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SUMMARY

The concept of the so called “artificial or balancing diffusion” used to stabilize the
munerical solution of advective-diffusive transport and fluid flow problems is revised
in this paper. It is shown that the standard forms of the balancing diffusion terms,
usually chosen in a heuristic manner, can be naturally found by introducing higher
order approximations in the derivation of the governing differential equations via
standard conservation (or equilibrium) principles. This allows us to reinterprete many
stabilization algorithms and concepts used in every day practice by numerical analysts
and also provides an expression for computing the stabilization parameter.

1.0 INTRODUCTION

It is widely aceepted that the accurate numerical solution of adveective-diffusive
transport and Auid Aow problems using either finite difference (FD) [1], finite volume
(FV) [1,2], finite element (FE) [3-12], or finite point (FP) methods [13,14] requires
invariably the addition of some balancing diffusion (also called “artificial diffusion”)
terms. The role of this apparently non-physical diffusion is sypically two fold: a) to
counter balance the underdiffusive character of most space integration schemes (such as
the central difference scheme in FD or FV methods, or the equivalent Galerkin form in
FEM, etc.}), and b} to stabilize the numerical solution in the vecinity of high gradients
{such as shock waves ete.) by smoothing out local oscillations.

Although extensive work has been devoted to the development of stabilization
procedures in FD, FV and FE methods, it is acknowledged that most of the existing
procedures are based on somewhat heuristic arguments. Indeed it is widely accepted
that the origins and precise definition of the stabilization parameters used in numerical
computations are in most cases unsolved mysteries whose solution has motivated much
research in recent years mainly within the FEM context [14,16-18],

The purpose of this paper is to show that the stabilization terms emerge naturally
in the governing differential equations of the problem. once the concept of How balance



(or equilibrium) over a *finite” domain is accepted. This allows us Lo reinterprete the
stabilization terms ag an intringic and natural contribution to the original dilferential
equations, instead of a correction term introduced at the discretization level as il is
nsually understood by most FD, I'V and FE practitioners. Moreover, by exploiting
Lhis natural stabilizalion concept, the standard forms of the balancing terms appearing
in many well known stabilized schemes for advective-diffusive and fuid How problems
such as direct artificial diffusion, upwinding and Petrov-Galerkin weighting, Streamline
Upwind Petrov-Galerkin (SUPGY, Subgrid Scale (SS), Galerkin Least Squares (GLS),
Lax-Wendroll, Characteristic Galerkin, Laplacian pressure operalor ete,  arve easily
recognized and can be reinterpreted in a more physical manner.

An additional important benelit from Lhe approach proposed is that it provides an
expression for computing numerically the stabilization parameter,

The layout of the paper is the following. In the nexl section the stabilization
procedure is detailed for a ene-dimensional advective-diffusive problem. The two
dimensional case is considered next. The stabilization method is then generalized to the
case of compressible and incompressible flows. Analogies of the proposed methodology
with standard stabilization procedures are presented in all cases. The generalization of
the method to incorporate higher order stabilization terms is also shown, The paper
finishes with a proposal for computing numerically Lhe stabilization parameter. The
aceuracy of the method is shown in the study of a simple advective-diffusive problem,

2.0 THE ONE DIMENSIONAL ADVECTIVE-DIFFUSIVE PROBLEM

2.1 Basic governing equations

Let us consider for simplicity the standard convection-diffusion transport problem
to be solved in a one-dimensional domain of length [ (Figure 1a). Figure 1b shows a
typical segment AL of length AB = h where balance (equilibrinm) of fluxes must be
gatislied. The values of the diffusive flow rate g and the advective transport rate wg at
a point A with coordinate x4 = 25 — h can be approximated in terms of values al point
B using a second order Taylor's expansion in the standard manner as

el | i
g4 = qlzg —h) = qlzp) - f*-é:ﬁ +O(h?)

diud) (1)
fud g = Tl — By = uel(ap) = A22Y o)
? dx |3
The balance of fluxes between points 4 and B is written as
Z Pluxes = [Flux in A] — [Flux in B]+Qh =0 (2)
0
(q(zpg — h) + v{ug|(zp — 1)) = [glzp) + vud|(zg)] -+ Qh =10 (3)
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Figure 1. {a) One-dimensional convection-diffusion problem. (b) Finite balanee domain AR

In egs. (1)-(3) ¢ is the unknown transported variable, u is the known veloeity
field which is taken as positive if it acts in the direction of the & axis, » 18 Lhe advective
material parameter which is assumed to be constant and Q is a distributed =ource which
15 agsumed here to act uniformly over the domain AB.

Substituting eqs.(1) into eq.(3) and noting that the position of point B is arbitracy,
Le, &g = x, gives after simplification

The diffusive flow rate g is related to the change of the unknown variable ¢ by
Fourier's law as g = —k.gg. Substituting this equation into eq.(4) leads to the standard
form of the advection-diffusion equation

dlug] d . do.

SEFTIL . AR —_— — |l :{ H
v dr +d3:'kr!;r' g=4 [

i
e

Clearly if w is constant this gives



The transient case is oblained by invoking again the conservation law, 1.e.

_— igooph
LF‘]umH = P ] il {Tu)
oo

L 15 nsual bo assume Bhat ¢ g constant wichin Lhe balancing domain for computation
of the integral in the rlus. of eq.(7a), le.

a e o
— hilr = h— (Thi
étt it '

The same expregsion can be obtanied by nsing the mean value of ¢ within the
balancing domain to compute the r.h.s of eq.(7b). A higher order approximalion [or ¢
will be chosen in a next section. Combining eqe.(2)-(7) the standard transient [orm ol
the balancing equation is obtained as

iy D] A ) __
Sl bt ok W ISR T <
# (f'i'.f, * il ) UrJ:.'[ dq,' =0 1)

Ag an example ¢ and w could be interpreted in eqs.(1)-(8) as the temperature and
the velocity, respectively in a convective thermal problem, where € and & represent the
thermal source and Lhe thermal conductivity, respectively, and v = pe where p is the
material density and ¢ Lhe specific heat.,

The problem is completed with the following spatial and temporal boundary
conditions.

Presevibed valne of ¢ (Dirichlet b.e. )

$—d=0 on @ =10 (9]
where ¢ is the preseribed unknown field at the Dirichlet boundary,
Preseribed total flux (Newmann b))

q—qg=>0 on x =1 (10}

where ¢ is the preseribed total flux at the Nenmann boundary. The total flix g can he
splitted into Lhe advective and diffusive contributions as

il ;
g = Mg — g = pug — h— (1L)
fle :
Substituting {11} into {10} gives
, il
— Lt ~|-£‘.I|:——i—g‘":ﬂ on x=/{ (12)
i



Indtial eondition

p—gp=0 for t=1p (13]
where ¢y 12 the value of ¢ at some initial time by.

REMARK 1

In many occasions only the diffusive Qux is prescribed at the Neumann honndary,
Fep. (12) is simply written in these cases as

k—+aq=0 on z=I i 14]

2.2 The concept of balancing diffusion

Let us assume now that the adveetive transport term has an important variakion
over Lhe sepment AH. This can be due, for instance, to a high value of the velociby .
In order to capture this variation, the advective term will be now cxpanded in Taylor
series up to third order as

3 ; : : [ 11gh] b d?[ag)] . sron
[ (g — h) = [ud](zg) — R T 5 TR B—UH?. ) (15]
Substituting this equation into eq.(3) gives
» ﬁf[..uq.:',l_] A f[Eir] dy e (16)
i 2 di= dx
and using Fonrier's law yields fnally
- L,.”r'_[“"‘r-‘ﬂ h ”‘rg.l'”’ﬁ'.&.' i I LA =10 A7

d 2 dr2 do \ - da

Assuming now w to be constant eq.(17) can be rewritten as

il il wh' e o
) 7 il R et e e — — | L £} =1 (15
"ir " de [ 2 ) i e :

where hereafter the distance fi will be termed the characterisiic length of the stabilized
probilen.

Note thal the effect of accounting for a higher approximation of Lhe advective term
introduces “naturally™ an additional diffusion '—g—‘ in Lthe governing equation. Ohwviously
as the length of the balance domain tends to zero the standard “infinitesitnal™ [orm
of the advection-difusion equation is recovered. The problem remaing now Lo tind the
value of the characteristic length f 5o as Lo ensure aceuracy and stability of the nmmerical
solution of eq.(18).

"



The “stabilized” transient form equivalent to eq.(8) can be now written as

Ay ) o [, dé h 2 () -
v (d# o il ) T (&E 2 Az =1 [19n)
Or
Feh e i whh S ; .
Al IO O ., - (195
iz (5]{_ 4 ME:?:.E:) e K + 5 J ;}J] Q¢ =U {14}

for a constant veloeity .
REMARK 2

The characteristic length £ can be written as h = 2o where 7 is the so callad
intrinsic time seale in the convective transport and fuid Qow stabilization literatnre |5,
Note that v is the time for a particle to travel Lhe distance h/2 alb a speed equal to w

REMARK 3

The characteristic length fi 15 usually defined in I'E and 'V procedures as ol wliere
ce is & stabilizasion (upwinding) parameter and 14¢/ is a characteristic element dimension
(i.e, the elemenl length lor 1D problems). The search for the optimal characieriztic
length § or the oplimum intrinsic time scale 7 iz, therefore, equivalent to finding the
optimurm valhie of the stabilization parameter c. This topic iz discussed in Section 8.

2.3 Generalization of the stabilization process

Let us assume now that the changes in the advective and diffusive terms over the
balance segmenl, are so important that a higher order expansion is required for all cerms.
The balance equation (3) reads now

qle) + vludl(e) — gle — h) — vlud](z — h) ;[Q[:{:} +Qlz—h))h=10 {20}

where a linear distribution of the external source @ over the balance domain AR has
been assumed (gee Figure 2). Note thal in eq.(13) x5 = 2 has been Lakern.
The following expansions can be written

i athien 28 4 il + O™
i 2 r.".;- Fa1
Q Y
Qz— h) =Q(z) — h* 4

Substituting eqs.(15) and {21) into (20) gives aller simplification

_Ud(-u.f,-'},'l i d (E@) O hod [_Mrﬁ(_u.{."-'?} I i (#d_dj) il Q| =0 [22)

il i il 2 el il d i
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Figure 2. Equilibrium of fuxes in o fnite balanee domain wich linesr exbernal source

Fe.(22] can be rewritlen a more compact form as

T —gg;—:[}' ;o {23)
with
| u r,."J:I d { d ;
=iy h— | 41 (24)
T u’J, ( ffr) ; W

2.4 Stabilized Neumann boundary condition

The essential (Dirichlet} boundary condition to eq.(23) is the standard one given by
eq. (9]

To obtain the stabilized Newmann boundary concdition we write the halanee eguation
al a boundary point.

Ior reasons which will be evident later, the length of the balance segment. A8 al
the boundary is taken now as half of the characteristic length i for the interior domain.
The balance equation is now, assuming now the source ¢ to be constant over 45, [See
Figure 3)

h :
7~ alza) = V[l — 5Q =0 (25)
where g 18 the prescribed total Hux at @ =1 and oy = a5 — i_?

Let us express now the advective and diffusive uxes at point 4 in terms of second
order expansions via eqgs. (1). Alter little algebra we obtain

— g + Laﬁ— —|— B 57 = { o g (203

wlere v is given by eq.(24],
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Figure 3. Balance domain nexl to a Neumanno boundary point &

Equation (23) can now be solved together with eqs.(9) and {26). These equations
are the starting point, Lo derive stabilized numerical schemes nsing FD, F'E, FV and PP
methods. The importance of using the stabilized form (26) is discussed in [14] in the
context of the FP method.

REMARK |

In the case that only the diffusive flux is presceribed at the Newmann boundary
e (26) i written as
tlh f -
h—4+g——=r=10 on @ o= (27]
di I3 '

REMARK 5

A stabilized [orm identical Lo eq.(23) was proposed by Donea et al. [19 on the basis
of heuristic arguments only, This was subsequently used for deriving stable Galerkin
FE formulations with quadratic elements [19,20].In none of these works the stabilized
Neumann boundary condition (26) was considered. This condition hias been found here
to be essential for deriving the standard SUPG form as shown in a next section.

REMARK 6

The choice of “downwind” higher order expansions [or deriving the balance equations
leads to a change of the negative sign in the stabilization term in eqs.(23) and (26) to a
positive one. However, a study of the stability of the numerical solitbion [or the simplest
one dimensional advection-diffusion problem leads to a negative value ol Lhe optimum
characteristic length in this case. This proves that the original “upwind” expansions
chosen here are the correct ones leading to positive values of A in all cases.

