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| 1. INTRODUCTION . .~ *

e “The numerical detection and location of bifurcation and Limit points, herein
. ‘denoted generically as critical points, has received considerable attention in -

~-the computational selid and structural community. Indeed loss of stability
" and bifurcation are common phenomena in hon Hnear solid and structural
mechanics. - Typical examples range form classical problems such as the

‘buckling of rods, plates and shell structures, to diffuse necking bifurcation . -

" .- problems, including the formation of localized shear bands, in elastic—plastic

The numerical methods proposed for cc;mpﬁtation of critical points-can be

. grouped into two categories, iamely indirect and direct methods, respectively.

With indirect methods the encounter of the critical point is judged with the _

help of a detecting parameter while the equilibfium path is being traced

. .in a load incremental manner up to the vicinity of the critical point {1-6). = .
.- T'ypical examples of detecting parameters are the determinant or the smallest -
*. eigenvalue of the tangent stiffiness matrix. The encounter of a critical point is

signified by the vanishing of both such parameters {7-15]. o
- "In direct methods the condition for occurence of a critical point is included
in the system of equations io be solved. The solution of the set of extended

" equations yields directly the position of the critical point and its associated ..

- ‘gigenmode together with the load parameter, . - s : -

-7 Onee  critical point has been found 2 path switching algorithm has to

. be subsequently applied to follow the deformation of the structuse along the
. possible bifurcation paths [16, 17]. A review of direct and indirect ‘methods

. -and path switching strategies can be found in reference 18}, - .
" - In this paper a new approach for detecting critical points is proposed, The

" ‘method is based on the prediction of the critical displacement pattern, This

is found by writting the tangent stiffness singularity condition at the critical
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.. ‘structures,

. The problem can be posed as a non linear eigenvalue one which can be simply

linearized to provide an accurate estimate of the displacement pattern at the
- critical point, The critical load can be subsequently computed using a secant
. load-displacement stiffness relationship, The type of critical point (i.e, Hmit

or bifurcation point} can be simply detected by computing the eigenvecior

" ‘corresponding to the {approximate) tangent stiffness matrix at the eritical -
point, s T T
"7 "'The ideas presented in this paper are a summary of the work reported -

" by the authors in the development of non linear solution procedures based .

on ihe secant stiffness .matrix {19-22). The lay-out of the paper is as -

. follows. Tirst some simple concepts of elastic stability analysis are given
 together with the basic ‘equations of geometrically non linear solid mechanics, )

. Then, the derivation of the secant stiffness matrix, which is an essential = -
. - ingredient of the approach proposed, is described for $hree dimensional solids,
. The critical displacement methodology is then presented in some detail and

goine alternatives to enhance its computational efficiency are discussed...The
accuracy of the new approach is validated with examples of application to the
deteciion of Limit and bifurcation peints in two and three dimensional truss -

2. BASIC IDEAS OF THE CRITICAL DISPLACEMENT ME-

THOD

L The a.i:pmach ;:;royosed here is based on the assumption that the critical E
displacerent vector a, can be writlen as - P R

fomatda, o oy

- - where ay is the displacement vector at the known equilibrium conﬂgura.tion
- Fo. Vector Aa, is now assumed to be of the form Aa, = Ad where ¢ is an . _
- estimation of the critical displacement increment pattern. The simplest choice | -

$ = ag can be chosen as shown in the examples given in the paper.

" "The displacement field (1) can be used o write the tangent stiffness
.- singularity condition at the critical point as the following non linear eigenvalue - .
" problem . - g e T

IKT+AK;(¢)+‘\2K3(¢'2)I : 0 -. .. y .- g -. (2) .

" where Ky is the tangent stiffness matrix al the known qﬁuiiibrium

configuration Py and K; and X, are linear ‘and quadratic functions of the
predicted critical displacement increment pattern, respectively. Eq. (2} can

T be simplified by neglecting the quadratic terms. Once the mininuum eigenvalue
* A is found, the critical displacement vector is obtained as a, = ay + Ag.

‘The value of the critical load vecior f, can be subsequenily computed from

... the secant load-displacement relationship, j.e. |

L eKsGla : : @)
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el CRITICAL DISPLACEMENT APPROACH
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Figure I, Schematic repre-sentatioh of the critical displacement appreach

where K is the secant stiffness matrix which has a quadratic dependence
on the nodal displacements [20-22]. This process is schematically shown in
Figure 1. 4

This procedure has proved to give very aceurate predictions of both the

" eritical displacement and critical load values even when the initial equilibrium

configuration Fy is taken to correspond with that given by en infinitessimal
linear load-displacement relationship. Obviously; the accuzacy improves when
the initial displacement field ng approaches the eritical value. .

Details of the derivation of the secant stiffness matrix and .the critical
displacement approach proposed are given in next sections.

