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A B S T R A C T

This work proposes a special type of Finite Element (FE) technology – the Empirical Interscale
FE method – for modeling heterogeneous structures in the small strain regime, for both dynamic
and static analyses. The method combines a domain decomposition framework, where interface
conditions are established through ‘‘fictitious’’ frames, with dimensional hyperreduction at
subdomain level. Similar to other multiscale FE methods, the structure is assumed to be
partitioned into coarse-scale elements, each of these elements is equipped with a fine-scale
subgrid, and the displacements of the boundaries of the coarse-scale elements are described
by standard polynomial FE shape functions. The distinguishing feature of the proposed method
is the employed ‘‘interscale’’ variational formulation, which directly relates coarse-scale nodal
internal forces with fine-scale stresses, thereby avoiding the typical nested local/global problems
that appear, in the nonlinear regime, in other multiscale methods. This distinctive feature, along
with hyperreduction schemes for nodal internal and external body forces , greatly facilitate the
implementation of the proposed formulation in existing FE codes for solid elements. Indeed,
one only has to change the location and weights of the integration points, and to replace a few
polynomial-based FE matrices with ‘‘empirical’’ operators, i.e., derived from the information
obtained in appropriately chosen computational experiments. We demonstrate that the elements
resulting from this formulation are not afflicted by volumetric locking when dealing with
nearly-incompressible materials, and that they can handle non-matching fine-scale grids as well
as curved structures. Last but not least, we show that, for periodic structures, this method
converges upon mesh refinement to the solution delivered by classical first-order computational
homogenization. Thus, although the method does not presuppose scale separation, it can
represent solutions in this limiting case by taking sufficiently small coarse-scale elements.

. Introduction

In recent years, several multiscale techniques based on the finite element (FE) method have been developed to address the
hallenges associated with modeling structures exhibiting significant material and geometric variations at different length scales—
ee e.g. the review in Ref. [1]. The present paper introduces yet another variant of these techniques: the Empirical Interscale Finite
lement Method (EIFEM). As we argue in the ensuing discussion, we have chosen the qualifiers empirical and interscale to highlight
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Fig. 1. (a) Coarse-scale quadratic element corresponding to a porous unit cell, along with the associated fine-scale mesh. The boundary of the element is to be
regarded as a ‘‘fictitious’’ frame, in the sense that some of the points of such boundary does not coincide with any material point. For instance, in this case,
the coarse-scale corner nodes are not material points. (b) Coarse-scale mesh with associated (non-matching) fine grids of a given structure made of two distinct
types of quadratic elements.

the major differences of the proposed method with respect to the standard Finite Element Method (FEM) and other existing FE-based
multiscale techniques.

Similar to other FE-based methods, such as the multiscale FEM [2], in the EIFEM, the structure under study is divided into
coarse-scale elements, and each of these elements is assumed to contain a fine-scale mesh able to capture the heterogeneous nature
of the structure at the desired level of accuracy. The boundary of each coarse-scale element is to be regarded as a fictitious one, in
the sense that some points of such boundary may not correspond to any material point; this consideration is depicted in Fig. 1.a.
The displacement of this coarse-scale fictitious boundary is described by standard polynomial FE shape functions. Curved elements
can be modeled by using quadratic shape functions (or any other higher order); furthermore, the fine-scale meshes associated to
contiguous coarse-scale elements may be non-matching (as illustrated in Fig. 1.b).

Likewise, similar to FE schemes based on computational homogenization (such as the so-called FE2 method [3]), the proposed
EIFEM employs strain and stress measures at both scales. The stresses and strains at the fine-scale partition are the standard Cauchy
stresses and infinitesimal strains of classical continuum theories. The coarse-scale strains and stresses, on the other hand, are low
dimensional parameterizations of fine-scale nodal deformational displacements and nodal interdomain forces. The distinguishing
feature of the proposed EIFEM is the use of a multiscale variational framework in which coarse-scale internal forces are linked directly
to fine-scale (Cauchy) stresses —this is why we call the method interscale in the first place. We will see that this attribute allows
one to easily implement this method in existing FE codes, for it precludes the need of solving nested boundary value problems, as
it occurs in computational homogenization problems addressed by the so-called FE2 method [3], or in their reduced-order model
(ROM) variants [4–7].

On the other hand, we use the appellation empirical to refer to the fact that the typical ingredients for determining the
(coarse-scale) nodal forces of a given element are not derived directly from the polynomial shape functions chosen for describing
the displacements of the boundary of the element, but rather are computed from solutions obtained in appropriately chosen
computational experiments. More specifically, the low-dimensional parameterizations alluded to earlier are modal expansions in
which the modes are computed as the left singular vectors of the Singular Value Decomposition (SVD) of the solutions obtained in
such tests.

The other ingredient in the proposed EIFEM which is empirically derived is the multidimensional quadrature (or cubature rule)
for integrating internal and body forces. Indeed, the displacements of the boundary of the coarse-scale elements are described
by polynomial shape functions, and thus, the integrals associated to boundary terms (say surface traction) can be accurately
approximated by the same Gaussian rules used in the standard FEM. By contrast, the volumetric integrals involved in evaluation
of coarse-scale nodal forces (including inertial terms) cannot be evaluated using Gaussian rules, because such rules presume that
the integrand is amenable to accurate approximation by (globally supported) polynomial functions in regular polyhedron—which is
clearly not the case. Of course one can always resort to the elemental Gaussian rules used for integrating internal forces and external
forces in the fine-scale mesh. However, this choice would render the method impractical, because the total number of integration
would scale with the complexity of the fine-scale mesh.

To address this issue and introduce hyperreduction (i.e., an additional reduction in complexity aside from the one obtained by
the low-dimensional modal expansions), we have adapted to the problem under consideration the algorithm recently proposed by
the first author and collaborators in Ref. [8], called the Continuous Empirical Cubature Method (CECM). The appellation empirical
here has the same connotation that in the EIFEM: the method has been devised to numerically approximate the integral of functions
obtained in computational experiments (FE tests), in which the only information available about the integrand is their values at
the Gauss points of the underlying mesh. The qualifier continuous, on the other hand, refers to the fact that the objective function
(which is the integration error) in the associated optimization problem depends continually on the position of the integration points,
2
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and therefore such points may occupy any position within the domain. This is contrast to other cubature methods advocated in the
related literature, which may be seen as discrete cubature methods, for the integration points are selected among the Gauss points
of the underlying finite element grid. This is the case of the technique put forward by the first author in Refs. [9,10], the quadrature
scheme based on linear programming proposed by A. Patera and co-workers [11–13], and the Energy-Conserving Mesh Sampling
and Weighting (ECSW) scheme advocated by C. Farhat and co-workers [14] (in the latter case, one selects elements, rather than
Gauss points).

1.1. Scope and related works

We will focus solely on the derivation of the interscale operators for solid elements. Likewise, the formulation presented here
s only valid for small strains, for it relies on the kinematic decomposition of fine-scale displacements into infinitesimal rigid body
isplacements and deformational displacements. By contrast, we place no constraints on the type of constitutive equations the
ethod can handle. In fact, we will see that, even if the domain is trained in the elastic regime, the resulting element may be

pplied to analyze nonlinear material behavior (subject to certain caveats). The same applies to dynamical analysis: even if one
rains the element in the static regime, the resulting formulation may be used in dynamical problems as well.

The method proposed in the present work may be deemed as the generalization to arbitrarily shaped structures of the
yperreduced-order domain decomposition method proposed by the authors in Refs. [10,15]. In turn, these two works draw upon
he variational partitioning scheme advocated by Park and Felippa in Ref. [16] —known as the Localized Lagrange Multipliers
ethod. The major innovative features of the present paper with respect to the former two works are the listed below.

1. As already pointed out, the proposed method does not require the fine-scale discretization of contiguous elements to be
conforming. This brings a significant advantage with respect to Refs. [10,15] (in which fine-scale matching grids are a
prerequisite), because it allows us to train a given parent domain without regard of which will be the elements potentially
in contact with it.

2. In Refs. [10,15], interface boundaries are required to be non-intersecting planar surfaces. There is no such a restriction in
the method proposed here.

3. In Refs. [10,15], the coarse-scale kinematic is dictated by the type of tests employed to train the model: the basic displacement
interface parameterization is assumed always to be linear, and additional local interface modes are inferred from the training
tests by exploiting the notion of subspace intersection (this is actually why the fine-scale grids in Refs. [10,15] are to be
compatible). In the interest of generality and versatility, more aligned with the spirit of standard FE approaches, we take
here the reverse route: rather than proposing a set of training tests, and then infer the kinematics, here it is the user who
proposes the coarse-scale kinematics (linear, quadratic, etc...), and then the training tests are tailored to this very choice.

4. While both Refs. [10,15] exploit the concept of empirical cubature of internal forces, the method employed therein is of
discrete nature, that is, the reduced set of integration points is selected among the Gauss points of the underlying mesh. By
contrast, as already noted, in the present work, in order to increase the efficiency of the integration (same accuracy for less
integration points), the integration points may take any position within the domain.

5. Both Refs. [10,15] deals with quasi-static problems. Here we extend the formulation to embrace dynamical problems as well.

Considered in a wider context, the EIFEM belongs to the class of general multiscale approaches for the approximation of the
olution of problems with complex heterogeneities and large domains (an extensive review of such approaches is given in Ref. [2]).
mong all these methods, our work bears some resemblance to the General Multiscale Finite Element Method (GMsFEM) presented

n Ref. [17] and related works (see, for instance, Refs. [18–21]), in which multiscale FE basis functions are built for capturing the
mall scale information within each coarse element [18]. The EIFEM also exhibits features akin to the multiscale method recently
roposed in Ref. [22], since it combines the variational multiscale method (see Ref. [23]), with domain decomposition and Model
rder Reduction (MOR) techniques. As in our proposal, such approaches pre-compute multiscale local basis functions in an offline

tage in order to enrich the global solution at the coarse level. However, all these methods need to integrate the resulting equations
n all the fine-grid integration points, a fact that invariably restricts their scope to linear problems. It should be remarked that,
hanks to the offline derivation of efficient integration rules, our approach is valid when material non-linearities are present, and
ur online computational cost depends only on the number of coarse-scale integration points (yet not on the complexity of the
nderlying finite element discretization).

. Training stage

Attention is focused first on the design of the FE tests used to ‘‘train’’ the Empirical Interscale Finite Element (EIFE) model. The
particular domain chosen for carrying out the FE tests will be hereafter termed the EIFE parent domain of this type of coarse-scale
lement.
3
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Fig. 2. Oversampling technique. (a) Periodic structure. The training domain consists of a 3 × 3 sample of porous unit cells; the EIFE parent domain is the cell
in the centre, which is meshed with a finer grid than the rest. (b) Curved structured. In this case, the EIFE parent domain is a curved heterogeneous hexahedra
(matrix + reinforcement), and the training domain is formed by this parent domain together to cells of the same type in the circumferential and axial direction,
and a ‘‘dummy’’ surrounding structure whose elastic properties may be taken equal to that of the matrix material.

2.1. Training domain and boundary conditions

In regards to the imposition of boundary conditions for training the domain, we adopt the oversampling method proposed by Hou
et al. [18] in the context of the multiscale finite element method—also employed by the authors in Refs. [10,15]. In this method,
the domain whose coarse-scale model is to be constructed is embedded in a larger domain (see Fig. 2), and it is on the boundary
of this larger domain that the conditions are imposed. We will refer to this larger domain as the training domain.

The composition of the structure in which the parent domain is embedded should be representative of what one would encounter
in a practical scenario. For instance, if the domain is a unit cell of a periodic structure, then the logical choice is to surround the
domain by other unit cells, as shown in Fig. 2.a. Likewise, in curved structures such as the one shown in Fig. 2.b, in which the
studied domain is not expected to be surrounded by any material in the radial direction, one may fill the training domain by a
‘‘dummy’’ material. As for the size of the training domain, numerical experience indicates that coarse-scale elements obtained with
training domains with characteristic lengths above 3 times larger than the characteristic length of the parent domain are practically
the same in terms of stiffness. This implies that, for instance, in periodic structures such as the one shown in Fig. 2.a, it suffices
to take a training domain containing 3 × 3 unit cells. The spatial discretization of the surrounding medium may be taken of lower
resolution than that of the parent domain.

2.2. Basic training tests

Let 𝑛 denote the number of degrees of freedom (DOFs) of the coarse-scale element (equal to the number of nodes 𝑛𝑛𝑜𝑑 times the
spatial dimension of the problem 𝑑 = 2, 3). At the very least, the training should include a set of 𝑛 tests in the linear elastic range
in which displacements on the external boundary are imposed according to the employed shape functions. We will call these tests
the basic training tests. This is illustrated in Fig. 3, where we display the deformed shapes corresponding to the 𝑛 = 4 ⋅ 2 = 8
basic training tests used for deriving an EIF linear quadrilateral element for the unit cell shown previously in Fig. 2.a. Aside
from the above mentioned basic tests, one may include additional tests featuring different boundary conditions and/or material
parameter variations, conducted in either the linear or nonlinear range. Nevertheless, it should be stressed that, when determining
the characteristic modes of the domain, priority should be given to the data obtained in the basic tests—in the sense that the subspace
spanned by the solution snapshots corresponding to these tests should be contained in the subspace spanned by the characteristic
modes.