REMARK 7
The analytical solution of eq.(23) is

I,
r=Ae® [28)



Using eq.{26) gives

2o ) il -
A= —eil —r/-'u.{,tr-l—ﬁ.'—tll-l-t? (24)
h i .
The solution i therefore written as
2 i) . l'.frllfl-’ _-ll in T Al
r= el |—pud+ k- -+ rJ' eh {307
h L el -

Note that exact pointwise satisfaction of the Neumann boundary condition at = =,
Le, —vug + 'I":TEE? +q = U, gives ¥ = (] in the whole analysis domain and che equivalent
problem can be written in the standard [orm

r=20 ; Bl s il
i s e
b — = [} o1l a=I) (31
, e foh
—vtip + k— < G=10 (31 ==
el

it {30} therefore expresses the elfect in the global solution of the error in satisfying
the Neumann boundary condition.

2.5 General stabilized transient form

The stable form of che transient balance equation is obtained by substituting eq.(22)
into (Ta). For consistency with previous section let us asswme now a linear variation of
@ within the balancing domain giving

g h . O (dat+dp _a . hdd -
= . dla)de = o (—2 h = 5\ 3. fi (32]

In the derivation of eq.(32) use of the first order approximation ¢4 = ¢p — .’LS"HH
has been made. Also as usual wp = » has been taken. Combining eqs.(7al, (21} and
132} gives after simplification

h hof v J )
A, Y Y LU - .5:
ot gaz\ ot (i)

It is inleresting to note that eq.(33) can be casted in the same form (233, e,

" h af_ I'.-ﬂ 5 \I
o e — N Inh
2 1

wilh

r=v—_——7 {34l



Obviously a simpler form of eq.(33} can be obtained by neglecting the time derivative
willin the stabilization term, giving

dd h dr :
i L LI (35)
ot 20zr
2.6 Equivalence with characteristic and Lax-Wendroff approximations
The explicit forwad time integration of eq.(33) reads
At dr .
A= "— |r —Tu— ( 3thar)
i i

where Ag = ¢ — @™ and & = 27u has been taken.

Let us eompare eq.(36a) with the well established “characteristic ™ and Lax-Wendeofl
approximations, The diseretized equations in time for these two procedures can be
expressed in identical form for the 1D case as [3,21,22.23]

Ad = [56h)

e I e
2 ar

At At dr
4

The equivalence between above two expressions is evident. In fact both equalions
are identical if the intrinsic time 7 in eq.(36a) is taken equal to half the time increment
within the brackets in eq.(36h). The different meaning of the two time inerements
appearing in characteristic approximation schemes is now clear.

A simpler form of eq.(36b) neglecting the diffusion flux in the balancing derivative
term 553 18 typically used in the FEM with linear elements (3,11, The full expression of
0. {24} is however necessary if higher order approximations are chosen as pointed ont
in [11],

2.7 Equivalence with the Petrov-Galerkin FE formulation

The standard Galerkin form for the FE solution of eqs.(23) and (26) iz equivalent
to the so called stabilized Petrov-Galerkin formulation. This equivalence is shown next.

Let us construet first a finite element discretization {1} of { with index e vanging
[rom 1 to the number of elements N,.. The standard interpolation within an element. ¢
with n nodes can be written as [3]

p~d= Z N, (37)
=1

where N; are the element shape functions and ¢ are nodal values of the approximate

fintetion . Substitution of eq.(37) into egs.(23), (9) and (26) gives

. hdr
o Crraa 0<x<l Ty
i

il



=1y in x=10 {380

n.'rJ h . I
—mw - F. e —|— iq— EI = Ty in o= {38c)

where © = r{¢) and rp, vy and vy are Lhe residuals of the approximate solution in the
domain and the Dirichlet and Neumann boundarics, respectively.
The weighted residual expression of eqs.(38) is

! — = e
fu Wrdit+ Wrgly—y + [Wrpleeo = 0 (39a)
or
. . " 1o o o ;
/ LT [, I L W — Vg =0 (390)
A0 2 du o 20/ |y :

where W, W oand T are appropiate test functions. As usual W oand W are assumed to
be zero on the Dirichles boundary at @ = 0, which implies satisfaction of the essential
boundary condilions "i|

A simple intepration by parts of the term W& ”r'_T, in the integral of eq. {390 leads Lo
I g VT P g i

1 hdi he .. -, . di Y .
j W BB e w0 (i 528 = B =0 {(d0a)
0 2 el e ’

2 dx J 2
Choosing now W = —W and recalling that W =0 at & = 0 gives
¢ fo dWW A
f g w Feda: — |W | —vug + & d—” + g s=:f) (0]
2 ¢lm J G '

Fxpression (40b) provides the fnal systemn ol equations by making W = W, with
index ¢ ranging from 1 Lo the number of nodes in the E mesh. Note that by choosing
Wi = Nj the standard Petrov-Galerkin form used in FE analysis is recovered [3],

lutegrating by parts the advective and diffusive terms in the product Wi of eq.(40b)
and recalling apain that W =0 in & = 0 gives linally

Cd{ug)  d o dd]
i [ R L
| dx \ dn

- ! o Y
e P

il da e Jn 2 da
Ly dW
e / WQdz — a[W;+ ,’--—Qu'-,{: =1 (40¢)
)2 eln !

11



With W, = N, and h = Zru the one-dimensional version of the so called Streamline
Upwind Petrov-Galerkin (SUPG) formulation is readly recognized [1]. Also note that
for fi = 0 the standard Galerkin form is recovered [3].

REMARK 8

The choice of the length f/2 for the balance domain next to the Nenmann boundary
appears now necessary to ensure the vanishing of the Lerm Wi on the Brondary,
thus recovering Lhe standard Petrov-Galerkin formulation [3]. Recall that the value
g coincides also wich the distance traveled by a particle for a value of the intrinsic time
T=.

REMARK U

Integration by parts of the advective term in the expression of Wi is not necessary
if only the diffusive ux is prescribed al the Neumann boundary. The first integral in
Lhe Lh.s. of eq.{40) 15 now given by

of e e i
f_ H"vr {ucq.;] + i'[r—ﬁi:@ i {4 L)
I da da

whereas all remaining terms in eq.(40) remain unchanged. Note that the final syslem
of equations is the the same in both cases.

REMARK 10

A consistent Petrov-Galerkin expression can be simply obtained for the transient
case by starting with the stabilized transient form {34a).  The resulting integral
expression is identical to eq.(40b) with the residual including now the Lime derivative
term as in eq.(34b).

REMARK 11

The second integral in the Lhs, of eq.{40c) can be expressed as

LhdW [ dlug) o [, d o hdW [ dlud) A dg o
pe [ - (k2 o= Y [ S v - = (R [ de
/IJ 2 i [I i da \ - da da ZE‘ 02 de | de i ;uf::r) e (41b)

where the sum extends to the all elements in the mesh, Clearly the v.hs, ol eqdlb)
allows Lo use O continuous FE interpolations while preserving the consistency ol Lhe
method,  Obviously the same elemental splitting can be applied to Lhe stabilization
integral affecting the source @ in the r.hs. of eq.(40c) although this is uot strictly
necessary to allow for € continuity. This elemental form of computing Lhe stabilization
integrals is widely used in practice [5-7,10-12,15-19,24,26,29|.




2.8 Global conservation of flux

Consider the case in which the Lotal flux is prescribed at @ = 0 and & = . The
weighted residoal [orm (39b) 1 now given by

! fh et dep b
W #— 2" ) da+ |W | —vud + 822 4 go— ¢ gD
f(e-gg) o [ (i),

X [W ( :/..uq.'TJ + f.:% -+ gf) | - =1

where gy and g are the prescribed values of the total incoming and ontgoing Huxes al
=0 and x = {, respectively. Following the same inlegration by parts of Section 2.6

gives after setting W = W = -
LdW v, dW de b d W c.'f{r/'u.qB"I el dep
= {7t S f W = — | k= i —
./n l i Rl dix rff.;.r'] 2 dr { il di r.ﬂ.’e:J i (43}
. . hdW o
= -/[ | Wdde — qo[W g — q[W]; + j ——QEJ.L
Ll us chose now W = 1. This gives
i
/U @iz +qy— g =10 (d4)

which confirms the conservation properly of the case assumed.,

3 TWO DIMENSIONAL ADVECTION-DIFFUSION PROBLEMS

3.1 Basic stabilized equation

The concepts of previous section will be extended now Lo the solution of the
advection-diffusion problems in a bwo-dimensional domain © with boundary T Tet
s consider a finite rectangular domain of dimensions by, and hy in directions @ and g,
respectively, Both the advective and diffusive fuxes are assumed to vary linearly along
the four sides {Figure 4}, The Aux balance equation will be obtained nsing the following
Taylor expansions:

diffusive term: third order expansion
advective term: third order expansion
souree termm: second order expansion
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Figure 4. Balance domain for 20 adveetion-diffusion problem, Advective and diffusive
Muxes are assumed to vary linearly along the sides

The balance of [lux across the lour sides of the rectangular domain of Figure 4 gives
after some algebra (see Appendix 1)

ha dr hy dv
i i = 43
20 28y (43)
r=—vVIt+ VI (DV$ +Q (46
where
£ = [, ve]” (47)
is the advective Hix vector,
AT
a i
(4 2| (48)
dir Dy |
15 the gradient operator, and
o 07
T [ 9)
[ 0 Fy (49)

is the conductivity matrix. For simplicity @ and y are assumed to coincide Lere witl Lhe
principal axes ol material orthotropy. In eq.(46} » is Lhe advective fux parameter which
will be assumed to be constant thronghout the domain £2 (v = pe for thermal convection
problems). Also as usual the velogities w and ¢ are taken as positive if coincident with
the direction of the global z and y axes, respectively.

14



Eq.(45) can be rewritten as

1L
- ihf Vr=0 on (50a)

witli
= T "
h = [he, hy] (508)

The boundary conditions are written as
p—gd=0 on F;;‘r (51}
whoere ['y is the Dirichlet boundary, where the variable is preseribed, and
Tug+nTDV + iy — shlnr = :
—vnt ud+n p+qn — zh' nr = ( on Iy (52)

where gy is the preseribed total flux across the Neumann boundary Iy with I' = 'y ULy
and n = [y, ny]? is the normal vector,

Liq1.{52) has been obtained by balance of fluxes in the boundary domain of Figure 5
following the same procedure of the 1D case previously explained (see Appendix 2).

DE=zh,
DF=2h,

Figure 5. Balance of fluxes in a two-dimensional domain next to a Newmann boundary

Note that the advective form —vn’ ug is dropped in eq.(32) in the case when only
the diffusive flux across the Neumann boundary is prescribed.

The stabilized transient form of eq.(41) is obtained using the same arguments of
Section 2.5 for the 1D case (see Appendix 1)



with the initial condition ¢ = ¢y at time £ = ;.
The standard differential equations are simply obtained neglecting the atabilizing
ferms in eqs.(50)-(51) (Le making b = 0) which gives for the steady state case

g2 on 5
b—=10 on I, (54)
—:/nTur;'J e nTD‘FqEJ +. =10 on 1y

The extension to three-dimensional problems is straightforward and identical
stabilized expression are obtained,

3.2 The concept of intrinsic time in 2D advective-diffusive problems
It can be further assumed that fi = hcos e and hy = hsiner, where e is the angle
which the velocity vector u = [u, v]7 forms with the global 2 axis and the distance
2 ¥ AR i F . 5 . . .
ho=(h2 + 22 is the characteristic length ol the 2D advective-diffusive problenm.
& II. . - j o4 b = a
The stabilized governing equations (50) and (53) can now he written as

Steady state

ho ;
r— ?,—l-urvr.r- ) (550)
T LI,

Transient
e oo chels

W s ey TG P —7] =1 {556)
it 2|u it :
In the derivation of eqs.(55) nse of the identitics sine = |1[:| and cosre = = lias

been made.
The nlrinsic time in 2D advective-diffusive problems is defined now ag [5]

T — F?I |r'—E-|
T 2|ul b

With this definicion eqs.(35) can be rewritlen as

Steady stale .
r—rul Vr =0 on £}

Transient

b : il :
Ve =1 — ' ¥ (rf—' —-r|=10 on £ (370



o’ ug + HTD‘Fgﬁ: + Gn — rulnr =0 on Iy (58a)
or ,|'
—vnlud +n' DVE+ §n — iurm' =1 on 'y (580)
u

3.3 Equivalence with characteristic and Lax-Wendroff approximations

Let us consider the stabilized transient equation (57b) neglecting for simplicity the
efect of the time derivative in the stabilization term. A simple forward inlegration in
Lime pives

XKp= E {r — 'ruT?f.r‘] : (59)
15

The characteristic approximation for 2D problems is (22

AL
.'jtl'lﬂ- ||T|:

n
r—=—1 Vr} (G0
The equivalence between eqs.(59) and (60} is obvious i the time increment Af
between Lhe brackels in eq.(60) is taken to coincide with hall the intrinsic fime 7 as in
the LD caze.
The same equivalence can be found with the Lax-Wendrofl approximation in two
dimensions which can be expressed in a form identical to eq.(61) [1,21].

