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Abstract.  An efficient computational tool for the local failures analysis in historical masonry 

aggregates is proposed. A NURBS (Non-Uniform Rational B-Spline) representation of 

geometry is adopted. NURBS entities, which are common in commercial CAD packages, have 

the great advantage to describe complex geometries (such as curved elements and walls with a 

high number of holes) with very few elements. An upper bound limit analysis formulation is 

implemented, in which the adopted NURBS elements are idealized as rigid bodies with 

dissipation allowed only along interfaces. The mesh of NURBS elements is progressively 

adjusted through a genetic algorithm in order to minimize the live load multiplier. This 

procedure is applied in the evaluation of the horizontal load multiplier associated with the 

activation of local mechanisms during a seismic event. Some case studies, referring to masonry 

aggregates located in the historical centers of Arsita (Abruzzo region, Italy) and Sora (Lazio 

region, Italy), are here presented. A quick evaluation of the seismic vulnerability is performed 

through the presented NURBS-based computational tool, showing the high importance of the 

local response in the study of the seismic behavior of masonry aggregates. 
 

 

1 INTRODUCTION 

Masonry aggregates constitute the great majority of residential buildings in Italian historical 

centers. Several factors affect the response of these constructions to horizontal loads, such as 

geometrical irregularities, uncertainties on connections between walls, difficulties on the 

identification of masonry mechanical parameters, lack of design details, and pre-existent 

damage, resulting in a seismic behavior quite difficult to predict. Despite difficulties, a tool 

aimed at studying the structural capacity of masonry aggregates subjected to horizontal load is 

of great interest, since their high seismic vulnerability has been underlined during past 

earthquakes (L’Aquila 2009, Emilia Romagna 2012, Central Italy 2016) [1–5].  
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A lot of different strategies can be found in the technical literature for historical masonry 

structures [6] and, more specifically, for masonry aggregates. Generally speaking, the 

commonly adopted approaches can be distinguished in index-based methods [7–11], local 

failures analyses [12,13], Equivalent Frame-based methods [14–18], and FE static and dynamic 

non-linear analyses [19–23]. During recent seismic events, the great majority of failures 

observed was local collapses [24]. It has to be noted that the typical characteristics of masonry 

aggregates make these structures unable to exibit a global response when subjected to horizontal 

actions. Therefore, the vulnerability assessment of masonry aggreates cannot leave local 

analyses out of consideration [25,26] (as also recommended by the Italian code in reference to 

masonry structures [27,28]).  

Local failure analyses are usually performed by using limit analysis techniques. The Heyman 

model [29], i.e. the classic no-tension material, is usually adopted in order to easily take into 

account the typical characteristics of the masonry material. However in ancient buildings 

crushing and shear failures can be frequent, especially in presence of irregular masonry textures. 

Therefore, more accurate numerical strategies can be followed. Recently, some limit analysis 

prodecures enriched with homogenization techniques have been presented [30–33]. 

Homogenization allows representing the heterogeneous masonry material as an equivalent 

homogeneous material. In this way, fast and efficient methods which take into account 

heterogeneous and orthotropy through few equivalent parameters have been proposed. 

Moreover, a novel method for the determination of the homogenized failure surface of a certain 

masonry texture has been recently proposed [34]. In any case, a refined mesh is always required 

in the application of these methods. 

More recently, a novel limit analysis approach has been presented by some of the Authors 

[35]. In this method, an upper bound formulation is applied on a masonry structures discretized 

through few NURBS surfaces (Non-Uniform Rational B-Spline, [36]). The NURBS geometry 

is commonly adopted in the typical CAD environment and is particularly suited for the 

representation of complex masonry structures, such as vaults or, more in general, masonry 

buildings including curved shapes. Each NURBS element is idealized as rigid. Plastic 

dissipation occurs at interfaces according to a properly defined three-dimensional failure 

surface, which allows taking into account the main properties of a certain masonry texture. A 

Genetic Algorithm (GA) mesh adaptation is applied in order to obtain the minimum load 

muplitplier and the associated collapse mechanism. Some applications to historical masonry 

constructions have been recently published [37–44]. 

In this work, the adaptive NURBS limit analysis approach is applied as tool for the local 

failures analysis of complex historical masonry aggregates. Some case studies taken from the 

Italian historical centers Arsita (Abruzzo region) [45] and Sora (Lazio region) [19] are 

presented, providing the potentialities of this method for such a complex structural typology. 