2.3. Snapshots matrices

The data required from the training tests for the construction of the EIFE operators are, on the one hand, the variables defining
the mesh of the studied domain (coordinates, element connectivity, boundary nodes, type of finite element, etc.), and, on the other
hand, the vectors of nodal displacements, nodal interface forces, and stresses for each of the tests. These three variables are stored
in snapshot matrices 𝑨𝒅 , 𝑨𝝀 and 𝑨𝝈 , respectively. The size of the displacement snapshot matrix 𝑨𝒅 is 𝑁 × 𝑃 , where 𝑁 denotes the
total number of DOFs of the fine-scale mesh, whereas 𝑃 designates the total number of displacement solutions (or ‘‘snapshots’’) for
4
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Fig. 3. Deformed shapes corresponding to the basic training test required for deriving a 4-node quadrilateral EIFE for the unit cell shown previously in Fig. 2.a.
In each test, displacement conditions corresponding to linear shape functions are prescribed. The tests are carried out in the linear elastic range.

all time steps and tests. When only basic training tests are used, then the number of snapshots is equal to the number of coarse-scale
DOFs (𝑃 = 𝑛).

What we call here nodal interface forces are the forces exerted by the remaining structure upon the studied domain. These forces
are only nonzero on the interface boundary nodes, and therefore, the size of the snapshot matrix 𝑨𝝀 is 𝑀 ×𝑃 , 𝑀 being the number
of DOFs of the interface boundary. It should be noticed that, when using basic training tests, since there are not external forces and
the problem is linear, 𝑨𝝀 may be simply obtained by multiplying the stiffness matrix of the domain times the displacement snapshot
matrix 𝑨𝒅 . On the other hand, each column of 𝑨𝝈 contains the vector of Cauchy stress 𝝈 ∈ R𝑠 (𝑠 = 4 for plane strain and 𝑠 = 6 for
3D problems) at all the points of the discretization. Thus, the size of 𝑨𝝈 is 𝑠𝐺 × 𝑃 , 𝐺 being the total number of Gauss points of the
fine-scale mesh.

3. Modal approximations of fine-scale variables

The recipe followed in the ensuing discussion to derive the EIFE formulation is, in essence, the same used by the authors in
Ref. [15] for prismatic structures, namely: introducing modal approximations for the fine-scale variables, and then determining the
stationary points of a three-field energy functional involving such modal approximations. The major difference is that here we strive
to give a multiscale interpretation to each of the steps of the procedure, in contrast to Ref. [15], wherein the methodology is simply
presented as a specific instance of domain decomposition combined with reduced-order modeling. The purpose of introducing this
multiscale interpretation is to reveal the differences between the proposed approach and reduced-order methods (such as those
presented in Refs. [5–7]) based on the classical axiomatic framework of computational homogenization (which rests on the notion
of equilibrium of a RVE and the Hill–Mandel Principle of Macro-Homogeneity, among others ingredients).

It should be noted that the EIF operators presented in the following are referred to a single parent domain, and are expressed
in a reference system intrinsic to this domain. The extension to EIF elements of arbitrary size and orientation will be addressed in
Section 4.5 and Appendix B.

Remark 3.1. For the sake of notational simplicity, in what follows, all variables will be referred to a specific parent domain,
without any reference to the global assembly of EIF elements. Besides, when the same variable is defined at both scales, we will
use superscripts ‘‘𝜇’’ and ‘‘𝑐’’ to distinguish fine-scale and coarse-scale variables, respectively, except for those cases in which the
variable appears in the final formulation, in which bare symbols will be employed instead. Accordingly, the vectors of coarse-scale
nodal displacements and fine-scale strains and stresses, which do appear in the final formulation (that is why the method is dubbed
interscale) will be denoted by 𝒅, 𝜺 and 𝝈, respectively, whereas fine-scale displacements, coarse-scale stresses and coarse-scale
strains, which do not appear in the final formulation, will be designated by 𝒅𝝁, 𝝈𝒄 and 𝜺𝒄 , respectively.

3.1. Approximation of displacements: generalized coarse-scale strains

The proposed modal approximation for the fine-scale nodal displacement 𝒅𝝁 adopts the form

𝒅𝝁 = 𝑹𝒂 +𝜱𝜺𝒄 . (1)

Here, 𝑹 ∈ R𝑁×𝑛𝑟𝑏 denotes the matrix of rigid body modes of the domain (𝑛𝑟𝑏 = 3 or 𝑛𝑟𝑏 = 6 for 2D or 3D problems, respectively),
whereas 𝜱 ∈ R𝑁×𝑝 stands for the matrix of deformational modes; 𝒂 ∈ R𝑛𝑟𝑏 and 𝜺𝒄 ∈ R𝑝, on the other hand, are the corresponding
amplitude vectors. Rigid body and deformational modes are assumed to be orthogonal in the inner product induced by the geometric
mass matrix of the domain 𝑴𝝁:

𝑹𝑇𝑴𝝁𝜱 = 𝟎. (2)

The geometric mass matrix 𝑴𝝁 is constructed as the standard FE mass matrix, but with density equal to one, that is

𝑴𝝁 ∶= ∫𝛺
𝑵𝝁𝑇 𝑵𝝁 𝑑𝛺, (3)

𝑵𝝁 ∶ 𝛺 → R𝑑×𝑁 being the matrix of fine-scale shape functions (in its globally supported format). The condition of 𝑴𝝁-orthogonality
is also imposed, column-wise, to the deformational modes:

𝜱𝑇𝑴𝝁𝜱 = 𝑰 (4)
5
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Fig. 4. Deformed shapes of the rigid body modes 𝑹 and deformational modes 𝜱 corresponding to the displacement snapshots built with data of the training
tests shown in Fig. 3. The amplitude of the latter modes play the role of generalized coarse-scale strains in our formulation.

(here 𝑰 stands for the 𝑝 × 𝑝 identity matrix). The deformational modes 𝜱 are computed from the snapshot matrix of displacements
𝑨𝒅 by first determining the deformational component of such a matrix (in order to meet orthogonality condition (2)):

𝑨𝒅 = 𝑨𝒅 −𝑹(𝑹𝑇𝑴𝝁𝑹)−1𝑹𝑇𝑴𝝁𝑨𝒅 , (5)

and then, in order to meet orthogonality condition (4), and also filter out undesirable noisy modes, determine 𝜱 as the left-singular
vectors of the weighted Singular Value Decomposition (WSVD) of 𝑨𝒅 (see Algorithm 1 in page 11 of Ref. [15]):

[𝜱,𝑺𝑑 ,𝑽 𝑑 ] ← 𝚆𝚂𝚅𝙳(𝑨𝒅 ,𝑴𝝁, 𝜖𝑑 ) (6)

Here 0 ≤ 𝜖𝑑 < 1 is a relative truncation threshold, whereas 𝑺𝑑 and 𝑽 𝑑 denote the matrices of singular values and right-singular
vectors, respectively.

Fig. 4 displays the deformed shapes of the 𝑛𝑟𝑏 = 3 rigid body modes and 𝑝 = 5 deformational modes obtained from the 𝑛 = 8
displacement snapshots determined from the tests displayed in Fig. 3. The origin of coordinates is taken as the centroid of the
domain; thus, 𝑎3 represents the amplitude of an (infinitesimal) rotation around the axis passing through the centroid (and 𝑎1 and
𝑎2 translations along the reference axes). On the other hand, the role of generalized coarse-scale strains is assigned to the amplitudes
of the deformational modes (hence the notation 𝜺𝒄), on the grounds that they represent a low-dimensional parametrization of the
deformational state of the domain. It follows then that the number of coarse-scale strains in our formulation is dictated by the order
of interpolation of the coarse-scale element. The rule is that

𝑝 = 𝚗𝚌𝚘𝚕(𝜱) ≥ 𝑛 − 𝑛𝑟𝑏 (7)

(𝚗𝚌𝚘𝚕(𝜱) stands for the number of columns of 𝜱). Thus, for a quadratic quadrilateral EIF element, 𝑝 ≥ 13, whereas for a quadratic
hexahedra, 𝑝 ≥ 72. Note that this is in stark contrast to standard (first-order) homogenization methods, in which the number of
coarse-scale strains is the same regardless of the employed coarse-scale FE elements (3 for plane strains and 6 for 3D problems).

3.2. Approximation of interface forces: generalized coarse-scale stresses

In first-order homogenization procedures (see e.g. Ref. [24]), the coarse-scale (Cauchy) stress tensor is determined either by
volume averaging of fine-scale stresses, or equivalently, as the integral of an expression involving the surface tractions at the
external boundary of the RVE. According to the latter approach, the coarse-scale stress tensor may be viewed as a low-dimensional
parametrization of the surface tractions at the RVE boundary. In the following discussion, we adopt this very interpretation to define
the generalized coarse-scale stresses of our formulation.

Let 𝝀 ∈ R𝑀 denote the forces at the interface boundary nodes of the domain (these forces are the nodal projection of the above
mentioned surface tractions). Without loss of generality, we may write 𝝀 in terms of the vector of generalized coarse-scale stresses
𝝈𝒄 as follows:

𝝀 = 𝜳̂ 𝒓 + 𝜳𝝈𝒄 . (8)

Here, 𝜳̂ and 𝜳 are mutually orthogonal matrices (in a sense that will be defined later), whereas 𝒓 is the amplitude vector for 𝜳̂ . It
can be argued that, in order for 𝝈𝒄 to qualify as a valid stress measure, the work done by the component 𝜳𝝈𝒄 in Eq. (8) upon rigid
body displacements must be zero. This leads to the condition

𝑹𝑇
𝒃 𝜳 = 𝟎, (9)

where 𝑹𝒃 ∈ R𝑀×𝑛𝑟𝑏 is the sub-matrix of the rigid body modes 𝑹 formed by the rows of the interface boundary DOFs 𝒃 ∈ {1, 2…𝑁}
(𝑹 = 𝑹(𝒃, ∶) in the so-called ‘‘colon’’ notation [25]). It can be readily seen that the preceding condition amounts to stating that the
resultants and moment resultants of each of the columns of 𝜳 are zero—for this reason, hereafter we will refer to 𝜳 as the matrix
of self-equilibrated modes.

Let us now determine an expression for 𝜳̂ by imposing that 𝜳̂ and 𝜳 are mutually orthogonal. As the authors demonstrate in
Ref. [15], Appendix A, 𝐿2-orthogonality of surface tractions on the interface boundary translates into 𝑴̄−1-orthogonality of the
corresponding nodal interface forces, 𝑴̄ ∈ R𝑀×𝑀 being the geometric mass matrix of the interface boundary. Thus, if we use this
𝑴̄−1-orthogonality, we get that 𝜳̂

𝑇
𝑴̄−1𝜳 = 𝟎. Comparison of this expression with Eq. (9) reveals that the expression for the desired

matrix is

𝜳̂ = 𝑴̄𝑹 . (10)
6
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Fig. 5. Vector plot of the 𝑛𝑟𝑏 = 3 resultant modes 𝜳̂ = 𝑴̄𝑹𝒃 and 𝑝 = 5 self-equilibrated modes 𝜳 corresponding to the training tests displayed previously in
Fig. 3. The amplitude of the self-equilibrated modes play the role of coarse-scale stresses in our formulation.

We will refer to 𝜳̂ as the matrix of resultant modes, since it can be readily demonstrated that the corresponding amplitudes 𝒓 ∈ R𝑛𝑟𝑏

are the resultant and moment resultants of 𝝀, divided by the area and moment of inertia of the interface boundary surfaces; indeed,
by multiplying Eq. (8) by 𝑹𝑇

𝒃 , and using Eq. (9), we obtain, after solving for 𝒓 that 𝒓 = 𝑮−1(𝑹𝑇
𝒃 𝝀), where

𝑮 ∶= 𝑹𝑇
𝒃 𝑴̄𝑹𝒃 (11)

is an 𝑛𝑟𝑏 × 𝑛𝑟𝑏 matrix containing the area and moments of inertia of the interface boundary surfaces. In Fig. 5, we show the vector
plots corresponding to the 𝑛𝑟𝑏 = 3 resultant modes associated to the same porous domain displayed previously in Figs. 4 and 6.
Moreover, although not strictly necessary, we will impose as well 𝑴̄−1-orthogonality to the columns of 𝜳 :

𝜳 𝑇 𝑴̄−1𝜳 = 𝑰 . (12)

We shall assume that the matrix defined by

𝑯 ∶= 𝜳 𝑇𝜱𝒃 (13)

(here 𝜱𝒃 = 𝜱𝒃(𝒃, ∶)) is invertible. This translates in turn into the conditions

𝚗𝚌𝚘𝚕(𝜱) = 𝚗𝚌𝚘𝚕(𝜳 ) = 𝚛𝚊𝚗𝚔(𝑯). (14)

The requirement 𝚗𝚌𝚘𝚕(𝜱) = 𝚗𝚌𝚘𝚕(𝜳 ) implies that, in our formulation, the number of components of the coarse-scale stress vector
must be the same as the number of components of the coarse-scale strains.