3.4 Equivalence with the Petrov-Galerkin and SUPG formulations in
the FEM

Substituting the finite element approximacion (37) into eqs.(35a), (51) and (58b)
Eives

h T
Ff——u V¥ =7y in 0 Gla)
2|l L o)
¢ — = 74 on [y (610)
e - 5 i}
—vm’ g n! DV + it — ﬁuTnf- i on [y (6le)

where ¥ = r{¢) and rg, rg and vy are the solution residuals in the domain and the
Dirichlet and Neumann boundaries, respectively.
The weighted residual form of eqgs.(61) is

s b - o ﬂ b )
j / Wis— L ! V] d + ] W (—-ynl e + HTD?Q"J + i — T{_ LlTn?‘) dl”
0 2[u r, 2|l

+ / W(é - §)dl =0 (62)

Iy
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where W, W and W are arbitrary test functions, As usual W = W =0 on 1"y will be
assnmed, thus implying exact satisfaction of the essential boundary conditions ab the
Dhirichlet boundarey.

[nbegraling by parts the term including Vi in the first integral of eq.(62) gives

¥ ;
j / W+ ——ul VW | #dQ — T il -
Jn 2| r}|u|

(63)

B - - . oo

-+ f W (—afn? u¢gh + n? DV + g, — %uIm-) dll =0
r, 2|ul
Choosing now W = —W and recalling that W = 0 on I’y gives
/jﬂ (L’ 1 —u vw) Pl — fr W (—vnTug+ 0" DV + G )dl =0 (64)
i

The discrete system ol equations is readily obtained making W = W; with ¢ ranging
[rom 1 Lo the number of nodes in the F'E mesh. Choosing now W, = & the Petrov-
Galerkin form widely used in FE analysis is recognized [3].

[ntegrating by parts the advective and dilfusive terms in the product W ol eq.(G4)
and recalling again that W =0 on I'y gives

I f ~(VTW )t + (VIW)DV4] a0 + f[ —nT vw [Tt - V(DY) e =

v % : " f.l, i L . d 52 : -
= [ waaa+ || s (VW)Qd0 /{Iﬂ W gl (651

where £ = ff rp:] With W; = N; (¢ = 1, N.) and h = 27|u| the well kuown Streamline
Upwind Petrov-Galerkin (SUPG) expression used in FE computacions is obtained [3,5),
Obviously the same argmments of Remark 11 can be used in this case to allow for
continuous FE interpolations.

An identical expression to eq.(64) is obtained for the transient case i the Lime
derivative term is included in the residual similarly as described in Section 2.5 [or Lhe
1D case.

CONCLUSION

The Galerkin solution of the stabilized problem governed by eqs.(62) 12 equivalent
to the Petrov-Galerkin (PG) and SUPG formmlations of the standard problem posed
by eqs.(34). The well known stabilization properties of the PG and SUPG approaches
would therefore carry forward Lo the Galerkin solution of the (equivalent) new stabilized



problem. In addition a meaningful interpretation of the stabilization terms has been
obtained. Also note that for i = 0 the standard Galerkin form is recovered.

REMARK 12

The integration by parts of the advective terms in the expression of Wi s not
necessary 1 only the diffusive Hhux is prescribed at the Neumann bounedary, The frst
inlegral in the Lh.s. of eq.(65) is expressed now by

/ W E 4+ (VWD (665}
S8 :
whereas all remaining terms of eq.(63) remain unchanged. MNote that che final system
of equations is Lhe same in both cases.

1L is also easy to verify following the procedure of Section 2.8 that global conservation
of Huxes 15 satisfied.

4 STABILIZATION OF FLUID FLOW EQUATIONS. BASIC CONCEPTS

The same concepls of previous sections will be applied now to derive Lhe stabilized
form ol the poverning equations of finid mechanics. The basic idea 15 to apply Lhe
slandard conservation equations of fluid flow derived from Newton's sccond L, Lo
Lhe momentin equation

b = g} . /l. gl = | /1 { pu_‘]uTrIA (67)

toa finice control domain.,

In eq.(67) b is the vector containing the total forces acting over the contral domain
with volume V bounded by a control surface with area A Obviously in the steady stae
case the time dertvative 15 zero in eq.(67). The equation of conservation of mass can be
viewed as a particular case of eq. (67) with b = 0 and pu = p, Le. the convected lield
is the density of the fluid.

[n ardder tooelarify coneepts len us consider the soalionary Qow balance eonatinn over
an one-dimenszional duct segment AS of length b with x5 = 2 and 2, = = — & awl
trangverse cross section of area A (Figure 6). The application of eq.(67) to thiz simple
Case 18

Np+ jL" bV — N g = Alulpullg — Alulpe)] 4 (i8]
where Ny and Np are the viscous axial forees acting at the ends of the balance domain

and & are distributed axial forces, Note chat in (68) Ng = N{z) = N, Ny = Nz - W)
and the same applies to the term u{pu).
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Transverse oross section

iy B
[a(ou)] . [u(pu))
% e

o

Figure G. Duet segment where balance of momentum is imposed
The following approximations can be made

AN R 4N

Niz—=h) = — e —— - 3
N{z—h)=N(z)—-h 5% + 7 2 O(h™)
. LA h? d? .
[w{pw)](x — k) = [ulpu)|{x) — f.r,ri—['u.{,r:ru]] + ———[u,lfp:ﬂ — O(R™) (69)
j Aj 2 .
j bdV = — a[hl':::::l bw — h)] = Ahb{z) — _&@ - O(h?)
v 2 ’ 2 dx

Substitution of eqs.(69) into eq.(68) gives alter simplification

fi ey e
with
) el
pricen ——[rn(pu} + p| + —( E) + b (71}

In the derivation of eqs.(70) and (71) use of the constitntive relationship N =
A (It.s iijf — p] where p 38 the fluid viscosity and p is the pressure has been made, Eq.(70)
coincides with the standard 1D momentum equation when & = 0. The distance h iz the
characteristic length ol the stabilized fuid flow problem governed now by eq.(70).

Let us chose now a segment of length £/2 next to the duct exit and where a traction
force 18 applied (see Figure 7). Using similar arguments of Section 2.4 leads to the
following stabilized form of the Neumann boundary condition as

p.f—;“' R J;—li =0 on =1 {72)

where N is the applied traction force at the duct end.
The transient form of eq.(70) can be readily written using eq.(67) as

dpu) . ;d; (rﬂ{ﬂu] ) ~0 (73)
2

ot il
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N, A b{x) B N
. === — == =] =
[a(pu)] . | [mtew],

A d ——p
e

Fipure 7. Balance of fluxes in a doct segimenl nexch to o Menmann boundary

In the derivation of eq.{73) use of the same arguments of Section 2.5 to cvaluate the
time derivative integral has been made.

Similar arguments can be used o derive the followine slabilized forms of the
equations of mass and energy conservalion,

Mass conservation:

dp  dpu)  hd g O i
=—- e | e = 4%
it i 28x \ da: g

Energy conservation:
dipE] g h @ (E?{ﬂ?‘?} e . (75
ot BT 200\ o 2 o

with
! rJU.' i ;
T = I’pL o)+ o k— + rn;x,r = () i
3 x \ D

Ineq.(73) the quantity I represents the total enerey given by the sumn of the thermal
and kinetic enerpies
: " 1 /
B =T 4 guz (77

where T'is the temperature and g, represents che heat capacity ab constant volume. For
a thermally and calorically perlect gas the relationship between pressure, density il
temperature is given by the universal pas law
p=phf {78)
where 1203 the gas constant. The quantities € and & in eq.(76) represent the disteibuted
heat source per unit volume and the thermal conduetivity, respectively,
Above equations have been derived for the peneral case of an one-dimensional
compressible Huid,  The partienlar stabilized forms of cthe momentum and  mass



conservation equation for an isethermal incompressible flwid (p = constant) can be
easily obtained as

Maomentum B b Sy ? e
e — —— e TP — 3
P o 20z \" 81 c
wikth 5 5 3 5
7 g i
e ] R i R — ] -k a0
) Pow 0" Bz (ﬂi}m) 3 (80)
Incompressibility <
du  hd*u -
— - =0 (81)

e 29l

These equalions are completed by the stabilized Neumann boundary condition (72)
and the standard Dirichles condition of preseribed velocity at Lhe entry point.

5 EXTENSION TO TWO AND THREE-DIMENSIONAL FLUID FLOW
PROBLEMS

The extension of the ahove stabilization procedure to two and three-dimensional
fluid How problems is straightforward. The basic principle in all cases is the satisfaction
of the balance equation in a finite domain assining a third order Taylor expansion
for the convection and viscous terms and a linear expansion for the body forces.
The resulting stabilized expressions of the governing equations for compressible and
incompressible Huids will be shown next,

5.1 Stabilization of compressible flow equations

The proposed stabilization procedure leads to the [ollowing conservation form of the
three dimensional mass conservation, momentum and energy equations 3

| v 1 a v ‘
| SHE . [T e = k=123 82)
| o T B (at ) | (
where .
v = [p, put, pug, puy, pB]’ (83)

is the vector of unknown variables, where as usual 7 is the density, w; is the velocity in
the ith direction and F is the total energy. Also in eq.(82)

of;  Ogi

= S . &4
dr; g q (84)




where

£ = [pug, puyg + dygp, puan; + dagp, pusig + Sagp, g pfs A p}f? (85]
defines the convective Hux vector and
a7 s —
g = [0, —715: =Ty —T34, —ki— — Tijthy . (B
g ;
defines the diffusion fhixes, Finally
_ . T Faes
q= “1‘II by, —hg, —by, _Ir‘li.”"r - {J] (37)

gives the source terms due to body forces pf; (1. gravicy forees) and a distributed heal.
source ). In above p is the pressure, T is the lemperature, £ is the total cnerey and
Tij are the viscous stress components related Lo Lhe velosity gradients by

Bu;  duy 280uy L
gy D0 Oy 2B 88
i (Fj‘;r:j- l Oy By, (88)

The relakionship between pregsure, density and temperatnre is given by the nuiversal
gas law eq.(78). Matvix Hy appearing in Lhe stabilizing term of e (82) can be oblained

fEh]
[
i, 0
Wk
H* = B ; k=123 (80}
i .
0 fiy
In above h.;lj._ B, BL, i=1,2,3 are the dimensions of the right prism where mass,

momentum and eneregy balances are enforced, respectively, Note that for Hy = 0 the
standard conservation form ol Lhe compressible How equation is recovered as

v el o
TR k=)
ie. R N A (908

ot O iy

23



5.2 Definition of characteristic lengths, intrinsic times and stabilized fraction
boundary conditions
The following characteristic lengths for each of the five equabions governing mass,
momentbum and energy balances can be now defined as

by = [hy| with  hy = [."xlllg., h?.], f.'.?;JT (L}
ho = [y with by =[h, A2, BT (91h)
he = he|  with b = [h!, h2, 21" (91c)

It will now be assumed that the characteristic length vectors hy, hy and he Lave all
the direction of the the velocity vector u = [uy, us, u_-g,]T, Thiz allows us to express
matriz Hp as

i h.p I.-}
7 o
HY = “fH  with H= b (02)
[u i
i

0 Al

and the stabilized equations have now the following form

av U o fox
av g8 (9v _ _— BEY
ot T 2| Ay, (1".”- r) o

The intrinsic time [or each of the balancing equations can be defined az

h h It
o _ T =1 i %
= v i W W4 (94
P 2ul’ T 2| “ 7 2u|
Eq.(93) can be rewritten using (94) as
:':jv —r— T 'U-k,-i d—v —1 | =10 (a5}
ot s i it
where the inlrinsic time matrix is
Tln ﬂ
® T.'.J.
._T] — Tug llr,”.JI
Tt
0 T

Similar higher order balance concepts can be applied to a finite domain next to o
Neumann boundary Iy where tractions t are specified (see Figure 8). The resulting



stabilized form of the traction boundary condition ean be written as (see Appendix 4)

I |
Mg — t — in]"hurm =0 (97)
where nis the normal vector
= { ; il tiia
o = [o11, 022, 733, 012, T13, O23] {98a)
willi
i = Tij — Py (086

n,. 0 0 ny, n: 0
M=1|0 n, 0 ng 0 ny {99
U ” ”: ” “'.I' H”

o

and ry, contains the momentum equations, Le. the rows 2, 3. and 4 of vector v ol
o) {84},
Eig. (97} can be rewritten in terms of the characteristic length by, using HEEN RS
and (92) as
1y ¥ Y )
Mo -t — —~~’~inrurm =0 NI
iU

Indeed for boundaries where the outgoing heat flux is specified the stabilized form
given by eq.(52) should be used.

