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SUMMARY

A partitioned, continuum-based, internal fluid–structure interaction (FSI) formulation is developed for mod-
eling combined sloshing, acoustic waves, and the presence of an initial pressurized state. The present
formulation and its computer implementation use the method of localized Lagrange multipliers to treat
both matching and non-matching interfaces. It is shown that, with the context of continuum Lagrangian
kinematics, the fluid sloshing and acoustic stiffness terms originate from an initial pressure term akin to that
responsible for geometric stiffness effects in solid mechanics. The present formulation is applicable to both
linearized vibration analysis and nonlinear FSI transient analysis provided that a convected kinematics is
adopted for updating the mesh geometry in a finite element discretization. Numerical examples illustrate the
capability of the present procedure for solving coupled vibration and nonlinear sloshing problems. Copyright
© 2012 John Wiley & Sons, Ltd.
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1. INTRODUCTION

The problems addressed in this paper have important engineering applications. Examples are liqui-
fied natural gas carriers, liquid propellant launchers, fuel tanks in airplanes, satellites and automo-
biles, large containers under seismic action, and dynamics of trapped water on the deck of offshore
vessels and platforms. According to Ibrahim [1], the first reported work on sloshing was by Hough
[2], who investigated the dynamics of a rotating ellipsoidal shell containing fluid. Since that early
work, sloshing phenomena have remained a major design consideration in the aerospace and naval
architecture fields. Interested readers may consult recent monographs and texts [1, 3–5] and review
articles [6–8], among others. It should be noted that the bulk of the sloshing problems considered so
far deal with rigid containers.

For sloshing motions of fluid in partially filled flexible containers, various formulations and solu-
tion methods have been proposed, which include the following: velocity potential for the fluid and
modal superposition for the structure [9, 10], Boundary integral for the fluid and modal superpo-
sition/FEM for the structure [11–16], Eulerian–Lagrangian equations for the fluid and the finite
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element/volume method for the structure [17–21], and Lagrangian equation for the fluid with the
FEM for the structure [22–27], among others.

When containers are completely filled with fluid and/or gas, fluid–structure interaction (FSI)
may be important, which leads to special formulations distinct from sloshing problems [28].
To date, these two problem classes (sloshing-flexible structure interaction and acoustic-flexible
structure interaction) have been handled by distinct formulations, resulting in different computer
implementations (e.g., [5]).

In addition to the aforementioned fluid and structural formulations issues, to carry out a
dynamic interaction analysis, a third issue emerges: interaction interface treatment and its com-
puter implementation. For treatment of FSI interfaces, various techniques have been proposed.
These range from tightly coupled monolithic schemes to loosely coupled partitioned procedures
[17, 20, 21, 23, 29–36].

In developing a partitioned formulation of FSI analysis and after surveying previous work on
internal FSI problems, the present authors identified in an earlier work [35] that a more general
and computationally modular approach should possess the following desirable attributes. First, for-
mulations and computer implementation for each of the coupled components (fluid and structure
in our case) should be stand-alone, with coupling terms modularly separated from each compo-
nent. Second, the formulation should encompass both sloshing and acoustic phenomena within a
unified framework. Third, with the anticipation of highly nonlinear phenomena in the fluid (such as
wave breaking and cavitation), the formulation should facilitate interfaces with multi-physics spatial
domains. Fourth, should more complex physical effects (for instance, nonlinear surface tension due
to high viscosity) be considered, the new coupling effects should be able to be handled via a modified
interface treatment procedure while leaving the existing fluid and structure modules largely intact.

One way to meet the preceding desirable features was to employ the partitioned treatment of the
interaction interface constraint via the method of localized Lagrange multipliers (LLMs) [37–39].
This choice was largely due to our experience with the LLM method as applied to a variety of prob-
lems, in particular to structural mechanics problems. Since we adopt the finite element modeling
of flexible structural systems, it was natural to employ a Lagrangian formulation of internal fluid
dynamics; such Lagrangian frame pairings, both for structure and fluid, can lead to a simpler con-
struction of interface interaction constraints than pairing of the structural interface displacement to
interface velocity potential or interface pressure for the fluid. Hence, a general variational frame-
work can be used to formulate partitioned systems that utilizes the same kinematic frame in the
fluid–structure interface.

The present paper is organized as follows. After a brief introduction of the problem statement and
its variational form of the present partitioned continuum-based formulation in Sections 2 and 3, a
detailed continuum-based derivation of Lagrangian fluid equations is presented in Section 4. While
the present derivation begins with an earlier continuum-based Lagrangian description of an ear-
lier work [35], several noteworthy refinements and implementation details are presented. First, the
surface traction term on the free surface that is often approximated by the Laplace–Young surface
tension formula is removed by invoking the equilibrium condition between the free-surface pres-
sure and the traction terms from the continuum variational term. Second, the constitutive relation
employed allows both sloshing and acoustic waves, which leads to two distinct fluid stiffness terms:
compressibility for acoustic part and incompressibility for the sloshing part. To alleviate volumetric
locking on the sloshing term, we have employed a mean dilation procedure. Third, a significant
item in the present formulation is the manifestation of both acoustic and sloshing stiffness matrices
in a form of the so-called geometric stiffness that depends on the pressure at each element center.
This implies that, when the element nodes are updated in a convected kinematic frame, the present
formulation is capable to carry out nonlinear sloshing and acoustic propagation.

Section 5 summarizes the standard FEM formulation of the structure, and Section 6 and 7
present the details of the method of LLMs that establishes the coupling between the fluid and the
structure in a partitioned manner. A particular aspect of the LLM method is the use of interface
frame whose discretization plays a critical role to pass the frame patch test for convergence of the
partitioned equations of motion. This is described in Section 8. The overall partitioned FSI
formulation is summarized in Section 9.
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270 J. A. GONZÁLEZ ET AL.

Figure 1. Container with a liquid in motion. Finite elements are used to describe the motion of the fluid with
the use of the Lagrangian kinematic description.

Numerical experiments using the present partitioned continuum-based FSI formulation are car-
ried out in Section 10, which illustrate the validity of the present partitioned FSI formulation for
linearized structural vibrations due to both acoustic and sloshing phenomena, and nonlinear tran-
sient responses. Finally, a discussion of the present study, further refinements, and open problems
are offered in Section 11.

2. STATEMENT OF THE PROBLEM

We consider the determination of small amplitude motions of an inviscid, homogeneous, and com-
pressible liquid with a free surface †f . The fluid is contained in a linear elastic tank structure, as
illustrated in Figure 1. The internal fluid is considered to be initially at rest occupying a volume Vf
under hydrostatic equilibrium due to the action of the gravity field g. At the same time, the elastic
structure containing the liquid occupies a volume Vs and presents a wet surface, common interface
with the fluid denoted by �b. The structure is driven by external forces and/or displacements that
will produce a coupled oscillation of the two media.

A global reference system X.X ,Y ,Z/ is introduced with the vertical direction Z and its unit
vector k measured from the bottom of the tank, defining the undisturbed fluid level inside the tank
as H . The gravity field is directed along �Z. To describe the motion of fluid and structure, we
use the displacement fields uf and us, defined in Vf and Vs, respectively. Adding to the reference
configurations Xf and Xs provide the current position vectors xf and xs:

xf D Xf C uf , xs D XsC us, (1)

expressed in the global system.

3. PARTITIONED FLUID–STRUCTURE INTERACTION FORMULATION VIA LOCALIZED
LAGRANGE MULTIPLIERS

The LLM treatment of the problem is schematized in Figure 2, in which the total FSI system is
divided into three subsystems: the fluid, the interface frame, and the structure.

To derive the equations of motion for the FSI system, we use the variational formulation proposed
by Park and Felippa [37–39], which was later particularized to FSI problems [34, 35]. The virtual
work of the coupled system is obtained by adding up the contributions of fluid and structure as
if they were independent subsystems and then adding the interface contribution obtained, scaling
the constraint equations by the LLMs. It follows that the functional that represents the stationary
condition of the total energy of the system ı… is composed of three terms:

ı…D ı…f C ı…sC ı 
f D 0 (2)
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Figure 2. Partitioning of an internal fluid–structure coupled system into three different subsystems: fluid,
interface frame, and structure.
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Figure 3. Initial state of the fluid under the action of gravity. Discretization and Lagrangian description of
the fluid motion.

where ı…f is the virtual work for the fluid, ı…s is the virtual work for the flexible structure, and
ı f is the partition interface constraint that groups contributions from the fluid and the structure.
Because ı…f D 0 and ı…s D 0 yield the governing equations of motion for the fluid and structure,
respectively, the present formulation is able to utilize two independently developed fluid and flex-
ible structural dynamics analysis software modules to perform FSI analysis. These are coupled by
an interface treatment module that enforces the interface constraint equations produced by ı f D 0.

