm -
_ 7 1
= = = = 8
¢ '3 ®
Plastic flow:
~ oy - 1
— e = - 9
C=3 =3 ®
with now

Thus the ‘incompressible’ form of the deformation is recovered and the expression of the
equivalent shear modulus coincides with that of the non-Newtonian viscosity of the standard flow
problem.?

APPLICATION TO THIN SHEET METAL FORMING PROBLEMS

The theory presented in the preceding section allows the analysis of plastic/viscoplastic deforma-
tion of thin sheets of metal by making direct use of classical small displacement elastic shell
theory. The solution scheme is thus as follows.

1. Identify an elastic shell formulation. If standard finite element techniques are used® the
discrete system of equations can be written in the form

K(G, vja = f (10)

where K is the secant stiffness matrix of the sheet and a and f are the displacement and nodal
force vectors, respectively. The equivalent ‘viscous shell’ theory is formulated by simply
identifying displacements and strains with velocities and strain rates, respectively, and
substituting the shear modulus and Poisson’s ratio by the non-linear parameters G and # of
the preceding section. .

2. Solve iteratively the resulting non-linear system (10) for the velocity field. Some numerical
aspects of this solution are discussed in the next section.

3. Restart the process with new updated values of the sheet geometry, boundary conditions
and void volume fraction.”

The above algorithm allows one to include other important effects like strain hardening and
contact frictional conditions in a simple manner.”- 1214
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SOME NUMERICAL ASPECTS OF THE NON-LINEAR SOLUTION
The resulting non-linear equilibrium system {10} can be written in the form
r{a, x, t) = p(a, x) — f(t, x) =0 (11)

where r is the residual force vector, f the vector of external nodal forces and p the internal force
vector given by

p(aa X) = K(a’ x)a (12)

In (11) and (12) a and X are the nodal velocity and spatial co-ordinate fields, respectively, and
{ is the time. These variables are not independent and they can be related by the foliowing time
integration scheme:

crarg iy 4 ta(l — B)Ar + TFAafAL (13)

where 0 < 6 < 1.

For 0 = 0 the integration scheme (13} is explicit and the equilibnium equation (11} can be
written and solved at time ¢ for the nodal velocities ‘a with known values of the co-ordinates x.
On the other hand, 6 # 0 yields an implicit scheme and (11) is written at ¢ + At with both **4*a
and '*4'x as unknowns, related by (13).

Table T shows the solution algorithm using 2 predictor—corrector incremental iterative scheme.

Table 1. Predictor—corrector algorithm

1. Initialization

2. Predictor
k=0
H—ma(} = ta’ 1+Azx0 = lX + 'aAt

3. Corrector
3.1 Compute residual foroes

thALk r+mpk _ tHArfk
312 Compute €rror norm
- " r+Atrk n
- u THALgk ”

33 Check convergence
if (E. LT. TOL) GO TO 4

34 Form iteration matrix ‘*~H"*
3.5 Solve the system of equations

Aak = __(r-trmHk}*l(l-i-mrk)
3.6 Update variables
r+A!ak+1 = t+Alak + Aak
ekl Lty Ta(] - B)AL + AT BAL
37 k=k+1
GO TO 3.1

4. Qutput results
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- There are different possibilities for choosing matrix H for the solution of the equation system
{see step 3.5 in Table I). A simple option is to make H equal to the secant stiffness matrix K of (10).
This, together with an explicit scheme (6 = 0), is identical for using a direct iteration scheme
which has proved to yield convergence in a reasonable number of iterations in many practicai
cases. >’

A second alternative is to make H = Ky, where K; is the standard tangent matrix defined by

_Dr_Dp Df

"“Da Da Da (44

The exact computation of Ky for the full viscous voided formulation is complicated and the
resulting expression is non-symmetric.'* Some of these difficulties have been overcome by the
authors by using a simpler approximation for K; = Ky given by

. K
Ki=—a+K=H 15

Numerical experiments have shown that the use of (15) for H yields convergence of the
algorithm of Table I in approximately one half the number of iterations for the direct iteration
scheme.

AXISYMMETRIC VISCOUS SHELL FORMULATION

The basis of the success of the viscous shell approach therefore lies in the efficiency of the
analogous elastic shell formulation. We will present here a formulation based on Reissner—
Mindlin axisymmetric shell theory.™? Figure 1 shows a typical geometry of an axisymmetric
sheet discretized in two node troncoconical elements.