3. DERIVATION OF THE SECANT STIFFNESS MATRIX

The potential of using the “exact” form of the secant stiffness matrix for
developing new solution algorithms in non linear solid mechanics has been
rocently recognized hy different authors [19-25], {2832, One of the problems
in using secant stiffness based procedures is that the expression of this matrix
is not unique and non symmetrical forms are found unless a careful derivation
is performed. Different symmetric expressions of the secant stiffness matrix
have been obtained by several authors in the context of the finite element
displacement method and a total Jagrangian description [33-39]. Alternative
symmetric forms based on a mixed formulation were successfully derived and
exploited by Kroplin and coworkers [23-25, 30]. Recently Ofate [21] has
developed-a general methodology for deriving the secant stiffness matrix for
geopetrically non linear analysis of solids and trusses using o generalized
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- configuration p bty
. initial |
‘ configuration ty N Upda

%agrangian description, This methodology will be followed in this paper.anc
its basic ingredients are given next. -

3.1 Basic non Linear Equations

.I:et us consider a three dimensional body with imitial volume oV ir
ethbnufn at a known configuration 'V under body forces ‘b, surface-load:
¢ and point loads ‘p..As usual the superscript £ denotes a particular time o
:load level in dynamic or quasistalic analysis, respectively. When the externa
forces are incremented the body changes its configuration from 'V to Aty
The cc:or&inates of the body at each configuration are refered to the g]obaj
Cartesian system 2,2, #3. The displacements at ¢ 4 A are (in vector form’

[40]
vhAt, ta+ Au . . (4\

where ‘ul are the known displacements at time (or load level) ¢ and Au are the’
sought displacement increments (see Figure 1). ’

-A generalized lagrangian descripiion will be used in which sirains and
stresses are refered to an intermediate reference configuration "V, (Figure 2},

Actual

time t

- time t+At
t+atu

Reference
configuration

Figure 2, Deformation of a bedy in a stalicnary coordinate system

The strain tensor at ¢ + At refered to the configuration "V can be written

as

[ZW.Y _}_ 1AL t-AL tEAL LA
re = 5 (Mg + g s ) (5)
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where

‘where

3H-Atu‘,

AL
Ui = )
orz;

 The left index in {5} and (6) delnotes' the configuration to which strains (and

“stresses) are refered. Note that for "V = °V eq. (5) yields precisely the well
. known expression of the Green-Lagrange strain tensor in the total lagrangian
" {TL) description. Also for ¥ = ¥ the expression of the linear part of the

Almansi strain tensox, typical of the updated iagrangxan (UL) formulahon can
be derived from {5). :
'The strain increments are obtained as

+at

' rheg; = e 'Egj = & +r’?1'j : . (N

where ,e;; and ,7;; are the first and second order sirain increments, From (4}

" and (5) it can be obtained

. ) 1 N . ’
et = ( Au.,, + Au,, + fugg pAug; + Au;,. fup ) (8a) -

ety = g oDtk A SRR (8B

B(Aul)
8"._:_: i

PBugy = Li=1,23 .. ()

“Eqgs. (82} and (8h) are easily partlcﬂartzcd for the TL and UL formulations

fslmply by making » = 0 and # = 1, respectively. Note, that the underhncd
- -termd in (8a) are zero in the UL {ormulatmn "V =*V) ‘
" For convenience we wﬂl write the first and second order. stram mcrement -

vectors as

re_m[LD +|‘_L1(ig)] [1:4 : ) (10)

. In above !g and ,g are chsplacement and dlsplacement increment gradient .
" vectors respectively, Lg is & rectangular matrix contanining ones and zeros and

Y, and L, are dlsplacement and djsplacement mcrement dependent matnces,

respectively.
" For 31 solids

T .
28 =[,€11, ey r€an, 2 r€12,2 r€13,2 €25 . (12)
12

= [ +M1s rMz2s a3, 2 + M2, 2 £, 2 Pnz-'i]T

i,§=1,2,8 - ' Co (6)

100 000 GO0

000 010 00|
L. |000 000 gol| e ,
C 7T lolo 100 000 e (1)
-~ - feol o0 00| : T '
~Lboo 001 o10.
'Eg;HJ ETH
' g'H : &TH :
L= " L= BT S (14)
_ _ - Leg™Hel 0 Lg™Hel
* where . co : Lo o o o Do
..g . :gl . Bl N ;. .'
=g ) B={E . . (15)_. _
R ,‘._ga ;_'rga '. L : o
ith R .
. . dtu (Au) -
L P . . . L
rgt'_.'arwi_.;_ R 2 Bre i (16)
and . N .
' L ¢ 0of 0 0 0]
Hi= |0 0 0)]; Hy=|(0 I ©
0 8-0] - fo.0 o]
00 0] 0 I, 0]
m=|00 0|; H=|I, 0 0
i 0 0 Igj .06 0 0]
- Jo o I ¢ 0 0]
He= |0 0 0f; He=|0 0 I,
i 0 0. L 0]
CoL=|0 1 06/; 0=j0 00 - . (an
0 01]- oo - :

The virtual strains are defined as the first vatiation of the strains in
the configuration “4*V, On the other hand, the displacements ‘u; ean be

. considered as fixed during the deformation mcrement and thus ﬁiu, = 0.
Takmg tlus into account we can write : S

J”A‘stj =§ réif + & i : ’ (18) .
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- where . -

