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ABSTRACT

This study examines the exact solutions of the nonlinear Wazwaz-
Kaur Boussinesq (NLWKB) equation in (2 + 1)-dimension by using a
novel modified (G′/G2)-expansion method. This examination uses Beta-
Derivative, M-Truncated and Conformable derivatives for finding new
closed-form soliton solutions. The graphic demonstration covers some of
these solutions. These visualized graphs show individual W-type, bright,
and dark solitons to emphasize the effect of fractional derivatives on the
behavior of waves. Furthermore, the study investigates the bifurcation
analysis, chaotic dynamics, multistability, and Poincaré maps to describe
the stability transitions of the system. The results illustrate how fractional
calculus improves soliton modeling and nonlinear wave propagation, with
possible applications in plasma physics, optical fiber communications,
ion-acoustic, magneto-sound, and stationary media, and wave dynamics
in complex media, and the transmission of tidal and tsunami waves. The
proposed method proves to be a powerful method for solving nonlinear
fractional models and examining their dynamic behavior.
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1 Introduction

Nonlinear partial differential equations of fractional order have an important part in engineering
and science as they efficiently describe numerous nonlinear phenomena. Finding exact solutions of
these equations is crucial for understanding their nonlinear properties, which pushes mathematicians
to discover appropriate analytical techniques for solving both linear and nonlinear differential
equations. Over the previous few years, fractional partial differential equations and fractional calculus
have attained notable consideration because of their wide uses in many fields, including plasma physics,
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mathematical physics, finance, biology, engineering, mechanics, and electrochemical processes [1].
Fractional calculus extends classical calculus by introducing integration and differentiation of non-
integer orders, giving a strong structure for modeling systems with long-term interactions, memory
effects, and nonlocal behaviors. In this framework, the fractional derivative—usually considered an
extension of the integral—is generalized to contain non-integer and even complex orders, leading to
the improvement of novel mathematical methods to deal with fractional-order differential equations.
Several real-world phenomena that diverge from classical integer-order models can be better demon-
strated by using such equations.

The conduct of fractional partial differential equations and their solutions has been widely
analyzed in many models, including the special time-fractional model [2], the fractional Klein-Gordon
equation [3], the Boussinesq equation [4], the Allen-Cahn and fractional-order Phi-4 equation [5], the
fractional advection-dispersion equation [6], the time-fractional simplified Camassa-Holm equation
[7], the fractional Camassa-Holm equation [8], and, the fractional Burger’s equation [9], among
others. Fractional derivatives have also been used in a wide range of materials and polymer processes,
capturing genetic characteristics and memory effects. Given the complex structures of polymers—
materials that frequently display nonlocal effects, memory-dependent responses, and time-dependent
behaviors—fractional calculus offers a complete method to model their complex properties. Recent
studies have discovered several fractional derivative operators, including the Atangana beta and
conformable derivatives [10], the Caputo fractional derivative [11], the ψ-Hilfer fractional derivative
[12], the k-Riemann-Liouville derivative [13], and the Modified Riemann-Liouville derivative [14].

Because of the intrinsic complexity of fractional partial differential equations (PDEs), find-
ing their exact solutions is often difficult. Therefore, researchers have established many analytical
approaches to overcome this difficulty. Some of the commonly used methods include the Modified
F-expansion approach [15], the Tanh-function technique [16], the inverse scattering transform method
[17], the exp-function method [18], the modified exp-function method [19–21], the extended exp-
function method [22], the exp(−Φ(η))-expansion method [23], and the multiple exp-function method
[24]. The (G′/G2)-expansion method has also been widely used in the latest studies. For example, Arshed
and Sadia [25] employed this technique to obtain soliton solutions for three different fractional-
order nonlinear models. Similarly, Nisar et al. used an extended version of the (G′/G2)-expansion
methodology to the Heisenberg ferromagnetic spin chain model in (2 + 1)-dimension, leading to the
discovery of new soliton solutions [26]. Based on this progress, the current research uses a recently
developed novel modified (G′/G2)-expansion method to derive exact solutions for fractional partial
differential equations. This novel method, developed by Mumtaz et al. [27], has illustrated important
developments in solving nonlinear fractional systems, mainly in finding soliton solutions.

The (G′/G2)-expansion method has attained momentous attention due to its capability to derive
exact solutions for differential equations, including both temporal and spatial fractional orders. This
technique emphasizes generating closed-form solutions for a number of fractional-order differential
equations and gives a strong analytical framework. In this toil, we discover new fractional solutions by
using the new expansion method, called the novel modified (G′/G2)-expansion, together with the three
different derivatives to investigate the nonlinear WKB equation in (2 + 1)-dimension. The fractional
order β-Derivative includes beta function parameters, giving an alternative differentiation method that
improves computational flexibility. Compared to regular fractional derivatives, the β-derivative makes
fractional differentiation simpler, making it more flexible and effective for solving nonlinear fractional
models. However, it remains comparatively less analyzed in contrast to other fractional derivatives,
guaranteeing further investigation of its potential applications.
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Recent research in optical solitons and nonlinear wave equations has highlighted the increasing
importance of fractional derivatives in modeling complex systems [28,29]. The utilization of fractional
derivatives has improved the accuracy of soliton modeling in both plasma physics and optical fiber
communication. Moreover, the latest investigations [30,31] demonstrate the increasing importance of
fractional solitons in optical and plasma physics. Younas et al. [32] investigated the chaotic structure
and sensitivity exploration of solitons in nonlinear fractional longitudinal wave equations and focused
on the effects of different initial conditions and parameters. In the same way, Ismael et al. discovered
the dynamic wave behavior in a generalized (3 + 1)-dimensional Kadomtsev-Petviashvili equation,
improving the comprehension of nonlinear wave behavior in higher-dimensional models [33].

Bifurcation analysis, chaos analysis, multistability, and Poincare mapping are important tech-
niques for analyzing dynamic behavior in systems such as the Heimburg model. Bifurcation analysis
can provide insight into how small changes in parameters lead to significant changes in state, indicating
transitions between stable and unstable behavior. Time series analysis complements this by following
the time evolution of solitons, helping to identify patterns, stability, and oscillatory behavior. Chaotic
analysis explores the strong sensitivity to initial conditions and the emergence of strange attractors,
where small changes in initial conditions give rise to unpredictable and aperiodic trajectories. It aids
in identifying whether a system shows deterministic chaos, oscillates between periodic-to-chaotic
transitions, or maintains a quasi-periodic trajectory [34–37]. On the other hand, multistability denotes
the coexistence of multiple stable states within the same parameter set, where distinct initial conditions
give rise to different attractors. Chaos emphasizes unbounded complexity and irregular trajectories,
whereas multistability focuses on the system’s tendency to stabilize in different attractors based on
initial conditions rather than unpredictability [38,39]. Poincaré map further elucidates this behavior
using Poincaré sections [40]. Collectively, these techniques provide a framework for understanding
complex soliton dynamics in nonlinear models.

In this study, to obtain the solutions of the nonlinear Wazwaz Kaur Boussinesq equation in (2 +
1)-dimension, the novel modified (G′/G2)-expansion method in conjunction with beta, M-truncated,
and conformable derivatives has been employed [41–44]. Additionally, the dynamics analysis of
the Wazwaz-Kaur Boussinesq equation explores transitions between stable and chaotic states using
bifurcation diagrams, chaos analysis, multistability analysis, and Poincaré maps. Bifurcation analysis
identifies parameter-driven shifts in stability, while chaos analysis quantifies unpredictable behavior.
Multistability reveals the coexistence of multiple attractors, demonstrating the system’s sensitivity to
initial conditions. The Poincaré map simplifies the visualization of complex trajectories, distinguishing
periodic from chaotic solutions. Together, these methods provide a comprehensive understanding of
the equation’s dynamic behavior across different regimes. Applications for this nonlinear equation
include optical fiber, contemporary communication network technologies, homogeneous stationary
media, plasma physics, and tidal and tsunami wave propagation.