The velocity field, after discretization, can be expressed as

u
2
u={w}= Y Na (16}
i=1
8 .
u;
with N;=N]I, and a,={w, a7
]

-
/ey

Figure 1. Axisymmetric shell, Discretization in axisymmetric Hnear clements
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with u;, w; and 8, being the two global velocities and the angular velocity of node i, respectively,
and N, the linear shape function of node i (Figure 1).
The generalized strain rate and resultant stress vectors in each element can be expressed as

i=le b= Ba (18)
és i=1
L+ 0 2
c={c6,}=Di=D ) Ba, (19)
[=1
(13

where subseripts m, b and s denote membrane, bending and shear terms respectively. The
expressions for the above vectors and matrices are shown in Table I1.

After adequate substitution of (16)«19) in the rate of virtual work the following system of
gquations can be obtained:’

r=K(a)a—f=0 (20)
The element contributions to the stiffness matrix K and the nodal forces vector { are
KY = 2n J BIDB;rds 1)
- ZHJ‘ N, trds + 2nr;p; 22
i

where /1® is the element length, r the radial distance and t and p; surface and point load vectors,
respectively.

Note the non-linearity of (20) due to the stress and strain dependence of parameters G and 7 (see
(4)~9)). Equation {20) can be solved using the incremental-iterative predictor—corrector algo-
rithm of Table L

It has been shown by Oiiate and co-workers>” that for a successful use of this formulation for
thin sheet analysis the element stifiness matrix of (37) must be numerically computed using
a single Gaussian integration point. In practice this simply implies obtaining KE‘;’ explicitly as

K = 2nBI DB, (23)

where (7) denotes values at the element midpoint. The expression of B, is readily obtained by
substituting the terms N, and N /s in Table I by 4 and ( — 1)/, respectively.

SELECTIVE BENDING/MEMBRANE FORMULATION

Recently Ofiate and Agelet de Saracibar'? % 1% have shown the possibilities of the viscous shell
formulation for deriving a selective bending/membrane approach. In this, bending and membrane
elements are used in a selective manner in accordance with the specific features of the sheet
deformation pattern at each deforming step, i.e. membrane elements are used in zones where the
shell is basically under tension conditions, whereas in zones where bending effects are predomi-
nant (i.e. sharp corners) a bending formulation is chosen. To explain this procedure we will
consider a sheet discretized in flat viscous shell elements. An example of this is the troncoconical
elements for axisymmetric shell analysis studied in the preceding section or any of the flat
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Table II. Axisymmetric viscous shell: Generalized sirain rate—velocity and constitutive

relationships
- -
Su ow
C—+5—
ds + d
u
(. r
. & —
£, e 39 5
&= £, = < X =y it f-=ZBzai
. és i=1
£, . E . fcos¢
~ ’5’ r
du ow
-8 C—-—#¢
é ds
. &N, ]
C afv’ 5—— 0
ds ds
N.
ot 0 0
r
Ba - - M;N
B;=< By, »= 0 o -
8 ds
st N.C
0 0 —t7
r
dN, N,
—s o N
B 8s ds ! |

S=sing; C=cos¢

2
=[N, N M, M;,0]"=Di=D ¥ Ba,

=1

D, D, 0 w2 [ Da 2D, 0
D={D, D, 0 = J' D, PH, o0 |dz
o o b | 7| o 0 D

<
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elements traditionally used for 3D shell analysis.® For any of these elements the stiffness matrix
K of (21) can be written in the form

K = K+ K + K, + K | (4)
where subscripts m, b, mb and s denote membrane, bending, membrane-bending coupling and

shear contributions to the total stiffness matrix of the element. An example of the form of the
above matrices for the simple two node axisymmetric viscous element is the following:

K&, = 2nri' By DB, (25)
K{) = 27719 BL, D, By, (26)
K&, = 277 [ B, Dy By, + BY, Do B, 27)
K = 2nF1@B] DB, (28)

where the different B and D matrices can be obtained from Table Il
Expression (24) allows one to compute the energy rates for the element at each deformation
stage once the velocity field has been found from (20). Thus we can define for each element

e = %[a(e)]T Kielg® {29)
U9 = }{a®]"KEa® (30)

where U® and U stand for the total energy rate and the energy rate due to membrane effects
only.