If the training data only contain what we defined in Section 2.2 as basic tests, then 𝜳 may be computed simply by

[𝜳 ,𝑺𝛹 ,𝑽 𝛹 ] ← 𝚆𝚂𝚅𝙳(𝑲𝝁(𝒃, ∶)𝜱, 𝑴̄−1, 0), (15)

𝑲𝝁 ∈ R𝑁×𝑁 being the fine-scale stiffness matrix. Fig. 5 shows the vector plots of the 𝑝 = 5 self-equilibrated modes computed this
way from the deformational modes displayed previously in Fig. 4. In a more general scenario, the determination of 𝜳 requires first,
in order to observe condition (9), the determination of the self-equilibrated component of the snapshot matrix 𝑨𝝀:

𝑨𝝀 ∶= 𝑨𝝀 − 𝑴̄𝑹𝒃(𝑹𝑇
𝒃 𝑴̄𝑹𝒃)−1𝑹𝑇

𝒃𝑨𝝀. (16)

In most cases, application of the weighted SVD with a truncation tolerance similar to the one used in the SVD (6) suffices to
furnish self-equilibrated modes satisfying condition Eq. (14). If this is not the case, and for instance, 𝚗𝚌𝚘𝚕(𝜱) > 𝚗𝚌𝚘𝚕(𝜳̂ ), one should
determine the subspace of 𝜱 that is more ‘‘aligned’’ to the column space of 𝜳̂ . This can be systematically carried out by the procedure
proposed by the authors for prismatic structures (but also valid here) in Ref. [15], page 12, Box 5.1.

3.3. Coarse-scale nodal displacements

Let us move now to the definition of the actual state variable of the problem: the vector of coarse-scale nodal displacements
𝒅 ∈ R𝑛. To this end, consider a fictitious boundary mesh whose nodes coincide, in the undeformed configuration, with the nodes
of the interface boundary mesh. We propose to approximate the nodal displacements of this fictitious boundary mesh, denoted by
𝒖𝑓𝑖𝑐𝑡 ∈ R𝑀 , by the following modal expansion:

𝒖𝑓𝑖𝑐𝑡 = 𝑽 𝒅. (17)

We will refer to 𝑽 ∈ R𝑀×𝑛 as the matrix of (fictitious) interface modes. As already pointed out, interface modes are computed
using standard polynomial FE shape functions. For instance, the EIFE associated to the porous domain used to illustrate the method
in previous figures is a bi-unit square (canonical parent domain for quadrilaterals), and therefore, the interface modes may be readily
obtained by substitution of the coordinates of the interface boundary nodes into the corresponding shape functions.

In cases where the interface boundary of a domain cannot be inscribed in a canonical parent domain, determining the interface
modes 𝑽 involves the construction of the inverse of the FE shape functions, since the coordinates are known in the physical domain,
yet the shape functions are defined in the coordinates of the canonical parent domain. Let 𝒙 ∈ R𝑑 denote the position of an interface
boundary node, and 𝝃 ∈ R𝑑 its counterpart in the parent domain. Determining the inverse mapping entails solving for 𝝃, given 𝒙,
the equation 𝒙−𝑿𝑵̄𝑇 (𝝃) = 𝟎, where 𝑿 ∈ R𝑑×𝑛𝑛𝑜𝑑 is the matrix of nodal coordinates, and 𝑵̄ ∈ R1×𝑛𝑛𝑜𝑑 is the matrix of shape functions
(assuming isoparameteric analysis). For linear shape functions, this equation is linear; for quadratic and higher orders, it may be
7

solved via a Newton–Raphson iterative procedure (see e.g. Ref. [26]).
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4. Interscale variational formulation

4.1. Stationary conditions

Following the approach advocated by the authors in Ref. [15] for the case of prismatic structures, the upscaling and downscaling
elations for nodal displacement and nodal forces are determined from the stationary conditions of an energy functional of the form
= 𝛱𝑖𝑛𝑡 −𝛱𝑒𝑥𝑡 −𝛱𝜆, where 𝛱𝑖𝑛𝑡 stands for the internal energy, 𝛱𝑒𝑥𝑡 denotes the contribution of external forces, while 𝛱𝜆 is the

interface potential. Since the employed interface modes are standard FE shape functions, the process of FE assembly, as well as the
imposition of both displacement and surface tractions conditions are similar to the procedure used in standard FE implementation.
For this reason, and in the interest of simplicity, we focus on just one domain with no prescribed surface tractions.

In such a case, it can be shown from the formulation presented in Ref. [15] that the stationary conditions of the energy functional
𝛱 adopts the form :

𝛿𝒅𝝁𝑇 (

𝑭 𝝁
𝒊𝒏𝒕 − 𝑭 𝝁

𝒆𝒙𝒕 − 𝝀𝑎𝑙𝑙
)

= 0, (18)

𝛿𝝀𝑇
(

𝒅𝜇
𝒃 − 𝒖𝑓𝑖𝑐𝑡

)

= 0, (19)

𝛿𝒖𝑓𝑖𝑐𝑡𝑇 𝝀 = 0. (20)

Here, 𝛿∙ symbolizes variations of its argument, 𝝀𝑎𝑙𝑙 ∈ R𝑁 is a nodal vector equal to zero at every DOFs except at the interface
boundary DOFs, where 𝝀𝑎𝑙𝑙(𝒃, ∶) = 𝝀, and 𝑭 𝝁

𝒆𝒙𝒕 and 𝑭 𝝁
𝒊𝒏𝒕 stand for the vector fine-scale nodal external and internal forces, respectively.

The variational Eqs. (18)–(20) encapsulate the equilibrium of the domain, the compatibility at the interfaces, and the equilibrium
at the interfaces, respectively.

The expression for the vectors of fine-scale nodal external and internal force read

𝑭 𝝁
𝒆𝒙𝒕 ∶= ∫𝛺

𝑵𝝁𝑇 𝒇 𝑑𝛺 (21)

and

𝑭 𝝁
𝒊𝒏𝒕 ∶= ∫𝛺

𝑩𝝁𝑇 𝝈 𝑑𝛺, (22)

respectively. In Eq. (21), 𝒇 ∈ R𝑑 denotes body forces per unit volume (including inertial forces), whereas 𝑩𝝁 in Eq. (22) is the
standard strain–displacement ‘‘B-matrix’’, constructed from the gradient of 𝑵𝝁, and relating fine-scale strains 𝜺 ∈ R𝑠 at a given
point 𝒙 ∈ 𝛺 with the fine-scale nodal displacement vector, i.e.:

𝜺(𝒙) = 𝑩𝝁(𝒙)𝒅𝝁. (23)

By substituting modal expansions given in Eqs. (1), (8) and (17) (as well as their variations) into Eqs. (18), (19) and (20), and
by exploiting the arbitrariness of 𝛿𝜺𝒄 , 𝛿𝝈𝒄 , 𝛿𝒂 and 𝛿𝒓, we obtain

𝜱𝑇𝑭 𝝁
𝒊𝒏𝒕 −𝜱𝑇𝑭 𝝁

𝒆𝒙𝒕 −𝜱𝑇
𝒃 (𝑴̄𝑹𝒃𝒓 + 𝜳𝝈𝒄 ) = 0, (24)

𝑹𝑇𝑭 𝝁
𝒊𝒏𝒕 −𝑹𝑇𝑭 𝝁

𝒆𝒙𝒕 −𝑹𝑇
𝒃 (𝑴̄𝑹𝒃𝒓 + 𝜳𝝈𝒄 ) = 0, (25)

𝜳 𝑇 (𝑹𝒃𝒂 +𝜱𝒃𝜺𝒄 ) − 𝜳 𝑇 𝑽 𝒅 = 0, (26)

𝑹𝑇
𝒃 𝑴̄(𝑹𝒃𝒂 +𝜱𝒃𝜺𝒄 ) −𝑹𝑇

𝒃 𝑴̄𝑽 𝒅 = 0, (27)

𝛿𝒅𝑇 (𝑽 𝑇 𝑴̄𝑹𝒃𝒓 + 𝑽 𝑇𝜳𝝈𝒄 ) = 0. (28)

The preceding equations can be further simplified by, firstly, introducing orthogonality conditions (2) and (9); secondly, by using
he fact that 𝑹𝑇𝑭 𝝁

𝒊𝒏𝒕 = 𝟎 (nodal internal forces form a system of self-equilibrated forces); and lastly, by introducing the definition of
he following matrices

𝑯 ∶= 𝑹𝑇
𝒃 𝑴̄𝜱𝒃, (29)

𝑻 ∶= 𝜳 𝑇 𝑽 . (30)

𝑻 ∶= 𝑹𝑇
𝒃 𝑴̄𝑽 , (31)

long with the definitions of 𝑮 and 𝑯 (given in Eqs. (11) and (13), respectively); this leads to

𝜱𝑇𝑭 𝝁
𝒊𝒏𝒕 −𝜱𝑇𝑭 𝝁

𝒆𝒙𝒕 −𝑯
𝑇
𝒓 −𝑯𝑇 𝝈𝒄 = 0, (32)

−𝑹𝑇𝑭 𝝁
𝒆𝒙𝒕 −𝑮𝒓 = 0, (33)

𝑯𝜺𝒄 − 𝑻𝒅 = 0, (34)

𝑮𝒂 +𝑯𝜺𝒄 − 𝑻𝒅 = 0, (35)

𝛿𝒅𝑇
(

𝑻
𝑇
𝒓 + 𝑻 𝑇 𝝈𝒄

)

= 0. (36)
8
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4.2. Downscaling and interscale operators

The preceding system of 5 equations possesses 5 set of unknowns, namely: the coarse-scale strains (𝜺𝒄), the coarse-scale
tresses (𝝈𝒄), the amplitude of the rigid-body modes (𝒂), the amplitude of the resultant modes (𝒓), and the vector of coarse-scale

displacement (𝒅). The goal in the ensuing discussion is to demonstrate that, since 𝑯 is assumed to be invertible, see Section 3.2,
it is possible to express all the coarse-scale variables in terms of the coarse-scale nodal displacements 𝒅. This will allow us, in
turn, to define downscaling operators for both the deformational and rigid-components of the displacements, as well as an intercale
strain–displacement matrix, relating fine-scale strains directly with coarse-scale nodal displacement.

Indeed, by virtue of the invertibility of 𝑯 , Eq. (34) can be solved for the coarse-scale strains, giving 𝜺𝒄 = 𝑯−1𝑻𝒅. According
o Eq. (1), the deformational component of 𝒅𝝁 is 𝒅̃𝝁 = 𝜱𝜺𝒄 ; combining this equation with the above obtained expression for the
oarse-scale strains, it follows that 𝒅̃𝝁 = 𝑼̃𝒅 where

𝑼̃ ∶= 𝜱𝑯−1𝑻 = 𝜱(𝜳 𝑇𝜱𝒃)−1(𝜳 𝑇 𝑽 ) (37)

s the downscaling matrix for deformational displacements —it relates the deformational component of the vector of fine-scale nodal
isplacements with the vector of coarse-scale nodal displacements. For later purposes, it proves convenient to cast the preceding
xpression as

𝑼̃ = 𝜱𝑳̃𝑽 (38)

here

𝑳̃ ∶= (𝜳 𝑇𝜱𝒃)−1𝜳 𝑇 . (39)

nserting 𝒅̃𝝁 = 𝑼̃𝒅 into expression Eq. (23), we get

𝜺(𝒙) = 𝑩(𝒙)𝒅 (40)

where

𝑩(𝒙) = 𝑩𝝁(𝒙)𝑼̃ = (𝑩𝝁(𝒙)𝜱)𝑳̃𝑽 . (41)

The matrix defined in the preceding equations is the aforementioned interscale strain–displacement B-matrix, for it connects the vector
of coarse-scale nodal displacements 𝒅 ∈ R𝑛 to the fine-scale strain vector 𝜺 ∈ R𝑠 at any 𝒙 ∈ 𝛺.

The rigid body component of the fine-scale displacements is given, according to Eq. (1), by 𝒅̂𝝁 = 𝑹𝒂; thus, to determine
the downscaling operator for rigid-body displacements (𝒅̂𝝁 = 𝑼̂𝒅), it is necessary to solve firstly Eq. (35) for 𝒂; this yields
𝒂 = 𝑮−1(𝑻𝒅 − 𝑯𝜺𝒄 ). Then, by replacing 𝜺𝒄 by the expression obtained when deducing Eq. (37), and multiplying by the matrix
of rigid body modes 𝑹, we finally arrive at the desired expression for the downscaling matrix for rigid body displacements:

𝑼̂ ∶= 𝑹𝑮−1
(

𝑻 −𝑯𝑯−1𝑻
)

= 𝑹 𝑳̂𝑽 , (42)

here

𝑳̂ ∶= (𝑹𝑇
𝒃 𝑴̄𝑹𝒃)−1𝑹𝑇

𝒃 𝑴̄
(

𝑰 −𝜱𝒃(𝜳 𝑇𝜱𝒃)−1𝜳 𝑇 ) (43)

astly, since 𝒅̂𝝁 = 𝑼̂𝒅 and 𝒅̃𝝁 = 𝑼̃𝒅, it follows from Eq. (1) that

𝒅𝝁 = (𝑼̂ + 𝑼̃ )𝒅 = 𝑼𝒅 (44)

here

𝑼 = 𝑼̂ + 𝑼̃ (45)

s the downscaling matrix for nodal displacements.