Soliton solutions to nonlinear equations are broadly studied with various analytical techniques.
Many researchers have examined the Wazwaz Kaur Boussinesq equation in (2 + 1)-dimension by
different analytical and numerical methods. However, the former methods mainly focused on integer-
order derivatives, restricting the capability to model memory effects and nonlocal interactions, which
are important fields in wave propagation in the real world. The novelty of this study is the application
of the novel modified (G′/G2)-expansion method together with fractional derivatives (β, M-Truncated
and Conformable) covers classical soliton models and offers an expanded range of solutions, including
bright, dark, and W-type solitons. In contrast to classical methods, our method provides more
adaptable and generalized solutions, enhancing its effectiveness in modeling nonlinear wave dynamics
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The soliton solutions obtained in this study have potential uses in fluid dynamics, optical
solitons, and materials science. In fluid mechanics, the results can model nonlinear shallow water
wave propagation and tidal wave interactions. In optical fiber communications, soliton solutions
describe pulse transmission through nonlinear dispersive media. Moreover, in materials science,
fractional soliton models aid in understanding nonlinear wave behavior in complex materials, such as
polymer structures and nanomaterials. These applications illustrate the importance of studying outside
theoretical mathematics.

In spite of major developments in solving fractional nonlinear PDEs, existing methods often fail to
capture the complex soliton structures arising in perturbed nonlinear systems. This study fills this gap
by introducing a novel modified (G′/G2)-expansion method, which is applied to the (2 + 1)-dimensional
WKB equation for the first time. This method not only derives new soliton solutions but also analyzes
their stability, bifurcation analysis, and chaotic behavior, providing a deeper knowledge of nonlinear
fractional systems.

This study aims to obtain precise soliton solutions of the nonlinear Wazwaz-Kaur Boussinesq
(WKB) equation in (2 + 1) dimension using a novel modified (G′/G2)-expansion method. Moreover,
this study examines the system’s bifurcation, chaotic behavior, and multistability to investigate
its sensitivity to initial conditions. The fractional derivatives used in this work are: Conformable
Derivative: A fractional derivative that preserves the chain rule and offers a simple extension of
classical differentiation. M-Truncated Derivative: Used to approximate nonlinear fractional models,
providing a computational advantage in solving fractional partial differential equations. β-Derivative:
A comparatively new fractional operator that includes the Beta function, allowing for improved
adaptability in catching memory and transmissible features of nonlinear systems. The application
of these three derivatives together with the novel modified (G′/G2)-expansion method discovers
many soliton solutions, providing understandings into their physical properties and stability under
perturbations. The comparison of the solutions obtained is also provided in the form of Table 1.

The proposed novel modified (G′/G2)-expansion method extends the classical (G′/G)-expansion
method and offers several advantages, including the flexibility of solutions to nonlinear integer order
and fractional order differential equations and the ability to generate a wide range of soliton solutions.
This method provides a highly important and exact analytical solution for understanding complex
nonlinear dynamics and validation of numerical simulations. Its applicability extends to fields such as
plasma physics, optical fiber communications, and fluid dynamics, where nonlinear wave phenomena
are preferred. Additionally, it facilitates a wide range of dynamic analysis, including bifurcation, chaos,
and multistability, providing deep insight into system behavior and stability.

This study is organized into eleven sections for a comprehensive exploration of the subject.
Section 2 introduces the concept of different fractional derivatives. Section 3 states the process of
the suggested method. Section 4 presents the use of the method along with the resulting outcomes,
while section 5 focuses on the graphical representation and confab of the outcomes. Section 6 delves
into bifurcation analysis, followed by Section 7, which examines chaotic behavior. Section 8 explores
time-series analysis, and Section 9 investigates the phenomenon of multi-stability. Section 10 discusses
the Poincaré map, and finally, Table 1 concludes the study with a summary of key insights and
implications.
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Table 1: Comparison of our solutions and the solutions by Saboor et al. [44]

Our solutions Solutions by Saboor et al. [44]

If we put H = 0, A = 1, B = 1, C = 0, P = 0, l = 1,
m = 1, k = 1, n = 2 and w101 (η) = ϑ1a (ψ) in (71),

then ϑ1a (ψ) = 2
(
2 cos2 (ψ) + 1

)
cos2 (ψ) − 1

.

If we put υ = 1, Λ = 1, Y = 0, ϕ1 =
0, x1 = 1, x2 = 1,
x3 = 2, u = 1 in (4.33), then

ϑ1a (ψ) = 2
(
2 cos2 (ψ) + 1

)
cos2 (ψ) − 1

.

If we put H = 0, A = −1/2, B = 1/2, C = 0, P = 1,
Q = 1, l = 1, m = 1, k = 1, n = 2 and
w102 (η) = ϑ1b (ψ) in (72), then

ϑ1b (ψ) = 2 − cos h (ψ)

1 + cos h (ψ)
.

If we put υ = −1/2, Λ = 1/2, Υ =
0, ϕ1 = 1, ϕ2 = 1, x1 = 1,
x2 = 1, x3 = 2, u = 1 in (4.34), then

ϑ1b (ψ) = 2 − cos h (ψ)

1 + cos h (ψ)
.

If we put H = 0, A = 1, B = 1, C = 1, P = 1,
Q = 1, l = 1, m = 1, k = 1, n = 1 and
w103 (η) = ϑ1c (ψ) in (73), then
ϑ1c (ψ) = −3

(
2ψ 2 + 2ψ + 1

)
.

If we putυ = 1, Λ = 1, Υ = 1, ϕ1 =
1, ϕ2 = 1, x1 = 1, x2 = 1, x3 = 1, u = 1
in (4.35), then
ϑ1c (ψ) = −3

(
2ψ 2 + 2ψ + 1

)
.

If we put H = 0, A = 3, B = 1, C = 4, Q = 0, l = 1,
m = −1, k = 1, n = 2 and w104 (η) = ϑ1d (ψ) in (74),

then ϑ1d (ψ) = 4 (5 cos h (2ψ) + 4 sin h (2ψ) + 6)

5 cos h (2ψ) + 4 sin h (2ψ) − 3
.

If we put υ = 3, Λ = 1, Υ = 4, ϕ2 =
0, x1 = 1, x2 = −1,
x3 = 2, u = 1 in (4.36), then ϑ1d (ψ) =
4 (5 cos h (2ψ) + 4 sin h (2ψ) + 6)

5 cos h (2ψ) + 4 sin h (2ψ) − 3
.

If we put H = 0, A = 1, B = 2, C = 2, Q = 0, l = 1,
m = 1, k = 1, n = 2 and w105 (η) = ϑ1e (ψ) in (75),

then ϑ1e (ψ) = 4 (sin (2ψ) − 2)

sin (2ψ) + 1
.

If we put υ = 1, Λ = 2, Υ = 2, ϕ2 =
0, x1 = 1, x2 = 1,
x3 = 2, u = 1 in (4.37), then

ϑ1e (ψ) = 4 (sin (2ψ) − 2)

sin (2ψ) + 1
.

2 Preliminaries

This section provides an overview of the derived definitions and their most important features.

Beta Derivative: Let w : [y, ∞) → �, t ≥ 0, y ∈ � be a continuous function. The β fractional
derivative is defined as [41]:

Dβw (t) = lim
ζ→0

w

(
t + ζ

(
t + 1

Γ (β)

)1−β
)

− w (t)

ζ
, where β ∈ (0, 1]

where the gamma function Γ is defined as: Γ (ν) = ∫ ∞
0

tν−1e−tdt.