 Clearly, under membrane conditions the value of U will be approximately equal to that of
U This simple fact allows one to define the following scheme for choosing a2 membrane or
bending formulation for the element:

1. At the onset of the deformation process the bending formulation is used for all elements in
the sheet (Figure 2(a)).

2. Once the velocity solution has been obtained for each new deforming configuration, the
following energy ratio parameter is computed for each element,

Uy

(e) —
&= {jie

(31)

3. I &© < &, where & is a prescribed value close to unity, the effect of bending is assumed to
be significant and the full element stiffness matrix of (24) is retained.

4. Tf £ > &, the clement is assumed to work under membrane conditions. This implies the
following operations:

4.1. A new stiffness matrix is computed for the element as
K® = K¢ (32)

where K_ contains the contribution of the membrane terms to the stiffness matrix.

4.2, The “transition’ nodes shared by a patch of different elements working under bending
and membrane conditions retain the rotational degrees of freedom. However, these
contribute to the stiffness matrix of the bending elements only (Figure 2(b)). Examples
of this combination of membrane and bending behaviour are very common in framed
structures with internal pin-joints (Figure 3).
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Azxisymmetric Problems 3D problems

a) Bending clements

3
(r——————)
1 2 1
2
a; = [ui,w,',g,']T, t=1,2 a; = [ui,vi,wi,H:‘.,Gy;,Bzi]T, i=1,3

b} Transition bending/membrane elements

m m b
1 2 "}
”
a; = [ul,vle a; = [Hhi’z-wl]T
ax = [uz, W, GQ]T a; = Iuis Vi, Wy, 62;‘! gy.'vgz,-]ra i= 2,3

¢) Membrane elements

a; = [ui:vi]Tv i=1,2 ‘a; = {ui,ui,wi]"r, :1=1,3

Figure 2. Nodal variables for bending (b), membrane {m) and transition bending/membrane elements for axisymmetric
and 3D sheet forming analysis

4.3. If all elements surrounding a node work under membrane conditions, the rotational
degrees of freedom of the node can be eliminated (Figure 2(c)). This can be simply
accomplished in practice by deleting the rows and columns corresponding to the nodal
rotations in the element stiffness matrix.

Figures 4 and 5 show schematic examples of the different situations described above for 2D
axisymmetric and 3D sheet forming processes.
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Figure 4. Axisymmetric sheet forming problem using selectively bending
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clamped end pin joints

/.
ZA1 2 3
Z|

bar working ©:

in bending _ under axial forces

Effective displacement variables of node 2! wy, 6

Figure 3. Beam combining bending and axial elements

(2)

Degrees of freedem:

8, = fupwil, 1=1,2

a; = [uivwiseiiT: t= 3,4,5

Element Stiffness matriz
1-2 Kx) eliminating rows and

columns of 8, and 6,

23 Kgf,) eliminating the row and

column of &,

3—4and 4—5 Full K

(b and membrane {m) elements
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Full bending stiffness used in all elements

= T .
aj = [ui':”irwz‘,gtney;sezi] y t=1mn

b)

(1) Full membrane stiffness matrix
a; = [ay, vz, w4)T
(2) Transition bending/membrane elements
(3) Full bending stiffness matrix
12

mere!

a; = Iui: Vi, ""71'392:,'1 gygw 82,']T

Full membrane region Transition bending/membrane region

T a; = !uiyviawiagzpay,';gz;]T
a; = [ug, v5,wj]

(e]
K for membrane (m) elements
Kgﬁ} for all elements " (m)

K for bending {b) elements

Figure 5. 3D sheet forming problem analysed using a selective bending {b) and membrane (m) finite element approach

Change from membrane to bending formulation

The contact of some parts of the sheet with sharp boundaries can lead to a drastic change from
membrane to a bending situation. To detect these changes the value of the energy ratio &£ must be
continuously checked throughout the whole deformation of the sheet. This implies keeping
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a record of the nodal rotation rates at each deforming stage so that the bending energy rate can be
adequately computed. The problem arises in membrane (or transition bending/membrane ele-
ments) in which the nodal rotation variables have been eliminated from all (or some) nodes. This
difficulty can be overcome by computing first an estimated value of the element rotation from the
element geometric changes between two consecutive deforming configurations. The correspond-
ing nodal rotations are subsequently computed by a simple averaging of the rotations of all
elements adjacent to the node.