.3. Coarse-scale nodal forces

We next draw our attention to Eq. (36). This variational equation encapsulates the condition of coarse-scale equilibrium
quation—it involves coarse-scale stresses and the coarse-scale resultants of the external forces. We seek to cast this equation in
erms of the fine-scale vectors of nodal internal forces (𝑭 𝝁

𝒊𝒏𝒕) and external forces (𝑭 𝝁
𝒆𝒙𝒕). To this end, we solve first Eq. (33) for 𝒓:

𝒓 = −(𝑹𝑮−1)𝑇𝑭 𝝁
𝒆𝒙𝒕. (46)

hen we plug the above equation into Eq. (32), and solve it for the coarse-scale stress vector 𝝈𝒄 ; this furnishes, after some
rearrangements:

𝝈𝒄 = (𝜱𝑯−1)𝑇𝑭 𝝁 −
(

𝜱𝑯−1 −𝑹𝑮−1𝑯𝑯−1
)𝑇

𝑭 𝝁 . (47)
9

𝒊𝒏𝒕 𝒆𝒙𝒕



Computer Methods in Applied Mechanics and Engineering 418 (2024) 116492J.A. Hernández et al.
Fig. 6. Left: Schematic representation of fine-scale variables, namely, nodal displacements (𝒅𝝁), internal forces (𝑭 𝝁
𝒊𝒏𝒕) and external forces (𝑭 𝝁

𝒆𝒙𝒕), in a porous
domain discretized with 1384 Q9 elements (𝑁 = 11460 DOFs). Right: Coarse-scale counterparts (𝒅,𝑭𝒊𝒏𝒕 ,𝑭𝒆𝒙𝒕) in the corresponding coarse-scale linear EIFE (𝑛 = 8
DOFs).

Finally, substitution of the preceding two equations into the variational equilibrium equation (36), and gathering the terms
multiplying both 𝑭 𝝁

𝒊𝒏𝒕 and 𝑭 𝝁
𝒆𝒙𝒕, we find, upon carefully inspection, that the matrices multiplying 𝑭 𝝁

𝒊𝒏𝒕 and 𝑭 𝝁
𝒆𝒙𝒕 are but the transposes

of the downscaling matrices 𝑼̃ and 𝑼 , respectively, i.e.:

𝛿𝒅𝑇
(

𝑼̃
𝑇
𝑭 𝝁
𝒊𝒏𝒕 − 𝑼𝑇𝑭 𝝁

𝒆𝒙𝒕

)

= 𝟎. (48)

The above equation suggests to define the vectors of coarse-scale nodal internal forces and nodal external forces by

𝑭𝒊𝒏𝒕 ∶= 𝑼̃
𝑇
𝑭 𝝁
𝒊𝒏𝒕 (49)

and

𝑭𝒆𝒙𝒕 ∶= 𝑼𝑇𝑭 𝝁
𝒆𝒙𝒕, (50)

respectively. Note that, in doing so, 𝑼̃𝑇 and 𝑼𝑇 adopt the role of upscaling matrices for nodal internal and nodal external forces,
respectively.

For clarity, these various upscaling/downscaling relationships deduced so far are illustrated in Fig. 6.

4.4. Final interscale formulation (parent domain)

By combining the expressions for the fine-scale internal forces in Eq. (22), and the interscale strain–displacement matrix in
Eq. (41), we can rewrite the coarse-scale internal forces in Eq. (51) as

𝑭𝒊𝒏𝒕 = ∫𝛺
𝑩𝑇 𝝈 𝑑𝛺. (51)

Likewise, for the coarse-scale (tangent) stiffness matrix, using Eq. (40), we have

𝑲 ∶=
𝜕𝑭𝒊𝒏𝒕
𝜕𝒅

= ∫𝛺
𝑩𝑇 𝜕𝝈

𝜕𝜺
𝜕𝜺
𝜕𝒅

𝑑𝛺 = ∫𝛺
𝑩𝑇𝑪𝑩 𝑑𝛺. (52)

where 𝑪 ∶= 𝜕𝝈∕𝜕𝜺 denotes the constitutive tangent matrix.

Remark 4.1. The above expressions reveal that, as opposed to other reduced-order multiscale methods based on computational
homogenization [5–7], in the proposed formulation, the coarse-scale internal forces and tangent stiffness matrix are directly linked
to the Cauchy stresses 𝝈 and the corresponding constitutive tangent matrix 𝑪 at the fine-scale (without the need of solving a nested
sequence of local/global problems). In fact, the reader familiar with basic FE theory will immediately recognize that expressions (51)
and (52) are formally identical to those of the elemental internal force vector and stiffness matrix of a standard FE formulations (see
e.g. Ref. [27])—the adopted notational scheme is precisely intended to highlight this very fact. The only difference is the definition
10
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Fig. 7. Concepts of EIFE parent domain and EIF element. The rigid body, deformational and self-equilibrated modes (𝑹, 𝜱 and 𝜳 , respectively) are expressed
in the local reference system of the parent domain. The mapping between points of the parent domain 𝛺′ and physical domain 𝛺 is given by Eq. (56).

of the strain–displacement matrix 𝑩, which in this case, as reflected in Eq. (41), is not simply the gradient of a polynomial shape
functions, but rather depends on basis matrices 𝜳 and 𝜱 derived from the training data.

Remark 4.2. The stability of the proposed method hinges crucially on the spectral properties of the previously defined element
stiffness matrix 𝑲 , in particular, in its positive definiteness. In Appendix A we postulate the conditions that the self-equilibrated
modes have to observed in order for the method to be stable.

The same logic employed to deduce Eq. (51) can be applied to arrive at the interscale expression for the vector of external body
forces. Indeed, if we define the interscale counterpart of the shape function matrix 𝑵𝝁 by

𝑵(𝒙) ∶= 𝑵𝝁(𝒙)𝑼 . (53)

and then combine this equation with Eq. (50) and Eq. (21), we obtain

𝑭𝒆𝒙𝒕 ∶= ∫𝛺
𝑵𝑇 𝒇 𝑑𝛺. (54)

Likewise, since 𝒇 include inertial forces, we may write the coarse-scale mass matrix as

𝑴𝜌 ∶= ∫𝛺
𝑵𝑇 𝜌𝑵 𝑑𝛺. (55)

4.5. Final interscale formulation (arbitrary size and orientation)

In deriving the interscale operators defined in the foregoing, it was assumed that the EIF element in the coarse-scale mesh has
the same size and orientation as the trained domain. A more general scenario is depicted in Fig. 7, wherein the physical domain
𝛺 ⊂ R𝑑 associated to a given EIF element is related to the trained or EIFE parent domain 𝛺′ ⊂ R𝑑 by a combination of translation,
rotation and uniform scaling, i.e.:

𝒙 = 𝒕 + 𝜆𝑸(𝒙′ − 𝒄′). (56)

Here, 𝒙 ∈ 𝛺, 𝒙′ ∈ 𝛺′, 𝒄′ denotes the centroid of the parent domain, 𝒕 ∈ R𝑑 stands for the translation vector, 𝜆 ∈ R designates the
scaling factor, and 𝑸 ∈ R𝑑×𝑑 is the rotation matrix (𝑸𝑇𝑸 = 𝑰). In Appendix B, we outline a procedure for determining 𝒕, 𝑸 and 𝜆
from the nodal coordinates of the EIF element.

The rotation matrix appearing in Eq. (56) relates nodal displacement vectors expressed in the local reference system (see Fig. 7)
with their counterparts in the global reference system, at both scales, i.e.: 𝒅𝝁

𝐽 = 𝑸𝒅𝝁′
𝐽 and 𝒅𝑗 = 𝑸𝒅′

𝑗 (here primed variables represent
local coordinates, and 𝐽 and 𝑗 refer to fine-scale and coarse-scale nodes, respectively). These transformations can be compactly
written for all the nodes of both the domain mesh and the interface boundary mesh by

𝒅𝝁 = 𝑁𝒅𝝁′ , 𝒅 = 𝑛𝒅′ (57)

where 𝑁 and 𝑛 denote 𝑁 × 𝑁 and 𝑛 × 𝑛 block diagonal matrices, respectively, containing repetitions of 𝑸 (i.e.,  =
diag (𝑸,𝑸,…𝑸)). The preceding equations allow us, upon simple matrix manipulations, to deduce the expressions in global
coordinates of the downscaling matrices defined previously, in local coordinates, in Eqs. (42) and (38); these expressions read:

𝑼̃ = ( 𝜱)𝑳̃(𝑽 𝑇 ), (58)
11
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t

𝑼̂ = (𝑁𝑹)𝑳̂(𝑽 𝑇
𝑛 ). (59)

Likewise, the interscale matrix 𝑵 in the physical domain can be simply obtained as

𝑵 = 𝑸𝑵 ′𝑇
𝑛 (60)

𝑵 ′ being the matrix defined in Eq. (53) for the EIFE parent domain; this follows easily from the fact that the fine-scale shape
function 𝑵𝝁 in Eq. (53) is invariant to deformations of the domain.

By contrast, the interscale strain–displacement matrix 𝑩 is defined in terms of the gradient of the shape functions in the EIFE
parent domain 𝑩𝝁 (see Eq. (53)), which is not invariant under rotations nor scaling; thus, deriving its expression in the actual
physical configuration requires the computation of the gradient matrix in such a configuration. This can be done by rotating each
of the columns of 𝑩𝝁 (which represents unit virtual strains), and dividing the resulting matrix by the scaling factor 𝜆. Alternatively,
one may skip this step by working with strains and stress expressed in the local reference system. In doing so, the interscale
strain–displacement becomes expressible as

𝑩 = 1∕𝜆𝑩′𝑇
𝑛 , (61)

𝑩′ being the matrix defined.1 in Eq. (41). This approach may prove advantageous when dealing with curved elements, in which
stresses and strains are more naturally represented in the local reference system of the subdomain rather than in global coordinates.

5. Numerical approximation of element vectors and matrices (hyperreduction)

Let us address now the problem of how to numerically approximate the integrals appearing in the definition of the element
vectors of internal and external body forces (Eqs. (51) and (54), respectively). The goal is to devise cubature rules of the form

𝑭𝒊𝒏𝒕 = ∫𝛺
𝑩𝑇 𝝈 𝑑𝛺 ≈ 𝜆𝑑

𝑚𝑖𝑛𝑡
∑

𝑔=1
𝑤𝑖𝑛𝑡

𝑔 𝑩(𝒙𝑖𝑛𝑡𝑔 )𝑇 𝝈(𝒙𝑖𝑛𝑡𝑔 ), (62)

𝑭𝒆𝒙𝒕 ∶= ∫𝛺
𝑵𝑇 𝒇 𝑑𝛺 ≈ 𝜆𝑑

𝑚𝑒𝑥𝑡
∑

𝑔=1
𝑤𝑒𝑥𝑡

𝑔 𝑵(𝒙𝑒𝑥𝑡𝑔 )𝑇 𝒇 (𝒙𝑒𝑥𝑡𝑔 ). (63)

In Eq. (62), 𝒙𝑖𝑛𝑡𝑔 ∈ 𝛺 and 𝑤𝑖𝑛𝑡
𝑔 > 0 denote the position and weight, respectively, of the 𝑔th integration point (𝑔 = 1, 2…𝑚𝑖𝑛𝑡); the

same variables for the external (body) forces in Eq. (63) are denoted by 𝒙𝑒𝑥𝑡𝑔 ∈ 𝛺 and by 𝑤𝑒𝑥𝑡
𝑔 > 0 (𝑔 = 1, 2…𝑚𝑒𝑥𝑡). The scaling

factor 𝜆𝑑 (𝑑 = 2, 3) is introduced to account for the change of size of the physical domain 𝛺 with respect to the EIFE parent domain
𝛺′ (this factor is the Jacobian of the transformation introduced in Eq. (56)). It follows from Eq. (52) and Eq. (55) than, in adopting
the above cubature rules, the element tangent stiffness matrix 𝑲 and the element mass matrix 𝑴𝜌 are approximated by

𝑲 ≈ 𝜆𝑑
𝑚𝑖𝑛𝑡
∑

𝑔=1
𝑤𝑖𝑛𝑡

𝑔 𝑩(𝒙𝑖𝑛𝑡𝑔 )𝑇𝑪(𝒙𝑖𝑛𝑡𝑔 )𝑩(𝒙𝑖𝑛𝑡𝑔 ), (64)

𝑴𝜌 ≈ 𝜆𝑑
𝑚𝑒𝑥𝑡
∑

𝑔=1
𝑤𝑒𝑥𝑡

𝑔 𝑵(𝒙𝑒𝑥𝑡𝑔 )𝑇 𝜌(𝒙𝑒𝑥𝑡𝑔 )𝑵(𝒙𝑒𝑥𝑡𝑔 ). (65)

The requirement of positive weights (𝑤𝑖𝑛𝑡
𝑔 > 0) in the internal force rule is introduced to ensure that, if 𝑪 is positive definite, then

𝑲 is semipositive definite (positive definite if rigid body displacements are constrained; note that this is further predicated upon
the satisfaction of the stability criterion (70)). A similar reasoning can be put forward for the case of the weights 𝑤𝑒𝑥𝑡

𝑔 employed in
the calculation of the mass matrix.