Let the differential functions γ (t) and δ (t) having order 0 < β ≤ 1 and t ≥ 0, then:

i) Dβ (aγ (t) + bδ (t)) = aDβ (γ (t)) + bDβ (δ (t)) , ∀a , b ∈ �.

ii) Dβ (aγ (t) bδ (t)) = γ (t) Dβ (δ (t)) + δ (t) Dβ (γ (t)) .

iii) Dβ

(
γ (t)
δ (t)

)
= γ (t) Dβ (δ (t)) − δ (t) Dβ (γ (t))

δ (t)2 .
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iv) Dβ (p) = 0, for any constant p.

v) Considering λ =
(

t + 1
Γ (β)

)1−β

θ , where θ → 0 when λ → 0, therefore we get :

Dβ (δ (t)) =
(

t + 1
Γ (β)

)1−β dδ (t)
dt

,

with χ = c
β

(
t + 1

Γ (β)

)β

. The properties of β fractional derivative are confirmed in the research [42].

M-Truncated Derivative:

Let w : [y, ∞) → � having order β ∈ (0, 1] , then M-Truncated fractional derivative is defined
as [43]:

Dβ

M,tw (t) = limα→0

w (t + γ Eδ (αt−β)) − w (t)
α

, t > 0,

and γ Eδ (.) is the Mittag-Leffler truncated function in solo parameter is demarcated below [44,45]:

γ Eδ (t) =
k∑

i=0

ti

Γ (δi + 1)
.

Theorem 1: Let β ∈ (0, 1] , δ > 0, γ1, γ2 ∈ � and K, L be differential functions of order β.

i) Dβ

M,χ (γ1K (ψ) + γ2L (ψ)) = γ1D
β

M,χ (K (χ)) + γ2D
β

M,χ (L (χ)) ,

ii) Dβ

M,χ (K (χ) L (χ)) = K (χ) Dβ

M,χ (L (χ)) + L (χ) Dβ

M,χ (K (χ)) .

iii) Dβ

M,χ

(
K (χ)

L (χ)

)
= K (ψ) Dβ

M,χ (L (χ)) − L (χ) Dβ

M,χ (K (χ))

L2 (χ)
.

iv) Dβ

M,χ (p) = 0, for any constant p.

v) Dβ

M,χK (χ) = χ 1−β

Γ (δ + 1)

dK
dδ

.

Conformable Derivative (CD):

The CD for the function τ : [q, ∞) → � of order β ∈ (0, 1] is defined as below:

Dβ

C,tΘ (t) = lim
�→0

Θ
(
t + � (t)1−β

) − � (t)

�
, t > 0.

For any affirmative value of t, the limit specified in the above equation shows the presence of the
β-CD of Θ. Presume 0 < β ≤ 1, and Θ (t) , f (t) symbolize β-CD functions. The CD retains numerous
imperative possessions as outlined below:

i) Dβ

t (p) = 0, where p =constant.

ii) Dβ

t (tμ) = μ tμ−χ , for all μ ∈ R.

iii) Dβ

t (a1Θ (t) + a2f (t)) = a1Dβ

t Θ (t) + a2Dβ

t f (t) , ∀a1, a2 ∈ R.

iv) Dβ

t (Θ (t) f (t)) = Θ (t) Dβ

t f (t) + f (t) Dβ

t h (t).

v) Dβ

t

(
Θ (t)
f (t)

)
= f (t) Dβ

t Θ (t) − Θ (t) Dβ

t f (t)

f (t)2 .

vi) If Θ is differential, then Dβ

t (Θ (t)) = t1−β
dΘ (t)

dt
.
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Furthermore, the possessions and formulas associated with the conformable derivatives are
treated completely from a reference perspective [46].

3 The Proposed Method

Consider the nonlinear partial differential equation (NLPDE) as follows:

Ω
(
Ψ, Ψx, Ψy, Ψt, Ψxx, Ψyy, Ψtt, . . .

) = 0, (1)

where Ψ = Ψ (x, y, t) is an unidentified function, Ω is a polynomial in Ψ and its partial derivatives.
The key stages of the projected scheme are:

Stage 1: Assume the wave variable η = x + y − ω t, where ω symbolizes the wave speed, converts
the Eq. (1) to the subsequent nonlinear ordinary differential equation (ODE):

Ξ
(
Ψ, ωΨ′, Ψ′′, Ψ′, ω2Ψ′′, −ω Ψ′′, . . .

) = 0. (2)

Stage 2: Presume the trial solution of Eq. (2) can be articulated in a power series with the
subsequent format:

Ψ (η) =
n∑

j=−n

ϕj (Ξ (η))
i , (3)

where Ξ (η) = H + G′(η)

G2(η)
, and ϕj (j = ±1, . . . , ±n) and H are constants. By bearing in mind the

homogeneous balance between the highest-order nonlinear term and highest-order derivative in
Eq. (2), the positive integer n can be assessed. It is presumed that

(
G′/G2

)
satisfies the subsequent

Riccati equation:(
G′/G2

)′ = ϑ1 + ϑ2

(
G′/G2

)2 + ϑ3

(
G′/G2

)
. (4)

The possible solutions to Eq. (4) are:

G′

G2
=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

√
ϑ1ϑ2

(
θ1 cos

(√
ϑ1ϑ2η

) + θ2 sin
(√

ϑ1ϑ2η
))

ϑ1

(
θ2 cos

(√
ϑ1ϑ2η

) − θ1 sin
(√

ϑ1ϑ2η
)) ϑ1ϑ2 > 0, ϑ3 = 0,

−√|ϑ1ϑ2|
(
θ1 sinh

(
2
√|ϑ1ϑ2|η

) + θ1 cosh
(
2
√|ϑ1ϑ2|η

) + θ2

)
ϑ1

(
θ1 sinh

(
2
√|ϑ1ϑ2|η

) + θ1 cosh
(
2
√|ϑ1ϑ2|η

) − θ2

) ϑ1ϑ2 < 0, ϑ3 = 0,

−θ1

ϑ2 (θ1η + Q)
ϑ1 = 0, ϑ2 �= 0, ϑ3 = 0,

−ϑ3

2ϑ2

−

√
Δ

(
θ1 cosh

(√
Δ

2
η

)
+ θ2 sinh

(√
Δ

2
η

))

2ϑ2

(
θ2 cosh

(√
Δ

2
η

)
+ θ1 sinh

(√
Δ

2
η

)) ϑ3 �= 0, Δ ≥ 0,

−ϑ3

2ϑ2

−

√−Δ

(
θ1 cos

(√−Δ

2
η

)
− θ2 sin

(√−Δ

2
η

))

2ϑ2

(
θ1 sin

(√−Δ

2
η

)
+ θ2 cos

(√−Δ

2
η

)) ϑ3 �= 0, Δ < 0,

(5)
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where θ1 and θ2 are capricious constants and Δ = ϑ 2
3 − 4ϑ1ϑ2.

Stage 3: To get the arithmetical system for ω and ϕj (j = ±1, . . . , ±n) , we need to set the
coefficients from (Ξ)

j to zero, then substitute the Eqs. (3) and (4) to Eq. (2).

Step 4: Solving the acquired arithmetical system by via computational software Maple 18 to find
the values of ω and ϕj (j = ±1, . . . , ±n) , placing the value of Ξ into Eqs. (3) from (5) to acquire the
precise solutions of Eq. (2).

4 The Method’s Application

In this segment, we examine the (2 + 1) dimensional NLWKB [47]:

Utt + n Uty − lU 2
xx − Uxx − m Uxxxx + 1

4
n2Uyy = 0, (6)

where m, n, l are non-zero parameters. In terms of β-derivative, this model can be articulated as:

Dγ

β,t Utt + n Dγ

β,t Uty − lU 2
xx − Uxx − m Uxxxx + 1

4
n2Uyy = 0, (7)

where Dγ

β,t is β-derivative of w(x, y, t) and γ displays the fractional constraint such that 0 ≤ γ ≤ 1.