(av)u, |

2h,
(puju !
e A
Ox o} S5
(pviul 7| hy L, k"“;-_
TXy b= |p 7
A Txy| 2n
u/ * e
= 1U¥

flov)v

Figure 8, Flow domain next to a Neumann boundary where surface tractions are preseribord

i



The equivalent stabilized equations (82], (93) and (95) are the basis for the numerical
solution of compressible flow problems using FD BV, FE or FP procedures. As usual the
time integrabion can be performed prior to the application of any spatial discretization
scheme,  Negleeting the time derivative in the stabilization term and using a simple
forward integration gives the following equivalent expressions

_ g BE T Wpo B 1™ BT e
Av=34tl lr—_H'—| =AaAf|lr——H_——| =4 |r—[rlupg—— (101
277 fuy, 2lu|" Gy, dury, |

; -L 7
where Av = v?*T1 — 7,
The analogy of above expressions with the characleristic approximation and the

Petrov-Galerkin scheme is shown in nexl section.
REMARK 13

The assnmption that all the characteristic length vectors are oriented in Lhe divection
of the velocity veclor u iz not strictly necessary., Other possibilities ean therelore be
explored, starting with the basic form of the stabilized equation (82).

REMARK 14

The dertvation of the oplimum characteristic length {or the intrinsic time) parameter
for each of the governing How equations is usually based on simplified analogies with the
one-dimensional advective-diffusive equation [3]. An alternative procedure is sugpested
in Section 5.

5.3 Equivalence with the characteristic approximation

Note that eqs.(82), {93) and {95) involve a dillerent characteristic length or intrinsic
time scale for each of the governing differential equations. A simpler form can be
derived assuming hy = hy = he = h, ie. the balancing domain is taken to have equal
dimensions for each of the governing equations. The equivalent slabilized egs.(82), (93]
and (93) can be written as

i_: T %fﬁ afi (?; B r) =3 (1020
dv h i v .
E}E T — m?}lkﬁ (m == I‘) =) (lu'_l.h}
dv d v

. T ] = = i {124
ar T they N\ ot i v (H2e)

where |
h = |h| with h= l-"-'«l, h21 h.]:j"
h (103)

HF = rF1; and 1=
2|ul

2f



where I3 is the b x 5 unit matrix.
The explicit integration of eq.(102¢) gives (neglecting the time derivative in Lhe
stabilization term)

Jr ]”‘ (104)

A = Al [r — Tl —
T

Following the arguments given in [11] the characteristic approzimation of the
cornpressible Navier-Stokes equations can be found as [3,22,23
At Or ]”’

T (105)
T3 Mﬁ;uk s

ﬂw:&t[

The equivalence between above two expressions s clear if the time increment
between the brackets in eq.(105) is taken Lo be equal to twice the intrinsic time T
of eq.(104). Therefore any of the two approximations can be used as starting point for
the spacial solution nsing a standard Galerkin FE scheme. Indeed, the more general
expressions (102} can be uged to derive a (possibly] more advantageous alternative FE
scheme.

5.4 Equivalence with the Lax-Wendroff approximation

The explicit, time discretization of the standard compressible Qow equations can be

writben as
PAN A

4 diry
where of
i .
L= — 10061
.t'-‘ik lf}"-" [ 06 J']I

Note that the form of egs.(104) and (106a) is very similar. The full equivalence
oceurs only if the time increment between the brackets in eq.(106a) is twice the intrinsic
time of eq.(104) and the gradient matrix Ap = wyls, where Ty is the 5 % 5 unit matrix
and wy 15 o constant veloeity, This coincidence is unusual and, in general, the numerical
solution of eqs.(104) and (106a) will be dillerent [1,21].

5.5 Equivalence with Petrov-Galerkin and SUPG finite element forms

Let s assume now a standard FE approximation written as
Vo= E Ny I:l[:"r:"

where v; are nodal values of the approximate solution ¥. Substituting the FE



approximation {107) into eq.(102b) gives (for the stationary case)

I — ;-fl—u,g,_d—l =rQ in £ (L&)
2| "y
where I = r(v).

For simplicity isothermal conditions will be assumed.  Also only Newmanno
boundaries I'y where surface tractions are specified via eq.(100) will be considered (Lere
for simplicity fi, = b will be taken)., All other boundaries will be assumed to be ol
Dirichlet type where the essential boundary conditions in velacities are exactly satislied
af element nodes. The weighted residual form of eqs.(100) and [108) can therefare be
writhen ag

fl {:]i' ; | — = Jill T ] R i
Wil i B [ ey / W Mo —F— - nTus | 4 =6 109
j.ﬁ-'! [I 2|u ”kf:?.’.':l;i: L Ty l i E|u'Il R \109)

o

where T excludes now the energy equation. In eq.(109) W and W are disgonal matrices
containing arbitrary weighting functions. Integrating by parts the term involving %
m the Arst integral of eq.(109) and making W = — W3 where Wy containg the rows

and columns 2, 3 and 4 of matrix W, gives after some simplifications

- b oW ; o
/_ Wk i, 2 ) ) — f WMo — £)dl = 0 (110)
0 2l " Oy, ['¢ ’

The diserete systems of equalions is readily oblained making W = W,. Choosing
now W; = N5 in eq.(110) where I5 is the 4 x 4 unit macrix, the standard Pecrov-
Galerkin form nsed in FID analysis is [ound [3]. Again the argnments of Remark 11 can
be now used to allow for C, FE interpolations.

An identical expression to eq.(110) is obtained for the transient case if the time
derivalive terms of eq.{102b) are included in the residual.

5.0 Equivalence with Laplacian pressure operator schemes

It is interesting to note the equivalence of the stabilization procedure described
above and numerical schemes based on the stabilization of the continuity equation Ly
adding a Laplacian pressure operator [3,11,22,23). This equivalence is shown next for
the steady state case.

Let us rewrite the stabilized form of the continuity equalion nsing eq.l102e) as

O ) o & A pug) 8 —
Ry T W P = | |
Br; P Rr, \ B s
where 7, = g_h;r:—l [t i5 easy to prove that
g (8lpu)\ _ 0 N pui) y  diy, d{pu;) (1123
T iy, L ; divy sy



The original momentum equation can be writhen as

() R ;i : 5.3 : o
E(;;-aJ.j-f;..é + i) - EJ: ~afEn  EP=18 (113n)
ar E E -
it Glpw) o dp Ty

o ] L s Ji Fa
iy e e + sy — = —pf; =10 REBLY

LAt ihits; g g i dry  dry ol '

Dillerentiating this equation gives
] Al pu; ) D GGy Py D g i
- -”_j.. I_El”_"'}) — _d,j_l“_—]r - Iipuijl ..... "il. _|_ - __IL 1 I—[LIU J} = 1{J I:._J- L:lj
d ; o g .;?:ri i\ dx; duidey  dxy

Substitubing eqs.(112) and (114) into (111) and neglecting Ligher order terms such
as those underlined in eqs. (112) and (114) gives

N prug _ 3, N
M L A — Th—{pf =1 )
hi; TR P e (efj) J

where A = (W - b‘],rz) ia the Laplacian operator and the last termn of equi115) 15 due
to body forces, Assuming these to be uniform gives

M puag )
s

+ '|ﬂ||';;'ﬁhp = ':'-I | |.].:|

i.e.  the stabilized form of the continuity equation (111} can be inlerpreted as Lhe
addition of a Laplacian pressure operator Lo the original mass conservation equation,

Eq.(116) naturally alzo holds for the case of constant density {incompressible flow)
apving sirnply

iy Ty : ——
— + LApn=1{( (117]
az; * p ¥ Ll

Clearly eqs.(116)-(118) are advantageous to derive FE schemes uzing equal order
interpolation thus cirenmventing the LBB condition in the limib incompressible case
3,11, The equivalence between egs.(111) and (L16) opens varlous possibilities for

deriving alternative div-stable F'E schemes where the advantages of the new atabilized
form can be exploited.

6 STABILIZATION OF INCOMPRESSIBLE FLOW EQUATIONS

Assuming the How to be isothermal and the density to be constant in eqs.(102) gives
the following stabilized form of the incompressible How equations.
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Clontinuily equation.

du; h‘;k, d (Ex‘ui
etiio. AL SRR il Lh IR ) 118
dr; 2 Oy 51.',-) (118)
Momentum equations
du 1.3 ¢ [du
ﬁ? =Tm — EH:;FE (E e I'm,) =0 “-IH}
where
u = [uy, us, u;gET, Hf‘;F = h:’:l;g
. 1 1 o 120
Pi = ~["C'ur]u - =-Vp+ -LTe + b k130)
p p
wilhi .
b=l ho sy =2 2 2] (121a)
TN, Sariied 3 T oz oyt 0z ®
N i/ (0 0 didy dfoz (0
Lf=| 0o @&/my 0 @8/ 0 89z (121h)
] ( d/0z 0 djdx  0/0y

and the expression of ¢ is given by eq.(98a).
Fgs.(118) and (119) can be rewritten in terms of the characteristic lengths and the
intrinsic times by using the following expressions

" h

k ;

= 2134 Uj = THtp (122a)

o e s gy (122b)
u 2ul k uhtf =

Note also that the stabilized continuity equation (118) can be replaced by the more
standard equivalent form (117) obtained using the same procedure of Section 5.6.

7 HIGHER ORDER STABILIZATION SCHEME
7.1 One-dimensional advective-diffusive problem

A higher order stabilization scheme can be simply derived by using higher order
expansions in the aproximation of the fux and source terms in the balancing domain.
For simplicity let us consider first the one dimensional advection-diffusion problem. The
balance equation over the typical segment AB of Figure 1b ¢an be written following the
notation of Section 2.1 as

h

h
t;l[:f:}—f-—u[u.r,f}][I}—q{.’r:—f?.]—t#[urﬁl]{:{:—h}——g [r;g{x] + 40 (;r.‘ - E) + Qx - h.:l“ =) 123)

30



In eq.(123) a quadratic distribution of the external source ) has been taken.
The following expansions can be wrilten

dg  h? dg a’.: dy " ht ddg

(= h) = glz) — L
N w =t =R har s = o 2-—Lr.i'li4+U{F:I

[ug](z — b) = [ug|(z) — h——= d MJ f if}[;f;] — %Ldi—z[;};l ;L—lld;[;f Ly O(h?)
(124}
Qa-D) =) - 202 LG _BEG o
Q-1 =Qw -ni2 L LG _ELEG_ 544
Substituting eqs.(124) into (123) gives after some simple algebra
hdr W2 % B3 @By (125)

T Odr T B4 Mg

where 7 is given by £q. {2-1}, Note that eq.(125) incorporates naturally the higher order

g i 3
stabilization terms ’%« j‘—"'? and ‘rﬁ%

The higher order stabilized transient equakion can be expressed in identical form
to eq.[1253) simply by including the time derivative term in Lhe residual as shown in
eqs.(34],

Fa.{125) can be expressed in term of the intrinsic time scale simply making i = 27w,
This gives

e 3,
d2d7 Lggdv (126)

A simple stabilized transient form neglecting the time derivative in the stabilizalion

Lerms s

3{.-; 1’1{'{' ‘_ 0o Lﬂ 1 1 g3 I’}.ra?'
Y= — o Tr— — — oy + =T —— =] 127)
ot TV de? 3 s 2t
The explicit time integration of eq.(127) is written as
Ad dr 2 9 g d*r 1 9 9 37"
A= — ¢ ~Tu—+ 70— - v’ — 128)
PET TR TS dz? 3 d:::E'J )

3l



Similar ideas can be used to derive higher order stabilized forms of the Newmann
boundary condition.

7.2 Analogy with stabilization schemes based in adding second and fourth
order diffusive terms

The stabilization term involving the second derivatives of the residual in eqs.[127)
is usually not taken into account in FD, FE and FV schemes [1,3]. The reason for
neglecting this term is that it appears muleiplied by the square of the velocity. Here,
this term is unable to capture the effect of a sign change in the velocity field. The
resulting stabilized equation invelving first and thivd order derivatives of the residual is

hdr B3 dPr
gn e T PRI 125
4 Qe 4 dpd { }

Eqs.(129) can be interpreted as a peneralization of the standard stabilization
procedures based on adding second and fourth order diffusive terms to the original
equation [1]. Indeed, taking into account the convective term only in the residual
derivalives in eqs.|129) gives

hd?(ug) b2 dug)

= 130
2 e 24l ) (130)

The analogy with a number of similar stabilized FD and FV schemes widely used for
advective-diffusive transport and high speed Bow situations is now clearly recognized [1].