2 ADAPTIVE NURBS LOCAL FAILURE ANALYSES ON MASONRY 

AGGREGATES  

This novel limit analysis approach for historical masonry aggregates is based on a 

discretization of the whole construction through few NURBS (Non-Uniform Rational B-Spline) 

surfaces. Without going too in details on the theory of NURBS geometrical entities (for which 

we remand to [36]), the main advantage of NURBS is the possibility to model curved elements, 
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such as arches, vaults, and circular openings, in easy way and with low computational cost. A 

NURBS model of a complex aggregate can be realized in Rhinoceros and then imported into 

the MATLAB environment, where each surface is converted into a 3D macro-element once 

thickness and offset properties are assigned. Once the model is available in MATLAB, each 

surface can be eventually subdivided into few elements, each one deriving by a trimmed 

NURBS surface which is a partition of the initial one.   

By assuming the hypotesis of infinitively rigid elements connected by rigid-plastic 

interfaces, a kinematic limit analysis can be applied. Interfaces are the only zones in which 

relative velocities can occur and represent the possible fracture lines from which the failure 

mechanism takes place. In order to properly evaulate the amount of plastic dissipation related 

to velocity jumps at interfaces, each one is discretized through points in which a local reference 

system (n, s, t) (Figure 1(a)) is defined, and a three-dimensional failure surfaces (typically a 

Mohr-Coulomb domain with tension cut-off and linear cap in compression, Figure 1(b)) is 

assigned. A classic associative plastic flow rule is adopted.   

 

(a) (b) 
Figure 1. (a) Discretization of interfaces and local reference system, (b) three-dimensional failure surface. 

Given a configuration of dead- and live-load (respectively and ), the live-load 

multiplier  is found by applying the Principle of Virtual Powers. The procedure can be written 

according to the following linear programming formulation:  

such that   

where: 

is the total amount of internal dissipated power; 

 is the power dissipated by the external loads; 

x  is the vector of unknowns, which include the velocity components of each element and 

the non-negative plastic multipliers ; 

, are respectively the overall equality constraints matrix (containing geometric 

constraints, plastic compatibility and normalization condition of live loads power) and the 

corresponding right-hand side vector.  

This is a general procedure for the limit analysis of masonry structures. However, in the 

specifical case of local failure analyses in masonry aggregates, dead loads represent self-

weights and masses applied on each wall, whereas live loads are constituted by a distribution 
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of horizontal loads proportional to masses (as recommended by the Italian code [27,28]). 

Therefore, by solving the presented linear programming problem, a horizontal load multiplier 

α0 and a mechanism are provided. According to this formulation, the mechanism will depend 

on the assumed position of fracture lines and the associated horizontal load multiplier will be a 

upper bound of the collapse multiplier, in agreement with the kinematic theorem of limit 

analysis. Therefore, the initial mesh has to be adjusted in order to find the real position of 

fracture lines. A Genetic Algorithm (GA) is here applied for the mesh adaptation procedure, in 

order to provide a good estimation of the horizontal load multiplier and the collapse mechanism. 

For more details and applications, the reader is referred to [35,37–44]. 

This procedure can be applied to evaluate local failure mechanisms in complex historical 

masonry aggregates. Starting from a model of the whole constructions, some walls (represented 

by the corresponding NURBS surfaces) can be selected and the code provides automatically 

the most vulnerable failure mechanism involving these elements. In order to take into account 

the typical characteristics of masonry aggregates, such as uncertainties on interlocking and 

eventually, presence of damage, different failure domains can be assigned to contacts between 

different NURBS surfaces. This assumes a fundamental role in the evaluation of the correct 

collapse mechanism (see Figure 2). 

 

   

(a) (b) (c) 
Figure 2. Influence of the level of interlocking on the collapse mechanism: examples of (a) low, (b) good, 

and (c) intermediate level of interlocking. 

3 APPLICATIONS TO SOME HISTORICAL MASONRY AGGREGATES  

The adaptive NURBS local failure analysis has been applied to some masonry aggregates 

located in historical centers. Some recent results are here presented. For each example, the 

parameter values suggested in the Italian code [27,28] have been adopted for each masonry 

typology observed in the different structural units. For sake of simplicity, all values assumed 

for the ultimate resistance parameters are summarized in Table 1. 
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Table 1: Resistance parameters assigned to masonry. 