In β-derivative, η shows the wave transformation that converts the original PDE into an ODE,
allowing us to discover exact traveling wave solutions and proceeds the subsequent form:

U (x, y, t) = U (η) , η = k

⎛
⎜⎜⎜⎝x + y − v

(
t + 1

Γ (β)

)β

β

⎞
⎟⎟⎟⎠ , k, ν �= 0. (8)

The model is expressed for M-truncated derivative in the following way:

Dγ

M,t Utt + n Dγ

M,t Uty − l U 2
xx − Uxx − m Uxxxx + 1

4
n2Uyy = 0, (9)

where Dγ

M,t is the M-truncated derivative, while γ is the fractional order derivative. In M-Truncated
derivative, the travelling wave constraint η takes the subsequent form:

w (x, y, t) = w (η) , η = k
(

x + y + ν
Γ (γ + 1)

β
tβ

)
. (10)

The model is expressed as a conformable derivative in the following way:

Dγ

C,t wtt + n Dγ

C,t wty − l w2
xx − wxx − m wxxxx + 1

4
n2wyy = 0. (11)

In Eq. (11), Dγ

C,t is conformable derivative, while γ is the fractional order derivative.

In CD, the travelling wave constraint η proceeds in the following form:

w (x, y, t) = w (η) , η = k
(

x + y + ν

β
tβ

)
, (12)

https://www.scipedia.com/public/Mumtaz_et_al_2025 8

https://www.scipedia.com/public/Mumtaz_et_al_2025


A. Mumtaz, M. Shakeel, A. Manan and N. A. Shah,

Stability and chaotic analysis of nonlinear fractional model using novel analytical technique:

soliton solutions for wazwaz kaur boussinesq equation,

Rev. int. métodos numér. cálc. diseño ing. (2025). Vol.41, (2), 13

transforms Eqs. (7), (9) and (11) into ordinary differential equations using their analogous wave
conversions mentioned in Eqs. (8), (10) and (12), we get:

− 4k2m w(iv) + (
4ν2 − 4ν n + n2 − 4

)
w′′ − 8l

(
w w′′ + (w′)2) = 0. (13)

Integrating Eq. (13) twofold with respect to η and setting the constant of integration to zero, we
acquire the subsequent ordinary differential equation:

4k2m w′′ + 4lw2 − (
4ν2 − 4ν n + n2 − 4

)
w = 0. (14)

The balance number N = 2 is obtained by equating the highest-order linear term w′′ with the
highest-order nonlinear term w2 in the Eq. (14) by using the balancing principle. This helps to develop
a suitable solution, confirming that the obtained solitons satisfy the governing equation. The Eq. (3)
can be written in the following form by using N = 2 as:

w (η) = ϕ0 + ϕ1 (Ξ) + ϕ2 (Ξ) 2+ϕ−1 (Ξ)
−1 + ϕ−2 (Ξ)

−2 , (15)

where G = G (η) , and ϕ0, ϕ1, ϕ2, ϕ−1, ϕ−2 are the unidentified quantities to be gritty. Putting Eq. (15)
together with Eqs. (4) into (14), then equating the quantities of w (η) to zero, we acquire a structure
of nonlinear equations. Unravelling the acquired structure with Maple 18, we find the subsequent
solution sets.

Set 1:

ϕ0 = −k2mΔ

l
, ϕ2 = −6ϑ 2

2 k2m
l

, ϕ−2 = −3mk2Δ2

8lϑ 2
2

, H = ϑ3

2ϑ2

, ν = 1
2

n+
√

1 − 4mk2Δ, ϕ1 = ϕ−1 = 0. (16)

By inserting the obtained values of constants from Eq. (16) along with the values from Eqs. (5)
into (15), we derive the subsequent results for Set 1:

w11 (η) = −k2mΔ

l
− 6ϑ 2

2 k2m
l

(
ϑ3

2ϑ2

+
√

ϑ1ϑ2

(
θ1 cos

(√
ϑ1ϑ2η

) + θ2 sin
(√

ϑ1ϑ2η
))

ϑ1

(
θ2 cos

(√
ϑ1ϑ2η

) − θ1 sin
(√

ϑ1ϑ2η
))

)2

− 3mk2Δ2

8lϑ 2
2

(
ϑ3

2ϑ2

+
√

ϑ1ϑ2

(
θ1 cos

(√
ϑ1ϑ2η

) + θ2 sin
(√

ϑ1ϑ2η
))

ϑ1

(
θ2 cos

(√
ϑ1ϑ2η

) − θ1 sin
(√

ϑ1ϑ2η
))

)−2

, (17)

w12 (η) = −k2mΔ

l
− 6ϑ 2

2 k2m
l

(
ϑ3

2ϑ2

−
√|ϑ1ϑ2|

(
θ1 sin h

(
2
√|ϑ1ϑ2|η

) + θ1 cos h
(
2
√|ϑ1ϑ2|η

) + θ2

)
ϑ1

(
θ1 sin h

(
2
√|ϑ1ϑ2|η

) + θ1 cos h
(
2
√|ϑ1ϑ2|η

) − θ2

)
)2

− 3mk2Δ2

8lϑ 2
2

(
ϑ3

2ϑ2

−
√|ϑ1ϑ2|

(
θ1 sin h

(
2
√|ϑ1ϑ2|η

) + θ1 cos h
(
2
√|ϑ1ϑ2|η

) + θ2

)
ϑ1

(
θ1 sin h

(
2
√|ϑ1ϑ2|η

) + θ1 cos h
(
2
√|ϑ1ϑ2|η

) − θ2

)
)−2

, (18)

w13 (η) = −k2mΔ

l
− 6ϑ 2

2 k2m
l

(
ϑ3

2ϑ2

− θ1

ϑ2 (θ1η + Q)

)2

− 3mk2Δ2

8lϑ 2
2

(
ϑ3

2ϑ2

− θ1

ϑ2 (θ1η + Q)

)−2

, (19)
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w14 (η) = −k2mΔ

l
+ 6ϑ 2

2 k2m
l

(√
Δ

(
θ1 cos h

(√
Δ

2
η
) + θ2 sin h

(√
Δ

2
η
))

2ϑ2

(
θ2 cos h

(√
Δ

2
η
) + θ1 sin h

(√
Δ

2
η
))

)2

+ 3mk2Δ2

8lϑ 2
2

(√
Δ

(
θ1 cos h

(√
Δ

2
η
) + θ2 sin h

(√
Δ

2
η
))

2ϑ2

(
θ2 cos h

(√
Δ

2
η
) + θ1 sin h

(√
Δ

2
η
))

)−2

, (20)

w15 (ζ ) = −k2mΔ

l
+ 6ϑ 2

2 k2m
l

(√−Δ
(
θ1 cos

(√−Δ

2
η
) − θ2 sin

(√−Δ

2
η
))

2ϑ2

(
θ1 sin

(√−Δ

2
η
) + θ2 cos

(√−Δ

2
η
))

)2

+ 3mk2Δ2

8lϑ 2
2

(√−Δ
(
θ1 cos

(√−Δ

2
η
) − θ2 sin

(√−Δ

2
η
))

2ϑ2

(
θ1 sin

(√−Δ

2
η
) + θ2 cos

(√−Δ

2
η
))

)−2

. (21)

Set 2:

H = ϑ3

2ϑ2

, ν = 1
2

n +
√

1 + 4mk2Δ, ϕ0 = 3k2mΔ

l
, ϕ1 = 0, ϕ2 = −6ϑ 2

2 k2m
l

, ϕ−1 = 0, ϕ−2 = −3mk2Δ2

8lϑ 2
2

.