In the following sections, the approximations adopted for each one of these three virtual work
expressions are described.

4. FLUID FORMULATION

In the absence of gravity effects, a displacement-based FEM model of an acoustic fluid with no shear
stiffness (i.e., inviscid) will experience zero-energy modes. Free rotational modes in the vertical
plane disappear when gravity effects are introduced; see [40, 41] for a theoretical derivation.

Because our interest is in FSI, a pure displacement formulation is preferred, where the absence of
the pressure will facilitate the connection with the structure.

4.1. Lagrangian description of fluid motion

Let us consider an acoustic fluid under the action of gravity g, initially at rest with density �0f and
hydrostatic pressure due to gravity p0f D pa C �

0
f g.H � ´/, where pa is the external atmospheric

pressure. Next, assume small deviations from this equilibrium position and introduce a Lagrangian
displacement field uf following the fluid particle, as represented in Figure 3.

Conservation of mass requires

�0f D �fJf (3)

with Jf D det Ff , in which Ff D ruf is the deformation gradient tensor.
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272 J. A. GONZÁLEZ ET AL.

Linearizing the kinematics, the inverse of the fluid dilatation Jf can be approximated as J�1f �
.1�r � uf/ and substituted back in (3) to provide a linearized version of mass conservation

�f D �
0
f .1�r � uf/. (4)

On the other hand, for a general equation of state, the speed of sound (cf ) relates the variation of
pressure to variation of density in adiabatic conditions, that is,

pT
f D p

0
f C c

2
f

�
�f � �

0
f

�
C � � � (5)

Neglecting all terms involving squares and higher powers of
�
�f � �

0
f

�
, this relation can be

substituted in (4) to express the total fluid pressure in Lagrangian form as

pT
f D p

0
f � �fr � uf (6)

an equation of state, relating Lagrangian pressure with displacements, where �f D �0f c
2
f is the fluid

volumetric stiffness. This approximation is well known and has been extensively used to model fluid
motion in the framework of Lagrangian kinematics (e.g., [40–45]).

4.2. Fluid problem in strong form

The strong form of the fluid equations is presented in the following for a pure volumetric con-
tinuum by using two alternative descriptions. These are the description with respect to the initial
configuration Vf and current configuration vf of the fluid domain. For the description with respect
to the initial configuration, the second Piola–Kirchhoff stress tensor Sf is used together with the
Green–Lagrangian strain tensor Ef , and for the current configuration, the Cauchy stress tensor � f

combined with the symmetric deformation tensor df is preferred.
Partial differential equations to be satisfied on the fluid domain consist of kinematical relation,

local balance of momentum, and the constitutive equation, given by

Initial configuration: Current configuration:

Kinematics: Ef D
1
2
.Cf � I/ df D

1

2

�
ruf Cr

Tuf

�
Equilibrium: r � .FfSf/C �

0
f gD �0f Ruf r � � f C �fgD �f Ruf

Constitutive: Sf D 2
@Uf .Jf /
@Cf

� f D J
�1
f FfSfFT

f

where Cf D FT
f Ff is the right Cauchy–Green strain tensor and Uf.Jf/ the volumetric strain-energy.

Additionally, the boundary conditions are extended to the complete fluid surface @Vf that can be
divided in two different regions: the free surface †f and the surface in contact with the structure �f

with @Vf D �f [†f as represented in Figure 2.
When integrating over the free surface †f , the normal pressure is constant and equal to the

atmospheric pressure pa; thus, we ignore any pressure discontinuity across the air-liquid interface
due to surface tension. This approximation holds for waves except ripples with extremely short
wavelength [46].

Also, normal displacements and tangential tractions have to be prescribed on �f , leading to the
following boundary conditions:

tf D�panf on †f

uf � nf D Nun on �f

tf � �f D 0 on �f

with nf and �f representing the boundary normal and tangential vectors and tf the surface traction
vector in the current configuration.

The necessary variational formulation will be described in the following sections based on a
referential and spatial description.
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4.3. Fluid energy functional

The energy functional for the fluid is the total potential energy, written as

…f.uf/D

Z
Vf

Uf.Jf/ dV �…ext
f .uf/ (7)

where the volumetric strain-energy defined as

Uf.Jf/D
1

2
�f.Jf � 1/

2 (8)

is only function of the volumetric deformation with a volumetric stiffness �f . The potential energy
due to external forces, written in d’Alembert form with the inertial forces introduced as modified
body forces, is expressed as

…ext
f .uf/D

Z
Vf

�
�0f g� �0f Ruf

�
� uf dV C

Z
@Vf

Tf � uf dA (9)

where Ruf is the fluid acceleration, Tf is the surface traction vector, Vf represents the fluid domain,
and @Vf is its physical boundary.

The second Piola–Kirchhoff stress tensor is obtained from the strain-energy function

Sf D 2
@Uf.Jf/

@Cf
D pfJfC�1f (10)

where

pf D
@Uf.Jf/

@Jf
D �f.Jf � 1/ (11)

is the acoustic fluid pressure. The Cauchy stress tensor is then obtained from Sf using the push
forward operation

� f D J
�1
f FfSfFT

f (12)

and expressed in the deformed configuration. For an inviscid fluid, � f presents only hydrostatic
component and can be expressed as

� f D pfI, (13)

a diagonal tensor in the current configuration.
The principle of virtual work comes from the stationarity condition of (7), which, when written

in the initial configuration, reads as

ı…f.uf , ıuf/D

Z
Vf

Sf W ıEf dV � ı…ext
f .uf , ıuf/ (14)

ı…ext
f .uf , ıuf/D

Z
Vf

�
�0f g� �0f Ruf

�
� ıuf dV C

Z
@Vf

Tf � ıuf dA (15)

expressed in terms of the varied Green–Lagrangian strain Ef with its conjugate stress measure Sf

and a variation of external energy containing the external traction vector Tf D tf da
dA per unit of

initial area.
The next step is to proceed with the linearization of (14) around the initial hydrostatic equilibrium

state, to derive the equations of motion for the fluid

Dı…f.uf , ıuf/D

Z
Vf

ıEf WCf WDEf dV C
Z
Vf

ST
f W
�
rT
0ufr0ıuf

�
dV �Dı…ext

f (16)
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where it is important to note that uf now represents a displacement from equilibrium, as represented
in Figure 3. We can identify in the first volume integral the constitutive term that gives place to the
constitutive stiffness matrix, with a Lagrangian constitutive tensor given by

Cf D Cp C C� (17)

Cp D pfJf
�
C�1f ˝C�1f � 2I f

�
, C� D �fJ 2f C�1f ˝C�1f

where Cp comes from the variation of kinematic variables and C� from the variation of pressure.
Second volume integral represents the initial-stress term, which now includes the initial hydrostatic
pressure configuration of the fluid.

The linearized equations of motion (16) can be expressed in the current configuration with a
similar form

Dı…f.uf , ıuf/D

Z
vf

ıdf W cf Wdf dvC
Z
vf

pT
f IW

�
rTufrıuf

�
dv �Dı…ext

f (18)

using the spatial Cauchy stress � f and deformation df work conjugate tensors, together with the
fourth-order constitutive tensor

cf D cp C c� (19)

cp D pf ŒI˝ I� 2i � , c� D �fJfI˝ I

with I˝ ID ıij ıkl and i D 1
2
.ıikıjl C ıilıjk/. In the current configuration, the initial-stress term

contains the total Lagrangian pressure pT
f D p

0
f C pf .

Linearization of the external virtual work (15) provides

Dı…ext
f .uf , ıuf/D�

Z
vf

�f Ruf � ıuf dvCD

�Z
@vf

tf � ıuf da

�
(20)

where gravitational body forces, initially present in (15), are invariably independent of the motion
and consequently do not contribute to the linearized virtual work. Hence, only inertia forces and
external tractions are present in the linearized virtual work because of external forces.