5.1. Continuous empirical Cubature method

To derive such cubature rules, we use the Continuous Empirical Cubature Method (CECM) [8], advocated by the first author and
collaborators in Ref. [8] for general hyperreduction problems, and briefly described in what follows. We focus on the cubature rule
for the internal forces in Eq. (62)—the guidelines given for this case can be readily extended to the case of body forces in Eq. (63).

Let 𝑿𝜇 = {𝒙𝜇1 , 𝒙𝜇2 … 𝒙𝜇𝐺} denote the positions of the Gauss points of the underlying (fine-scale) finite element mesh, and
𝑾 𝜇 = [𝑊 𝜇

1 ,𝑊 𝜇
2 ,…𝑊 𝜇

𝐺 ] the corresponding vector of (positive) weights. The first step in the CECM is to build a matrix 𝑫𝜇 (that we
will call the integrand matrix) containing the values of the internal work per unit volume at all Gauss points 𝑿𝜇 and for all the
training scenarios considered in the problem. If only basic training tests are used, it can be readily shown that the integrand matrix
may be computed simply as

𝑫𝜇(𝑘, 𝑖 𝑗) = 𝑩𝑖(𝒙
𝜇
𝑘 )

𝑇𝑪(𝒙𝜇𝑘 )𝑩𝑗 (𝒙
𝜇
𝑘 ), 𝑘 = 1, 2…𝐺, 𝑖, 𝑗 = 1, 2… 𝑛, (66)

1 For economy of notation, we have introduced a minor notational inconsistency, for the matrix derived in Eq. (41) for the reference domain is denoted by
12
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Fig. 8. (a) Surface plots of the 𝑞 = 16 integrand basis functions corresponding to the linear basic training of the porous domain displayed previously in Figs. 4
and 5. (b) Location of the 𝑞 = 16 integration points and corresponding weights of a Cubature rule produced in the first step of the solution of the sparsification
problem (68). (c) Final cubature rule with 𝑚𝑖𝑛𝑡 = 6 points obtained in the second sparsification step by using as initial guess the points and weights shown in
plots 8.b. The underlying FE mesh (also shown in the plots) has 𝐺 = 1384 ⋅ 9 = 12456 Gauss points.

(the size of 𝑫𝜇 in this case is 𝐺 × 𝑛2). The next step in the CECM is to determine an (approximated) 𝑾 𝜇-orthogonal basis matrix
for the column space of the integrand matrix 𝑫𝜇 , computed using the weighted SVD as follows:

[𝑱𝜇 , ∙, ∙] ← 𝚆𝚂𝚅𝙳(𝑫𝜇 , diag (𝑾 𝜇) , 𝜖𝑖𝑛𝑡), (67)

The columns of matrix 𝑱𝜇 are the discrete representations of 𝐿2-orthogonal basis functions for the integrand. A continuous
representation of these functions, referred to hereafter by 𝑱 = 𝑱 (𝑿), can be computed by fitting a polynomial function to the
values of 𝑱𝜇 on each element of the fine-scale mesh (so that 𝑱 (𝑿𝜇) = 𝑱𝜇). In addition, since the CECM requires the volume of the
domain be exactly integrated, 𝑱𝜇 is to be augmented with a column accounting for this constraint. For instance, for the case of the
linear EIF element (𝑛 = 8) of the porous domain shown in previous figures, this process returns 16 orthogonal functions2; by way
of illustration, the surface plots of these 16 functions are displayed in Fig. 8.a.

After computing the matrix 𝑱𝜇 , the CECM seeks a cubature rule for exactly integrating the basis functions represented by the
columns of 𝑱𝜇 , using as few points as possible, while ensuring that the weights are positive. If the weights solution 𝑾 is regarded
as a vector of the same size as 𝑾 𝜇 , then the condition ‘‘as few points as possible’’ translates into the problem of minimizing the
number of non-zero components of 𝑾 . Accordingly, the cubature problem can be posed as that of finding a weight vector 𝑾 ∈ R𝐺

and the corresponding positions 𝑿 = {𝒙1,𝒙2,…𝒙𝐺} such that

min
𝑾 ,𝑿

‖𝑾 ‖0

s.t. 𝑱 (𝑿)𝑇𝑾 = 𝒄

𝑾 ≥ 𝟎
𝑿 ⊂ 𝛺.

(68)

Here, 𝒄 = 𝑱𝜇𝑇 𝑾 𝜇 is the vector of ‘‘exact’’ integrals; ‖𝑾 ‖0 denotes the so-called 𝓁0 pseudo-norm of 𝑾 – this pseudo-norm counts the
number of non-zero entries of a vector, see e.g. [28] –; and the notation 𝑾 ≥ 𝟎 means that all components of 𝑾 are non-negative.

Ref. [8] proposes to solve the preceding sparsification problem in two steps. In the first step, the positions of the points are held
fixed (𝑿 = 𝑿𝜇), and the method determines a non-negative, sparse solution of the underdetermined system of equations 𝑱𝜇𝑇 𝑾 𝜇 = 𝒄.
We use for this purpose the greedy algorithm developed by the first author in Appendix A of Ref. [10] —referred to hereafter as
the Discrete Empirical Cubature Method (DECM). Since the system is underdetermined, the solution is not unique. In the employed
DECM, one can elicit different solutions by changing the initial set of candidate points. We show in Fig. 8.b one possible cubature
rule corresponding to a particular set of candidate points for the integration of the 𝑞 = 16 functions displayed previously in Fig. 8.a.

In the second step of the CECM, the sparsification problem (68) is addressed considering both positions and weights as design
variables, and taking as initial guess the one obtained in the previous step. The sparsification algorithm proceeds by zeroing one
weight at a time (usually the point with smallest non-zero weight), and readjusting the positions and weights of the remaining points
so that the constraints of the problem are satisfied. In Fig. 8.c, we show the 6-points cubature rule produced in this step using as
initial guess the rule shown in Fig. 8.b.

2 The initial set contains 82 = 64 integrand functions. However, there are only 5 deformational modes, and besides 𝑪 is symmetric; this means that only
(5 + 1)5∕2 = 15 functions are linearly independent.
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Fig. 9. (a) Domain used to train the EIFE parent domain for the case of near-incompressible elastic material (Poisson’s ratio 𝜈 = 0.499). (b) 𝑝 = 5 deformational
modes obtained from the 𝑛 = 8 training tests. (c) Corresponding self-equilibrated modes.

The recipe for computing the cubature rule for body forces (63) is essentially the same as the one described in the foregoing
for the internal forces, the only difference being the definition of the integrand matrix, which depends on the type of body forces
acting on the domain. If only inertial forces are considered, this matrix can be calculated as

𝑫̄𝜇(𝑘, 𝑖 𝑗) = 𝑵 𝑖(𝒙
𝜇
𝑘 )

𝑇 𝜌(𝒙𝜇𝑘 )𝑵 𝑗 (𝒙
𝜇
𝑘 ), 𝑘 = 1, 2…𝐺, 𝑖, 𝑗 = 1, 2… 𝑛. (69)

6. Numerical assessment

6.1. Nearly-incompressible homogeneous material

We begin the validation of the proposed Empirical Interscale FEM by examining the performance of the method in dealing
with structures made of homogeneous materials. To this end, we choose the limiting case of nearly-incompressible isotropic elastic
material, characterized by a Young’s Modulus 𝐸 = 70 GPa, and Poisson’s ratio 𝜈 = 0.499 (in plane strain). Quadrilateral linear
elements (4 nodes per element) will be used for the EIFE method, and will be compared with the standard (irreducible) FE method,
using both linear quadrilateral (Q4) and quadratic quadrilateral elements (Q9). We consider the case in which all coarse-scale
elements are square, and therefore, only one parent domain is to be trained.

6.1.1. Offline operations
We take as EIFE parent domain a bi-unit square with a structured fine-scale mesh of 10 × 10 quadratic quadrilaterals (Q9),

featuring 𝑁 = 441 ⋅ 2 = 882 fine-scale DOFs and 𝐺 = 100 ⋅ 9 = 900 fine-scale Gauss points. The training domain is formed by 3 × 3
cells, the EIFE parent domain being the one in the middle (see Fig. 9.a), and only the 𝑛 = 8 basic training tests are carried out.
Fig. 9.b and 9.c show the 𝑝 = 𝑛 − 𝑛𝑟𝑏 = 5 deformational and self-equilibrated modes, respectively obtained in such tests.

As for the cubature rule for internal forces per unit volume, Fig. 10.a shows the 𝑞 = 6 basis functions obtained from the weighted
SVD, out of the 𝑛2 = 64 functions given by Eq. (66) (using a threshold 𝜖𝑖𝑛𝑡 = 10−3 for the SVD). The second step of the CECM finally
manages to reduce the number of points from 𝑞 = 6 to 𝑚𝑖𝑛𝑡 = 3. The corresponding cubature rule is displayed in Fig. 10.b. In the
other cubature rule, for inertial forces (mass matrix), the number of basis functions for the integrand function turns out to be 𝑞 = 17
(using the same tolerance as in the case of internal forces), and the second sparsification step leads finally to a final rule of 𝑚𝑒𝑥𝑡 = 7
points.

6.1.2. Static deformation
Two problems will be employed to assess the accuracy of the obtained EIF element, namely: the static deformation of a 2D

fixed-fixed beam (plane strain) subjected to a uniformly distributed load on its top surface; and the determination of the natural
frequencies of such a structure. The sketch of the first problem is displayed in Fig. 11.a, wherein we show the 3 types of elements
used in the assessment: the EIFE Q4 (4 nodes) with 3 CECM integration points, the FE Q4 with 4 Gauss points, and the FE Q9 (9
nodes) with 9 Gauss points. Figs. 11.b, 11.c and 11.d display the deformed shapes of the domain (discretized into 4 × 80 elements)
along with the contour plot of Von Mises stresses computed using these 3 types of elements. In Fig. 11.b, the fine-scale stresses for
the EIFE case are determined in a (post-processing) reconstruction stage by first computing the strains at all the Gauss points of the
fine-scale mesh via Eq. (40), and then evaluating the stresses produced by such strains by the corresponding elasticity matrix.

The qualitative resemblance between the stress distributions and deformed shapes of Figs. 11.b (EIFE Q4) and 11.d (FE Q9) is
notable. The only perceptible difference is that the stress distribution is slightly less smooth in the EIFE Q4 case than in the FE
Q9—this is to be expected, because the degree of continuity demanded by the EIFE method is lower than in the case of the standard
FE method. This fact can be further corroborated in the magnified view of Fig. 11.b, where the scaling factor has been set to 20 in
order to reveal the noticeable jump in displacement occurring between the fine-scale domains of contiguous coarse-scale elements.
Despite this lack of fine-scale continuity, in quantitative terms, the agreement with respect to the FE Q9 solutions is notorious: the
14
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Fig. 10. Parent domain made of homogeneous, near-incompressible material (Poisson’s ratio 𝜈 = 0.499). (a) Surface plots of the 𝑞 = 6 basis functions for the
internal forces per unit volume. (c) Location and weights of the 𝑚𝑖𝑛𝑡 = .3 points determined by the Continuous Empirical Cubature Method (CECM) by solving
the sparsification problem (68).

Fig. 11. (a) Boundary conditions for the prismatic structure (plane strain, made of homogeneous elastic material with Poisson’s ratio 𝜈 = 0.499) used to assess
the accuracy of the proposed formulation, along with the 3 types of elements employed in the assessment. The EIFE Q4 has 4 nodes and 3 integration points
(obtained via the CECM, see Fig. 10.b). The strain–displacement matrix 𝑩 at these 3 points are computed by Eq. (61). The other two elements, FE Q4 and FE Q9,
are the standard linear and quadratic elements, featuring 4 and 9 nodes/integration points, respectively. (b) Contour plot of the (fine-scale) Von Mises stresses
obtained with the EIFE Q4 element. Deformed shape is amplified by a factor of 2. The enlarged view has an amplification factor of 20, so as to appreciate the
discontinuity between coarse-scale elements (c) and (d) Von Mises stresses and deformed shapes computed by the FE Q4 and FE Q9, respectively.

EIFE Q4 predicts a maximum displacements of 5.44 cm, while the FE Q9 yields 5.41 cm (i.e., the EIFE Q4 is 0.55% more flexible
than the FE Q9); as for the strain energy, the EIFE Q4 gives3 0.290 MJ, and the FE Q9 0.288 MJ (0.69% of discrepancy).

This level of accuracy of the proposed EIFE Q4 element with respect to the FE Q9 element is in stark contrast to its FE counterpart,
the standard Q4 element which, as can be appreciated in Fig. 11.c, grossly underpredicts both stresses and displacements (it gives a
maximum displacement of 0.76 cm, 86% lower than the prediction of our EIFE Q4). This lack of accuracy is due to the well-studied
phenomenon of volumetric locking (consult e.g. Ref. [29], Chapter 8), present in low-order elements. Our EIFE Q4 element does not
suffer from this undesirable phenomenon because the deformational modes are not compatible with the Q4 linear kinematics (this
can be observed by examining the rightmost modes of Fig. 9.b, which exhibits curved boundaries typical of bending deformations).