7.3 Higher order stabilization of the two-dimensional advection-diffusion
equations
The extension to two dimensional advective-diffusive problems is straightforward.
For this purpose a quadratic variation of the fluxes along the sides ol the rectangular
balancing domain of Figure 3 iz assumed, Following the procedure described in
Appendix b gives

r—Vlr 4 Vi - Vi =0 (151)
where as nsual v is given by eq.{24) and
: 1T
1 T [g &
Lo P E 4 SO PR T o O [ /i :
L TER 2h L% with h = [hy, hyl", V |52 By (132e)
2 o2 o he 52
Pl e ey O Mg O (1325)
6 da? 4 dxdy 6 dy*
B PR 2 =3 2 a3 3 g3
v;; = fﬂ% ° th-wh-y 7, 0 -'rl-;r.'h-y d "I"Lr i} (132¢)

T 24 ggd 12 dx’dy 12 9zdy? " 24047



The transient form is idencical to eq.(131) if the residual is defined s noegs.(54)
{see Appendix 5). A simpler transient expression neglecting the time derivative in the
stabilization terms is .

2 : o
P — T~ Vi =10 (133

The explicit Lime integracion of eq.(133) gives

Ay = ——[r' - Ve 4 V2 - VP (L134)

A similar process can be followed Lo derive higher order stabilization schemes [or

the fluid mechanics equation.
7.4 Analogy with the Subgrid Scale and Galerkin-Least-Square forms
Let us consider the following stabilized form of the one dimensional convection-

diffusion equation obtained by neglecting the A% stabilization term in eq.(125), Le.

- hdr h? d*y PR
= EE + ?F =10 (135)
This equation s completed with the Dirichlet boundary condilion {9) and the
stabilized Neumann condition given by eq.(26).
The Anite clement solulion of Lhese equalions will now be atlempred.  For Lhal
purpose the following weighted residual form will be writlen

J e 2l T i Lo -
/[} W ['F - ﬁd—F - h—%] i+ [H’ (—um.ﬁ —k ri_r; + i — %?)] HWih—d)]y = 0 (156)
: el i i

where ¢ = v{d], ¢ being the approximate funclion (vis cg.(35))

As usnal W =T = 0 in the Dirichlet boundary is now taken. [niegrating onee by

parts the term ‘[fo'—}i‘.zﬁ and twice the term W ifn—ig gives after choosing W = — W

1T W Rt W L
/ | W + Agh -+ 2 ];:E ] Fdn— lﬂ-" (—u-u-f_e'J -+ k% 4 ffﬂ +
A1 el 14

L 2 eder G el
e A7
L o L I O
[§] il e | i ;

SR PrEES] A7) provides the system of equations in the 'R zolution by makine
Expression {13 ) X i
W = W with index { ranging from 1 to the number of nodes in the FE mesh. Note that
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by choosing W, = N; an expression analogous to thal used by Franca el af. [10] and
later by Hughes [15] with the name of Subgrid Scale (35} method is recovered. This can
be made more evident by integrating the advective and diffusive terms in Lhe producl
W giving

L[ dw AW ded A [RdW B2 dPW [dlvud)  d [+dd)]
pre | gl e —— ——t e — k|| =
/U [ d i ug)+ i kd:‘f."| T+.£} [2 . ! 6 due? ] [ dix da (A ti.‘f.‘)| -
! LR AW R2 rsé'm s" di - dW AW ]
VOQde —glw), + [ (2 : e !
[[}L J0& = g |y ./n ('2 (o e fi ri )Qd (IP i g it )f | ( e ol
(138]

With Wi = N, and b = 27u ¢q.(138) reproduces the features of the 88 formulation
[15,29]. This approach iz very similar to the so called Galerkin-Least-Square methad
|24], the only difference being the sign of the viscous operator applied to the test
functions in the stabilization term. A similar stabilized term is obtained with the
Taylor-Galerkin (TG) procedure as shown in [20] where an interesting comparison of
SUPG, 58, GLS and TG methods is presentec.

A similar analogy can be found for two dimensional problems.

8 HIGHER. ORDER APPROXIMATIONS IN TIME

Let us write the balance equation [or the one dimensional adveetion-diffusion
problem for the space-time slab [A, B] x [1,¢ + 8], where |A, B] is the Anite spacial
domain of Figure 1 and 4 is an arbitrary (linite] time increment as

i) B pttd
fr {Z internal Huxes)dl = [ ; ff piliy| d (1349]

The Lh.s. of eq.(139) can be approximated as (using the argmments of Section 2.3

) har\t 4 il |'IJ o
=dh || r— —= -
2 i PN 2

where as nsual v is given by eq.(24).
On the other hand the v h.s. of eq.(139) can be expressed as (taking & as constant)

BT s 1 . B {86 #ola\t
v | de = / wl s _ fir'! iy = / vl d— L o =
/i M ] Ja &)= ) vl TS )
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[ ras. s82\Y ha 1os . 50%%
=vih || —+ == ] - B [t il 141
”d*(a¢+zaﬂ) zam(as'zaﬁ) (141)

Equaling now eqs.{140) and (141} gives after simplification the final form of the
stabilized transient balance equation as

g (- 4) =0 (1420)
wlere
ip
L e 1425
Rl ( }
In the derivation of eq.(142a) {J* = () has been taken. Note that by taking

d = h = 0 the standand infinitesimal form of the transient balance equation ¥ = (
is obtained. A simpler form of eq.(142a) neglecting the higher order term dh is
hodv 007

. _hor  aor 14:
BREFFRIY i (148)

Eqs.(142a) and (143) can be used Lo derive time integration schemes where the
characteristic time fnerement parameter d could play an interesting stabilization role in
SOINE CASCS.

9 COMPUTATION OF THE CHARACTERISTIC LENGTH PARAME-
TER

A popular method for deriving analylical expressions of the stabilization parameter
e for 1D problems solved by the FEM is by adding some kind of artificial difusion of the
form %m%f Lo the original differential equations and then computing o by imposing
exact or qlln:;'.i—uxmil. nodal solucion 3], This can be shown to be equivalent Lo minimizing
the truncabion error of the numerical solution at each nodal point. This procedure can
only be successfully applied for linear two node elements. For quadratic 1D elements
two stabilization parameters are required to obtain exact nodal results, although a
single average parameter can be used for practical purposes [23,24]. Extension of these
concepts to 21 and 3D convective trangport and fow problems is usually made on a
simply heuristic prounds and no systematic method for deriving a general expression
of the stabilization parameters is yel available. Recent attempts by Hughes [15] and
Brezzi ef al. [16-18] show some promise in this direction. In next section an expression
for computing the stabilization parameter is suggested.
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9.1 One-dimensional advection-diffusion problem

The arguments somehow follow those of standard procedures above mentioned, ie.
the tole of the stabilization parameter is to counterbalance the error introduced by the
numerical algorithms.

For simplicity, let us consider the FE solution of the 1D adveclive-diffusive problem.
The average vesidual of & particular mumerical solution over an element can be defined
as

R I
7 = /ﬁm;ﬂm’.z, (144)

where rq is defined by eq.(38a).
Substituling eq.(38a) into (144) gives

hodd (e
He) _ ple) _ (E’%) (145a)
where "
= ]x adz (145b)

For simplicity the value of i will be assumed to be constant over the element, iLe.
b= h'¢l, Hence eq.[145a) can be simplified to

; (e) /on ()
el —ale) _ W far 146
(0 = 56 2 (u) (146)

Let us asswme now that an enhanced numerical solution has been [ound for a
given finite element mesh. This can be achieved by projecting into the original mesh
an improved solution obtained via mesh refinement or, more simply, by global/local

; - A £ e i
smoothing or superconvergent, recovery ol derivalives [27]. IF ?'l% ) arid ;E " respectively
denote the element residuals of the original and the enhanced numerical solution for a

given mesh then it is obvions that
>0 (147)

(e) €]

Obviously both ry™ and vy have assumed to be positive in (147), In the case they
are negative the above inequality should be changed to < 0.

Combining eqs.(146) and (147) an expression for the element characteristic lengeh
can be found as

! 5y (&) PN =4
(e) = ale) _ le) @ _ fh_i i
W > 2 (77 - 71 (uf:::) (di) (148)
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The equality case in (148) vields the eritical value of the element characteristic length
parameter ensuring no growth ol the numerical error. The accuracy ol expression (148)
13 shown next in a simple example.

9.2 Example. The 1D advective-diffusive problem

Let us consider the FE solution of the 1D advection-diffusion problem

i 12
T +hoy =0, 0<z<l (149a)

with boundary condilions

ﬂ'lz:' =0 at =10 :
d=1 at xz=1{ (1494)

The solution will be attempted with the simplest two node linear element. For a
uniform mesh the residual and the residual derivative for an element with nodes ¢ and
t+ 1 can be found as

o ) I,er: (lf::l
Tllie:l = fl"f‘} (ﬁl’t+l i) awd (d;) = (150)

The enhanced solution is obtained now by a simple smoothing of the first order
derivative at the nodes. The elemental residual for the enhanced solution is given by

Sl k‘ T i 5
7y = =g ) + oy (B — ) (2a1)

where q-_')_i = (5“—“) A simple algebra gives
i

_.-:l:r!'::l S, u b _ _ g . gh i
o 4_E[E:I{".-)1+J Bi—) + dipa — i) + — 2!l (e} }Q{Gﬁ P — i1+ di—1)  (152)
A similar procedure leads to
df‘g {Fj r}’..‘!tl'.?J L ; s -
(E) —_ —'H-dj;g = — Q(J{F}]E [ﬁbi+2 D f.'IB'E = -1 + ‘-ﬁi—l] (l‘}ﬁ}

Substituting egs.(150), (152} and (153) into (148) gives Lhe clement crisical
characleristic length as

divg — g1 +3di — iy 1 ()
| Gy — i b i

nlel —
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where v = yélf? is the element Peclet number. The value of the element stabilization
parameter € is readily deduced from eq.(154) as

ale) — hipp — 3hipr + 3 — iy 1 (153)

Bipa — @il — b + ey -

Tt can be checked that the value of al€) giverl by eq.(1565) coincides in this case with
the analytical expression typically used in practice. For this purpose let us substitute
inko eq.[135) the general numerical solution for this case given by

1+4(a+ 1)) \
d:=A+B e (156)
L+vy{a—1)
where A and B are appropriate constants. Alter same simple algebra we obtain
1
ey _ 1 (157)
¥

which coincides with the standard critical value [3)].
k J " i - P " r o ¢
Eeq.(155) can be used for deriving an iterative scheme for compulation of al® ag
follows:

(i) Solve the stabilized problem (23) by the FEM with an initial puess of al®) = Onlel
(ii) Compute an enhanced value 'a@te) by eq.(155).
(iii) Repeat the numerical solution of the stabilized problem with a new value of o Ziven
by lale) = %(“Cz{"’j + 1alely,
(iv) Repeat the process unlil a satisfactory stable numerical solution is found or else
||FLeyle) — ialt)| < e, where ¢ is a prescribed tolerance.
The computation of the term involving differences of the ¢; values in the r.hs. of
eq.(135) can be difficult due to round off errors in zones where changes in the numerical
solution are small. This problem can be overcome by the following procedure:

(i} T iy — g < &, where ¢ is prescribed value at the Dirichlet boundary and ¢ is a
very small number, then the first Lerm of the r.hs. of eq.(155) is made equal to the
unity. This correction elliminates the possible oscillations of the computed value of
al®) in zones where the relative changes of the solution are small. In the examples
shown next & = 1071 has been taken.

(i) TFaf®) > 1 or 'a'® < 0 then "al® = 1 and 'ol® = 0 are respectively taken.

Figures 89-11 and show practical applications of this iterative process. In the first
case the solution of the 1D advective-diffusive problem is attempted for v = 5 using a
mesh of twenty linear elements. An initial value of "a'®) = 0.5 is chosen for all elements.



Figure 9 shows the convergence of the solution for a'®/. Note that the critical valie
a'®) = 0.8 iy obtained in all elements after a few iterations. Figure 9 also displays vhe
convergence of the numerical solution for ¢ showing convergence to the "exact” solution
after three iterations,

Results for the same problem for 4 = 25 are shown in Figure 10, Note bhal an
excellent solution is obtained with just two iterations in this case, Seven iteralions are
however necded Lo obtain the critical value of o'® for all elements, Indeed in both cnses
it, sulfices to obtain a good approximation for a'®) in the vecinity of the exit node aud
this always oceurs after 2-3 iterations.

Figure 11 shows the solution of the same problem for v = 10 obrained now with
an initial value of "nl€ = 0 for all elements. Excellent results are again obtained alfler
2-4 iterations.