The second term in (20), because of externals tractions, has to be extended first to the free surface
†f according to the boundary conditions. Assuming that the fluid displacements are small and that
the final configuration coincides with the reference configuration, derivatives of the normal vector
can be neglected and the following approximation holds

D

�Z
†f

tf � ıuf da

�
D�

Z
†f

paDnf � ıuf da� 0. (21)

Finally, the constraint along the surface in contact with the structure �f is to present the same
normal displacement than the structure, combined with zero traction in the tangential direction due
to the inviscid property of the fluid.

4.4. Mean dilatation method for incompressibility

A purely kinematic finite element discretization of (16) or (18) is unfortunately not applicable to
simulations involving incompressible or quasi-incompressible behavior. It is well known that with-
out further development, previous formulation is over-constrained, resulting in the phenomenon
known as volumetric locking. Well-known solutions to this problem are as follows: to impose the
incompressibility condition by penalization or by using reduced integration methods [47–50], to
adopt an augmented Lagrangian formulation enforcing quasi-incompressibility condition [51, 52],
or to use u–p elements that satisfy the inf–sup condition [53, 54]. Among all these possibilities, a
total displacement formulation with variational treatment of near incompressibility is preferred in
order to facilitate the treatment of the interface without sacrificing the benefits of a theory.
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The three-field canonical functional of linear elastostatics identified as the Veubeke–Hu–Washizu
(VHW) functional in the literature [55,56] will be applied to treat near-incompressibility of the fluid.
In this functional, three different interior fields (displacements, stresses, and strains) are defined and
independently varied.

In our case, the VHW functional for the fluid uses independent kinematic descriptions for the
volumetric and distortional deformation, introducing a new kinematic variable . NJf/ representing the
dilatation independent of uf and a Lagrange multiplier . Npf/ to enforce the condition NJf D Jf.uf/.

The VHW principle applied to energy potential (7) (e.g., [57, 58]) states that

…VHW
f

�
uf , NJf , Npf

�
D

Z
Vf

Uf

�
NJf
�

dV C
Z
Vf

Npf

�
Jf � NJf

�
dV �…ext

f .uf/ (22)

where Uf

�
NJf
�

represents the mean volumetric strain-energy. The stationary conditions for (22) are

Z
Vf

 
@Uf

�
NJf
�

@ NJf
� Npf

!
ı NJf dV D 0 (23)

Z
Vf

�
Jf � NJf

�
ı Npf dV D 0. (24)

The mean dilatation approach (equivalent to selective integration) assumes that
�
Npf , NJf

�
and�

ı Npf , ı NJf
�

are constant over the integration volume Vf . Equations (23) and (24) reduce to

Npf D �f
�
NJf � 1

�
(25)

NJf D
1

Vf

Z
Vf

Jf dV (26)

conditions that will be incorporated in our finite element formulation for the fluid.
Applying the mean dilatation method on an arbitrary volume, combining equations (25), (26)

and (18), after linearization and transforming to the current configuration [57], gives

Dı N…f.uf , ıuf/D

Z
vf

df W cpW ıdf dvC
Z
vf

pT
f IW

�
rTufrıuf

�
dv

CKfvf

Z
vf

r � uf dv
Z
vf

r � ıuf dvC
Z
vf

�f Ruf � ıuf dv (27)

where Kf D �f
vf
Vf

is the fluid volumetric stiffness in the current configuration and because the fluid
pressure Npf is constant over volume vf , the fourth-order constitutive tensor cf only presents the
pressure term cp .

4.5. Discrete approximation of fluid functional

The mean dilatation approach for a given volume Vf leads to a constant pressure over that volume,
as indicated by equations (25) and (26). When this formulation is applied to an individual fluid ele-
ment identified by superscript .e/ in a finite element mesh, the acoustic pressure becomes constant
over the element volume. In particular, considering (26) in an element with volume V .e/f together
with the linearization Jf � .1Cr � uf/, the element dilatation average is

�
Nr � uf

�.e/
D

1

V
.e/
f

Z
V
.e/
f

r � uf dV . (28)

By using the expression of uniform acoustic pressure given by equation (25) at the element level,
the uniform element acoustic pressure becomes

Np
.e/
f D �f

�
Nr � uf

�.e/
, (29)
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in which acoustic pressure Np.e/f is constant inside the element. Next, recall the linearized virtual
work equation (27), which for an element (e) is

Dı…
.e/
f D

Z
V
.e/
f

df W cpW ıdf dV C
Z
V
.e/
f

pT
f IW

�
rTufrıuf

�
dV

C

Z
V
.e/
f

�f.r � uf/.r � ıuf/ dV C
Z
V
.e/
f

�0f Ruf � ıuf dV (30)

and apply the mean dilatation approach. Because the mean acoustic pressure Npf D �f
�
Nr � uf

�
is

constant over the element volume, the third volume integral becomes

Dı…
.e/
f D

Z
V
.e/
f

df W cpW ıdf dV C
Z
V
.e/
f

pT
f IW

�
rTufrıuf

�
dV

C �fV
.e/
f . Nr � uf/

.e/. Nr � ıuf/
.e/C

Z
V
.e/
f

�0f Ruf � ıuf dV . (31)

This is a linearized approximation around the initial hydrostatic equilibrium state, assuming that the
fluid deviations from equilibrium are small. Note that in the second initial-stress term appears the
total pressure and that the third acoustic term is pure volumetric.

Element displacements are discretized as uf D Nu.e/f , where Nf collects the element shape func-
tions while uef gathers nodal values of the element. The element stiffness matrix is then composed
of three terms:

K.e/ DK.e/
conCK.e/

geoCK.e/
ac , (32)

K.e/
con D

Z
V
.e/
f

BT
f CpBf dV (33)

K.e/
ac D

�f

V
.e/
f

Z
V
.e/
f

.r �Nf/
T dV

Z
V
.e/
f

.r �Nf/ dV (34)

K.e/
geo D

Z
V
.e/
f

pT
f .rNf/

T.rNf/ dV . (35)

where Cp is the spatial constitutive matrix constructed from the fourth-order tensor cp and Bf is the
deformation matrix.

Here, K.e/
con is the constitutive stiffness matrix, K.e/

ac is the acoustic stiffness matrix, whereas K.e/
geo

is the geometrical stiffness matrix. By starting our analysis from an equilibrium configuration where
acoustic pressure pf is zero and total pressure pT

f coincides with initial pressure p0f , assuming small
acoustic-pressure oscillations, the constitutive constitutive stiffness matrix (33) can be neglected and
the geometrical stiffness (35) evaluated at the initial hydrostatic state p0f .

Spectral analysis of the resultant stiffness matrix for an eight-node, 24 degree-of-freedom (DOF),
brick element with a regular (cubic-like) geometry under exact 2 � 2 � 2 integration reveals full
rank of 18 with six zero-energy modes corresponding to rigid-body motions. The acoustic stiffness
matrix (34) contributes to the rank with one purely volumetric mode, whereas the geometrical stiff-
ness matrix (35) brings the remaining 17 non-zero-energy modes that include shear, torsion, and
filling modes.

On the other hand, inertia forces are modeled using the classical element mass matrix

M.e/ D

Z
V
.e/
f

�0f NT
f Nf dV . (36)

Upon assembling the element matrices, we arrive to the matrix form of the first variation for the
complete fluid mesh

ı…f D ıuT
f ¹Mf Ruf CKfuf � ffº (37)
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in which Mf and Kf are the mass and stiffness matrices of the fluid, respectively; uf the vector of
fluid node displacements; and ff the applied node force vector, zero in our case. As we can see, the
second-order Ordinary Differential Equation (ODE) representing the fluid equations of motion is
only a function of displacements and its time derivatives.