(22)

By inserting the obtained values of constants from Eq. (22) along with the values from Eqs. (5)
into (15), we derive the subsequent solutions for Set 2:

w21 (η) = 3k2mΔ

l
− 6ϑ 2

2 k2m
l

(
ϑ3

2ϑ2

+
√

ϑ1ϑ2

(
θ1 cos

(√
ϑ1ϑ2η

) + θ2 sin
(√

ϑ1ϑ2η
))

ϑ1

(
θ2 cos

(√
ϑ1ϑ2η

) − θ1 sin
(√

ϑ1ϑ2η
))

)2

− 3mk2Δ2

8lϑ 2
2

(
ϑ3

2ϑ2

+
√

ϑ1ϑ2

(
θ1 cos

(√
ϑ1ϑ2η

) + θ2 sin
(√

ϑ1ϑ2η
))

ϑ1

(
θ2 cos

(√
ϑ1ϑ2η

) − θ1 sin
(√

ϑ1ϑ2η
))

)−2

, (23)

w22 (η) = 3k2mΔ

l
− 6ϑ 2

2 k2m
l

(
ϑ3

2ϑ2

−
√|ϑ1ϑ2|

(
θ1 sin h

(
2
√|ϑ1ϑ2|η

) + θ1 cos h
(
2
√|ϑ1ϑ2|η

) + θ2

)
ϑ1

(
θ1 sin h

(
2
√|ϑ1ϑ2|η

) + θ1 cos h
(
2
√|ϑ1ϑ2|η

) − θ2

)
)2

− 3mk2Δ2

8lϑ 2
2

(
ϑ3

2ϑ2

−
√|ϑ1ϑ2|

(
θ1 sin h

(
2
√|ϑ1ϑ2|η

) + θ1 cos h
(
2
√|ϑ1ϑ2|η

) + θ2

)
ϑ1

(
θ1 sin h

(
2
√|ϑ1ϑ2|η

) + θ1 cos h
(
2
√|ϑ1ϑ2|η

) − θ2

)
)−2

, (24)

w23 (η) = 3k2mΔ

l
− 6ϑ 2

2 k2m
l

(
ϑ3

2ϑ2

− θ1

ϑ2 (θ1η + θ2)

)2

− 3mk2Δ2

8lϑ 2
2

(
ϑ3

2ϑ2

− θ1

ϑ2 (θ1η + θ2)

)−2

, (25)

w24 (η) = 3k2mΔ

l
+ 6ϑ 2

2 k2m
l

(√
Δ

(
θ1 cos h

(√
Δ

2
η
) + θ2 sin h

(√
Δ

2
η
))

2ϑ2

(
θ2 cos h

(√
Δ

2
η
) + θ1 sin h

(√
Δ

2
η
))

)2

+ 3mk2Δ2

8lϑ 2
2

(√
Δ

(
θ1 cos h

(√
Δ

2
η
) + θ2 sin h

(√
Δ

2
η
))

2ϑ2

(
θ2 cos h

(√
Δ

2
η
) + θ1 sin h

(√
Δ

2
η
))

)−2

, (26)
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w25 (η) = 3k2mΔ

l
+ 6ϑ 2

2 k2m
l

(√−Δ
(
θ1 cos

(√−Δ

2
η
) − θ2 sin

(√−Δ

2
η
))

2ϑ2

(
θ1 sin

(√−Δ

2
η
) + θ2 cos

(√−Δ

2
η
))

)2

+ 3mk2Δ2

8lϑ 2
2

(√−Δ
(
θ1 cos

(√−Δ

2
η
) − θ2 sin

(√−Δ

2
η
))

2ϑ2

(
θ1 sin

(√−Δ

2
η
) + θ2 cos

(√−Δ

2
η
))

)−2

. (27)

Set 3:

ϕ0 = −6k2mϑ2

(
ϑ2H2 − Hϑ3 + ϑ1

)
l

, ϕ1 = 6k2mϑ2 (2Hϑ2 − ϑ3)

l
, ϕ2 = −6ϑ 2

2 k2m
l

,

ν = 1
2

n +
√

1 + mk2Δ, φ−1 = 0, φ−2 = 0, H = H. (28)

By inserting the obtained values of constants from Eq. (28) along with the values from Eqs. (5)
into (15), we derive the subsequent solutions for Set 3:

w31 (η) = 6k2mϑ2
(
2Hϑ2 − ϑ3

)
l

(
H +

√
ϑ1ϑ2

(
θ1 cos

(√
ϑ1ϑ2η

) + θ2 sin
(√

ϑ1ϑ2η
))

ϑ1
(
θ2 cos

(√
ϑ1ϑ2η

) − θ1 sin
(√

ϑ1ϑ2η
))

)

− 6ϑ2
2 k2m

l

(
H +

√
ϑ1ϑ2

(
θ1 cos

(√
ϑ1ϑ2η

) + θ2 sin
(√

ϑ1ϑ2η
))

ϑ1
(
θ2 cos

(√
ϑ1ϑ2η

) − θ1 sin
(√

ϑ1ϑ2η
))

)2

−
6k2mϑ2

(
ϑ2H2 − Hϑ3 + ϑ1

)
l

, (29)

w32 (η) = 6k2mϑ2 (2Hϑ2 − ϑ3)

l

(
H −

√|ϑ1ϑ2|
(
θ1 sin h

(
2
√|ϑ1ϑ2|η

) + θ1 cos h
(
2
√|ϑ1ϑ2|η

) + θ2

)
ϑ1

(
θ1 sin h

(
2
√|ϑ1ϑ2|η

) + θ1 cos h
(
2
√|ϑ1ϑ2|η

) − θ2

)
)

− 6ϑ 2
2 k2m
l

(
H −

√|ϑ1ϑ2|
(
θ1 sin h

(
2
√|ϑ1ϑ2|η

) + θ1 cos h
(
2
√|ϑ1ϑ2|η

) + θ2

)
ϑ1

(
θ1 sin h

(
2
√|ϑ1ϑ2|η

) + θ1 cos h
(
2
√|ϑ1ϑ2|η

) − θ2

)
)2

− 6k2mϑ2

(
ϑ2H2 − Hϑ3 + ϑ1

)
l

, (30)

w33 (η) = 6k2mϑ2 (2Hϑ2 − ϑ3)

l

(
H − θ1

ϑ2 (θ1η + Q)

)
− 6ϑ 2

2 k2m
l

(
H − θ1

ϑ2 (θ1η + Q)

)2

− 6k2mϑ2

(
ϑ2H2 − Hϑ3 + ϑ1

)
l

, (31)

w34 (η) = 6k2mϑ2 (2Hϑ2 − ϑ3)

l

(
H − ϑ3

2ϑ2

−
√

Δ
(
θ1 cos h

(√
Δ

2
η
) + θ2 sin h

(√
Δ

2
η
))

2ϑ2

(
θ2 cos h

(√
Δ

2
η
) + θ1 sin h

(√
Δ

2
η
))

)

− 6ϑ 2
2 k2m
l

(
H − ϑ3

2ϑ2

−
√

Δ
(
θ1 cos h

(√
Δ

2
η
) + θ2 sin h

(√
Δ

2
η
))

2ϑ2

(
θ2 cos h

(√
Δ

2
η
) + θ1 sin h

(√
Δ

2
η
))

)2

− 6k2mϑ2

(
ϑ2H2 − Hϑ3 + ϑ1

)
l

, (32)
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w35 (η) = 6k2mϑ2 (2Hϑ2 − ϑ3)

l

(
H − ϑ3

2ϑ2

−
√−Δ

(
θ1 cos

(√−Δ

2
η
) − θ2 sin

(√−Δ

2
η
))

2ϑ2

(
θ1 sin

(√−Δ

2
η
) + θ2 cos

(√−Δ

2
η
))

)

− 6ϑ 2
2 k2m
l

(
H − ϑ3

2ϑ2

−
√−Δ

(
θ1 cos

(√−Δ

2
η
) − θ2 sin

(√−Δ

2
η
))

2ϑ2

(
θ1 sin

(√−Δ

2
η
) + θ2 cos

(√−Δ

2
η
))

)2

− 6k2mϑ2

(
ϑ2H2 − Hϑ3 + ϑ1

)
l

. (33)

Set 4:

H = H, ν = 1
2

n +
√

1 − mk2Δ, φ0 = −k2m
(
6ϑ 2

2 H2 − 6ϑ2Hϑ3 + 2ϑ1ϑ2 + ϑ 2
3

)
l

,

φ1 = 6k2mϑ2 (2Hϑ2 − ϑ3)

l
, φ2 = −6ϑ 2

2 k2m
l

, φ−1 = 0, φ−2 = 0. (34)

By inserting the obtained values of constants from Eq. (34) along with the values from Eqs. (5)
into (15), we derive the subsequent solutions for Set 4:

w41 (η) = −k2m
(
6ϑ 2

2 H2 − 6ϑ2Hϑ3 + 2ϑ1ϑ2 + ϑ 2
3

)
l

+ 6k2mϑ2 (2Hϑ2 − ϑ3)

l

(
H +

√
ϑ1ϑ2

(
θ1 cos

(√
ϑ1ϑ2η

) + θ2 sin
(√

ϑ1ϑ2η
))

ϑ1

(
θ2 cos

(√
ϑ1ϑ2η

) − θ1 sin
(√

ϑ1ϑ2η
))

)

− 6ϑ 2
2 k2m
l

(
H +

√
ϑ1ϑ2

(
θ1 cos

(√
ϑ1ϑ2η

) + θ2 sin
(√

ϑ1ϑ2η
))

ϑ1

(
θ2 cos

(√
ϑ1ϑ2η

) − θ1 sin
(√

ϑ1ϑ2η
))

)2

, (35)

w42 (η) = −k2m
(
6ϑ 2

2 H2 − 6ϑ2Hϑ3 + 2ϑ1ϑ2 + ϑ 2
3

)
l

+ 6k2mϑ2 (2Hϑ2 − ϑ3)

l

(
H −

√|ϑ1ϑ2|
(
θ1 sin h

(
2
√|ϑ1ϑ2|η

) + θ1 cos h
(
2
√|ϑ1ϑ2|η

) + θ2

)
ϑ1

(
θ1 sin h

(
2
√|ϑ1ϑ2|η

) + θ1 cos h
(
2
√|ϑ1ϑ2|η

) − θ2

)
)

− 6ϑ 2
2 k2m
l

(
H −

√|ϑ1ϑ2|
(
θ1 sin h

(
2
√|ϑ1ϑ2|η

) + θ1 cos h
(
2
√|ϑ1ϑ2|η

) + θ2

)
ϑ1

(
θ1 sin h

(
2
√|ϑ1ϑ2|η

) + θ1 cos h
(
2
√|ϑ1ϑ2|η

) − θ2

)
)2

, (36)

w43 (η) = 6k2mϑ2 (2Hϑ2 − ϑ3)

l

(
H − θ1

ϑ2 (θ1η + Q)

)
− 6ϑ 2

2 k2m
l

(
H − θ1

ϑ2 (θ1η + Q)

)2

− k2m
(
6ϑ 2

2 H2 − 6ϑ2Hϑ3 + 2ϑ1ϑ2 + ϑ 2
3

)
l

, (37)
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w44 (η) = −k2m
(
6ϑ 2

2 H2 − 6ϑ2Hϑ3 + 2ϑ1ϑ2 + ϑ 2
3

)
l

+ 6k2mϑ2 (2Hϑ2 − ϑ3)

l

(
H − ϑ3

2ϑ2

−
√

Δ
(
θ1 cos h

(√
Δ

2
η
) + θ2 sin h

(√
Δ

2
η
))

2ϑ2

(
θ2 cos h

(√
Δ

2
η
) + θ1 sin h

(√
Δ

2
η
))

)

− 6ϑ 2
2 k2m
l

(
H − ϑ3

2ϑ2

−
√

Δ
(
θ1 cos h

(√
Δ

2
η
) + θ2 sin h

(√
Δ

2
η
))

2ϑ2

(
θ2 cos h

(√
Δ

2
η
) + θ1 sin h

(√
Δ

2
η
))

)2

, (38)

w45 (η) = −k2m
(
6ϑ 2

2 H2 − 6ϑ2Hϑ3 + 2ϑ1ϑ2 + ϑ 2
3

)
l

+ 6k2mϑ2 (2Hϑ2 − ϑ3)

l

(
H − ϑ3

2ϑ2

−
√−Δ

(
θ1 cos

(√−Δ

2
η
) − θ2 sin

(√−Δ

2
η
))

2ϑ2

(
θ1 sin

(√−Δ

2
η
) + θ2 cos

(√−Δ

2
η
))

)

− 6ϑ 2
2 k2m
l

(
H − ϑ3

2ϑ2

−
√−Δ

(
θ1 cos

(√−Δ

2
η
) − θ2 sin

(√−Δ

2
η
))

2ϑ2

(
θ1 sin

(√−Δ

2
η
) + θ2 cos

(√−Δ

2
η
))

)2

. (39)

Remark 1: If we put H = 0, ϑ1 = υ, ϑ2 = Λ, ϑ3 = Y , θ1 = φ1, θ2 = φ2, w = ϑ , l = x1, m =
x2, n = x3, k = u, and η = ψ , then our solution Eqs. (35)–(39) exactly coincide with the solution Eqs.
(4.38)–(4.42) of Saboor et al. [44].

Set 5:

φ0 = −k2mΔ

l
, φ1 = 6k2mϑ2

√
Δ

l
, φ2 = −6B2k2m

l
, H = ϑ3

2ϑ2

+
√

Δ

ϑ2

,

ν = 1
2

n +
√

1 − mk2Δ, φ−1 = 0, φ−2 = 0. (40)

By inserting the obtained values of constants from Eq. (40) along with the values from Eqs. (5)
into (15), we derive the subsequent solutions for Set 5:

w51 (η) = −k2mΔ

l
+ 6k2mϑ2

√
Δ

l

(
ϑ3

2ϑ2

+
√

Δ

ϑ2

+
√

ϑ1ϑ2

(
θ1 cos

(√
ϑ1ϑ2η

) + θ2 sin
(√

ϑ1ϑ2η
))

ϑ1

(
θ2 cos

(√
ϑ1ϑ2η

) − θ1 sin
(√

ϑ1ϑ2η
))

)

− 6ϑ 2
2 k2m
l

(
ϑ3

2ϑ2

+
√

Δ

ϑ2

+
√

ϑ1ϑ2

(
θ1 cos

(√
ϑ1ϑ2η

) + θ2 sin
(√

ϑ1ϑ2η
))

ϑ1

(
θ2 cos

(√
ϑ1ϑ2η

) − θ1 sin
(√

ϑ1ϑ2η
))

)2

, (41)

w52 (η) = −k2mΔ

l
+ 6k2mϑ2

√
Δ

l

(
ϑ3
2ϑ2

+
√

Δ

ϑ2
−

√|ϑ1ϑ2| (θ1 sin h
(
2
√|ϑ1ϑ2|η) + θ1 cos h

(
2
√|ϑ1ϑ2|η) + θ2

)
ϑ1

(
θ1 sin h

(
2
√|ϑ1ϑ2|η) + θ1 cos h

(
2
√|ϑ1ϑ2|η) − θ2

)
)

− 6ϑ2
2 k2m

l

(
ϑ3
2ϑ2

+
√

Δ

ϑ2
−

√|ϑ1ϑ2| (θ1 sin h
(
2
√|ϑ1ϑ2|η) + θ1 cos h

(
2
√|ϑ1ϑ2|η) + θ2

)
ϑ1

(
θ1 sin h

(
2
√|ϑ1ϑ2|η) + θ1 cos h

(
2
√|ϑ1ϑ2|η) − θ2

)
)2

, (42)
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w53 (η) = −k2mΔ

l
+ 6k2mϑ2

√
Δ

l

(
ϑ3

2ϑ2

+
√

Δ

ϑ2

− θ1

ϑ2 (θ1η + Q)

)

− 6ϑ 2
2 k2m
l

(
ϑ3

2ϑ2

+
√

Δ

ϑ2

− θ1

ϑ2 (θ1η + Q)