. . bpeij = %(ﬁrﬂu;'j 4 BpAugs + fupibedugg + Grhung bugg) . (19a)
6;'_7]{3' = _E(ﬁrﬁuk.i ,A‘uli“}- _r.Au.ﬁ»ia_r'Auk_.i). e . (19b)

. I S Au; o :
: L EpBug = *‘{i_:'—,.““_gx Li=4,23 . . T (20)

where §Au; are the virtual displacement increments. Apgain the underlined
* terms in {19a) are.zero in the UL formulation. In matrix form we can write
Cfrom (10) and (11) oo o S
| o be= (Lot ila)bg S _' (214)
. Erﬂ:.‘rLl'irg_ _. S X . (Zlb}

" The linear elastic constitulive equations telat'mg'second Piola.—Kirchhoff :

" stress increments and (reen-Lagrange straln increments can be written as

o= iDAs =D let ) i (22)

~ where ! D is the constitutive matrix in the configuration 'V and refered to fV.

~ The stresses at © -+ Al are simply gbtained by _
SRR o ity Lty A ()

- .Finaﬂy the principle of virtual work (PVW) at .‘f“__‘V-can be written in . -

: -i_na_trix formas .00 : . . . R
S IV 3“_""‘:_81'. ‘-‘.LA::G'.dV = jv (.S!""'éfuT.H"_Atth - _(243.)
“where - T e T S e
[ R [l“_“f“bl,”.mbz,'+_mb;]T N . o _(246)

" For simplicity only body forces b are assumed to act in (24a). - R

From eqgs. (4), (18), {23) and (24) and noling again that _ﬁ‘u.z 0, eq. (24a) .

“ can be rewritten as .. " L

:Eq, (25)is the full incremental form of the PVW and it is also the basis for
obtaining the incremental finite element equations, Note that the right hand
- side of (25} is independent of the displacement increments and it will lead
to the expression of the out of balance or residual forces after discretization.

On the other hand, all the terms in the left hand side are a function of the .

el e
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: __displacement increments. In particular note that the underlined terms in (25)

_contain quadratic and cubic expressions of the displacement increments. The

* . consideration of these terms is crutial for the derivation of the secant stiffness

matrix. A linearization of eq. (25) will neglect these terms, yiélding the

" ‘standard tangent stiffness matrix. The derivation of these two matrices for

clasticity problems is presented in next section.”

* 3.2 Finite Element Disi:_retﬁg_tion. Derivation of the Secant Stifiness

CMatrix o0 e . o : L

‘We will consider a discretization of a general solid.in standard 3D
isoparametric C° continuous finite elements with n nodes and nodal shape . '
functions N k(¢,7,¢) defined in the natural coordinate system £,7,¢. :

The displacement and displacement increment fields within each element .

i 'ﬁ;e defined by the standard interpolations (40, 41]

L _ T'u=N_‘a .'--é.md : _"A'u"—" NAa AETER “(26)

where

N = [NLNZ. N NR NRR

! o ;?1_ . A ﬁ.:at . tak — [luic,tu;e'z%i‘c]r - (27) . .
BRI ‘.u.—\ H ‘,. B a_ B HE k“ b k k_;p E .
oo tan e oo L aat) Aa” = [A_'“_'nA-“hA%l o

" are the shape function matrices and the dis-placement and displacemenf

incrément vectors of the element and of a node b, respectively and T3 is the k

-3 % 3 unil matzix. :

Substitution of the approx.imaﬁon (26) into (15) allows to expfess the

~ vector of displacement increment gradients in terms of the nodal displacément
-increments a5 SR : ) EERE __

_ -Substituting (28) inlo egs, (10}, (11) and (21} gives - AT
L _-,e ____:BLAa - . .- - 6,.@, = :BL&(A&) . .

C 1 .'.(29)'
. Tn=-2-rB_1Aﬂ B Er']-:_rBl's_(Aa)- : . o

. Matrix “By(*a) can be splitted as

~ 4Bi('a)=,Br+By(fa) L (80)

where By, is the standard displacement independent matrix as derived from -
' infinitesimal theory (40, 41} and $B;, is the displacement-dependent part of

the first order strain increment matrix. This matrix vanishes in the case of the

" UL formulation. ) .
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ant
| 2
- i . | oN*
-8 =.Gha ; G'= Gz,
oNt
drz,

I,

I,

I
: R

e ”—“,B:,A_a i m= o BiAa
1Bo(a) = By, + 1By, ('a)

oL@ (B (w)=IL(ah Gt By(As)=,Lu(A).G*

aIa dIs 813
:E = by fiﬂ H [arbl C.d,e,f]r = :-D 2
sym. cls '

By 0 ] NL 00 N 00 oy
Biye = 0 By 0 ; By = Ny 00 rNé 00 NG
i 0 By NL 0 0 LNE 000 5

00 0] - 0 N
0.0 0}; ﬁ:{o}; N"_g,
zI

L
H=303 gl = g Hig

=1 j=1

td;;: element 4§ of constitutive matrix | I

Box I. Relevant matrices for 3D elastic solids

The form of all above matrices for the case of 3D solids is given in Box I.
Further details can be found in {21, 22},
The incremental constitutive equations (22) can be writien now in terms