5. STRUCTURE FORMULATION

The structure is described by the well-known equations of motion for an elastic body modeled as
a continuum. Because fluid motions were assumed small, a similar consideration is taken for the
structure. To this end, we write directly the variational formulation of the structural model as

ı…s.us, ıus/D

Z
Vs

� sWrıus dV �
Z
@Vs

ts � ıus dAC
Z
Vs

�s Rus � ıus dV (38)

where us, � s, and ts denote structural displacements, stresses, and surface tractions, respectively.
Considering that the external surface of the structure @Vs is divided in wet �s and dry †s bound-

aries, the boundary conditions on the wet surface �s present a displacement restriction in the normal
direction, same normal displacement than the fluid, and a zero-traction condition in the tangential
direction. Finally, it is assumed that external tractions are only applied on †s,Z

@Vs

ts � ıus dAD
Z
†s

ts � ıus dA (39)

term that results, after discretization, in an external force vector.

5.1. Discrete approximation of structure functional

The structure is spatially discretized using the classical FEM approach. The assembly of element
contributions by the direct stiffness method leads to the semidiscrete equations of motion

ı…s D ıuT
s ¹Ms RusCKsus � fsº (40)

in which Ms and Ks are the mass and stiffness matrices, respectively; us the vector of node
displacements; and fs the applied node force vector.

6. INTERFACE FRAME

To formulate the interface problem, instead of considering the direct interaction between the fluid
and the structure, we insert between them a deforming non-physical surface or interface frame
denoted as �b . The FSI problem is reformulated in terms of interaction of the fluid and structure
partitions with this auxiliary surface by using LLMs collocated on each side of the frame.

The interaction forces acting on the frame are depicted in Figure 4. The LLMs connecting the
fluid volume Vf with the frame are denoted by �f D ¹�fn ,�ft1 ,�ft2 º

T, whereas multipliers con-

necting the structure Vs with the frame are �s D ¹�sn ,�st1 ,�st2 º
T. These forces are expressed using

a local orthonormal base system attached to the frame, B D Œn, t1, t2�, that depends of the position
occupied by the node on the frame and that is used to describe �f and �s. This frame local system
is defined by convention in the following way; t1 and t2 are the orthogonal vectors contained in the
frame tangent plane at the considered point �p , and vector n points towards structure Vs.

6.1. Frame kinematics

The motion of the interface frame is described using a displacement field ub D ¹ubn ,ubt1 ,ubt2 º
T

and its initial configuration Xb , providing a current position,

xb D Xb C ub , (41)
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Figure 4. Treatment of non-matching interfaces using localized Lagrange multipliers. The fields of multi-
pliers on the fluid side �f and the structural side �s are discretized using Dirac delta functions collocated at
the nodes. If the fluid is inviscid, only normal displacements of the frame and normal components of these

multipliers are considered.

that is restricted to follow the fluid–structure interface. To do so, the frame–fluid and frame–structure
relative displacements are required to vanish. These conditions are expressed in the frame local
system as

BT.xf � xb/D 0, BT.xs � xb/D 0, (42)

and extended to the fluid interface �f and the structure interface �s, respectively. If the fluid is invis-
cid, the tangential stress on the wall is zero. Thus, the tangential displacements of the fluid and the
structure at �f become independent. In this case, only the kinematic condition of (42) in the normal
direction applies, that is,

nT � .xf � xb/D 0, nT � .xs � xb/D 0. (43)

This simplification reduces the displacement field on the frame to ub D ¹ubº with only one compo-
nent in the normal direction, whereas the LLMs of the fluid and structure side reduce to �f D ¹�nº
and �s D ¹�sº, respectively.

7. VARIATIONALLY BASED INTERFACE COUPLING

Use of a variational formulation to treat the fluid–structure connection possesses the significant
advantage of preserving the symmetry of the equations of motion. In the present section, the
variational framework described in [35] is used to obtain the interface coupling equations.

7.1. Interface constraint functional

Consider the fluid–structure boundary �b shown in Figure 4, in which the interface frame carries
an independent field of displacements .ub/. The fluid boundary displacements .uf/, the structure
boundary displacements .us/, as well as their associated multipliers on the fluid .�f/ and the struc-
ture .�s/ will appear in the variational formulation of the interaction conditions. The interface
functional variation splits into contributions from fluid and structure:

ı f D ı int
f C ı 

int
s (44)
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To construct the interface functional for the fluid, the kinematic constraint equation (42) is enforced
in a weak sense using the fluid-side multipliers:

ı int
f D

Z
�b

ı
®
�f �

�
BT.xf � xb/

�¯
dA. (45)

This is integrated by parts to provide the total variation of the interface potential on the fluid side,

ı int
f D

Z
�b

�
�f � ı

®
BT.xf � xb/

¯
C ı�f �

®
BT.xf � xb/

¯�
dA. (46)

Likewise, for the structure side,

ı int
s D

Z
�b

�
�s � ı

®
BT.xs � xb/

¯
C ı�s �

®
BT.xs � xb/

¯�
dA. (47)

To deal with the first term of equations (46) and (47) we use the decomposition

�f � ı
®
BT.xf � xb/

¯
D .ıuf � ıub/ � ¹B�fº, (48)

�s � ı
®
BT.xs � xb/

¯
D .ıus � ıub/ � ¹B�sº, (49)

which is a first-order approximation in which the variations of the normal and tangential frame
unitary vectors are considered to be very small. Substitution into (46) and (47) yields the interface
potential for the fluid and structure:

ı int
f D

Z
�b

�
ı�f �

®
BT.xf � xb/

¯
C .ıuf � ıub/ � ¹B�fº

�
dA, (50)

ı int
s D

Z
�b

�
ı�s �

®
BT.xs � xb/

¯
C .ıus � ıub/ � ¹B�sº

�
dA. (51)

Collecting contributions (44), the final expression for the interface functional variation is

ı f.xf , xs,�f ,�s, xb/D
Z
�b

ıuf � ¹B�fº dAC
Z
�b

ıus � ¹B�sº dA

C

Z
�b

ı�f �
®
BT.xf � xb/

¯
dAC

Z
�b

ı�s �
®
BT.xs � xb/

¯
dA

�

Z
�b

ıub � ¹B.�f C�s/º dA. (52)

Here, independently varied fields are listed in parenthesis on the left-hand side. Note that in equation
(52), the following terms can be identified from the fluid side

Guf .�f I ıuf/D

Z
�b

ıuf � ¹B�fº dA, (53)

G�f .xf , xbI ı�f/D

Z
�b

�
ı�f �

®
BT.Xf � xb/

¯�
dA, (54)

Gub .�f I ıub/D�
Z
�b

ıub � ¹B�fº dA, (55)

with similar expressions for the structure side. Here, Guf .�f I ıuf/ represents the virtual work of
interface forces acting on the fluid, G�f .xf , xbI ı�f/ is the kinematic constraint between the fluid
and the frame, whereas Gub .�f I ıub/ is the virtual work carried out by the interface forces on the
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frame. Combining these terms with their counterparts from the structure, the final force equilibrium
conditions to be satisfied on the frame can be compactly stated as

Gub .�f I ıub/CGub .�sI ıub/D 0 (56)

If the fluid model is inviscid, FSI takes place only in the normal direction to the wet surface n,
which is conventionally selected to be exterior to the fluid. In this case, the localized Lagrangian
multipliers .�f ,�s/ and the frame displacements .ub/ need to carry only the normal component, and
the interface functional reduces to

ı f.xf , xs,�f ,�s, xb/D
Z
�b

ıuf � ¹�fnº dAC
Z
�b

ıus � ¹�snº dA

C

Z
�b

ı�f.xf � n� xb/ dAC
Z
�b

ı�s.xs � n� xb/ dA

�

Z
�b

.�f C �s/ıub dA. (57)

Here, �f and �s are LLM functions in the normal direction that link the independently varied nor-
mal displacement function of the frame ub with the displacement fields of the fluid uf and the
structure us. Finally, it is important to mention that the preceding interface constraint functional is
a linear approximation that is valid for small variations of local system B. For a complete nonlinear
formulation of the moving frame, the reader is referred to [59–61].

7.2. Discretization of interface constraint functional

To construct discrete matrix forms of the interface equations, functional (57) is discretized by
assuming shape functions for the independently varied fields: �f , �s, and ub . The approxima-
tion for boundary displacements uf and us comes from the finite elements used for the fluid and
structure models, respectively, and are expressed in the global reference system. The normal dis-
placements ub.�1, �2/ of the interface frame are interpolated using isoparametric finite elements in
the conventional form

ub.�1, �2/D Nb.�1, �2/

8̂<
:̂

ub1
...

ubnb

9>=
>;DNbi .�/ubi . (58)

Here, � D .�1, �2/ are natural frame coordinates, and nb is the number of nodes in the frame element.
The shape functions for Nb will be piecewise linear, C 0-continuous [62–66].