Example 
Tensile stress 

ft [MPa] 

Compressive 

strength 

fc [MPa] 

Cohesion 

c [MPa] 

Friction 

angle 

Φ [°] 

Linear cap in 

compression 

ρ [-], Φ2 [°], [42] 

1-The Ortigia 

case 
0 2.6 0.05 22 0.5,45 

2-Arsita: 

Il Torrione 
0 

1.2 North-East side 

1.8 West side 

2.0 South side 

0.01 37 0.5,45 

3-Sora 0 2.6 0.05 22 0.5,45 

4-Arsita: 

Il Corso 

0.01 walls 

0.05 vaults 
2.0 0.035 22 0.5,45 

 

The first example is the Ortigia case [46], a simple masonry building constituted by four 

walls. This case has been adopted as a trial test for the evaluation of simple local mechanisms. 

Results are depicted in Figure 3. A good interlocking has been assumed for this case. In addition 

to overturning mechanisms, for which the adaptive NURBS limit analysis has allowed to 

determine the exact shape of the participating triangular portions of transversal walls, a 

horizontal flexure mechanism and a corner overturning have been found. Given the minimum 

load multiplier equal to 0.106, the lateral walls resulted the most vulnerable elements. However, 

this example is quite simple and cannot be classified as aggregate of constructions.  

 

  
 

 α0 = 0.181 α0 = 0.112 

(a) (b) (c) 

   

α0 = 0.450 α0 = 0.106 α0 = 0.371 

(d) (e) (f) 
Figure 3. Local mechanisms found for the Ortigia case: (a) 3D model, (b) façade overturning, (c-e) failures 

in lateral walls, (f) corner mechanism. 
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Some constructions located in the historical center of Arsita (Abruzzo region, Italy) have 

been recently analyzed through the proposed tool. Arsita is a small village in the center of Italy 

which was hit by the 2009 earthquake. Widespread damage has been observed on masonry 

constructions [1] as a consequence of the seismic event. After the earthquake, a deep 

investigation has been carried out on the historical center by a scientific team set up by ENEA 

(Italian National Agency for New Technologies, Energy and Sustainable Economic 

Development). A total of 17 aggregates have been inspected. As a final output, the Post-

Earthquake Reconstruction Plan for the Arsita Municipality has been published [45].  

The aggregate number 8, named “Il Torrione”, has been studied through the proposed limit 

analysis tool. This is a residential building composed of four structural units. The geometry is 

quite irregular both in the horizontal plan and in height, since it is built on a slope. Three storeys 

can be observed on the South side, which presents a maximum height equal to about 11.5 m 

with reference to the ground level. In the North side two storeys are visible with a height equal 

to 6.5 m, whereas in the East and West side walls are partially covered by the slope. All the 

different typologies of horizontal floors are characterized by the absence of chains and concrete 

edgings (according to [45]). The most critical failure mechanisms obtained are reported in 

Figure 4. Failures include overturning mechanisms, corner mechanisms, and both horizontal 

and vertical failures. It is worth noting that vertical flexure mechanisms can be obtained once 

global overturning failures are properly excluded from the automatic research. This can be 

performed by applying kinematic constraints that represent the presence of chains. As 

previously mentioned, no chains have been observed on this building. Therefore, these results 

show how the code allows taking into account even the most typical retrofitting strategies in an 

easy way. However, the study of masonry aggregates retrofitted by means of chains or strips 

will be the topic of future papers. As regards walls located in the West side (Figure 4(e, f)), 

both the cases of no connection and good connection have been studied, resulting in different 

collapse mechanisms. In any case, the most critical failures are given by the global overturning. 
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α0 = 0.057 α0 = 0.254 

(a) (b) 

 
 

  
α0 = 0.091 α0 = 0.145 α0 = 0.049 α0 = 0.132 

(c) (d) (e) 

   
 

α0 = 0.055 α0 = 0.101 α0 = 0.289 α0 = 0.675 

(f) 
Figure 4. Local mechanism found for the masonry aggregate Il Torrione (Arsita): (a) 3D model, (b, c) 

failures in the South side, (d) corner failure in the North side, (e, f) failures in the West side. 