7t
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of ihe nodal displacerent increments as
Ar=!D [:BL + %.—B:] Aa (31)

Substituting now eqs. (29) and (31) into the PYW expression (25)
the following relationship relating the total applied forces’ with the nodal
dasplacement increments can be obtained

‘Kg(Aa)Aa = A (32)

In eq. (32) fr is the standard residual force vector which can be written for
each element with volume "V(%) as

, tratrle) - j {B] todv — ++ar(e) (33a)
. ry(e)
with )
sracple) - N *+thgy © (33b)
ryie}
being the equivelent nodal force vector for the element, and 'Ky is the
ineremental secant stiffness matriz which can be written as

[Ks(Aa) = Ko+ Ku(Aa)+ K@)+ (K, (34)
where for eagh element . .
Ky = f o \BEID 1BLdY. _ (350)

‘KM(Aa) f [ D }31 4 0 B:IF :D tB[,—!-

e, GT‘EG]dV ' ' (355)

iKN_{A#’)= f V(e)[ (2-4).B7 D 1314»’(—i G" t'H G] v (50)

MKy = / L BYLIS Bydv (35&)
Ty (e)

The global secant’ stiffness matrix and the residual force vector for the
whole structure are assembled from the individual element contributions in
the stendard manner [40, 41].

. The form of the different matrices appearing in eqs. (35) is given in Box 1
for the case of 3D solids. Further details can be found in [21].

The parametric expression of the incremental secant stiffness matrix as

gwen above has been recently derived by Ofiate [21]. Note that this expression
is non symmetric for values of o # 1/2. An infinite set of symmeric forms

is obtained for o = 1/2 dependmg on the values of the parameter 4. The .

particular symmetric expression of the incremental secant stiffness matrix for
e =1/2, f = 0 was also derived by Ofiate in & previous work [20]. A similar
parameiric form of the secant stiffness matrix was derived by Felippa and
co—workers {36, 37] using a TL description.
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" 4, ITERATIVE SOLUTION TEC_!HN_IQUES

Eq. (32) can be used to solve for the new equilibrium configuration at

i+ At by means of an incremental secant approach (Figure 3a) giving
.Aa,- -=. - {:KS(H’M*_J! A_a"'l)]‘l HA:.I.“" ) : -(36:1)

_t-i-t-‘x_tﬂ-“r.l =H—A_ia|'+Aa‘1" . . , o '(3ﬁb)

" with t4a® = *a and Aa~* = 0. Convergence of the iteration procéss is

" The iterative process reads now simply

controlled ‘by the satisfaction of an sdequate norm in the nodal displacernent

increments or ibe residual force vector [40, 41} -

A particular case of above procedure corresponds to that with the residual

“force vector kept constant during the iterations. This can be simply interpreted
‘as the satisfaction of the following incremenial load—displacement rela_tionship _
- (Figure 3b) ' : S SRR T PR -

tKs(Aa)da=AF = (@D

Aaitt = [{Kg(Aa®) " Af- _: R .'-(38)

- 'Once convergence is achieved the new equilibrium configuration is simply

~found as tratg = ta - Aa®™ where Aa"is the last nodal displacement jncrement -
: _vector computed in (38). R [ : ) .

The secant expression {37) also holds when the external loads are applied

".in a single step on the initial load—free configurations (i.e. & = 0). Now the
“load and displacement increments in eq. (37) are in fact “total” values and the
- same iterative process of eq. {38) can be used to find the total displacement
vector in a dicect manner {21]. Note that in this case matrix {K, does not

o _contributé to the secant stiffness matrix since the stresses are zero in the load-
. free configuration. T S SRR SRR

" 5. DERIVATION OF THE TANGENT STIFFNESS MATRIX

_. " The expression of the tangent stifiness matrix can be s’imply cbtained as
‘the limit of the incremental secant matrix when the values of the displacement
" increments tend to zero. Thus from eq. (34) we can write L

'Ky = Xm tKs = 1K o+ K, o Lo (39)
. Aa—0 ’

Note that the resulting fangent stiffriess matrix coincides with the standard

" * expression obtained by linearizing the PVW in {25).

.For subsequent purposes it is useful to rewrite matrix L¥ using (30) as -

“where

K= f o BLD BV " (400)

CiKufte) = Kr, HiKp(R) o (0a)
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.a) I.ncrem_ent.a] secant approach * b} Totai secanl approach Cw

) ‘(ingremental foading)

ek
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K,i,ztana‘

i
)
i
3 T Ak 5 -
a ‘daf &af Bay at a

Blgghamrt L
K,AB-—T. . SRS . K;Aai:At

) Figure 3. Different secant iterative techniques

: is the standazd stiﬁ'm_:ss malrix from inﬁnit.e_ssi_mai clasticily theory an‘d a

SEVEIN s ! . _
St L-‘(-i). [V{c} (’BfmrDrBL:'*‘rBLg_:DfBﬂu A}IiBL;:D_f-BL,) dv (4{.].3_)

is the so called initial displacement stiffness matrix [40, 41]. An alternative i

" expression of this matrix can be found in [21}.