If the normal multipliers are discretized as �f D N�f �f , �s D N�s �s, then insertion of these
interpolations in ı f and integration over �b produce the discrete interface functional as

ı f D ıuT
f Bfuf C ıuT

s BsusC ı�
T
f

�
BT
f xf �Lfxb

�
C ı�T

s

�
BT
s xs �Lsxb

�
� ıuT

b

�
LT
f �f CLT

s �s

�
, (59)

in which

Bf D

Z
�b

NT
f nN�f dA (60)

Bs D

Z
�b

NT
s nN�s dA (61)

Lf D

Z
�b

NT
�f

Nb dA (62)
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Ls D

Z
�b

NT
�s

Nb dA (63)

Here, Nf and Ns denote the shape functions of the fluid and structure displacement elements, respec-
tively, evaluated on the discretized interface surface �b . In some cases, as in curved geometries, the
discretized interface may differ slightly from the original one [35].

The integral evaluations in (60)–(63) are greatly simplified by assuming that N�f and N�s are
Dirac delta functions collocated at the fluid and structure interface nodes, respectively. If so, Bf

and Bs become Boolean matrices that select and normal-project node boundary freedoms from the
complete state vectors uf and us, whereas Lf and Ls simply become the evaluation on the frame of
boundary node positions.

Our choice for multiplier discretization, as illustrated in Figure 5, is to model them as concentrated
forces, that is, the multiplier support functions are Dirac delta functions

�f.�/DN�f i .�/�fi I N�f i .�/D ı.� � �p/ (64)

�s.�/DN�si .�/�si I N�si .�/D ı.� � �p/ (65)

where �p is the frame coordinate of the fluid or structural interface node projected on the frame.
If the interface is defined in terms of pairs or couples, formed by an interface node and its projec-
tion on the frame, then the integration of the multiplier field over the contact zone is reduced to
summations over pairs, that is,Z

�b

�f.�/ � f.�/ d�b D

npX
pD1

�
.p/
f � f.�p/, (66)

in which f.�/ is a general function and np the total number of pairs on the fluid side. Expression
(66) is the key in order to maintain the interface treatment generic, leading to modular coupling
software because the frame needs to know very little information about the system it is interfacing.

Figure 5. Exploded view of the fluid–structure interface discretization. Interface nodes of the fluid and the
structure are projected on the frame constituting pairs or couples formed by the hitting node and its closest

frame element.
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To manage the discrete variables, we have to introduce the interface nodal indicator B, the
Boolean finite element assembling operator defined in the following way

u.p/f DB.p/uf uf (67)

u.p/s DB.p/us us (68)

u.p/
b
DB.p/ub ub (69)

and

�
.p/
f DB.p/

�f
�f (70)

�.p/s DB.p/
�s
�s (71)

where B.p/� is used to extract the variable associated with a boundary node .p/ from the global vec-
tor of � unknowns with � D uf ,us,�f ,�s,ub . By using this operator together with (66), matrices
(60)–(63) are simply obtained assembling contributions of each pair .p/ in the following way

Bf D

npX
pD1

B.p/Tuf
n.�p/B

.p/

�f
(72)

Bs D

npX
pD1

B.p/Tus
n.�p/B

.p/

�s
(73)

Lf D

npX
pD1

B.p/T
�f

Nb.�p/B.p/ub (74)

Ls D

npX
pD1

B.p/T
�s

Nb.�p/B.p/ub (75)

with sums extended to the np active pairs of the corresponding side: fluid or structure.

8. FRAME CONSTRUCTION

The interface formulation presented so far relies on the assumption that there exists a discretization
for the frame representing the fluid–structure interface. But the problem of defining a mesh for the
interface frame is not unique if the fluid and structure meshes are non-matching [65]. For example,
one could construct a frame mesh coincident with the structure discretization at the interface, or with
the fluid discretization, or to define a different mesh between those two. However, these arbitrary
choices in general will not satisfy the force patch test through the interface [67, 68].

For constructing an interface mesh that satisfies the requirement of unicity and passes the force
patch test, the node locations of the interface frame are decided using the Zero-Moment Rule (ZMR)
originally proposed for contact–impact problems [61]. The main concept behind the ZMR is to
assure that the LLMs can exactly transmit a constant-stress state through the interface frame, thus
passing the patch test. This condition can be satisfied if the interface node locations are determined
by the roots of the frame moment–equilibrium condition [62, 66].

The frame construction process is schematized in Figure 6, in which nodal positions of the fluid
interface xf and the structure interface xs are considered known and a bending moment diagram
M.x/, due to the nodal forces corresponding to a constant-stress state, is constructed. The ZMR
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Figure 6. Frame construction using a defined position of the fluid xf and the structure xs. Frame nodes are
located at xb , zero-moment roots of the bending moment diagram M.x/ produced by the forces acting on

the frame.

Figure 7. Steps in the definition of the frame based on position xn
b

: (a) detection of active interface nodes,
(b) computation of nodal forces corresponding to a constant pressure transmission, and (c) construction
of a new frame discretization using the ZMR. Separation between fluid and structure is exaggerated for

better visualization.

states that, for preservation of constant-stress states, the location of the frame nodes xb must coincide
with the roots of M.x/. This rule can be expressed as

xb DM0.xf , xs/ (76)

where M0 represents the roots of the bending moment function for a certain position of the fluid
and the structure.

For a viscous fluid, imposing the kinematic condition (42) fixes the relative position of fluid and
structure meshes at the interface; therefore, the interface-frame mesh is constant. However, an invis-
cid fluid requires free relative tangential motion between the fluid and structure interface meshes,
as dictated by condition (43). This condition makes the position of the fluid and structure interface
nodes on the frame time dependent. This situation requires the frame mesh to be recalculated every
time step by using a similar procedure to that employed in contact–impact problems [66].

Let us suppose that we have arrived to time step tn and we know the total positions of the
fluid

�
xnf
�
, frame

�
xn
b

�
, and structure

�
xns
�
. The procedure used to construct a frame satisfying

the ZMR for time step tnC1 is graphically explained in Figure 7 and can be summarized in the
following steps:

1. Define the active boundary for tnC1. Search for active interface nodes based on the total posi-
tion of the fluid xnf relative to the position of the structure xns . Find free nodes and disconnect
them from the interface region.

2. Suppose the transmission of a constant normal stress through the active boundary. Compute
the contribution of every interface element to that constant stress by evaluating its equivalent
nodal forces.
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3. Using previous nodal forces together with their total position
�
xnf , xns

�
, apply the ZMR to obtain

the location of the new frame nodes xn
b
DM0

�
xnf , xns

�
.

4. Construct a frame mesh with isoparametric elements by using the previous frame nodes.
5. Project the current position of the fluid and the structure active nodes on the frame elements

forming a new group of pairs. For each pair, calculate the position �p of the interface node in
the frame element, the normal in that position n.�p/, and shape functions Nb.�p/.

Once the frame is defined, the FSI problem is solved for time step tnC1, obtaining new positions
xnC1f and xnC1s . The frame definition algorithm can then be repeated for a new time step.

9. PARTITIONED FLUID–STRUCTURE FORMULATION

The partitioned FSI model can now be constructed following the variational statement given in
(2) for the discrete form of the total energy functional variation ı…. Inserting the discrete varia-
tional internal constraint (59), the discrete variational fluid equation (37) and the discrete variational
structural equation (40) into the foregoing equation gives the variational form

ı…D ıuT
f ¹Mf Ruf CKfuf CBf�f � ffº

C ıuT
s ¹Ms RusCKsusCBs�s � fsº

C ı�T
f

®
BT
f uf �Lfub � hf

¯
C ı�T

s

®
BT
s us �Lsub � hs

¯
� ıuT

b

®
LT
f �f CLT

s�s

¯
(77)

in which vectors hf D
�
BT
f Xf �LfXb

�
and hs D

�
BT
s Xs �LsXb

�
are function of the initial con-

figuration. Making (77) stationary with respect to the primary vaariables yields the partitioned,
semidiscrete equations of motion2

666664

Kf CMf
d2

dt2
0 Bf 0 0

0 KsCMs
d2

dt2
0 Bs 0

BT
f 0 0 0 �Lf

0 BT
s 0 0 �Ls

0 0 �LT
f �LT

s 0

3
777775

8̂̂
<̂
ˆ̂̂:

uf

us

�f

�s

ub

9>>>=
>>>;
D

8̂̂
<̂
ˆ̂̂:

ff
fs
hf

hs

0

9>>>=
>>>;

. (78)

The first two rows of the foregoing matrix equation are the discrete equilibrium equations and
the fluid and structure partitions, respectively, with terms Bf�f and Bs�s representing the inter-
action forces transacted through the frame. The third and fourth equations impose fluid–frame and
structure–frame displacement compatibility, respectively. The last equation states the equilibrium of
the frame.