The next examples regard masonry aggregates that include vaulted elements. A first test has 

been performed on some aggregates located in Sora (Lazio region, Italy). The local analysis 

tool has been applied on the perimeter walls of a single structural unit. Some of these walls are 

connected to another building through a masonry arch (see Figure 5). The result is depicted in 

Figure 5. As it can be noted, the global overturning of the wall is prevented by the arch, which 

is not involved into the failure. Therefore, the most vulnerable failure is a partial overturning 

taking place above the masonry arch. This very simple example has been adopted as trial test 

before the last case study.  
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α0 = 0.215 

Figure 5. Masonry aggregate in Sora: failure mechanism in presence of a masonry arch. 

The last example is the masonry aggregate named “Il Corso”, located in Arsita (the number 

1 according to [45]). This construction is the final result of the aggregation of three structural 

units, two residential building and a church (the Church of Santa Vittoria). The whole structure 

can be inscribed into a rectangle 47 m x 15 m, whereas the maximum height is about 15 m in 

correspondence of the bell tower. An average thickness of 70 cm has been observed for walls 

in residential units, whereas in the church even 200 cm thickness value can be found (as for the 

façade). The presence of several masonry vaults, see for example barrel vaults in the central 

nave of the church (Figure 6(a)), makes this aggregate a very meaningful example. Generally, 

a good connection between orthogonal walls has been assumed. Analyses have been performed 

starting by a 3D model of the whole constructions. It is worth noting that NURBS are 

particularly suited to this case, not only for a reliable representation of curved geometries, but 

also for an easy analysis of a 3D model that would implicate a very high computational effort 

if studied through the traditional FE approaches. The first results on this representative case are 

here presented. In Figure 6(b-e), failure mechanisms and corresponding horizontal multiplier 

α0 and spectral acceleration a0* (the last one evaluated as suggested in the Italian code [28], 

§C8.7.1.2.1.3) values are shown. By observing failures obtained in the church (Figure 6(b, c)), 

it is clear that vaults assume a fundamental role in the collapse. The most critical mechanism is 

the horizontal response of vaults in the central nave, to which a horizontal load multiplier equal 

to 0.108 and a corresponding spectral acceleration of 0.084g are assigned. It is worth noting 

that these complex mechanisms cannot be properly evaluated through the C.I.N.E. application 

or following standard hand calculations, since the collapse mechanisms are a-priori unknown.  
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(a) 

 
 

α0 = 0.352, a0* = 0.274 g α0 = 0.108, a0* = 0.084 g 

(b) (c) 

  
α0 = 0.557, a0* = 0.441 g α0 = 0.706, a0* = 0.624 g 

(d) (e) 
Figure 6. Local mechanisms found for the masonry aggregate Il Corso (Arsita): (a) horizontal plan and 

section, (b) church façade overturning, (c) failure of vaults in the central nave, (d) façade overturning in the 

residential structural units, (e) failures in the perimeter walls. 

4 CONCLUSIONS 

A novel strategy for evaluations of local mechanisms in historical masonry aggregates has 

been proposed. This method adopts a NURBS discretization of masonry aggregates and applies 

an upper bound limit analysis with automatic mesh adaptation. Several examples, characterized 

by different critical situations and increasing complexity, have been here presented.  

The use of NURBS resulted particularly suited for historical masonry aggregates, aiming to 

accurately represent complex geometries by maintaing low the number of elements and, 

consequently, the computational effort in comparison with the traditional FE approaches. In 

particular, the effect of the presence of curved elements (see the last two case studies) on the 

shape of the collapse mechanism is automatically taken into account. Moreover, the use of a 

mesh adaptation governed by Genetic Algorithm allowed identifying the exact position of 

fracture lines, avoiding overestimations of the horizontal load multiplier. Thanks to the 

automatic adjustment of the mesh, the NURBS discretization and the implementation of suited 

failure domains, the code allowed identifying both classical and non-standard failure 

mechanisms, which can derive from the presence of vaulted elements interacting with walls, 

cohexistence of different interlocking conditions, and irregular masonry textures (see in 

particular the last example). 
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Good results in terms of local failures and horizontal load multipliers have been found, 

providing the efficiency of the adaptive NURBS limit analysis in vulnerability evaluations of 

local failure mechanisms. Therefore, this procedure can be adopted as good alternative to the 

well-known CINE applications for the evaluation of local failures in complex historical 

masonry aggregates. 
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