. Note finally that the expression of the secant matrix (39) can be rewritten
as - B L : L e T .

. :K_.s'::KT +_,‘.Km_+_:KN N 1))

6. ESTIMATES FOR LIMIT AND BIFURCATION POINTS, CRI-

- TICAL DISPLACEMENT APPROACH -

A useful application of the concept of secant stiffness matrix is the

“estimation of the load level originating structural instability {i.e. limit or

bifurcation points). These points are characterized by the singularity of the

: ta.n'gent‘ stiffness mfxt‘rix :KT The approach proposed here is based in the
-estimation of the eriticel displacement values giving singularity of 27, instead

of those of forces as done in classical limit load theory. The secant stiffness

o ﬁlaiiionship is zlen used to find the critical loading in terms of the critical
‘.. displacement values in & straightforward manner. Details of thi
2 . th

. are given next. : R PI‘OC_ed“Te
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) The process starts with the prediction of the displacement vector in the
*.¢ritical state 88 : ' o Lo :

.._‘fA"a=‘a+Aa¢ - L (42)

where 'a 6 the displacement vector at the known equilibrivm configuration
'V and Aan, is an estimate of the critical displacement increment yielding
. structural instability at £, = + Af. Vector As, is now written as Aa, = A
where ) is & multiplier and ¢ is an estimate of the buckling patiern at the =~
* ‘instability point. Here ¢ = ta, ¢ equal to the first eigenmode in ‘a or
¢p=Aa="'a— t-Bty can be chosen as.estimates of the critical displacement
Cincrement vector. - Ce o e Sl

. With these assurnptions the stress field at the critical point can be written

et (using eqs. (22, 23, 31 and 42) o o

e --_.-.,fFa‘ = ‘q- +:D EBL(*3)+ % rﬁi(¢) A¢ 1“;-_!0' +/\a! + .Agaz. o (43@) |
. .where ' . ) f : S SR - : '. .
el B |

. qz_zt‘

- Subslituting eq. (42) into (30) allows to write the first order strain matrix . '
- at the critical point as - - LT Sl N

Y TR XUEE YOI B TORS O R

- n eqs.r (42)-« (44) Bi(¢) is pbtaine& from the expression of By of Box

1 simply substituting Aa by the known predicted increment displacement -

© . pattern ¢, Note that when ¢ =‘a then By = tBr,. -

The tangent stiffiess matrix can be written at the critical point takil:_lg int_(_,'- -

..: -_.BC_cOLlﬂt_ egs. (39), (40}, (43) and (44) as A

Ky = Uy A (K 0K + 0T (K £1KG) o (18)

where (Kr is the fangént s_tiﬂ'ness _m_atrix at ti}e _k_pov_m_ equi!._ibrium
- configuration Wand - . - L .

Ky = f o ‘D,B, +,BI'DIB|dv . . (469)

- . ryle) S Sl : .
. ::.dea ﬂ,lv(e)rﬁf :Drﬁldv_ o oL L (460) S
K, = f Bl S BandV L (a69)
ST v o :

Ko, =lv(c)r1_3£r. tSy, ByzdV . ST (4bd)

{v.hete 'S, and !S5, are obtained by substituting the “siresses” oy and @ given

by (43b) and (43c) into matrix ¢S of eq. (35d), respectively (see also Box 1) ‘

-

" sigenvalug problem to be solved now reads simply -~

DB )

" Method L. One step prediction

" B.ONATE and W, . MATIAS / Enhanced prediction of structusal instabitity -

The condition [*Kp| = 0 yields a quadratic cigenvalue problem which

can be solved for the minimum value of ), thus giving an approximation of
" the critical displacement by *a = *a 4 Ag. Obviously, this process can be

simplificld by neglecting the quadratic terms in (46). . The siandard linear

s IiKT‘l')‘{:K’-z'*':K”:) =0 : F (41

" The critical load increment can be subsequently estimated from the

" incremental secant relationship (38) as . _ _
AR = K09 = [Kar('a) + HKn(M) H KNG A (48)

s where the expression of all matrices coincides with that given in egs. {35) and

. _The”est_im_ated_ critical load _.vegtor'is finally obtained as o
SRR R FUN S R R ()

" -where Af', is the projection of Af. computed from (48) in the direction of the

nodal load vector, L.e. after elliminating the spureous contributions agsociated

"to nodal Joad compeonents not included in *f.

:Obviously the eritical load vector can be computed ina single étep {from

" the iotal secant expression ff = tI{s(**a)ta (sce Figure 1}. -However the

incremental procedure described above has proved to be more accurate in

T practice. . - -

7. COMPUTATIONAL STRATEGIES ©

-, " The approach proposed above can be applied in different ways so.as to

S " ohtain different approximations to the critical load value, .

1) Compute the displacernent vector ®afora sma_ll value of ti}e extgrnal forces - v

so that infinitessimal theory still holds.

" %) Take § = a as the estimate of the critical displacement increment pattern. -
- . "3} Solve the linear eigenvalue problem {47) for the smallest non zero .

cigenvalue, R o .
~4) Estimate the critical Joad by egs. (48) and (49).