The possibilities of exploiting the form (148) for the numerical computation of the
critical stabilization parameter are discussed more extensively in [25].

10. CONCLUDING REMARKS

This paper has shown that the origins of many numerical stabilization methods for
advective-diffusive transport and Huid How problems lay in the higher order governing
differentinl equations incorporating the effect of the finite balance domain size h.
Indeed standard conservation statements and the corresponding PDE's are recoverod
for the limit & = 0. The finite increment form of the differential equations can be
nsed as starting point to readily derive stabilized differences schemes via FD and P
approximations. Alternatively all well known stabilized integral forms typieally nsed in
FV and FE practice emerge also as a consequence of the original stabilized governing
differential equations. Extensions of the method to inelude the effect of reaction terms
secm straightforward.

An interesting spin off result of this Finite Increment Calewlus approach is a
procedure for computing numerically the value of the critical stabilization parameter.
This seems to offer a promising trend to derive consistent values of the no longer
misterious stabilization parameter. therefore elliminating the need for heuristic
predictions.

ACKNOWLEDGEMENTS

The author thanks the help of Mr. J. Gareia in the computation of the mumerical
example shown in last section. Thanks are also given to Drs. M. Manzan, M. Goldschoni
and R. Codina and Profs. 5. Idelsohn, O.C. Zienkiewicz. R.L. Taylor and E.N. Dvorkin
for many nseful diseussions. The name Finite Increment Caleulus mentioned in the last
section was suggested by Prof. O.C. Zienkiewicz.



(e) 1- =

X I'E?ﬂi;@f‘*'se
A il K 1
i e
A i ; A —_—— \“\
i
/ / AR
/ ___,_,_,-"'l .5-"". Y
Mo S
i = ‘
¥, T -
: . ~---5~\:~'--=-;;_~,, oo
Y i
N
r=3

0.6 ——— —— —— : :
| 2 3 4 5 B FooB g 10 1112 13 1% 15 1€ 7 18 19 20
ELEMENT NUMBER

q} 1
ITERATICHS
1
.75 ————
N
T
0.50 e
a:{ }=D.E
025 4
]
—0.725%
i
~0.50 . — P T —
1 Z A 4 B I 7 B o8 011 12 13 14 15 18 17 tE 18 20 21

NODE NUMSER

Figure 9. One dimensional advection-diffusion problem. ¢ = 0, ¢y = 10, & = 1, Convergenes
of the critical value of the elemenl stabilization parameter a!* and of the numerival
t

solution ¢, Solution obtained with 20 rwo node linear elements, Peclet aumber « = 6§,
0ode] — .5
) = (.

<H)



o SO . ; S -
ke J_,..)mLH—'J.I—huiHLm'_-'i'__ ——————— gty L
R
" s
P
094 »~
d |
0.8 -
W=25
0.7
0.8 | I I P I (—

I I [
| 2 3 =« 5 £ =1 g 70 71 12 13 14 i85 16 17 18 19 ¢
ELEMEMNT NUMEER

0.50

125 -

n A

=050 Ay I T T T T T T T T T ]
1 23 4 5 8 F g 92 10 11 w2 13 14 158 16 17 18 19 20 29
MNODE NUMBER

Figure 10, Oue dimensional advection-dilfusion problem. ¢ = 0. ¢ = 0, ¢ = L. Converpenee
g g e y i oy ¥
of the critical value of the element scahilization parameter o' and of the numerical
solution dn Solulion obtained with 20 two node linear elements, Peclot nnmber v = 25;
ooier —nE
et = LG

41



ITERATIO

o7 10
o v=10
o (e
_____ rxl: }=U.O
0.6 — R I E— [ T
1 F 3 “ G ¥ & 2 1C 11 12 13 1415 18 17 18 149
ELEMENT NUMBER
e !
J N
075 -
0.50 —
>
.25+ 1,2,3.5
o ¥
R : g ;
TERATIONS i
—~0.25 -
=0.0
—0.50 T iy T e e
| 2 9 10 11 12 13 14 153 18 17 18 19 3o
NODE NUMBER
Figure 11, One dimensional advection-diffusion problem. @ =0, do =0, & = L Convergence

of the critical value of the element stabilization parameter & and of the numerical

50|

O

el# = 3,0

ubion ¢, Solution obtained with 20 two node linear elements. Peclet number ~ = 10t



REFERENCES

[1] C. Hivsel, *Numericol computations of internal and ectervial flow”, Vol 2, John Wiley,
14410,

[2] 5. ldelsohn and E. Onate, “Finite element and fnite volumes. Two good friends”, Ini, J.
Num, Meth, Engng., Vol. 37, pp. 33233341, 1994,

[ 0.C. Zienkiewicz and R.L. Taylor, “The finite clement method”, Mo Graw Hill, Vol 1.,
1989, Vol. I1., 1991,

4l A. Brooks and T.JR. Hughes, “Streamline upwind/Petrov-Galeckin [ormulalion for
convection dominated flows with particular emphasis on the incompressible Naviee-Siokes
eouations”, Compud. Meth, Appll Mech, Engng, 32, 199-259, [DR2.

a5 TR, Hughes and M. Mallet, *A new finite element formulations for computational fuid
dynamics: 111 The generalized streamline operator for multidimensional advectivesdillsive
syatemna’, Comp, Meth, Appl. Mech. FEngng., 58, pp. 305-328, 1936,

6] T.LR. Mughes, G. Hanke and K. Jansen, *Stabilized finite clement methods in Auids:
Inspirations, origing, status and recent developments”, in: Recend Developments i Maite
Element Anafysis. A& Book Dedicated to Robert L. Taylor, T.LR. Hughes, . Onate and
.C. Zienkiewicz (Eds.}, (International Center for Numerical Methods in Fogineering,
Barcelona, Spain, pp. 272-202, 19494,

[7] R. Codina, A finite element model for incompressible flow problems, Ph.D. Thesis, Univ,
Politéenica de Catalunya, Barcelona, June 1992,

[#] J.C. Heinrich, P8, Hayakorn and O.C. Zienkiewics, “An upwind fnite element scheme
for two dimensional convective fransport equalions”, i J Nwm, Meth, Engng., 11,
131-143, 1977,

['[]] DLW, Kelly, 5. Makazawa, 000, Zienkiewics and J.C. Heinrich, *A noke on npwireel an
anisotropic balaneing dissipation in fnite element approximation Lo convective diffusion
problema™, Mnf. J. Nume Meth, Ergng., 15, pp. 1705-1711, 1980

[10] LB Franca, S.L. Frey and T.JR. Hughes, “Stabilized finite element mechods: 1
Application to the advective-diffusive model”, Comput, Meth, Appl. Mech, Fagn, Vol
95, pp. 253-276, 1092,

[11] L.P. Franca and 5.L. Frey, “Slabilized finite element methods: 11 The incompressible
Navier-Stokes equalions”, Cemput, Meth, Appll Mech. Engn, Vol 99, pp. 209-233,
1092,

12| [ Harari and T.J.R. Tughes, “Stabilized finite element mekhods for steady advection-
diffusion with production™, Comp. Meth, Appl. Mech. Engng., Vol 115, pp. 165-101,
Liafkd.

[lli'li E. Onate, 5. Llelsohn, O.C. Zienkiewics and R.L. Taylor, “A finite point method o
computational mechanics. Applications to convective feansporh and Huoid How®, i L
Num, Meth, Bngng.

[14] . Onate, 5. ldelsohn, O.C. Zienkiewicz, B.L. Taylor and (. Sacco, “A stabilized finite
point method for fuid mechanics”, Comp. Meth, Appl. Mech. Engng. (Lo appear).

[15] T.JR. Hughes, “Multiscale phenomena: Greens funetions, suborid seale models, bubbles
and the origing of stabilized melhods™, Comput, Meth, Appl. Mech, Engng, Vol 127, pp.
387-401, 1995,

[16] F. Brezai, M.O. Bristeau, L.P. Franca, M. Mallel and G, Rogé, *A relationship betwes
stabilized [inite element methods and the Galerkin method with bubble functions”,
Comput. Meth. Appl. Mech. Engn., Vol. 96, pp. 117-129, 1992,

43



[17]
(158

[19]

20]

27
28]

129]

F. Brezzi, D, Marini and A, Russo, “Pseudo residual-free bubbles and stabilized miedliods™
Computational Methods in Applied Sciences 96, 1. Perianx ef. ol (Eds.), J. Wiley, 1096,
F. Brezzi, L.P, Franea, T.LR. Hughes and A, Russo, “h = T, Comput. Mell. Apnl,
Mech., Ewgn., {to appear),

J. Bomea, T. Belytschko and P Smolinski, “A generalized Galerkin method for steady state
convection-dilfusion problems wilh applications to quadratic shape functions elements”,
Comp, Meih. Appl. Mech. Engmy., 48, 25-43, 1985,

M.B. Goldschmit and E.N. Dvorkin, “On the solution of the steady-stale convection-
diffusion equation using quadratic elements. A generalized Galerkin techuigque also reliabie
with distorled meshes”, Engng. Comput., 11, 6, 565-579, 1994,

J. Donea, A Taylor-Galerkin method for conveetive transporl, problems™, fnl J. Nune
Meth, Engng., 20, pp. 101-119, 1984,

(.C. Zienkiewicy and R, Codina, *A general algorithmn for compressible and incompressible
flow. Part 1: The split characteristic based scheme” | fat. J, Nume Meth, in Flode, 20,
SG8-85, (1995),

0.C. Zienkiewica, K. Morgan, B.V.K. Satva Sai, R. Codina and M, Viaoues, ~A general
algorithm for compressible and incompressible Qow. Part [1: Tesls on the explicit form™,
Ink. J. Num. Meth. in Fluids, 20, No, 8-0, 886-913, 1095

1] T.LR. Hughes, L.P. Franca and G.M. Hulbert, “A new finite clement formulation for

computational fluid dynamics: VIIL The Galerkin/least-squares method for adveet jve-
dilfusive equations”, Comput. Meth. Appl. Meeh. Engng., 73, pp. 173- 180, 1954,

J.C. Heinrich, *On guadratic elements in finite elerment solutions of steady stale convection-
diffusion equations”, fnf, J. Num. Meth. Engng., 15, pp. LLO4d1-1052, 1950,

R. Codina, E. Onate and M. Cervera, “The intrinsic time for the streamline upwind Prefroe-
Galerkin formulation using quadratic elements, Comp. Meth, Appl. Mech, Ewgng., 94,
pp. 239262, 19492,

0.C. Zienkiewicz and J.2, Zhu, “The supercorvergent patch recovery (PR and adaplive
finite element. refinement™, Comp, Meih. Appl. Mech. fngng., 101, 207224, 1992,

E. Onate and J. Garela “A procedure for compuling the stabilization paramecer [or
advective-diffusive problems”, Publicalion CIMMNE N© 100, Barcelona, 1996,

K. Codina, “Comparison of some [inite element methods for solving the diffusion-
convection-reaction equation”, Publication CIMNE, No. 101, Barcelona, 1906



APPENDIX 1

STABILIZED DIFFERENTIAL EQUATIONS FOR
TWO-DIMENSIONAL ADVECTIVE-DIFFUSIVE TRANSPORT

Let us write Lhe balance equation for the horizental and vertical fluxes in the
rectangular domain of Figure 4

Horizontal flunes

Ul_r—i | .u'l'ﬁj-'r’f;r.r (1.1)

b | =

1
Yohi=Slfo+ fpthy -
where hf stands for horizontal fluxes and f; denotes the value of the vug + g, at poin
i, where v i3 the advective fux parameter (v = pe for a convective thermal problem).