This procedure is extremely simple for axisymmetric problems, as shown in Figure 6(a). For 3D
problems the situation is somehow more complicated, particularly if large rotations are involved.
However, assuming small rotations between two consecutive configurations, the problem is much
simpler, since the components of the clement rotations can be obtained from tensor transforma-
tions relating the known components of the normal vectors to the clement at two consecutive
configurations (Figure 6(b)).

a) Azisymmetric problems

,_Eﬂ e—1
b = 5(6° + 657

b) §D problems

A = T 'n = 65,0, 6;

For small rotations:

b

o8 e
9 1 -8

k]

&
11

Figure 6. Computation of element and noda} rotations from geometrical changes
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Plate 1. Superplastic forming of a strip. Step 1. Time = 8-5 sec. Thickness distributions: membrane approach
(frame 1), bending approach (frame 2), selective bending/membrane approach (frame 3). Energy rate ratio

distribution (frame 4)
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Plate 2. Superplastic forming of 2 strip. Step
(frame 1), bending approach
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Plate 3. Superplastic forming of a strip. Step 5. Time = 1500 sec. Thickness distributions: membrane approach
(frame 1), bending approach (frame 2), selective bending/membrane approach (frame 3). Energy rate ratio
distribution (frame 4)
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THICKNESS CONTDURS = METER-SHELL ELITENTS

Plate 4. Superplastic forming of 2 strip. Step 7. Time = 3000 sec. Thickness distributions: membrane approach
(frame 1), bending approach (frame 2), selective bending/membrane approach (frame 3). Energy rate ratio
distribution (frame 4)
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EXAMPLES
Example 1. Benchmark test for hemispherical punch stretching

This example corresponds to a benchmark test for numerical simulation of sheet metal forming
processes, recently proposed by Wagoner ef al.'” The geometry of the sheet, punch and die is
shown in Figure 7. The sheet material has been assumed to be rigid plastic with a strain hardening
law given by ' -

G =589(107* + £)°21¢ MPa

No porosity effects have been considered. Fourteen axisymmetric lnear elements have been
used in the analysis following the mesh spacing as suggested by Wagoner et al.'” Contact between
sheet and tools has been treated with a standard penalty formulation and friction effects have
been modelled with a local non-linear Coulomb law.2? 14-1#

Figures 8(a} and (b) show the radial and hoop strain distributions obtained using a membrane
and a full bending formulation for two friction coefficients of 0-0 and 0-3, respectively. It can be
scen that the strain distributions for both formulations are almost identical, with the exception: of
some small discrepancies near the edge and the pole. This shows that a membrane formulation
could be successfully used throughout the analysis.

This appreciation is confirmed by the curves of Figure 9 showing the energy rates ratio of (31),
clearly indicating that the membrane energy dominates the solution along the whole deformation
process. Also Figure 9 shows the above mentioned edge effect, which results in the need of using
a full bending formulation in that zone.

This example has also been successfully analysed using the selective membrane/bending
approach. Numerical results obtained in this case coincide exactly with those shown on Figure 8
for the bending formulation, as expected. '

b 66.00 mm 1
59.18 mm .
| DIE
R=6.35mm
T SPECIME{
! =
5 D r(axisymmetric)

t=I1.0 mm

Figure 7. Geometry of the sheet and the tools for the Hemispherical Punch Stretching (HPS) benchmark test {(Wagoner
et al. 1988)
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Example 2. Superplastic forming of & thin sheet under plane strain conditions

Figure 10 shows the geometry of the tool. Plane strain conditions have been assumed in the
analysis. This simply implies neglecting circumferential effects in the axisymmetric shell formula-
tion. Fourty-nine two node one dimensional elements have been used in the analysis. The
material constitutive parameters are k = 1200 MPa sec™ and m = 0-6. Contact between sheet
and tool has been treated with a standard penalty formulation and full slipping condition (zero
friction) at the contact regions has been assumed. A limit value for the energy ratio of £, =099 to
define the change from bending to membrane condition has been chosen.