" This process iz comparable in cost to the standard “initial” stability

: f»roblem in strufs, plé[:t_as, shells etc, based in the solution of the eigenvalue -

v

problem [40, 41] : S
g +A K[ =0 (50)

where the smallest non zero eigenvalue defines the inerensing factor of the '

" initial loading %f to give the so called "huckling” load as A°f. However,

4t is well known that in many problems this "initial stability” load can be

" considerably larger than the actual limit or bifurcation loé_d. The one step
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"eritical displacement” approach proposed here has proved to give a much
accurate prediction of the crilical load as shown in the examples presented in
next section.

Method If. Incremental prediction

1) Compute the displacement vector *a for each load leyel tf in the standard
incremental manner.

2) Take ¢ = 'a as the estimate of the critical displacement increment pattern.

3) and 4) as in Method L.

This approach differs from the previous one in that the critical load
is estimated each time that a new displacement configuration ‘a is found.

" Naturally a standard stability computation can be also performed at each .
equilibrium configuration. This implies the solution of the eigenvalue problem |

YKy + ALK, =0 (51)

and the stability load is subsequenily computed as M*f. .
Obviously, the values of the critical load estimaled by the two procedures
should comverge to the "exact” value as the solution approaches the instability
configuration, ‘The examples analyzed show that the values of the critical load
predicted by the critical displacement approach here proposed are in all cases
much sccurate than those given by the standard stability method. -

Method TII. Enhanced incremental prediction

1} Compute the displacement vector ®a corresponding o an initial load level

8§ in the standard incremental manner (Here °f can be taken small enough
" so as to give initial displacements within the infinitessimal theory range).

2) Take ¢ = %a as the estimate of the critical displacement increment pattern.

3) and 4} as in Method 1.

5) Compute the stresses, the residual force vector fep and the critical load %f
corresponding to the predicted critical displacement **a = (1 + A)a using
eqs. (33a), (48) and (49). .
The fact that the critical displacement values predicted are close to an
equilibrium configuration corresponding to a load level f is now exploited
as described next. ' .

6) Perform an equilibrium iteration to find corrected values of the predicted
critical displacement '°a in equilibrium with the external loads f, For this
‘purpose the standard Newton-Raphson technique can be used a8

Aa" = — K3 " : {522)
tegitl leg™ 4 Aa” (528}

with - .
tep? =g (53)

7) Restart the process from 2) taking ¢ = ton where f°a is the converged
displacement vector from 6),

xava) Gy ¢t

This method allows to compute very accurate eritical loads in two or three
steps as shown in the examples presented next.

8. PARTICULARIZATION FOR STABILITY ANALYSIS OF
TRUSSES : -

Figure 4 displays a typical two node truss clement. defined in a three
dimensional system with global and local axes denoted by 2; and =t (i =1.3)
respectively. )

For the sake of preciseness an updated lagrangian formulation will be used
("V = *V). The first and second order axial strain increments are defined as

p o daa) 1d(Av)d(Au)) (54)

LT Ty M T 3 d
where Aul is the displacement increment along the local axis a}.
The constitutive equation is simply
AN = {EAfehy + o) (55)

whete (AN is the axial force increment and E and A are respeclively the
Young's modulus and the area of the transverse cross section.
"Local and global displacements are related by lthe standard transformation

Ak = Dlmi

wp = ey Aug hi= 1,2,3 (56}
a e . o

D
TR

xl,ul

Figure 4. Geometrical description of 31} 4russ element
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: 'I‘be global displacements are interpolated in fim usual manner
L Au= Y ONMEOAG (57

k=1

“where N k) = %(1 + ££&) are the linear shape functions of the standard two

node element [41].
" The expressions of the relevant matrices required for the computation of the
secant stiffness matrix are given in Box 2. The particular explicit symmetric

‘ ~ form of this matrix for & = 1/2 and # = 0 and a truss of constant cross section

- 9.1 2D truss beam

and homogeneous material is shown in Box 3.

1 i 1
Bz = ‘tth TNY Ny, B= rj;AaT N% Ny
' 1 o HEA
:Bmp =G = ;E:N,e Sy B = 'L;.‘—LJ_CTN?E Neda

B

: AN' . dN? L dte e
N.f_—_‘ [? L, s Ia] i hi= .:l;l (usually *j = ) ¥

{H = Ad 67 {BA] GAa
Moo i1 el b1 t2 t2 e T
X = ['=3, ‘22 'zy, foq, my, 23]

- Aa={Adl, Auk, Aub, A, Aud, Aud]”

Box 2. Relevani expressions for computatioﬂl of the secant stiffuess matrix
- -for limear 31D truss elements : e R

9, EXAMPLES

. Figure § shows the geometry of this example-taken from {42]. The beam,
formed by truss elements, is subjected to an increasing horizontal Joad acting

‘at its left end, as shown in the figure.