9.1. Vibration analysis

The equation of motion (78) can be specialized to small, unforced oscillations of frequency ! about
an equilibrium configuration by replacing the time-differentiation operator d2

dt2
with�!2 and setting

external forces to zero:2
66664

Kf �!
2Mf 0 Bf 0 0

0 Ks �!
2Ms 0 Bs 0

BT
f 0 0 0 �Lf

0 BT
s 0 0 �Ls

0 0 �LT
f �LT

s 0

3
77775

8̂̂
<̂
ˆ̂̂:

uf

us

�f

�s

ub

9>>>=
>>>;
D

8̂̂
<̂
ˆ̂̂:

0
0
0
0
0

9>>>=
>>>;

. (79)

This is a generalized, symmetric, algebraic eigenvalue problem from which frequencies and mode
shapes of the coupled system can be determined [34].
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9.2. Transient response analysis

The semidiscrete equations of motion (78) may be directly integrated in time to obtained the
transient response of the coupled system. By using Newmark’s method as time integrator, the dis-
placements, velocities, and accelerations at the next time step tnC1 are related to quantities of the
previous time step tn by

unC1 D unC	t PunC	t2
��
1

2
� ˇ

�
RunC ˇ RunC1

	
, (80)

PunC1 D PunC	t
�
.1� 
/ RunC 
 RunC1

�
. (81)

Here, 	t D tnC1 � tn is the time step, whereas .ˇ, 
/ are method parameters that control stability
and accuracy characteristics. In the numerical examples reported here, both parameters are taken to
be the same for both fluid (u D uf ) and structure (u D us). Suppose now that computations have
proceeded until tn. Inserting (80) and (81) into the matrix equation (78) and passing all information
from the previous time step to the right-hand side yield2
66664

Mf C ˇ	t
2Kf 0 Bf 0 0

0 KsC ˇ	t
2Ms 0 Bs 0

BT
f 0 0 0 �Lf

0 BT
s 0 0 �Ls

0 0 �LT
f �LT

s 0

3
77775

8̂̂̂
<
ˆ̂̂:

Ruf

Rus

�f

�s

Rub

9>>>=
>>>;

nC1

D

8̂̂̂
<
ˆ̂̂:

gf
gs
hf

hs

0

9>>>=
>>>;

nC1

, (82)

in which

gnC1f D fnC1f �Kf

�
unf C	t Pu

n
f C	t

2

�
1

2
� ˇ

�
Runf

	
(83)

gnC1s D fnC1s �Ks

²
uns C	t Pu

n
s C	t

2

�
1

2
� ˇ

�
Runs

³
(84)

It has been demonstrated by Ross et al. [64] that in partitioned FSI problems treated with localized
Lagrangian multipliers, as well as with mortar and monolithic treatments, Newmark’s method with�
ˇ D 1

4
, 
 D 1

2

�
provides A-stability and global second-order accuracy. This selection of parame-

ters, which is equivalent to the well-known Trapezoidal Rule, is used for time integration in all our
numerical applications.

10. APPLICATION EXAMPLES

The following application examples serve to verify and illustrate the capabilities of the proposed
formulation in the modeling and simulation of FSI problems. Examples are selected to demonstrate
the proper capturing of three different physical effects considered in the fluid component: initial
hydrostatic state, sloshing, and acoustic waves, together with strong FSI effects. To model the fluid,
isoparametric quadrilateral elements are used in 2D and isoparametric eight-node brick elements
in 3D.

10.1. Two-dimensional acoustic cavity with a flexible wall

To isolate and study the contribution of the acoustic term in (32), we first consider a 2D problem
consisting of a rectangular cavity of dimensions Lx D 8 m by L´ D 20 m with rigid walls, filled
with water and closed on the top by a simply supported flexible beam (Figure 8).

The properties considered for the fluid (water) are �f D 1000 kg/m3 and cf D 1500 m/s. The
material properties of the structure are Es D 210 GPa and �s D 2500 kg/m3, with a moment of
inertia of the beam section Iy D 1.59 � 10�4 m4.
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Figure 8. Sketch of a 2D cavity with three rigid walls closed by a flexible beam on the top.

Table I. Comparison of analytical and numerical acoustic frequencies
obtained for a 2D acoustic cavity with rigid walls.

Acoustic freq. Analytical (Hz) Computed (Hz)

Mode (1,0) 37.5 37.5
Mode (0,1) 93.7 94.3
Mode (1,1) 100.9 101.3
Mode (2,1) 120.1 120.1
Mode (1,2) 191.2 195.6
Mode (2,2) 210.9 205.1

The fluid domain is meshed using 8� 20 fluid elements, corresponding to 320 fluid DOFs. Each
fluid element is square with a side length of 1m. The structure on the top is modeled using 20 beam
elements with two DOFs per node (vertical displacement and rotation) and connected to the fluid
using localized Lagrangian multipliers.

The natural frequencies and structural modes that describe the dynamic behavior of the simply
supported beam vibrating in vacuo are shown in Figure 10.

10.1.1. Case 1: Infinitely rigid beam. For later comparison with the flexible case, we first consider
the limit Is!1, whence the top beam acts as another rigid wall, transforming the problem into an
acoustic cavity with rigid walls. This limit problem has a well-known analytical solution. Resonance
can be expected at frequencies for which the corresponding wavelengths match the dimensions of
the cavity, that is,

!2l ,m D cfkl ,m .l ,mD 1, 2, 3, : : :/ (85)

where !l ,m is the resonant frequency and kl ,m D

�

l 
Lx

�2
C


m 
L´

�2�1=2
is the wave number.

Such frequencies are computed analytically using (85) and represented in Table I together with
the numerical results obtained performing a vibration analysis using the technique described in
Section 9.1. These first six resonant frequencies have been selected for contour plotting in Figure 9,
with pictures showing horizontal and vertical displacements of the fluid, respectively, together with
fluid pressure level that is constant inside each element as required by the mean dilatation method.

As expected, the approximation error of the acoustic modes in the horizontal direction is lower
than in the vertical direction because of the coarser vertical discretization. For the displayed
frequencies, the error is less than 3%. Observe that acoustic mode shapes for the selected frequencies
are correctly captured.

10.1.2. Case 2: Flexible beam. Next, we study the effect of placing a flexible wall, with the
dynamic characteristics summarized in Figure 10, on top of the cavity. The fundamental frequency
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Figure 9. Results of vibration analysis for a 2D acoustic cavity with rigid walls. Acoustic modes for
different frequencies.

Figure 10. Structural natural frequencies of the beam vibrating in vacuo and associated mode shapes.

modes of the beam vibrating in vacuo involve more volumetric variation of the interior fluid, so
frequencies are expected to vary significantly in the flexible case.

Figure 11 shows the first three vibration mode shapes of the rectangular cavity with elastic top
boundary, along with associated frequencies. The mode shapes are greatly exaggerated and contour
plots of the displacement fields are also represented. It is observed that the first three coupled modes
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Figure 11. Coupled vibration modes obtained for a 2D acoustic cavity with flexible beam.

Figure 12. Sloshing modes with natural frequencies in a 2D container with rigid walls. The analytical
solution of this case gives 0.88, 1.25, 1.53, and 1.77 Hz, for the first four modes.

are controlled by the flexible beam motion; however, the natural frequencies are lower due to added
mass effects.