6.1.3. Convergence upon mesh refinement
Further quantitative insight can be gained from the mesh refinement analysis depicted in Fig. 12, which contains the results of 6

different analyses varying the number of elements through thickness (1, 2, 4, 8, 16 and 32). The analyzed variable is the difference
of strain energy with respect to the finer mesh (32 × 640) using Q9 elements, which predicts a strain energy of 𝐸𝑟𝑒𝑓 = 0.2949 MJ.
Fig. 12.a compares the performance of the two Q4 elements, and Fig. 12.b displays the comparison of the EIFE Q4 and the FE Q9
elements. The former graph highlights again the wide disparity between the predictive capabilities of our EIFE Q4 elements with
respect to the standard Q4 elements. The other graph reveals an interesting fact: the level of accuracy of the EIFE Q4 elements is

3 Strain energy in the EIFE is calculated using just the 3 integration points of each element.
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Fig. 12. Mesh refinement analysis for the problem depicted in Fig. 11.a, for meshes of 1, 2, 4, 8, 16 and 32 elements through the thickness (square elements).
Case of nearly-incompressible homogeneous material (𝜈 = 0.499). The analyzed variable is the difference of strain energy with respect to the finest mesh (32 × 640)
using Q9 elements. (a) FE Q4 and EIFE Q4 elements. (b) EIFE Q4 and FE Q9 elements.

Fig. 13. Mesh refinement analysis in terms of the first 6 natural frequencies of the fixed-fixed beam depicted in Fig. 11.a. Case of nearly-incompressible
homogeneous material (𝜈 = 0.499). Each graphs show the difference between the predictions obtained for each mesh with respect to the reference value, which
s that furnished by the finest mesh using FE Q9 elements.

igher than the Q9 elements for all levels of discretization—despite the fact that it employs approximately half the number of DOFs,
nd three times less integration points.

.1.4. Natural frequencies
The assessment presented in the foregoing discussion provides convincing proof of the accuracy of the trained EIFE Q4 element

in representing static bending deformations for nearly-incompressible material—and, in doing so, it substantiates the correctness of
the proposed interscale scheme in terms of the strain–displacement matrix 𝑩 (see Eq. (61)) and the cubature rule for internal forces
displayed in Fig. 10), which are the ingredients appearing in the approximation of the coarse-scale stiffness matrix in Eq. (64).
n the following, we carry out the assessment a step further and examine the consistency of the approximations involved in the
efinition of the coarse-scale mass matrix in Eq. (65) (density equal to 𝜌 = 2.7 ⋅ 10−3 Kg∕m3).

To this end, we conduct a mesh refinement analysis similar to the one shown in Fig. 12, but in terms of the natural frequencies
f the fixed-fixed beam of Fig. 11.a. Results are displayed in Fig. 13. Inspection of the six graphs indicates that the predictions of
he EIFE Q4 element converges to the reference solution for the six frequencies, the maximum discrepancy being at all cases below
%. For the first three frequencies, the EIFE Q4 results are more accurate than their FE Q9 counterparts; for the other frequencies,
his trend is progressively reversed, yet the level of accuracy are still quite similar.

In conclusion, the results obtained in this mesh refinement analysis demonstrates that the EIFE Q4 yields accuracy levels
omparable to those furnished by the FE Q9 element. These findings reinforce the consistency and validity of the underlying
nterscale scheme, as they confirm the correctness of the upscaling scheme for inertial forces (encoded in expression (53)).

.2. Heterogeneous material

We continue the validation of the method by assessing its performance in modeling heterogeneous periodic structures. The unit
ell selected for this study is the porous domain used in preceding sections to illustrate various aspects of the method. The dimensions
f the parent domain of this element, as well as its underlying fine-scale mesh, are shown in Fig. 14.a and 14.b, respectively.
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Fig. 14. Static deflection of a fixed-fixed beam (plane strain) made of porous material. (a) Parent domain of the coarse-scale EIF element used in the analysis,
featuring 4 corner nodes, and 6 integration points determined by the CECM (see Fig. 8.c). (b) Dimensions of the porous unit cell corresponding to the EIF
element, along with its (fine-scale) mesh. (c) Deformed shape (×10) of the coarse-scale model of the beam, consisting of 4 × 80 EIF elements. The deformed
shapes of the unit cells and contour plots of fine-scale Von Mises stresses (in MPa) associated to the rightmost elements are also displayed. Some of these
reconstructed cells are shown in magnified view in Fig. 14.d. (e) Deformed shape (×10) and contour plot of Von Mises stresses corresponding to the Direct
Numerical Simulation (DNS). (f) Enlarged view of the rightmost cells of this DNS analysis. (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of this article.)

6.2.1. Offline stage
The fine-scale mesh consists of 1384 Q9 elements (this gives a total of 𝐺 = 1384 ⋅ 9 = 12456 Gauss points), and 𝑁 = 11460 DOFs.

The employed 3 × 3 training domain was shown previously in Fig. 2.a. The material is assumed to behave linearly elastically during
the training tests, with Young’s Modulus 𝐸 = 70000 MPa, and Poisson’s ratio 𝜈 = 0.3.

We first focus on deriving a coarse-scale element with 4 nodes (EIFE Q4). As mentioned in Section 3.1, the 𝑛 = 8 basic training
tests (sketched previously in Fig. 2) give rise to the 𝑝 = 5 deformational and self-equilibrated modes depicted in Figs. 4 and 5. On
the other hand, we take as cubature rule for internal forces the one shown in Fig. 8.c (featuring 𝑚𝑖𝑛𝑡 = 6 points). A similar procedure
for inertial forces lead to a 12-points points for such forces. Thus, our EIF element features 𝑛 = 8 DOFs, 𝑚𝑖𝑛𝑡 = 6 integration points
for internal forces, and 𝑚𝑒𝑥𝑡 = 12 points for body forces. In dimensionality reduction terms, this implies a reduction in number of
DOFs of 𝑁∕𝑛 = 1432.5, and a reduction of integration points of 𝐺∕𝑚𝑖𝑛𝑡 = 2076 for internal forces, and 𝐺∕𝑚𝑒𝑥𝑡 = 1038 for body forces.

6.2.2. Static deformation of a fixed-fixed beam (elastic range)
The predicting capabilities of this coarse-scale EIF element are examined in the same problem employed in the previous section,

namely, the static deformation of the fixed-fixed beam produced by an uniformly distributed load on its top surface (the dimensions
of the beam are the same as those shown in Fig. 11). The beam is formed by 4 × 80 repeated copies of the porous unit cell under
study. The uniformly distributed load in this case is equal to 𝑃𝑓𝑒 = 1.227 MPa.

Fig. 14.e shows the deformed shape and the contour plot of Von Mises stresses corresponding to the so-called Direct Numerical
Simulation (DNS), that is, the solution of this problem using the standard FE without any simplifying assumption. To keep the
comparison as fair as possible, the discretization used for each of the 320 subdomains is the same as the fine-scale mesh of the parent
domain in Fig. 14.b, thus resulting in a FE mesh with a total of 12456 ⋅ 320 ≈ 4 millions Gauss points. The maximum displacement
predicted by this DNS model is 9.1 mm, and the strain energy is 4.91 KJ. An enlarged view of the right end of the beam is shown
in Fig. 14.f.

On the other hand, the deformed shape of the coarse-scale model of the beam, featuring 4 × 80 EIFE Q4 elements, is displayed in
Fig. 14.c. Since this EIF element employs the same integration rules for evaluating boundary traction integrals than the standard FE
method, the applied load in this case is to be scaled by 𝛼 = 1.63∕2 (see Fig. 14.b), giving a distributed load of 𝑃𝑒𝑖𝑓𝑒 = 𝛼𝑃 = 1.0 MPa.

This coarse-scale model predicts a maximum displacement of 8.96 mm, and a strain energy of 4.80 KJ. The deviations with respect
to the DNS results are therefore 1.54% for displacements and 2.26% for strain energy. Thus, despite the fact that the coarse-scale
model requires over 1000 times less DOFs and integration points with respect to the DNS, the loss of accuracy is below 2.5%. This
is specially remarkable in the computation of the strain energy: the 4.91 KJ furnished by the DNS are calculated as a weighted sum
of the product of strains and stresses at the 4 millions Gauss points of the mesh, while the prediction of 4.80 KJ of the EIFE model
only employs 6 × 320 = 1920 integration points (and the difference is only 2.26%). This fact provides compelling evidence that
the interscale strain–displacement matrix 𝑩(𝒙) in Eq. (61) at the 𝑚𝑖𝑛𝑡 = 6 integrations points and weights computed by the CECM
effectively encode all the necessary fine-scale features relevant for obtaining reasonably accurate predictions at the coarse scale.
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Fig. 15. (a) Difference (in %) between the natural frequencies predicted by the EIFEM and the DNS, in the case of the fixed-fixed beam formed by 4 × 80
cells. (b) and (c) Deformed shapes of the 10th mode computing by both the DNS and the EIFEM, respectively.

The proposed EIF element offers the user the possibility of recovering, in a post-process stage, on demand, any fine-scale variable.
For instance, in Fig. 14.c, we reconstruct the displacements and Von Mises stresses of 77 of the 320 subdomains. The magnifed view
of Fig. 14.d allows one to qualitatively compare the quality of the predictions with respect to the DNS (shown in Fig. 14.f). Except
for the cells in contact to the surface with constrained displacements, in which the reconstructed stresses are slighly less intense than
the ones in the DNS model, the remaining regions exhibit similar stress patterns—the discrepancies at the Dirichlet boundary are to
be expected because, after all, the EIF element has not been ‘‘taught’’ in the training stage to capture such local effects. Nevertheless,
despite these minor discrepancies, the coarse-scale model is still able to detect the stress peaks at the pores.

6.2.3. Natural frequencies and modes
We complete the assessment of the fixed-fixed beam problem in the linear elastic range by comparing the natural frequencies

and natural modes provided by the DNS and the coarse-scale model (again for a configuration of 4 × 80 cells). Density is equal to
𝜌 = 2.7 ⋅ 10−3 Kg∕m3). In Fig. 15.a, we show the difference between the natural frequencies obtained by the EIFEM and the DNS
(with respect to the former frequencies, in %) for the first 50 modes. The error is below 1% for the first 5 modes; then it increases
linearly for some of the modes (a more detailed analysis, not shown here, reveals that these are bending-dominated modes), up to
a maximum of 5,8%; then it seems to become stable around 3.5 %. The average error for these 50 modes is 2.5%, a figure that can
be deemed satisfactory for engineering purposes—specially considering that the number of DOFs in the eigenvalue problem for the
coarse-model is 1000 times smaller than the one for the DNS. By way of illustration, we show in Figs. 15.b and 15.c the deformed
shapes of the 10th mode provided by both models (in this case, the EIFEM frequency is 1.85% higher).

6.2.4. Mesh convergence analysis
Since we have conferred the ‘‘status’’ of finite element to our coarse-scale representation of the unit cell, it is natural to wonder to

which solution would converge the method if we progressively increase the resolution of the mesh (if it converges at all). Intuitively,
as the size of the EIF element becomes smaller, so does the unit cell associated to this element, and therefore, one may argue
that it should converge to the solution obtained in the limiting scenario of scale separation. This solution is provided by first-order
homogenization (see e.g. Ref. [30]), which, in the elastic range, boils down to carry out a standard FE analysis in which the structure
is assumed to be continuous, and in which (coarse-scale) stresses are evaluated using the homogenized elasticity matrix of the unit
cell.

To corroborate whether this intuitive reasoning is correct, we conduct in the following a mesh refinement analysis for the problem
of the fixed-fixed beam subjected to uniformly distributed load. We use discretizations with 2, 4, 8, 16 and 32 elements through the
thickness of the beam. To determine the homogenized elasticity matrix of the porous unit cell, we first extrude the unit cell in the
perpendicular direction to the plane – so as to create a 3D unit cell –, and then run 4 FE analyses using periodic boundary conditions.
In each of these analyses, the interface boundary of the cell is deformed according to strain states in which one entry is set to 1, and
the remaining entries to 0, as illustrated in Fig. 16. The homogenized elasticity matrix 𝑪ℎ𝑜𝑚 is formed by arranging in columns the
volumetric average stresses (in-plane normal stresses, in-plane shear stress, and out-of-plane normal stress) determined from these
tests; we also show in Fig. 16 this matrix.

The strain energy predicted by the homogenized FE method with the finest mesh (32 × 640) and Q9 elements is 4.82 KJ. We
take this value as the reference solution and measure the deviations of the EIFE Q4 predictions with respect to this value. The plot
of this error (in %) versus the logarithm of the number of thickness elements is displayed in Fig. 17. For completeness, we also
show in this Figure the graph obtained by FE homogenization using standard Q4 elements. Inspection of the two graphs shown
in Fig. 17 reveals that, not only does the EIFE Q4 solution converge to the reference, homogenized solution (as conjectured), but the
deviations at all levels of resolution are significantly lower than those of the homogenized FE Q4 element. For instance, for the case
of two elements through the thickness (mesh 2 × 40), the discrepancy between the EIFE prediction and the reference solution is
only 0.46%, while the homogenized FE Q4 model incurs in an error of 13.37%.