The critical load path hag been predicted using method 11T proposed in
Section 7(eqs. (52) and (53)). The resulting curve obtained {AQC) is plotted in

Figure 5 where the load path predicted using standard limit load analysis is.

plotted in curve BC in the same figure. Note the accurary of the predictions
based on the critical displacerment approach here proposed giving less than
34 % error in the first critical Joad value predicted from a simple initial
infinitesimal golution. This error is reduced to 0.58 % in -only three steps
as shown in Table 1.
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: t 2o, o e, 4
i ¢ [BA oMz} ety fon o
1Ky = [T‘_] (-1 3a)? o P
o Clem TG
) 2izpu  (oavett ¢ ¢ )
. _[BA s itz - (Pzoavi b tynen) (e 4 fanus)
iKag; = [ﬁ] (-1 C2%ivi C(Ygiawng + fravn)
: N sym. : . E 2 ity
7§ .
._+ t [-ﬂ;} (=1)i+ [f212u12 + "yrzens + .!_ann)] Iy
. EAT L. (ﬂn). U2tz Urpltha
e, =[5 (0 [ alf

sym. . ()
Koy =7 | ()™ :

T 100
S =fr—ey, wa=Au—duy ete. y=(0 1 0
. S . ) . 10 061

“Box 3. Matrices involved in the expression of the secant stiffness matrix for
. ike two node 3D truss element (@ =1/2, f=0) i .

Critical Displacement T Limit Load

= Approach Analysis
:| Load Step “(ugh ’ By R -9

1 .05 (17.58 %)| 3.52x10% (34.24 %) | 9.85x10% (275.26 %)

2 - |5.83 5.88x10%|
(124.03 %)

3 | 500 (2.84 %) | 2.617x10% (0.34 %) | 3.52x10° (34.00 %)

Table I. 2D truss beam Critical displacement 1, of node 1 and critical load P, obtained us'ml.

the critical displacement approach and standard limit load analysis, Numbess ir.
B brackets show percentage eeror with respect to the “exact” solntion: up == 5,149 anq
CPom2626%1007[47 - ¢ ' ' R

‘ ',Fhe primary equilibrium path showing énap-back behaviour Eas beer
ot:tamed by combining the standard Newton-Raphson incremental procedun
with arc-length control. . ' o S '

9.23D pi.n-jointed star dome structures, Limit load analysis

The geometry and material properties of the 3D pin-jointed star domu

“structure analyzed ﬁ_rst is shown in Figure 6. A vertical point load acting or
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EA=. 3x10° i
b iAd . 5
. ) ) 1
- : o u —
L— 5 et—5 l 5 l § et 5 J—— 5 —«Lv 8 —-l
LIMIT LOAD ESTIMATES
1.2e+06 T T T ) T
1e+08 |- \'\‘ o 0 —msmre Pu {Primary path of equilibrium) §-
. K "\_ A mm— wn == P (Critioai displacemont approach)
ey BG —temsmm Py 4 Ui
‘800000 SN oS p_:“(smd” t 1ond amalysia}
N P
N .
600000 |- RN . = ]
. \ .
400000 |- , . ]
: % D 7 ~N E . -Primary : o
e X ath -
. 20DOOC |- RS P v )
~200000 - . A : i
) -;400000 -l ot ! L L I
o 0 ] 4 6~ 8 1] 12 14

" HORIZONTAL DISPLACEMENT OF NODE i,u

'_Figﬁze 5. 2D truss beam, Geometry, load—displacement curve and limit load estimates

node 1 is first considered [43}. :
Figure 6 displays the limit load paths predicted using the eritical

~ dizplacement approach proposed {curve AE) and standard Jimit load analysis
‘{curve BC). The greater accurary of the predictions based on the new approach,

giving 14.82 % error in the first predicted value based on a simple infinitesimal
solution, is obvious in this case. This error is reduced to 1.92 % in three steps

" (see Table I1).

0.3 3D pin-jointed truss dome. Prediction of bifurcation load

This example shown the ability of the approach to predict the bifurcation
load in a 3D truss structure [18]}. The geometry, loading -and material

E propertics of the structure are displayed in Figure Ta, The eritical load paths

ohtained with the critical displacement procedure (curve AC) and standard
Lmit load analysis (curve BC) are shown in Figure Th. A bifurcation point
is detected by both precedures for (P = 26.,89). Note the higher accuracy of
the prediction based in the critical displacement procedure. The first estimate
of the critical load based on the simple infinitesimal solution gives 19.21 %
error. This error is reduced to 2,16 % in only three steps (see Table III).
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- 8l

we 2 —esRee =t
- 10t = %
e LI*%- as»—]
R 4.3 423 .
14 - LIMIT LOAD ESTIMATES
; ‘.\B T ST T | E— T ,
.12#\ ..Curvg’
i | 98 —————'Pu (Primory path of equilibrium) | |
PRGN i 22 = u-—— Brw {Critical displaveraont approsch)
-3 ". . Dc:“":: :o:: {Stonderd lmit Jond analysis) o
m oA LB Yyem,
: g . v 4
IR Tht A .
&. 4 L '\ . )
<. A Y Primary . T 1
g 2 B path B
g .-"D' N o .
0 - - ) /
- e T /
—4 1 1 1 1 1 ! [ .