10.2. Sloshing in rigid containers

In this example, the fluid sloshing within a rigid container is studied for three different geometries:
plane, cubic, and cylindrical. The fluid is water, with properties �f D 1000 kg/m3 and cf D 1500m/s.
Sloshing frequencies and mode shapes can be computed from system (79), in which terms associated
with the structure are discarded. An equivalent analysis procedure is used to solve for the transient
response, in which case system (82) is directly integrated in time using Newmark’s method.

10.2.1. Sloshing in rigid containers: vibration analysis. The first case considered is a 2D square
container of width B D 1 m filled with water up to a height H D 1 m, and open to the atmosphere.
The fluid volume is discretized using a regular mesh with 20 � 20 quadrilateral fluid elements and
441 nodes, as pictured in Figure 12, with mesh grading in the vertical direction. This refinement is
introduced to better capture pressure gradient effects near the free surface.

Under the assumptions of incompressible inviscid fluid and irrotational flow, the exact analytical
solution for this problem can be obtained by substituting the free-surface boundary condition into
the velocity potential equation [1], which leads the classical solution for slosh frequencies

!2l ,m D gkl ,m tanh.kl ,mH/, .l ,mD 1, 2, 3, : : :/ (86)

in which g denotes the acceleration of gravity, kl ,m the wavenumber and H the water depth.
This analytical solution is compared with numerical results in Table II for the first four sloshing
frequencies. Computed mode shapes corresponding to these frequencies are presented in Figure 12,
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Table II. Analytical/numerical comparison of the first four sloshing
frequencies of a square container with rigid walls.

Sloshing freq. Analytical (HZ) Computed (HZ)

Mode 1 0.88 0.88
Mode 2 1.25 1.25
Mode 3 1.53 1.54
Mode 4 1.77 1.79

Table III. Analytical/numerical comparison of the first four sloshing
frequencies of a cubic container with rigid walls.

Sloshing freq. Analytical (Hz) Computed (Hz)

Mode (1,0) 0.88 0.88
Mode (1,1) 1.05 1.04
Mode (2,0) 1.25 1.22
Mode (1,2) 1.32 1.28

Figure 13. Sloshing modes and natural frequencies in a cubic container with rigid walls. The analytical
solution of this case gives 0.88, 1.05, 1.25, and 1.32 Hz, for the same four modes.

in which contour colors measure elevations. Correspondence with analytical frequencies up to the
fourth mode is excellent while using only 20 elements over the free surface.

Next, we consider a 3D version of the previous problem, with a cubic container of side LD 1 m.
The volume of the fluid is discretized using five divisions on each direction, with a slight mesh
refinement in the vertical direction, obtaining a finite element mesh of 216 nodes and 5 � 5 � 5
eight-node isoparametric fluid elements. Analytical solution is computed using equation (86) and
compared with numerical results in Table III.

Compared with the 2D case, it can be appreciated in Figure 13 that more complicated bidimen-
sional sloshing modes appear over the free surface. These pertain to even and odd wavenumber
combinations. Even with such a crude mesh, the first two modes and their combinations along two
surface directions are correctly represented with a natural frequency error below 3%.

As a final case, the sloshing frequencies of a cylindrical rigid container of diameter � D 2 m and
water height H D 2 m were computed. The finite element mesh is composed of 803 nodes and 640
eight-node hexahedral fluid elements, providing 16 circumferential divisions and 10 elements in the
vertical direction. Mesh grading is used near the free surface.

The analytical solution for sloshing in a rigid cylinder for symmetric and antisymmetric modes
can be obtained from the zeros of Bessel functions derivatives [1]. This results in the values pre-
sented in Table IV for our specific case. Comparing with numerical results, it is clear that good
agreement is obtained for the first two antisymmetric modes and the first symmetric mode.
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The mode shapes and corresponding sloshing frequencies for this case are presented in Figure 14
with contour colors representing elevation. These sloshing mode shapes are more complicated than
for the cubic container and thus require a more refined finite element mesh in the circumferential
direction.

10.2.2. Sloshing in rigid containers: transient analysis. This example investigates the accuracy
level of the finite element approximation proposed for the fluid in Section 4 by comparing it with
the analytical response of a well-known benchmark [69]. The problem involves the forced sloshing
of a liquid inside a rectangular 2D rigid tank subjected to harmonic horizontal base excitation. The
comparison analytical solution is obtained from potential theory.

A water-filled tank has the rectangular geometry depicted in Figure 15. The height-to-base
aspect ratio is H=B D 1=2. The forced swaying motion imposed to the tank base is sinusoidal:
xs D as cos.!st /, where as is the amplitude of motion (maximum displacement of the rigid walls

Table IV. Analytical/numerical comparison of the first four sloshing fre-
quencies for symmetric (S) and antisymmetric (AS) modes of a cylindrical

container with rigid walls.

Sloshing freq. Analytical (Hz) Computed (Hz)

Mode (1,S) 0.98 0.99
Mode (2,S) 1.32 1.41
Mode (1,AS) 0.67 0.67
Mode (2,AS) 0.87 0.88

Figure 14. Symmetric and antisymmetric sloshing modes and natural frequencies in a cylindrical container
with rigid walls. S, symmetric; AS, antisymmetric.

Figure 15. Model of the tank excited horizontally with prescribed harmonic motion of amplitude as and
frequency !s. Time records of the free-surface elevation are obtained at the left wall of the rigid container

(point A).
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from the reference configuration) and !s is the excitation frequency. The surface elevation �.x, t / is
measured on the left wall of the tank (x D 0) and compared with analytical solutions for different
forcing amplitudes and frequencies. Regular finite element grids of size 20�40 and 40�80 are used
for low and high forcing frequencies, respectively.

With the use of potential theory, by solving the Laplace equation in a rectangular domain with
rigid-wall boundary conditions and expanding the free-surface boundary condition into Taylor series
near the mean water level � D 0, it can be shown that the solution for the free-surface elevation can
be analytically expressed as an expansion of the linear sloshing modes in the form

�.x, t /D as

1X
nD0

cos.knx/Zn.!st / (87)

where kn D n =B is the wave number corresponding to the nth sloshing mode and Zn.!st / are
time dependent Fourier components. Using a classical perturbation approach [70], we can represent
the function Zn in the form of an asymptotic expansion with respect to the powers of the small
parameter �s as

Zn DZ
.1/
n C �sZ

.2/
n CO.�2s / (88)

where �s D as!
2
s =g is the characteristic wave steepness, which is a measure of the nonlinearity

of the solution. The second-order potential theory is obtained by truncation of the second-order
term in (88) and substitution in (87) to approximate surface elevation. Functions Z.1/n and Z.2/n are
then obtained by collecting same-order terms after replacing the free-surface approximation on the
second-order expanded free-surface boundary condition.

The analytical second-order solution for the free-surface profile can be finally presented as

�.x, t /D as

"
1X
nD0

cos.knx/Z
.1/
n .!st /C

�
as!

2
s

g

� 1X
nD0

cos.knx/Z
.2/
n .!st /

#
, (89)

in which the definition of functions Z.1/n and Z.2/n , expressed as products of the derivatives of
the first-order solutions, can be found in [70]. By varying the applied external force through the
characteristic wave steepness parameter �s, the free-surface behavior is examined for two different
situations corresponding to before and after resonance condition, where resonance occurs when the
external horizontal forcing frequency !s matches the natural sloshing frequency !n of the fluid.

Figure 16 (left column) shows the free-surface elevation at the left wall in an off-resonance region
before the first natural frequency with !h=!1 D 0.7 and a small horizontal forcing amplitude
�s D 0.0036. The second test presented in Figure 16 (right column) corresponds to an off-resonance
case with forcing frequency !s=!1 D 1.3 higher than the first natural sloshing frequency and a
steepness factor �s D 0.072. Excellent agreement between the proposed finite element approach
and the second-order small perturbation theory proposed by Frandsen is found in the time history of
the surface elevation for both cases.

Associated wave phase-plane orbits corresponding to those two different cases are presented in
the middle plots of Figure 16. These show a linear response of the free surface with bounded orbits
and increasing chaotic behavior for higher steepness parameter �s. Note that surface elevation is
made dimensionless with respect to the forcing amplitude as pertaining to each case.

The lower plots of Figure 16 show power spectra of the free-surface elevations in both cases.
It can be observed, for the small forcing amplitude case, that energy clusters are at two distinct
frequencies, that is, at the forcing frequency and at the first sloshing frequency. In addition, for
the larger forcing amplitude case, an additional third frequency !3 with low energy content exists,
contributing to the lower numerical predicted peaks.