= Benchmark s1.1 - Friction » §.8
719 PUNCH TRAVELS
2 o 10 mm (MF)
] A 20 mm {MF)
< + 30 mm (MF)
— x 10 mm (FF)
= ¢ 20 mm (FF}
-= T 30 mm (FF)
v T
GQ—M
- . -
=] T T T T T T T T T T 1
o 0 5 10 15 29 19 30 35 40 45 50 55 (]
lnitiaol raodius mm
w Benchmark 1.1 - Frictiagn = 8 B
o PUNCH TRAVELS
~ o 10 mm (MF)
= S A 20 mm (MF)
o + 30 mm (MF)
- . x 10 mm (FF)
— - o 20 mm (FF)
i T 30 mm (FF)
l—c,'"
“ 2
=2
o< |
o | T T T T !
o il 3 0 'S 9 5 18 15 [ . b 50 5% 60

inittial fradius mm

Figure 8(a}, HPS benchmark test. Comparison between membrane (MF) and bending {FF) formulation. Radial and hoop
strains for a friction coefficient of (-0
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w Benchmarx «1.¢ - Friction = O 3

- N PUNCH TRAVELS

~ o 10 mm (MF}

o &0 20 mm (MF)
= + 30 mm (MF)
. x 10 mm (FF)

E’ 7 © 26 mm (FF)

== T 30 mm (FF)

v T

o ©

=% .

o T T T T T T 7 T T R

('t 0 3 10 15 11 15 36 13 40 45 58 59 60
Initial racgius mm

i Benchmark +1.4 - Friction = § 3

@ _ PUNCH TRAVELS

- o 10 mm (MF)

- A 20 mm (MF)

= + 30 mm {MF)

- = x 10 mm {FF)

—a ] ¢ 20 mm (FF)

o 7 39 mm (FF)

—

ma—

g“o 7 T T T T T T | T

= 0 3 10 15 2t 15 3o 35 ER 45 59 59 84
= bnitial radius mm

Figure §(b). HPS benchmark test. Comparison between membrane (MF) and bending (FF) formulation. Radial and hoop
strains for a friction coefficient of 0-3

Plates 1-4 show the thickness distribution at different deformation stages using membrane
{frame 1), bending (frame 2) and selective bending-membrane (frame 3) formulations. Also the
distribution of the energy rate ratio & at each deforming stage is shown in each plate (frame 4).

The following points emerge from these plates.

() The values of the energy rate ratio ¢ over the sheet at the onset of deformation are at many
points below the limit value £, = 0-99, thus indicating a global influence of bending in the
early deformation stage (Plate 1). Bending elements are used in this case throughout most
of the sheet, as clearly shown in Plate 1 (frame 4). (Bending and membrane elements are
represented by dark blue and red zones, respectively.)
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Benchmark «1.1 - Friclion ~ §&.
g 2 - *>
Punch travels
o 10 mm
A 20 mm
+ 30 mm
T T T T T T T T T 1
5 111] 15 10 15 10 [ 65 50 55 L]
Initiol radius mm

Figure 9. HPS benchmark test. Energy rate ratio at different punch travels

Figure 10. Superplastic forming (SPF) of a plane strip. Geometry of the forming tool

(i} As deformation progresses the condition & > £, is satisfied in many parts of the sheet and

(i)

membranc elements can be used in these zones (red areas in Plates 2—4, frame 4). Note that
for well developed stages membrane theory can be used in = 80 per cent of the mesh, thus
introducing considerable economies in the solution process. An exception to this rule are
the sharp corners where the low values of the energy rate ratio indicate the need of
bending elements in those localized regions. It is also inferesting to note that some
-elements near the bottom corners change from membrane to bending behaviour as contact

with the tool progresses in that area.

Numerical results obtained for the thickness distribution with the selective bending/
membrane formulation agree very well with those obtained with the full bending approach

for all deforming stages.
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CONCLUDING REMARKS

In this paper a selective bending/membrane viscous voided shell formulation for sheet metal
forming problems has been presented. The preliminary results obtained for the simple axisym-
metric cases studied show the potential of this approach for an effective and economical analysis
of 3D real cases using complex punches and dies,
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