¢ —05 -t -15 -2 -25 -3 -35 -4 -45
VERTICAL DISPLACEMENT OF NODE 1w

Figure 6. 3? pin-jointed star under central point load. Geometry, load-
- displacement curve and limit Joad estimates o .

- The entisymmetric bifurcation path is plotted in curve CD of Figure 7h. This

h . .
1(::;.sdbee‘n_a:)btamed b)‘r perturbing the geometry of the structure af the critical
using the firsl eigenmode for this load level and then using an arc length

. technique,
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~'Critical Displacement ° - Limit Load Analysis . L k .
_ Approach | : B BT LIMIT LOAD ESTIMATES

Load Step |- (wc)1 - Pg : " Po ’ : T : T T T T T T T |

a— - B c - e ] B © Carva -
1 0405 (28.25 %) | 69.46 (12.94 %) | 365.37 (357.95 %) L 1Y e P (ermry pu ot ) |
g . -1 : <= —= P-w (Critical dlsplacoment approach)| -
2 0540 (442%) | 7702 (346 %) | 135.74 (T0.14 %) . BC e Fow (Stenderd Lt toad anelyels) |
3 0556 (151 %) | 79.02 (0.95 %} 91.37 (14.52-%) ' -

“Table II. 13 node star iruss dome under central point load. Critical displacement (we) of node - Primary
1 and critical Toad obtained using the critical displacement approach and standard pa
limit load apalysis. Number in brackets show porcentage exror with zespect fo the - L

txact solution: g = 0,516 and Pe = 78.50[43] =~ .- -

.LOAD P

EA=10000 L L A ; . . | |
LOADING PATERN =8 —I0 =15 20 ~26 ~30 -35 40 - —45
Node Laad L A
_; R . :YERTICA.L D}SPLAC._EMENT OF NODE 1,w
: 9 P G o L .
; 10 F Do R .
: 11 P :
2 P ‘LIMIT LOAD ESTIMATES
R p § ey ‘ :
' # Fixed. node ‘B0 .‘E e | . Curve . . —
© Free node T Y P-# (Primary path of equillbrjurn) { |
. *\-\ IR ;2 e sia —— Fo~w (Critlenl displacement appronch)
Lo . .| BE—remeem Pew (Standerd Hmi load E
R N P o G ot i)
o SN O Bymg ’ T
FoN | FC == Bifurcatlon path
Ty kY T T it 7]
ﬁ:m_u SN
S B \-c' . . = S .
SN A U Primary
RN F TN path . T4
b ST Biturcation IR
A # . “path EURRR A
] (\)///35 " - . l .
Figure Ta. 25 node star truss dome, Definition of geometry and loading ' : _20. . | . E ' | : L
: . g . 0 -2 —4 -8 -8 - 10 iz

g sl t

' o VERTICAL DISPLACE ;
.- 9.4 Clamped shallow arch . T RS MENT OF NODE 1w

. "Thenexi two examples show the ability of the formulation to solve bending
_type instability problems using solid elements. The first example is the analysis
of a shallow arch clamped at its edges under central vertical load [47,48]. The

* Figure 7b. 25 node star truss dome, Load-displacement curve and Hmit -
load estimates - e B T T .
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A-A' N
717" 747626 mm

‘25.4 m

E£=0.72395 - 10° N/mut

863.6 mm -
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Critical Displacement Limit Load Analysis
Approzch ) .
Load Step. (weh Ps : Py
1 - .2.05 {18.23 %)‘ 21.71 '(19.21 %) 79.79 (196.90 %)
2 237 (5.44 %) 25.39 (5.72 %) 33.35 (24.10 %)
3 242 (3.80 %) 26.68 (2.16 %) 24.92 (1.27 %)

Table I1L. 25 node star {russ dome under fout point loads, Critical (bifurcation) load obtained

using the ciitical displacement approach and standard Hmit load analysis. Number

in brackets show porcentage error with respect to the exact solution: wo = ~2.518
and P, = 26.89 [19] : :

geomelry and material properties can be seen in Figure B. 10 standard eight

node isoparametric quadrilateral elements with 2 2 integration, [41} have been
used for the analysis. The different limit load-displacement paths predicted
using the eritical displacement (CD) approach (curve AE} and standard limit
load analysis are shown in the same figure. Note the accuracy of the predictions
obtained with the CI} method proposed. Co

0.5 Cylindrical shell

The last example is the stability analysis of a thin eylindrical shell under
a central point load [48). The geometry and material properties are shown in
Figure 9. 16 twenty node isoparametric hexahedra with 2 x 2 x 2 integration
[41] have been used as shown in the figure. The limit load-displacement paths
obtained for this case are also shown in Figure &

Note again the higher accuracy of the critical displacement solution versus
standard limit load analysis, ' o '

‘CONCLUSICNS

The critical displacement {(CD) approach proposed seems to be a simple
“and effective procedure for computing siructural instability points. The cost
of the computation is comparable to that of standard stability analysis and
the accuracy has proved to be superior in all cases studied, The extension

of the OD approach to structural problems involving: rotational degrees of

freedom (i.¢. beams and shells) requires further study as the derivation of the
secant stiffness matrix is more complex in this case. Further details and other
examples of application can be found in {50].
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