The fact that our EIFE Q4 element gives values closer to the ‘‘exact’’ homogenized solution than the standard FE Q4 element
equipped with a homogenized constitutive equation might seem paradoxical at first, because the latter element assumes that scale
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Fig. 16. Computation of the homogenized elasticity matrix (𝑪ℎ𝑜𝑚) for the porous unit cell. The displayed deformed shapes corresponds to 4 FE analyses with
periodic boundary conditions. In each of these tests, the interface boundary is deformed according to strain states in which one entry is set to 1, and the
remaining entries to zero. The homogenized elasticity matrix 𝑪ℎ𝑜𝑚 is formed by arranging in columns the average stresses determined from these tests.

Fig. 17. Mesh refinement analysis for the problem of the fixed-fixed beam made of porous material and subjected to a uniformly distributed load on its top
surface (plane strain). The coarse-scale meshes have 2, 4, 8, 16 and 32 elements through the thickness (square elements). The analyzed variable is the difference
of strain energy for each of these discretizations with respect to the finest mesh (32 × 640) using Q9 elements, and in which strains and stresses at each of
the Gauss points of the element is established via the homogenized elasticity matrix displayed in Fig. 16. The FE Q4 graph corresponds to the predictions
of the standard Q4 elements using this very homogenized elasticity matrix. The other graph corresponds to values obtained when using the EIFE Q4 element
sketched in Fig. 14.a—recall that this is an interscale element and, thus, the relation between stresses and strains at its integration points (in this case 6 points)
is established using the elasticity matrix of the constituent material (not the homogenized one).

separation holds regardless of the size of the finite element, while the EIF element does not presuppose scale separation at all. The
higher error observed in the case of the standard FE Q4 elements is to be attributed to the tendency of these elements to experience
volumetric locking in bending problems; as demonstrated in Section 6.1, our EIFE Q4 elements does not suffer from this drawback,
hence the higher accuracy.

6.2.5. Static deformation of a fixed-fixed beam (elastoplastic range)
According to the preceding study, the proposed EIF element can be legitimately used in place of homogenized elements for

analyzing problems in which the scale separation hypothesis holds. Furthermore, using the proposed EIFE method has the advantage
over homogenization methods that, in the EIFE method, one can reconstruct the displacement and stress fields of several contiguous
cells and thus form a clear picture of what are the deformation mechanisms at the fine-scale (see for instance Fig. 14); in FE
homogenization, by contrast, this can be only done at Gauss point level, by post-processing individual unit cells, and therefore, such
overall picture cannot be obtained.

Yet the truly distinct advantage of the EIFE method with respect to computational homogenization emerges when dealing with
(material) nonlinear analyses. Indeed, in computational homogenization, nonlinear material analyses require the deployment of a
complex algorithmic infrastructure in which, each time the coarse-scale stresses is to be computed at a Gauss point, it is necessary
to solve a boundary value problem using as input parameter the coarse-scale strain at such a point, either by the FE method itself (this
is the so-called 𝐹𝐸2 approach [3]), or by any reduced-order variants of such a method [4–7]. This is because the integration points
in computational homogenization are points of an homogenized continuous medium whose actual constitutive behavior is unknown. By
contrast, in the proposed EIFE method, the integration points are not points of any homogenized continuous medium, but pertains
to the underlying fine-scale structure—this is why we call the method ‘‘interscale’’ in the first place. Accordingly, switching from
linear elastic constitutive equations to more general, nonlinear constitutive equations requires no more effort than changing the
constitutive laws associated to each of the integration points of the element.
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Fig. 18. Fixed-fixed beam made of porous material subjected to a uniformly distributed load on its top surface (plane strain). Imposed load is 0.35 MPa. The
material obeys a Von Mises (J2) elastoplastic model (linear isotropic hardening law), with yield stress 𝜎𝑦 = 70 MPa, and hardening modulus 𝐻 = 10−6𝐸. (a)
Deformed shape (×10) and smoothed contour plot of Von Mises maximum stresses at each one of the 8 × 320 EIF elements. (b) Reconstruction of the Von Mises
stresses at 8 of the cells located at the mid-span. (c) and (d) Contour plot of Von Mises stresses provided by the DNS.

To illustrate this point, we have taken the same problem studied in the foregoing in the linear elastic range (fixed-fixed beam
with prescribed load on its top surface), and simply change the constitutive model to a Von Mises (J2) elastoplastic model, endowed
with linear isotropic hardening law, with yield stress 𝜎𝑦 = 70 MPa, and negligible hardening modulus (𝐻 = 10−6𝐸).

Examining how localization of strains due to plastic yielding propagates throughout the structure and finally produce the collapse
of the structure would require first training the unit cell in such extreme scenarios, and then determining the corresponding
deformational and interface force modes. Selecting which trajectories to use in the training is a challenging task in its own right,
due to the sheer number of possible combinations, and it is out of the scope of the present work. Rather, we adopt a more pragmatic
approach and use the same basic training tests employed for the elastic range, and therefore, the same deformational and interface
modes obtained in such tests. To improve the accuracy, we limit ourselves to increase the number of integration points, from the
6-points rule used previously, to the 16-points rule determined in the first stage of the CECM selection procedure (see Fig. 8.b) —it
may be argued that integration points act as strain and stress ‘‘sensors’’, in the sense that the model will only see what happens at
these very points; therefore, the higher the number of points, the higher the accuracy.

Fig. 18 compares the results obtained with the EIFE model and the DNS, for the case of 8 × 320 unit cells. The imposed load
is 0.35 MPa for the EIFE model, and 0.35 ⋅ (2∕1.63) = 0.43 MPa for the DNS, using 35 time steps for both cases. The constitutive
differential equations are integrated in time using the classical, fully implicit backward-Euler scheme (see e.g. [31]). Fig. 18.d
displays the deformed shape (×10) and contour plot of Von Mises stresses for the DNS, with an enlarged view in Fig. 18.c of the 8
cells located at mid-span, wherein it can be appreciated that plastic yielding has already initiated at the regions around the pores
(the Von Mises stress is equal to the yield stress at these regions), and start to spread along straight paths formed between adjacent
pores. Fig. 18.a, on the other hand, shows the coarse-scale representation of the Von Mises stresses calculated by the EIFEM. The
displayed contour plot corresponds to the (smoothed) distribution of maximum Von Mises stress at the integration points of each
EIF element. This representation allows us to readily identify all the regions in which plastic yielding has started. As pointed out
earlier, a more detailed analysis can be carried out by reconstructing, in the post-process stage, the stresses at any desired location.
For instance, in Fig. 18.c, we show the stresses in the same region shown for the DNS in Fig. 18.d. The qualitative and quantitative
resemblance between the DNS predictions and the stresses provided by the EIFE is notorious. It should be pointed out that the
stresses at the shown cells are determined by integrating in time the J2 constitutive equations at all the Gauss points of the selected
cells, using as source term the fine-scale strains obtained by multiplying the downscaling matrix 𝑼̃ times the history of coarse-scale
displacements.

In terms of computational savings, the DNS features more than 1 million Q9 elements, while the EIFE model only has 2560
Q4 elements. The 35 steps of the DNS took approximately 1 h in an in-house, vectorized FE MATLAB code operating in a Linux
platform4; the time required for the EIFE analysis (using exactly the same FE code, but with different element technology) is about
10 s (including the post-process reconstructions)—so the computational speedup is about 360. This speedup factor is calculated
without taking into account the offline cost of running the FE training analyses and constructing the bases, since such computations
have to be performed just once. In the case at hand, the FE training process required around 18 s.

4 Intel(R) Core(TM) i7-8700, with 12 processors at 3.20 GHz (RAM 64 Gbytes)
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Fig. 19. (a) Coarse-scale discretization for the structure being analyzed, with corresponding size and boundary conditions. (b) Heterogeneous pillar-supported
tunnel. (c) EIF element types and corresponding non-conforming subgrids (materials illustrated in different colors—blue for the fibre and gray for the matrix).
(d) Domains used to train the EIFE parent elements.

6.3. Multiple three-dimensional heterogeneous parent domains

We conclude the numerical evaluation of the proposed method by demonstrating its ability to deal with multiple heterogeneous
three-dimensional EIFE parent domains with non-matching subgrids. To this end, the pillar-supported tunnel depicted in Fig. 19.b
will be evaluated under a uniformly distributed force using quadratic hexahedral EIF elements and compared against results given by
the standard FEM. Fig. 19.c shows the two fibre-reinforced subdomains, namely the arch (EIFE type 1) and the pillar domain (EIFE
type 2), and their corresponding non-conforming subgrids. EIFE type 1 is discretized into 9 tri-quadratic (27 nodes) hexahedra
elements, featuring 𝑁 = 147 ⋅ 3 = 441 fine-scale DOFs and 𝐺 = 9 ⋅ 27 = 243 Gauss points, while EIFE type 2 contains 90 tri-
quadratic hexahedrons, featuring 𝑁 = 1001 ⋅ 3 = 3003 fine-scale DOFs and 𝐺 = 90 ⋅ 27 = 2430 fine-scale Gauss points. Both
domains contain a matrix characterized by an isotropic elastic material with a Young’s Modulus 𝐸 = 70000 MPa and a Poisson’s
ratio of 𝜈 = 0.3. The fibre, on the other hand, is characterized by another isotropic elastic material 10 times stiffer than the matrix
(𝐸 = 700000 MPa, 𝜈 = 0.3).

Fig. 19.d shows the training structures for the arch and pillar elements, which contain the corresponding EIFE parent domains in
the middle, and also, matrix/fibre surrounding materials. As detailed in Section 2, the selection of the training boundary conditions
depends on the choice made regarding the nodes (or shape functions) that describe the frame of the parent domain. In this case,
as a result of using tri-quadratic hexahedra elements, there are 27 nodes describing the element, but 26 of them are located in the
frame (the remaining node is an interior node). Thus, a total of 𝑛 = 26 ⋅ 3 = 78 basic training tests were conducted, resulting in
𝑝 = 𝑛 − 𝑛𝑟𝑏 = 72 deformational modes for each EIFE parent domain. With regards to the cubature rule for internal forces per unit
volume, using a threshold of 𝜖𝑖𝑛𝑡 = 10−3, the CECM computed a total of 𝑚𝑖𝑛𝑡 = 72 and 𝑚𝑖𝑛𝑡 = 102 integration points for the EIFE 1
and EIFE 2 parent domains, respectively.

The problem sketched in Fig. 19.a is proposed to be solved by both DNS and the EIFEM. The standard FEM requires the
construction of a conforming fine grid (117180 tri-quadratic hexahedrons in this case), while our method requires conformity only
at the coarse-scale level, leading to a discretization of 1302 EIF elements. Note that, in terms of DOFs, we are reducing from more
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Fig. 20. Contour plot of the (fine-scale) Von Mises stresses on the deformed shape of the tunnel structure (amplified by a factor of 1.5). (a) Solution computed by
the standard FEM. (b) Reconstructed (fine-scale) solution obtained by the EIFEM. Enlarged views to highlight the agreement on the solution, despite discontinuity
of stresses between coarse-scale elements for the EIFEM.

than 3 million DOFs in the standard method to 44469 DOFs for the EIFEM, giving a reduction factor of almost 70. Figs. 20.a
and 20.b display the deformed shapes of the tunnel domain (amplified by a factor of 1.5) along with the contour plot of Von
Mises stresses obtained by both methods. Note that, on the EIFEM, fine-scale stresses are determined in a post-processing stage
after the computation of the coarse-scale solution. As shown in Fig. 20, despite the remarkable reduction of DOFs for the EIFEM,
the resemblance to the FEM solution is noticeable. The only difference that can be observed is that the EIFEM solution exhibits
jumps between coarse-scale elements, resulting in a slight lack of smoothness. However, Von Mises stresses are still very similar for
both methods. In terms of displacements, the EIFEM predicts a maximum value of 0.2544 m, while the DNS yields 0.2543 m. The
agreement of the solution is again striking, obtaining a EIF element with just 0.01% more flexibility than the standard FE.

7. Concluding remarks

This paper has presented a novel approach to multiscale finite element analysis for heterogeneous media. Traditional finite
element implementations assume homogeneity and continuity within the elements, requiring homogenization procedures for non-
homogeneous cases. However, the proposed method demonstrates that by adjusting the number and location of integration points,
the corresponding weights, and the definition of strain–displacement matrices, the original constitutive laws of the constituents can
be preserved without the need for complex nested solvers or analytical approximations.

The approach presented here is not entirely new, as the idea of modifying integration points and B-matrices to enhance finite
element properties has been previously explored—for instance, the idea underlying the ‘‘B-bar’’ formulations for avoiding locking
phenomena is quite similar (see e.g. Ref. [32], pag. 181). However, the distinguishing feature of the proposed method is that the
expressions for the B-matrices, as well as the integration point locations and weights, are derived automatically from full-order finite
element tests, rather than being proposed by FE theorists using analytical approximations. This systematic procedure, which rests
on a solid variational formulation, allows for the automatic mining of these FE data and opens up new possibilities for creating
extensive finite element libraries for modeling heterogeneous media.

The paper acknowledges that further research is required to address the training of the method in the inelastic range, as well
as the inclusion of bubble modes to widen its scope. Additionally, extending the formulation to handle large deformations with
moderate strains is another direction for future exploration. It is expected that as the system enters fully in the inelastic range, the
number of modes and the complexity of the problem will increase significantly, potentially requiring nonlinear parameterizations
and reduced-order modeling techniques such as local SVD bases, polynomial manifolds, or autoencoders. These approaches have
shown promise in the general literature on reduced-order modeling (consult e.g. [33,34] for local bases, [35,36] for polynomial
manifolds, and [37] for autoencoders) and can provide benefits in terms of low-parametrization and improved hyperreduction.