In summary, the proposed finite element approach provides second-order accuracy, thanks to the
inclusion of the geometrical stiffness term (35). It was found that resonance and a high value of the
steepness parameter �s > 0.1 lead to significantly nonlinear behavior. Modeling such effects would
require a degree of approximation higher than the second-order degree achieved with the proposed
finite element approach.
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Figure 16. Free-surface elevation at the left wall of an horizontally excited rigid tank compared with the
second-order theory of Frandsen [70] and wave phase-plane with spectral content of the FEM solutions.
Small horizontal forcing with �s D 0.0036 and !s=!1 D 0.7 (left column) and higher horizontal forcing
with �s D 0.072 and !s=!1 D 1.3 (right column). The time histories of the forced sloshing analyses are

non-dimensionalized with the first natural frequency !1.

10.3. Sloshing in flexible containers

When the fluid container is flexible, the hydrodynamic pressure due to free-surface oscillations
(slosh) causes wall deflections, which in turn alters both surface oscillation and the hydrodynamic
forces on the wall. This coupling effect is studied in the next two examples for the square and cubic
tanks of the previous section.

In the 2D case, represented in Figure 17, the elastic tank is modeled using a regular mesh
with 30 beam elements with three DOFs per node, restricting displacements and rotation of
a node located at the center of the bottom plate. The material properties of the container are
Es D 2.1 �1011 Pa, 
s D 0.3 with density �s D 2500 kg/m3 and wall thickness ts D 2mm. The mode
shapes and natural frequencies of the empty structure are also represented in Figure 17 up to the
fourth mode.

Copyright © 2012 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2012; 92:268–300
DOI: 10.1002/nme



COUPLED INTERNAL FLUID–STRUCTURE INTERACTION PROBLEMS 293

Figure 17. Dimensions of the flexible container, boundary conditions and the first four mode shapes of the
structure vibrating in vacuo.

Figure 18. Coupled mode shapes of the 2D Results of the 3D sloshing problem with flexible walls. The first
natural frequencies of the fluid container (dry structure) are 1.62, 5.67, 16.1, and 44.39 Hz.

The results of performing a vibration analysis of the coupled system are presented in Figure 18,
reusing the same fluid mesh of the rigid-wall case. The well-known added mass effect on the
first two coupled modes can be observed because structure-driven coupled modes display a lower
frequency than their counterparts in the dry structure. Note that sloshing modes now appear at higher
frequencies: the third coupled mode with frequency 1.25Hz corresponds to the first analytical slosh-
ing mode that appears at 0.88 Hz in a rigid container, and the sixth coupled mode with frequency
1.77 Hz corresponds to the second sloshing mode of 1.25 Hz. More complicated slosh patterns for
the fluid are observed at higher frequencies.

In the 3D case, the vibration analysis of the cubic tank is revisited introducing six flexible walls
for the container. The mesh used for the fluid is the same used in the rigid-wall case. The structure
mesh is composed of 125 quadrilateral plate elements with three DOFs per node: the normal dis-
placement and two in-plane rotations. Boundary conditions are somewhat different than those in the
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Figure 19. Mode shapes and natural frequencies of the cubic container vibrating in vacuo.

Figure 20. Coupled mode shapes for the fluid contained in a cubic tank with corresponding natural
frequencies.

Figure 21. Wave generator: geometry, boundary conditions, and material properties.
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previous example, with each face of the tank being considered as a simply supported plate. Struc-
tural material properties are Es D 210 GPa, 
s D 0.3, and �s D 2500 kg/m3, with a plate thickness
ts D 2 mm.

The natural frequencies and mode shapes of the dry structure can be found in Figure 19 and
the coupled mode shapes with their corresponding frequencies in Figure 20. The first four coupled
modes obtained are structure-driven modes exhibiting added mass effect, with the third one associ-
ated with the vibration of the bottom plate. Sloshing appears in the form of coupled modes after the
fourth frequency.

Figure 22. Wave generator: deformed configurations at different time steps.

Figure 23. Dimensions and meshes of the (a) cylindrical container, (b) internal fluid, and (c) coupled system
presenting non-matching interfaces.
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10.4. Wave generator

This example is devised to demonstrate that the proposed interfacing strategy can handle scenarios
with drastic mesh transitions from structure to fluid without further modifications. A flexible struc-
ture modeled using only three quadrilateral elements, as represented in Figure 21, is used to generate
waves on a rectangular basin by imposing a harmonic horizontal motion xs.t/ D as sin.!st / at the
left bottom node of the structure with frequency !s D 6.28 rad/s and amplitude as D 5 cm. Fluid and
structure have material properties, boundary conditions, and dimensions given in Figure 21. Meshes
are composed of three plane-strain quadrilateral elements for the structure and 800 quadrilateral
fluid elements with 861 nodes for the fluid.

Dynamic response calculations are carried out by direct time integration of the equations of
motion (82) with the Trapezoidal Rule equivalent Newmark method, using a time step of 	t D
1 � 10�2 s. Figure 22 depicts induced fluid wave histories, showing that the dynamic interface-frame

Figure 24. Cylindrical container: deformed configurations for different time steps. Half cylinder is removed
for a clear visualization of the free-surface evolution.
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0

Figure 25. Cylindrical container: evolution of the free-surface elevation at opposite points near the wall
aligned with the direction of imposed motion.

approach can handle contact of sharp edges with no difficulties. These encouraging results under-
line the interface strategy behind the combination of LLMs and ZMR techniques, on the basis of the
interface construction scheme presented in Section 8.

10.5. Cylindrical container

In the last example, a cylindrical container partially filled with water up to a height H D 2 m is
subject to a forced motion in the horizontal plane. The container is modeled using a regular mesh
of 160 four-node structural shell elements with 176 nodes and six DOFs per node. The structural
properties are Es D 2.1 �109 Pa, 
s D 0.3, density �s D 2500 kg/m3, and shell thickness ts D 2 mm.
All the nodes of the shell structure laying on the floor are allowed to move freely in the X–Y plane
except point A (Figure 23), which is subjected to a sinusoidal forced motion in the X -direction of
amplitude as D 2 cm and frequency !s D 1 Hz.

The interior fluid, with properties �f D 1000 kg/m3 and cf D 1500 m/s, is modeled using 640
hexahedral finite elements and 803 nodes with three DOFs per node, exactly the same mesh used
for the rigid case. A spatial discretization detail is shown in Figure 23 to emphasize the presence of
non-matching between fluid and structure meshes. The transient response simulation was performed
by direct integration of (82) using the Trapezoidal Rule equivalent Newmark’s scheme, with time
step 	t D 1 � 10�2 s.

The pictures in Figure 24 show the evolution in time of the free-surface due to the prescribed
swaying motion imposed to the tank. The solution combines stretching of the container walls in
the horizontal direction and large amplitude waves in the free surface with a swirl effect. Note that,
when the fluid free-surface runs up and down the walls of the container, temporal activation and
deactivation of structural interface nodes take place.

Time history of free-surface elevation is given in Figure 25 for two points near the wall. Points A
and B are aligned with the direction of external excitation.

11. CONCLUSIONS

The main objective of the paper is to demonstrate the range of applicability of the partitioned FSI
formulation proposed by Park et al. [35] for the simulation of structures that experience significant
FSI effects with coupled acoustic and gravity waves, using 2D and 3D models. Theoretical and
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implementation issues behind the techniques proposed in [35] are reviewed, extended and explained
in detail as appropriate to understand its possibilities. Also, additional theory topics are included,
viz., the treatment of fluid quasi-incompressiblity, procedures for interfacing non-matching meshes
in the case of inviscid fluids and treatment of the interface using LLMs.

A fully implicit response analysis strategy for FSI has been presented that is able to represent
correctly acoustic and gravitational effects in the fluid. The numerical examples are provided to
illustrate its accuracy, robustness, and efficiency. The proposed computational framework allows
the independent discretization of fluid and structure, combined with a unique discretization for the
interface that passes the force patch test and follows the fluid and structure interfaces during their
relative motion. The strategy seems well suited for the modeling of internal fluids that exhibit free
surface and interact with flexible containers.
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