The value of @ will be assumed to be constans in the domalin.
Equation {1.1) can be rewritfen as

T . ; , I ; T :
Z At = % (f{rr.' - b))+ fle— hey — h‘.‘ﬂ) . :” (.f':ﬁ-ﬂ w) = flo,y— "I}-':',-']::' {1.2]

The following expansions can be written

af J” 9% F
Flay—hy) = fle,y) - h;,rd Y 5 5~ O(1)
; 2} hiy o .
Flo =l y) = Fla,y) — hy- —f ¥+ TC}_JI + UI’.&J}
u"l-l -
Pl hg) = )~ o U L T
= by —hy) = floyy) —he=— —hy——+ L - 4 <
#id v/ Y ox Y oy 2 2 (e
- P Fay - e :;I +O|{.‘rt-'1 1".'
Substituting eqs.[1.3) inlo [1.2) and neglecling cubic terms gives
. af ha g 2 o2y .
Zh,lll = _hihnl-rt'jl Jil-l'-;_.l :‘ r'_;i' 2 4 II! J-'Idvt_ﬂy l |__;I_J|
Vertical flures
L, ) 1 _ o
douf= S8+ gp )y — ;{ﬂ.:t T g (1.5)



where g; stands now for vue 4 g, al point, i
Following the same arguments of eqs (1.1-1.4) gives

iy he 52g
= -1 L A
fo Lxh“'lj he 2 Oy gyt fi‘fﬁfr,l

Fnternal sources

f
9’

. - Iy . ; ;o
Zzs = oltzhy = @ (.L e 3 ) Py = lQ{ﬂh i) o I‘E = ?E gy |

i Ny

In eq.(1.7) only a second order expansion for the internal source has been chosen,

The global balance equation in the domain ABCD is

Zh.f—i—Zw_,l" -|-Z'|’:.‘_1‘= (

(1:8)

Making use of eqs.(L.4), (1.6) and (1.7) and substituting f for pug + g and g for

v = gy gives after simplification

) Uf'}lfuq.ﬁ) f:?['Uqf;]l COar gy hy O [uﬁ“ﬂ Oy " Vﬁlf-r,'r.-ﬁ:J_
il y dx iy 2 i (k3 i ity
h'ii V'I‘:}(Hf,-);l - {f}ﬁ -3 M - %] - = h_‘E@ h” drd} =1
2 iy i dr iy iy 28 28y

Fourier's law can now be written as

i ey
i — ,‘ri:.- T i = — ,E;: [R—
e o W Y oy

Substituting eq.(1.10) into [1.9) gives fnally

.":h;.J o7 hu dr

2 dx d‘-!,f

where

o d{ug) duwp) @ O i rjrp) :
e i = thif +3ﬁf: JL'Irﬂ::: +% Lﬁﬂf T

4

£ }q:.. ’

dy |

(1.9)
.10
{1.11)
{1.12)



The transient balance equation is oblained from
dip

Sy |-Z-u,{+z-;:s:p[j mdh (1.13)

where £2 i3 the area of the balancing domain,
A linear variation of ¢ within the balance domain for computation ol the inkegral
in the r.hs will now be assumed giving

e . . &
j j f.l{ O [t,f:' g+ g oo+ .r}] a’tg;ftf; (1.14)
0 ot !

it il

The values of . oo and dp are now expressed in Lerme of those of @4 using o
first order spatial expansion. A simple algebra leads to

(Jm f}c-'J Lo, [ O ;
- 1 fug g (L5}
/_/g (H S v(di)_‘ Ll 115

Substituting eq.{1.15) into (1.13) and making use of eqs.(1.5), (1.6) and (1.7} gives
after simplification

5.t b
xa@—r——h "G’(d—i—?)?':u (1.16)
N



APPENDIX 2

STABILIZED NEUMANN BOUNDARY CONDITION FOR TWO
DIMENSIONAL CONVECTIVE-DIFFUSIVE EQUATION

The flow balance equation in the triangular boundary domain of Figure 5 can be
written as

r;”_lf == [f_]"_]-:(:'z.lri‘.u 'l' [rllly]ﬂglr?u- _l_ F}['fﬁer:lﬁ'szﬁ + |l:"':'LI':::I."] Irgzlri!-j- T 2,"]‘.1-:!{,!}.(9 {2. ].l‘l

where g, 15 Lhe preseribed total normal [low across the houndary side [
The following expansiong can be written

[ = qulz = b, p) = qelz, y) — G;JTP -+ UUI )
lgyle = aylz o — hy) = qylz.0) — by df” + O(hy) 24
(50
] = [uelle — hay) = [ud]{z,y) — hrc}[?w] T+ OhZ) -
[l g = |l (@, — by = [ugl (2, y) — h‘l-’% — {][h:,j}
Substituting (2.2) into {(2.1) gives after lictle algebra
I = ety + qyity + pluglng + vlogd] Ty —
 2hehy Mﬂ[?.i-{-.':’] Y .ﬂ['rm] 1 {'{‘Lﬂw y ri‘fi ol = (2.3)
{ i 1y i i
A simple rearrangement of terms leads to
amf e — an “+ G — I:JZEIIIJ-Q_:'”-_'[' + hy n-_,J.J[—V?Tf - qu + =1 {2.4)
where
f=lus, v, a=(e o 5
u = [u, 'r.r_].T., n o= [Rs -:a-_,.‘.]lil W

B 2h, pLir s . 3
In egs. (2.3) and (2.4) use of ng = —;l and 1y = i‘lf-f- has been made, Substiluling
Fourier's law q = —DV¢ into eq. (2.4) leads to

—un? ug + n’ DV + gn — 5._]:1?}1]1" =1} (2.6)

45



where
i e
h = [hyg, byl (2.Ta)
r=-V't 4 vViDVe+ (2.75)

An alternative expression is obtained by replacing the characteristic distances hy,
and Ay by

k)
hy = heosa = fr.|—
u :
ul (28]
iy = hsing = hi—
|ul

In eq.(2.8) o is the angle which the velocity vector forms with the global & axis.
Flgs.(2.8) can also be obtained by writbing

h
fip =0t = u—ro
|u [ vl'J'l
IJ-!»- Lot
frp = At = p—10r
i '-l|

where At is the time which takes a particle to travel the distances by and fy, at specds
equal to w and v, respectively, The value of Al also obviously coincides with the Lime
t which takes the same particle to travel a distance equal to the chavacteristic lensth
o at a speed equal to [u| = (u? + v?) 3. Note that this definition implies that At = 27
where 7 is the inérinsic time defined as 7 = 2|JI:1|

Substiluting eq.(2.8) into (2.6) leads finally to the following stabilized form of the
Newmann boundary condilion as

i , fr. .
—ynTur;b - nID?rp + J — -_}--—|11Tm' =) [2.10)
2iu
Note that the term —pn? ug is dropped if only diffusive normal Hux is prescribed

aloa Neumann boundary., The stabilized boundary condition in this case is

. 1 o ;
n! DV + g, — En’ hr =0 (2.1 15)
or
'-.IH h jrl 3
n' DV + gy — S nr= { (2,110

2l



APPENDIX 3

STABILIZED EQUATIONS FOR TWO-DIMENSIONAL FLUID FLOW
PROBLEMS

Let us congider the balance of forces in the rectangalar domain of Fieure 3.1,

~ Y% I
c| | r ] s Cl_ o . . |a
|- - [ $\

I.II_, be| "I'II III. 7 i |III
o ".I" 'bl" h, = Uy, Tial I by ".ITM
s ——l-—||I |I + + |
™ h, == Py h, fo
D i___J___, __\ |1 T B R L

Op Top: =

PFigure 3.1 Rectangular domain where balance of forces is conaiderod

Balanee of herizental forces

hy

Fip .
5 L(@11)a + (o11)B] = 3‘71{611}0 + (e11)p]
J.10
B ; By \
& ?J['Z”"zl,'.-l +(m)el - Q_J[i”‘zl]ﬂ +{m1)p| + byt =0

Halance of vertical forces

B0 G o B .
T; {r22)a + (22)c] — - [{o2)p + (022) p|+

h-] i % ik Ty, \ g
+ (2l + (m2)p] — £ l{rle + (ri2)p) + habyby = 0

=

In eqs.(3.1) and (3.2) by and by are body forces acting per unil area (e, graviey
forces).



lixpanding the stresses in poiots £, D and O in Taylor series up to third order
Eives

. G hyy & ,
Y= (g -t s el SR 1,
o f'.l.z 2
= (Y4 — fp—1] e
(o= a=teg-{)+ QEUJFUUL 2}
, a J hi o he 82 9 b
(dp= ()4 - .lerE}? (-] — IF'I#-'IC;I () ) I =]+ -—E—- )+ fieh J’rdrdJ( }+ G{hY, fiy )
(3.3)
Substiluting egs. (3.3) into {3.1} and (3.2] gives after simplification
1 o
it — I—-h! Vip =10
£ (3.4)
q2 — Ehr‘?qz =0
where
e ({i}'_”_ ” r;i"."|g 47
7 Ty T 3 55
E.Jﬂ'g-g r'}._-m ) L,
[ B — - ¥
2 iy ox z
) o ;) i o
h = [hg, ."x”|‘r and V= é; E?E“ (3.6)

[0 the derivation ol ege. (3.4} use ol the identily 712 = 71 has been made.
Bulonce of adveetive fluces

Let us consider the balance of horizontal and vertical Huxes in the rectangular
domain of Figure 3.2,
Horizontal advective fluzes

hy

J-f'-{ (praju 4 — [[pululp} — ——{[ (pulule + [(pudu]p

b, # g (&7
(pupila + [ipuole) — 2 {pulels + ((pulv]p} = 0

+2{

Vertical advective [Tures

—f;"-{I.'iP'“J'”'.:.‘L — [{pelu] gt — —{ (e o [Lpo )l p b+ -
fy il i ,n';u Ry
2 (oupla + [plo) — 2 {((pu)ela + (e} =0



LBy (v
Tobeacs __-[::.._____; A o T ‘,lt'_{ 1 JfA
f}l_- _—l'lll lpuju I|IIII + ) II|I
5 HE sl Vi
(o | | [ il
0 ,'I__'_ b —j (ov) L"II." | B, ! II'. (pv)u
e e Bl I '
== L
¥,V T (ou)v {ov)v iul
b

Figure 3.2 Rectangular domain where balance of advective fuxes i enforead

The minus signs in eqs.(3.7) and {3.8) are due to the opposite signs of the advection
velocity and the normal vector (see ool (67)).
Making use of eqs.(3.3) gives aller substitution of these into eqs.(3.7) and (3.8)

1
A-sh'V =0

1 [0
3~ shT Vi =0
2
wilh
, Al O ghe)n
j - o o
- 2y (3.10]
a(euu , Bpe)e (3:10)
L T y

where h and ¥ are given by eqs. (3.6}
Combining eqs.(3.5) and (3.6) via eq.(67) gives the final form of the steady state
MOImentun equation as

Horizontal momentim

]
91— f1— ;hTqu — f1) =10 (3110

iy 3
Tt



Fertieal momendum
[$.110)

A
a2~ fo— 50! Vg2~ f2) =0
The stabilized transient form of eqs.(3.11) is readily obtained via eq.(67) and using

the same arguments of Appendix 1 as
a2

A prie) :
Lo, —h-n‘f}) =0

& pu ) 1, 7
——+ f1—;—=h''V :
g N3 BT
A g} Loy falpn) N
—— t+ fimgp—=h V|—=L+fa—qga] =0 3.128)
27 Tl =da—~gh 5y Ti2—®R (3. 120,
mij — pij; the stabilized lorm of the momentum equakion given

with h = h,, and Tij = Ty

in eq.(82) is recovered.
aives for the

Conservation of mass
The balance of mass in the rectangular domain of Figure 3.3

stalionary case {see oq.(67))
(3.13]

Ry .,
()1 + (pu) ] +

" i
.—f[(w]fl + (pulol—

2
Y- fi e
=5 leulg + (pe)p] = —[(pv)p + (p)p] = 0

I B v
T
.III . _-_II'III (pu}
al . [
@u);. - h, _-?II
eI =R [ i

T o

Figuee 3.3 Rectangular domain where mass congervation is enforced

it



Making use of eqs.(3.3) gives after substitution and simplification in eq.{3.13)
viv - %hr?[?rv} =0 (3.14)
where
v = [pu, pi,'jr (4.15]

The stabilized transient form of eq.(3.15) is obtained via eq.(67) and using the
game arguments of Appendix 1 as

dp T 1. v (Op T S
sl Focii e e = 300
3 Vv 211?({,“ Viv ] (5. 1)

Choosing h = hy, the form given in eq.(82) is recovered.
tneriy conservalion

The stabilized form of the energy conservation equation is obltained as a direct
extension of the one-dimensional equation (T6) as

ﬂ[{gf} —hET %hrv (53"1:;:?_‘1 - TE) =Y s
with
rp=—Viu(pE ~p)~ VI [DVé+ [aju = 0 (3.18)
where

o] = [TII e (3.10)

Tl T2

and the viscous stresses 7;; are given by eq.(88).
Choosing now h = h, the formn given in eq.(82) is recoverad.

a4



APPENDIX 4

STABILIZED NEUMANN BOUNDARY CONDITION FOR
TWO-DIMENSIONAL FLUID IFLOW PROBLEMS

Let us consider the triangular domain next to o Neumann boundary shown in
Figure 8. All viscous and advective forces ave assumed to vary linearly along the sides.
The balance of forces in the domain can be expressed using eq.(67) as

Horizontal momentum

s of — [oz]e 2y — ;”]H.J."J;. :