)2

, (43)

w54 (η) = −k2mΔ

l
+ 6k2mϑ2

√
Δ

l

(
1
ϑ2

−
(
θ1 cos h

(√
Δ

2
η
) + θ2 sin h

(√
Δ

2
η
))

2ϑ2

(
θ2 cos h

(√
Δ

2
η
) + θ1 sin h

(√
Δ

2
η
))

)

− 6ϑ 2
2 k2m
l

(
1
ϑ2

−
(
θ1 cos h

(√
Δ

2
η
) + θ2 sin h

(√
Δ

2
η
))

2ϑ2

(
θ2 cos h

(√
Δ

2
η
) + θ1 sin h

(√
Δ

2
η
))

)2

, (44)

w55 (η) = −k2mΔ

l
+ 6k2mϑ2

√
Δ

l

(√
Δ

ϑ2

−
√−Δ

(
θ1 cos

(√−Δ

2
η
) − θ2 sin

(√−Δ

2
η
))

2ϑ2

(
θ1 sin

(√−Δ

2
η
) + θ2 cos

(√−Δ

2
η
))

)

− 6ϑ 2
2 k2m
l

(√
Δ

ϑ2

−
√−Δ

(
θ1 cos

(√−Δ

2
η
) − θ2 sin

(√−Δ

2
η
))

2ϑ2

(
θ1 sin

(√−Δ

2
η
) + θ2 cos

(√−Δ

2
η
))

)2

. (45)

Set 6:

φ1 = 6k2mB
√

Δ

l
, φ2 = −6B2k2m

l
, φ0 = 0, φ−1 = 0, φ−2 = 0, H = ϑ3

2ϑ2

+
√

Δ

ϑ2

,

ν = 1
2

n +
√

1 + mk2Δ. (46)

By inserting the obtained values of constants from Eq. (46) along with the values from Eqs. (5)
into (15), we derive the subsequent solutions for Set 6:

w61 (η) = 6k2mϑ2

√
Δ

l

(
ϑ3

2ϑ2

+
√

Δ

ϑ2

+
√

ϑ1ϑ2

(
θ1 cos

(√
ϑ1ϑ2η

) + θ2 sin
(√

ϑ1ϑ2η
))

ϑ1

(
θ2 cos

(√
ϑ1ϑ2η

) − θ1 sin
(√

ϑ1ϑ2η
))

)

− 6ϑ 2
2 k2m
l

(
ϑ3

2ϑ2

+
√

Δ

ϑ2

+
√

ϑ1ϑ2

(
θ1 cos

(√
ϑ1ϑ2η

) + θ2 sin
(√

ϑ1ϑ2η
))

ϑ1

(
θ2 cos

(√
ϑ1ϑ2η

) − θ1 sin
(√

ϑ1ϑ2η
))

)2

, (47)

w62 (η) = 6k2mϑ2

√
Δ

l

(
ϑ3

2ϑ2

+
√

Δ

ϑ2

−
√|ϑ1ϑ2|

(
θ1 sin h

(
2
√|ϑ1ϑ2|η

) + θ1 cos h
(
2
√|ϑ1ϑ2|η

) + θ2

)
ϑ1

(
θ1 sin h

(
2
√|ϑ1ϑ2|η

) + θ1 cos h
(
2
√|ϑ1ϑ2|η

) − θ2

)
)

− 6ϑ 2
2 k2m
l

(
ϑ3

2ϑ2

+
√

Δ

ϑ2

−
√|ϑ1ϑ2|

(
θ1 sin h

(
2
√|ϑ1ϑ2|η

) + θ1 cos h
(
2
√|ϑ1ϑ2|η

) + θ2

)
ϑ1

(
θ1 sin h

(
2
√|ϑ1ϑ2|η

) + θ1 cos h
(
2
√|ϑ1ϑ2|η

) − θ2

)
)2

,

(48)

w63 (η) = 6k2mϑ2

√
Δ

l

(
ϑ3

2ϑ2

+
√

Δ

ϑ2

− θ1

ϑ2 (θ1η + Q)

)
− 6ϑ 2

2 k2m
l

(
ϑ3

2ϑ2

+
√

Δ

ϑ2

− θ1

ϑ2 (θ1η + Q)

)2

, (49)
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w64 (η) = 6k2mϑ2

√
Δ

l

(
1
ϑ2

−
(
θ1 cos h

(√
Δ

2
η
) + θ2 sin h

(√
Δ

2
η
))

2ϑ2

(
θ2 cos h

(√
Δ

2
η
) + θ1 sin h

(√
Δ

2
η
))

)

− 6ϑ 2
2 k2m
l

(
1
ϑ2

−
(
θ1 cos h

(√
Δ

2
η
) + θ2 sin h

(√
Δ

2
η
))

2ϑ2

(
θ2 cos h

(√
Δ

2
η
) + θ1 sin h

(√
Δ

2
η
))

)2

, (50)

w65 (η) = 6k2mϑ2

√
Δ

l

(√
Δ

ϑ2

−
√−Δ

(
θ1 cos

(√−Δ

2
η
) − θ2 sin

(√−Δ

2
η
))

2ϑ2

(
θ1 sin

(√−Δ

2
η
) + θ2 cos

(√−Δ

2
η
))

)

− 6ϑ 2
2 k2m
l

(√
Δ

ϑ2

−
√−Δ

(
θ1 cos

(√−Δ

2
η
) − θ2 sin

(√−Δ

2
η
))

2ϑ2

(
θ1 sin

(√−Δ

2
η
) + θ2 cos

(√−Δ

2
η
))

)2

. (51)

Set 7:

φ0 = k2mΔ

2l
, φ−2 = −3k2mΔ2

8lϑ 2
2

, H = ϑ3

2ϑ2

, ν = 1
2

n −
√

1 − mk2Δ, φ1 = 0, φ2 = 0, φ−1 = 0. (52)

By inserting the obtained values of constants from Eq. (52) along with the values from Eqs. (5)
into (15), we derive the subsequent solutions for Set 7:

w71 (η) = k2mΔ

2l
− 3k2mΔ2

8lϑ 2
2

(
ϑ3

2ϑ2

+
√

ϑ1ϑ2

(
θ1 cos

(√
ϑ1ϑ2η

) + θ2 sin
(√

ϑ1ϑ2η
))

ϑ1

(
θ2 cos

(√
ϑ1ϑ2η

) − θ1 sin
(√

ϑ1ϑ2η
))

)−2

, (53)

w72 (η) = k2mΔ

2l
− 3k2mΔ2

8lϑ 2
2

(
ϑ3

2ϑ2

−
√|ϑ1ϑ2|

(
θ1 sin h

(
2
√|ϑ1ϑ2|η

) + θ1 cos h
(
2
√|ϑ1ϑ2|η

) + θ2

)
ϑ1

(
θ1 sin h

(
2
√|ϑ1ϑ2|η

) + θ1 cos h
(
2
√|ϑ1ϑ2|η

) − θ2

)
)−2

,

(54)

w73 (η) = k2mΔ

2l
− 3k2mΔ2

8lϑ 2
2

(
ϑ3

2ϑ2

− θ1

ϑ2 (θ1η + Q)

)−2

, (55)

w74 (η) = k2mΔ

2l
+ 3k2mΔ2

8lϑ 2
2

(√
Δ

(
θ1 cos h

(√
Δ

2
η
) + θ2 sin h

(√
Δ

2
η
))

2ϑ2

(
θ2 cos h

(√
Δ

2
η
) + θ1 sin h

(√
Δ

2
η
))

)−2

, (56)

w75 (η) = k2m�

2l
+ 3k2m�2

8lϑ 2
2

(√−�
(
θ1 cos

(√−�

2
η
) − θ2 sin

(√−�

2
η
))

2ϑ2

(
θ1 sin

(√−�

2
η
) + θ2 cos

(√−�

2
η
))