Last but not least, the interscale nature of the proposed method offers opportunities for studying multiple scales concurrently.
Starting from the bottom scale, substructures can be trained and integration points determined. This process can be repeated at each
higher scale until reaching the coarsest scale where engineering predictions are needed. This way the nodal internal forces at this
‘‘engineering’’ scale may be linked directly to the stresses at the bottom of the scale hierarchy. Ongoing investigations are exploring
these avenues and will be reported in forthcoming publications.
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ppendix A. Stability considerations

.1. Stability condition

In this appendix, we address the issue of the stability of the resulting system of EIFE equations, based on the expression for the
oarse-scale tangent stiffness matrix in Eq. (70). As we demonstrate in what follows, matrix 𝑻 ∈ R𝑝×𝑛 defined in Eq. (30) —which

represents the work done by the 𝑝 self-equilibrated force modes 𝜳 over the 𝑛 interface displacement modes 𝑽 , must meet the
following condition

𝚛𝚊𝚗𝚔(𝑻 ) = 𝑛 − 𝑛𝑟𝑏 (70)

(recall that 𝑛𝑟𝑏 = 3 or 6 are the number of rigid-body modes).
The demonstration consists in showing that Eq. (70) ensures that if the constitutive tangent matrix 𝜕𝝈∕𝜕𝜺𝒄 in Eq. (52) is positive

definite, then, the constrained element stiffness matrix inherits this desirable attribute. We begin by writing the element stiffness
matrix 𝑲 ∈ R𝑛×𝑛 defined in Eq. (52) in terms of its fine-scale counterpart 𝑲𝝁 ∈ R𝑁×𝑁 :

𝑲 = 𝑼̃
𝑇
𝑲𝝁𝑼̃ = (𝜳 𝑇 𝑽 )𝑇𝑯−𝑇 (𝜱𝑇𝑲𝝁𝜱)𝑯−1(𝜳 𝑇 𝑽 ) (71)

where we have used the expression for the downscaling matrix 𝑼̃ in Eq. (37). By constrained element stiffness matrix we mean the
stiffness matrix resulting from suppressing rigid body displacements. This matrix can be constructed by replacing 𝑽 in the preceding
equation by its deformational component 𝑽 ∈ R𝑀×𝑛−𝑛𝑟𝑏 , i.e.:

𝑲∗ ∶= (𝜳 𝑇 𝑽 )𝑇𝑯−𝑇 (𝜱𝑇𝑲𝝁𝜱)𝑯−1(𝜳 𝑇 𝑽 ) (72)

(the deformational component of 𝑽 is an orthogonal matrix such that 𝚌𝚘𝚕𝚜(𝑽 )⊕ 𝚌𝚘𝚕𝚜(𝑹𝒃) = 𝚌𝚘𝚕𝚜(𝑽 ), where 𝚌𝚘𝚕𝚜(∙) stands for the
column space of its argument, and ⊕ symbolizes direct sum of subspaces).

Notice that 𝑲𝝁 is semi-positive definite, the zero eigenvalues being associated to the fine-scale rigid body modes. However, the
deformational modes 𝜱 are by construction (see Eq. (2)) orthogonal to such rigid body modes, and therefore, (𝜱𝑇𝑲𝝁𝜱) is positive
definite. It follows then that 𝑯−𝑇 (𝜱𝑇𝑲𝝁𝜱)𝑯 exhibits this property as well. Therefore, whether 𝑲∗ is positive definite or not depends
on the properties of the matrix (𝜳 𝑇 𝑽 ) ∈ R𝑝×𝑛−𝑛𝑟𝑏 , more specifically, for 𝑲∗ to be positive definite, it can be shown that the kernel
or nullspace of such matrix should only contain the zero vector

𝑘𝑒𝑟(𝜳 𝑇 𝑽 ) = {𝟎} (73)

(the argument leading to this conclusion is similar to the one invoked when discussing the celebrated LBB condition in mixed finite
elements, see e.g. Ref. [38], page 283).

Thus, we have to demonstrate that condition (70) implies the satisfaction of the preceding condition. To this end, firstly, notice
that, according to proviso (70), 𝑝 ≥ 𝑛 − 𝑛𝑟𝑏. Hence, Eq. (73) can be equivalently formulated as

𝚛𝚊𝚗𝚔(𝜳 𝑇 𝑽 ) = 𝑛 − 𝑛𝑟𝑏. (74)

Finally, by virtue of Eq. (9), it is readily seen that Eq. (70) does guarantee that the preceding equation is satisfied, as stated:
𝑇 𝑇 ̃ 𝑇 ̃ 𝑟𝑏
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Fig. 21. Training test aimed at exciting the interface mode corresponding to the quadratic shape functions at the top midside node. (a) Porous domain. (b)
Hexagonal cell. In the latter case, the prescribed displacement is not able to excite the mode, and as a consequence, stability condition (70) is not met.

A.2. Practical considerations

Loosely speaking, condition (70) is telling us that the self-equilibrated force modes 𝜳 obtained from the training tests should be
such that they can excite any linear combination of interface modes 𝑽 1, 𝑽 2, . . .𝑽 𝑛 (except for rigid body modes). This is the reason
why we emphasized in Section 2 that the solutions obtained in the basic training tests must be included in the training data, for each
of one of such tests attempts to excite one interface mode at a time. Our findings indicate that the more continuous the interface
boundary of the studied domain, the more effective the excitation of the interface modes, and therefore, the higher the probability
that condition (70) is satisfied.

We illustrate this observation in Fig. 21 by displaying two extreme cases: one in which stability condition (70) is met, Fig. 21.a,
and one in which it is not (Fig. 21.b). The former is the case of the porous domain shown in previous figures. The interface mode
represents a parabolic vertical displacements of the top interface surface, with the maximum located at the midpoint; to excite this
mode, we impose a similar displacement pattern on the top surface of the training domain. It can be appreciated that, despite being a
discontinuous interface boundary, the degree of discontinuity is not severe and the displacement pattern is successfully transmitted
to the top interface boundary of the central domain (from which we get the snapshots). By contrast, the hexagonal unit cell in
Fig. 21.b has an ostensibly discontinuous interface boundary and, as a consequence, the parabolic displacement prescribed on the
top is not able to induce a similar parabolic pattern on the top boundary interface (observe that this top boundary interface only
represents a tiny portion of the top side of the rectangular element in which the cell is inscribed). In cases such as the hexagonal
honeycomb cell shown in Fig. 21.b, the parameterization advocated by the first author for domain decomposition problems in
Ref. [10], which is based on independent rigid body displacements for the 4 interface boundaries (enriched with empirical modes
learned from the training experiments), would be more appropriate in this case.

To detect ill-conditioned problems such as the one shown in Fig. 21.b, it is recommended, when constructing the EIF operators of
a given parent domain (in the offline stage), to compute and inspect all the singular values of 𝜳 𝑇 𝑽 . Stable elements are characterized
by smooth decays of such values, while unstable elements usually exhibits sharp drops in the smaller values (typically 2 or more
orders of magnitude).

Appendix B. Determination of rotation matrices

In this appendix, we describe the procedure employed for identifying the parameters appearing in the coordinate transformation
(56) (between the EIFE parent domain and the ‘‘physical’’ domain of a given EIF element). The input data for carrying out such
identification are, on the one hand, the coordinates of the nodes of the EIF element (obtained from the corresponding coarse-scale
mesh, see Fig. 7):

𝑿 =
[

𝒙1 𝒙2 ⋯ 𝒙𝑛𝑛𝑜𝑑
]

, (76)

and, on the other hand, the coordinate matrix of the coarse-scale nodes of the EIF parent domain (the one used in the training
process):

𝑿′ =
[

𝒙′ 𝒙′ ⋯ 𝒙′
]

. (77)
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As pointed out in the introductory section, the preceding matrix may represent the location of nodes that do not coincide with any
of the fine-scale nodes (recall that these are the nodes of a fictitious frame enclosing the fine-scale mesh, see Fig. 1). Besides, in
order to ensure that the mapping does not introduce distortions, the criterion for positioning non-corner nodes in curved quadratic
elements (or higher order) must be the same as the one employed by the mesh algorithm in constructing the coarse-scale mesh of
the structure under study.

The particular order of the columns in Eq. (76) is dictated by the node connectivity information provided by the mesh algorithm.
However, this particular order may not be compatible to the desired transformation. It is necessary, thus, to test all the permutations
of the columns of 𝑿′ that ensure mappings between parent and physical domains with positive Jacobians. The set of all such
permutations will be denoted by 𝑷 = {𝑷 1,𝑷 2 …𝑷 𝑚𝑝𝑒𝑟}. For linear quadrilateral, this list is obtained by cyclic permutations, i.e.:
𝑷 1 = [1, 2, 3, 4], 𝑷 2 = [2, 3, 4, 1], 𝑷 3 = [3, 4, 1, 2] and 𝑷 4 = [4, 1, 2, 3]. For quadratic quadrilateral there are also 𝑚𝑝𝑒𝑟 = 4 possible
combinations, that can be obtained by cyclic permutation as well, in this case of both corner nodes and mid-side nodes. In the case
of linear and quadratic hexahedral elements, the number of possible permutations raises to 𝑚𝑝𝑒𝑟 = 24 (8 cyclic permutations per
reference plane).

Let us calculate now, for a given 𝒑 ∈ 𝑷 , the parameters appearing in the coordinate transformation (56). The centroid 𝒄′ and
the translation vector 𝒕 are given by 𝒄′ = 1∕𝑛𝑛𝑜𝑑

∑𝑛𝑛𝑜𝑑
𝑖=1 𝒙′𝑖 and 𝒕 = 1∕𝑛𝑛𝑜𝑑

∑𝑛𝑛𝑜𝑑
𝑖=1 𝒙𝑖. The scaling factor 𝜆 may be obtained as 𝜆 = 𝐿∕𝐿′,

where 𝐿 and 𝐿′ are the maximum distances between consecutive points in matrices 𝑿′ and 𝑿(𝒑, ∶), respectively (see also Fig. 7).
Given 𝒕, 𝒄′ and 𝜆, we can calculate the level of straining involved in the transformation, as a function of 𝑸 and 𝒑, by computing the
norm of the following matrix:

𝑫(𝒑,𝑸) ∶= 𝒀 (𝒑) −𝑸𝒁 (78)

where

𝒀 (𝒑) ∶=
[

𝒙𝒑(1) − 𝒕 𝒙𝒑(2) − 𝒕 ⋯ 𝒙𝒑(𝑛𝑛𝑜𝑑 ) − 𝒕
]

(79)

and

𝒁 ∶= 𝜆
[

𝒙′1 − 𝒄′ 𝒙′2 − 𝒄′ ⋯ 𝒙′
𝑛𝑛𝑜𝑑

− 𝒄′
]

(80)

We seek mappings involving pure rotation, without straining; this amounts to seek the rotation matrix 𝑸 and permutation 𝒑 that
minimize the norm of 𝑫:

min
𝑸,𝒑

‖𝒀 (𝒑) −𝑸𝒁‖𝐹

s.t. 𝑸𝑇𝑸 = 𝑰

𝒑 ∈ 𝑷

(81)

For a fixed 𝒑, the solution of the above problem (which is known as a subspace rotation problem, see Ref. [25], page 327) is given
by 𝑸 = 𝑼𝑄𝑽 𝑇

𝑄, where 𝑼𝑄 and 𝑽 𝑄 are the left-singular and right-singular vectors of 𝒁𝒀 𝑇

[𝑼 𝑞 ,𝑺𝑞 ,𝑽 𝑞] ← 𝚂𝚅𝙳(𝒁𝒀 𝑇 ). (82)

Let 𝑸∗
𝑖 denote the solution of problem (81) for 𝒑 = 𝑷 𝑖, and 𝛾𝑖 = ‖𝑫(𝑷 𝑖,𝑸∗

𝑖 )‖𝐹 the corresponding objective function (𝑖 = 1, 2…𝑚𝑝𝑒𝑟).
In searching for the final solution of the problem, one may encounter three different scenarios, namely:

1. There is just one admissible solution, that is, there is just one 𝑖 such that 𝛾𝑖 = 0. This is the case, for instance, when dealing
with curved elements.

2. There are multiplicity of solutions (𝛾𝑖 = 0 for several indexes 𝑖). This is the case encountered when dealing with symmetric
elements such as the square shown previously in Fig. 7. In this scenario, the user is to provide further information of which
configuration to choose (for instance, in the domain displayed in Fig. 7, which contains an elliptical inclusion, one has to
specify how to orient the ellipse in each coarse-scale element).

3. The last possible scenario is when 𝛾𝑖 ≠ 0 for all 𝑖, that is, when apparently there is no solution, because all possible
transformation involves straining. This implies that the fine-scale mesh assigned to the coarse-scale element does not ‘‘fit’’ into
the element unless some straining is introduced. Small straining levels may be tolerated (typically 𝛾𝑖∕𝑛𝑛𝑜𝑑 ≤ 10−3); for higher
levels, it is necessary to train the domain with this new shape, and obtain new set of deformational and self-equilibrated
modes.
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