Vertieal momentuarm

fgfuy

--——f}J = [(pu)ig |l — [{pr)v] g 20, — [(pnejul o2y, (4.1

frc by

tyl — o] p2he — [reglo2hy, + by = [(pv)unll = [(pe)e] g2he — [(peju]2hy  (4.2)
whore f,. Ly are the prescribed tractions on the boundary Iy and 1, = n’ u.
The following expansions can now be wrilten
JrI!' 2
[ﬂ-m](_: — G_j_:{ff.' -Fi'.;g!y:' =iy = I|I I ] + (:}{f
e o
[oylp = oyla,y — hy) = oy - -y }: + UUJ..;?
Ay 9,
aale: = Ten(s — hag) = 7y = he 222 1 032
. i _ a7,
Teglp = Tayl®, g — ha) = Tay — hy jm pc Ufﬁ )
b . ‘ Mipujw] o, (4.8)
o] g = [(pdu]{z, y — by) = (pu)w - hMT O(hy)
; I H(pe)u] -
[(paejuler = [{pulu](z — by p) = (pu)u — h,-t-{[[";& +- U[h.f:_‘_l
X
é )
[(pwdv] g = [(pohu] (2, — ) = (puju — hy— l:'””:” I”_J'{J".l ]
‘ : ; ~ i
[(pejule = [{po)ul(x - fg ) = (po)u — by [(Sf 1) ] + Ohs 2
¥, =
Substitubing eq.(4.3) into (4.1) and (4.2) leads after simplification to
2hahy | day Oy, Hpw)w O puju
o = G A Towii = | = == 4y — —C
PO T TNTT g T B, TR g ay (4.4)
2hhy | Oay | D1y, A puju t':}l':ﬂ-.!,ﬂn" R
by = mom | i i — ol O %"--f FERES, L S el - e
¥ A e ! iy i " A iy

n
an



In the derivation of eq.(4.4) use ol the bllowing equalities has been made

Eh"'.'l glrf.‘r
=l mg= T
(pre)in = (pulung + (pu) vy (4.5)
(pu )ty = (pujung + (pr)ung '
The term i‘{b in eq.(4.4) can be expressed now as
2hph 1 1 ]
% — ﬂ{?l‘n’.rhy =T Ehﬂnhﬂ:' = E[ﬂ-mu‘l.r.-m T '”.]Jrlil?y] ["'1.{5_;'

In the dervivation of eq.(4.6) use of egs.(4.5) and (2.8) hag been made. Substituting
eq.[4.6) iuto (4.4) leads Lo the stabilized form of the Neumann boundary condition in
Huid flow problems which can be written in compact form as

) 1
Mo — t — Eni hr,, =1 (4.7)
where
M — [u.ﬂ 0 -n,._,}] n[ng, n ]’I
AL 0 ny N , it i
{4.8)
h = [hy, .i'J.y]' , = 'L']T
and

_ Blpuju dpuy L Oray o
i gy " a3z gy TV

Hpovhe AN | doy T gy
R S TR T =

I —

Mote Ehat vy, defines the standard momentum equations, Eq.(4.7] can be expressed
i Lerms of the characteristic length nsing the definition of eq.(92), i.e.

i

h=—u ey
LN

Substituting eq.(4.9) into (4.7) gives finally

zi F o
Mo —t— ~nTury, =0 (4.10]
u]

The extension to three-dimensional situations is straightforward, Also nole that
for i = hy the expression given in eq.(100) is recoverod.



APPENDIX 5

HIGHER ORDER STABILIZATION OF THE GOVERNING EQUATIONS
OF CONVECTIVE-DIFFUSIVE TRANSPORT

A quadratic variation of the fluxes along the boundaries of the rectangular domain
of Figure 5.1 will be now assumed. It can therefore be written

3
f=2. Nifi (5.1)

where f; are the Huxes at the two end points (1 = 1,3) and the mid point (1 = 2} of o
side segment, and N, are the standard quadratic shape functiony of the one-ditmonsional
Lhree node Lagrangian element [3].

Esv
Y
1 | |(x.)
7 &8 5
g
‘fl"l' 8'\ O h‘,‘r"'.'d- f:ﬂEp

s L
1 | 2 2
\l—///
|
Eiz

Fipure 5.1. Rectangular domain whers balance of fuxes is enforced

The integration of f along a side of length h gives

.II]. = P
/hf ds = E{f] + df2 +.f3) (9.2)

Eq.(5.2) will be used next to express the flow balance equilibrivm along the four
sizes of the rectangular domain of Figure 5.1.



Horizontal flures
* iy - Foy o
2hf=Llis+4fat+ fs] = i +4fs + A

where f; denotes the value of v 4+ g, at peint 4.
Eq.(5.7T)can be rewritten as

Hip s h fi
N hf = ?T’[fi:rw y)+Af(zy — 7") + flo,y— hyl] — l Fla = gy~

f ;
+af(z—hey y— 2+ flo— ey y— By)]

The following higher order expansions can now be written

af ffu’f Iy @*f | by aly

__ _ M
ey =hy) = Jay) = h”é‘ 2 dy? 6 oyl T 21 iyt Otly
iz, —hl}— lj—hﬂ;ﬁdg_f_ﬂd% hﬁ t}rl"lr—o(fﬁ\
Bl =g S SVl g dy & Syt 48y 384 Oy L
: , g R8RS pAetr KAl _—
flo—hay) = flzy) - h-ma + f@ - ﬁa—; | }j gl Qi)
, of af  hiey W hgatr
Fla = ke y— hy] = fla,y) f.'ﬂ---m-r: — h.y% + ?rﬁ + hp Eﬁm ; Ty
LY KO ihy ki B oty oy
f dgpd G gy 2 daldy 0 O dy? 24 oxt 24 dyt

Wh, af  hahd 9YF  RIRZ 9ty

= o 1S, KB
6 930y T 6 Bwby T 4 dctayt T O 3, hy)

iy of ';.L,L_’. r:} -’II ! "i i b hely G2 !

[
i

b 52 f

o — e, o — ! —/ BT :
S = by y 2 )= [l J;‘LD"-:: 2y 2 Ot 2 dwdy
LMy hy0%f  hihy O%F  hehi 835 mialp by oYy

6 Oxd 48 8yS 4 gz2ay 8 odxzdy? | 24001 ssdayt

hi‘h:‘l’l L‘H'IF + ELJ"ETJ & L'III hg*hg &‘Lf +{]U':J h':n
12 0238y 48 Ozdy’ 16 dzloy?




Substituting eqs.(5.5)-(5.9) into (5.4) gives

vl r
ay hJ f Iy 0*f b .:)U L hghy BF by 8P
V= — il ';; b e s T L et +_
E |'II’-JF fi‘.:lr'!-,i' i dj-‘ @ '] 2 EJI 4 {szdy i E.}:I;{J:II_IIIE

WOl oty ARy Y hely 8%
34 del 24 gyt 12 fzddy 12 r:i':rfdj;*

(510
Vertical fluces

From Figure 5.1 it is deduced

B B ‘ o
S uf = %iya +4g5 + g7) — = + 492+ g3) (5.11)

where g; stands now for vog + gy at point 4,
Following the same procedure of eqs.(5.11) gives

§ u - dg  hy 9%y hy 8 h.ﬁ 2 I b by g he oy
uf = —hghy I - ¥+ T+
T gy 2 Gyt 2 d’bdy 6y 4 daiy® 6 duidy

L]lr} h;,.,-.“Ly H‘Lg h:! ('34_:; .": - I i o e

Eld.'; 12 Judys ﬂdmid_r;r T 12 dr rJr;

Internal sowrces

A guadratic variation of the inlernal source €} is now chosen, Ior this purpose the
souree ) s interpolated within the balance domain in terms ol the values at the nodes
of o biguadratic nine node Lagrangian element (zee Figure 5.10. A simple integration

aives

a’z-;g*?lff (€21 + Qs + Q5 + Q7 + Ho + 4004 + 4g + 4005 + 16()qg] (5.13)

Yis =

where () denotes the value of Lhe source al node i
The following higher order expansions are now chosen

_ a0 a0 h2a kI 90 72()
= e = Pl =} — fh s — e O e S T s 7
@1 =Qfz — he, y hy} @b i iy iy | 2 | 2y hrh"rd”);
#Q  28%Q 830 , 0
3 A ¢ 2
6 (f T a3 L oy +‘j’r~’*f”) 2, +‘m-"*"rllfa:s&31u2
(3.14)



he 00 L 0Q  REOPQ | hehy 0°Q

Fi
. s el R P g BT =
Q2=Qlz—Zn y—ly)=Q@— 5"~y By B 022 | 2 0.0,

2 ) ; (5.15)
Wy 02Q  h39%Q M APQ Ry 8%Q hhl 9%Q
2 Ay? A8 gx 6 Ay 8 02y 4 dudy?
\ 9Q  hioPQ ki eQ s
Qs =z, y—hy) =Q — hy- Gy 202 T 5 o (0. 16]
A hy d@ h2 ¢ (J he 930 :
_ ,I,f b1 R _;"_ N | il AT
(s = ez, y)=¢ (3.18)
BBl i BEDR_0h i3 & Q_h?*diu -
TN WENT S e T 8052 45 02 s
90 hAE20 K a0 Lo
r= Q{’? — hig, 'H} =0 = hp— = + __E}_:?" = ?m (0.20)
, 0Q  hyoQ  REOPQ  hyhy 970
e = a— — =) = i = e A e :r"'_ +
@s = Qe — ey y J & o 2ty * 2 2 dady 591
i e
W2 hd aicg h3 dﬂg by 2PQ el 33Q
5‘1 cJJ 6 da 18 Oy g 5'3:25::; 4 d?dr;
Substituting eqs.(3.14)-(5.21) into (5.13) gives
1 a0 QY B O*Q Ry PQ  hghy 520
= f.} = Fik ik o g e oS et Ml
2.8 = haly [Q (hrd' 0y d ) 6 da? l 6 Oy? 4wy
(5,29]

24 a3 2-’1 iy 12 9228y 12 Jwdy?

h3 d3Q Wy PQ  Rihy 97Q  huhi 93Q l

The global balance equation in the rectangular domain of Figure 5.1 i

DAFAY uf+Y s =0 (5.23)

kil



Making use of eqs.(5.10), (5.12) and (5.22) and substituting f for vud + g, and g
for vud + gy eq.(5.23] gives alter simplification

bt By dr f 5'2 fuzfiy a4y h: a2y ."J.Ef. iy

2 0x 28y EJ D2 4 ﬁ':a:ﬁ-y b Byt 24 Had

p . (H.240
hEhy &r hshd @ WPy
12 dudy 12 dxdys 24 0yt
where
) % e ¥, clif :
RN (ug o) | b S 'Qj b (k== ) + @ (5.25)
(Eh oy r:} r dz ) Oy &y
In the derivation of eq.(5.24) use of Fourier’s law (g, = —#:;,:g’lf% and gy = —Hhy, —;ﬂ

has been made.
The transient case is readily obtained [rom

hih

Z hf+ Z-vf - Zﬁis = j /J: Efﬁ) {5.26)

A quadratic variation of ¢ within the balance domain £ i3 now assumed for
cotnputation of the intesral in the rlis of eq.(5.26), Following the same procedure
as for € in eq.(5.13) gives

(e fiphy O
./ jﬂ i'-;:‘ = J-';ﬂ : é‘i [ + dg + 5 — d7 + ddd + diby + dibg + debg — Lhhy. (5,27

The oy are expressed in terms ol ¢ using the game higher order expansions ol
eqs.(0.14)(5.21) giving

/ f 0oy g O |, L, 00 09 hi %k a"-’f_,.-,+ hahy 026
—dd =hphy— b — = — |- ==+ = : —
it o |V 2\ T o o ity G O fi ihy? 4 dazdy

W% Ry K2R, @ hahi 8%
24 drd 24 df,r 12 iy 12 faihy?

Substituting eq.(5.28) into (53.26) and making use of eqs.(5.10), {3.12) and {5.22)
sives alter simplification

|'|.l;- ar h iy i h;]l. 945 fug iy 9% h‘?,r L h..:f. s
Ll + - p— — - L A e —_

2 dx 2 d*r; 6 du? 4 Bedy 6 Syt 24 G
e Ty 075 fro. .".L;“?, Ll h 535
12 da2dy 12 dmity? 12 e

(5.29)

o danl

1



wikh
F—=p——r (0.30]

where r i3 given by eq.{5.24).
Note that eqs.(5.24) and (5.27) simplify to the standard forms

r=0  and .v%—-.r'_'[} (5.31)
.

when the stabilization terms are neglected. Also the stabilized forms

1 .
r——hiVr =0 (5.52)
bl
aurae
et 1 il ;
;;: Y thv (y;]i; ¥ -.‘r') =) |':Il«'jxﬂl

obtained in Annex 1 using lower order expansions are naturally recovered by neglecting
the quadratic and cubic terms in fpe and By in eqs.(5.24) and (5.25),