)−2

. (57)

Set 8:

φ−1 = − mk2Δ2

lϑ2

√
3Δ

, φ−2 = −mk2Δ2

6lϑ 2
2

, H = ϑ3

2ϑ2

+
√

3Δ

6ϑ2

, ν = 1
2

n +
√

1 − mk2Δ , φ0 = φ1 = φ2 = 0. (58)
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By inserting the obtained values of constants from Eq. (58) along with the values from Eqs. (5)
into (15), we derive the subsequent solutions for Set 8:

w81 (η) = − mk2Δ2

lϑ2

√
3Δ

(
ϑ3

2ϑ2

+
√

3Δ

6ϑ2

+
√

ϑ1ϑ2

(
θ1 cos

(√
ϑ1ϑ2η

) + θ2 sin
(√

ϑ1ϑ2η
))

ϑ1

(
θ2 cos

(√
ϑ1ϑ2η

) − θ1 sin
(√

ϑ1ϑ2η
))

)−1

− mk2Δ2

6lϑ 2
2

(
ϑ3

2ϑ2

+
√

3Δ

6ϑ2

+
√

ϑ1ϑ2

(
θ1 cos

(√
ϑ1ϑ2η

) + θ2 sin
(√

ϑ1ϑ2η
))

ϑ1

(
θ2 cos

(√
ϑ1ϑ2η

) − θ1 sin
(√

ϑ1ϑ2η
))

)−2

, (59)

w82 (η) = − mk2Δ2

lϑ2

√
3Δ

(
ϑ3

2ϑ2

+
√

3Δ

6ϑ2

−
√|ϑ1ϑ2|

(
θ1 sin h

(
2
√|ϑ1ϑ2|η

) + θ1 cos h
(
2
√|ϑ1ϑ2|η

) + θ2

)
ϑ1

(
θ1 sin h

(
2
√|ϑ1ϑ2|η

) + θ1 cos h
(
2
√|ϑ1ϑ2|η

) − θ2

)
)−1

− mk2Δ2

6lϑ 2
2

(
ϑ3

2ϑ2

+
√

3Δ

6ϑ2

−
√|ϑ1ϑ2|

(
θ1 sin h

(
2
√|ϑ1ϑ2|η

) + θ1 cos h
(
2
√|ϑ1ϑ2|η

) + θ2

)
ϑ1

(
θ1 sin h

(
2
√|ϑ1ϑ2|η

) + θ1 cos h
(
2
√|ϑ1ϑ2|η

) − θ2

)
)−2

,

(60)

w83 (η) = − mk2Δ2

lϑ2

√
3Δ

(
ϑ3

2ϑ2

+
√

3Δ

6ϑ2

− θ1

ϑ2 (θ1η + Q)

)−1

− mk2Δ2

6lϑ 2
2

(
ϑ3

2ϑ2

+
√

3Δ

6ϑ2

− θ1

ϑ2 (θ1η + Q)

)−2

,

(61)

w84 (η) = − mk2Δ2

lϑ2

√
3Δ

(√
3Δ

6ϑ2

−
√

Δ
(
θ1 cos h

(√
Δ

2
η
) + θ2 sin h

(√
Δ

2
η
))

2ϑ2

(
θ2 cos h

(√
Δ

2
η
) + θ1 sin h

(√
Δ

2
η
))

)−1

− mk2Δ2

6lϑ 2
2

(√
3Δ

6ϑ2

−
√

Δ
(
θ1 cos h

(√
Δ

2
η
) + θ2 sin h

(√
Δ

2
η
))

2ϑ2

(
θ2 cos h

(√
Δ

2
η
) + θ1 sin h

(√
Δ

2
η
))

)−2

, (62)

w85 (η) = − mk2Δ2

lϑ2

√
3Δ

(√
3Δ

6ϑ2

−
√−Δ

(
θ1 cos

(√−Δ

2
η
) − θ2 sin

(√−Δ

2
η
))

2ϑ2

(
θ1 sin

(√−Δ

2
η
) + θ2 cos

(√−Δ

2
η
))

)−1

− mk2Δ2

6lϑ 2
2

(√
3Δ

6ϑ2

−
√−Δ

(
θ1 cos

(√−Δ

2
η
) − θ2 sin

(√−Δ

2
η
))

2ϑ2

(
θ1 sin

(√−Δ

2
η
) + θ2 cos

(√−Δ

2
η
))

)−2

. (63)

Set 9:

φ0 = mk2Δ

l
, φ−1 = − mk2Δ2

lϑ2

√
3Δ

, φ−2 = −mk2Δ2

6lϑ 2
2

, H = ϑ3

2ϑ2

+
√

3Δ

6ϑ2

,

ν = 1
2

n +
√

1 − mk2Δ, φ1 = φ2 = 0. (64)
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By inserting the obtained values of constants from Eq. (64) along with the values from Eqs. (5)
into (15), we derive the subsequent solutions for Set 9:

w91 (η) = mk2Δ

l
− mk2Δ2

lϑ2

√
3Δ

(
ϑ3

2ϑ2

+
√

3Δ

6ϑ2

+
√

ϑ1ϑ2

(
θ1 cos

(√
ϑ1ϑ2η

) + θ2 sin
(√

ϑ1ϑ2η
))

ϑ1

(
θ2 cos

(√
ϑ1ϑ2η

) − θ1 sin
(√

ϑ1ϑ2η
))

)−1

− mk2Δ2

6lϑ 2
2

(
ϑ3

2ϑ2

+
√

3Δ

6ϑ2

+
√

ϑ1ϑ2

(
θ1 cos

(√
ϑ1ϑ2η

) + θ2 sin
(√

ϑ1ϑ2η
))

ϑ1

(
θ2 cos

(√
ϑ1ϑ2η

) − θ1 sin
(√

ϑ1ϑ2η
))

)−2

, (65)

w92 (η) = mk2Δ

l
− mk2Δ2

lϑ2
√

3Δ

(
ϑ3

2ϑ2
+

√
3Δ

6ϑ2
−

√|ϑ1ϑ2|
(
θ1 sin h

(
2
√|ϑ1ϑ2|η

) + θ1 cos h
(
2
√|ϑ1ϑ2|η

) + θ2
)

ϑ1
(
θ1 sin h

(
2
√|ϑ1ϑ2|η

) + θ1 cos h
(
2
√|ϑ1ϑ2|η

) − θ2
)

)−1

− mk2Δ2

6lϑ2
2

(
ϑ3

2ϑ2
+

√
3Δ

6ϑ2
−

√|ϑ1ϑ2|
(
θ1 sin h

(
2
√|ϑ1ϑ2|η

) + θ1 cos h
(
2
√|ϑ1ϑ2|η

) + θ2
)

ϑ1
(
θ1 sin h

(
2
√|ϑ1ϑ2|η

) + θ1 cos h
(
2
√|ϑ1ϑ2|η

) − θ2
)

)−2

, (66)

w93 (η) = mk2Δ

l
− mk2Δ2

lϑ2

√
3Δ

(
ϑ3

2ϑ2

+
√

3Δ

6ϑ2

− θ1

ϑ2 (θ1η + Q)

)−1

− mk2Δ2

6lϑ 2
2

(
ϑ3

2ϑ2

+
√

3Δ

6ϑ2

− θ1

ϑ2 (θ1η + Q)

)−2

, (67)

w94 (η) = mk2Δ

l
− mk2Δ2

lϑ2

√
3Δ

(√
3Δ

6ϑ2

−
√

Δ
(
θ1 cos h

(√
Δ

2
η
) + θ2 sin h

(√
Δ

2
η
))

2ϑ2

(
θ2 cos h

(√
Δ

2
η
) + θ1 sin h

(√
Δ

2
η
))

)−1

− mk2Δ2

6lϑ 2
2

(√
3Δ

6ϑ2

−
√

Δ
(
θ1 cos h

(√
Δ

2
η
) + θ2 sin h

(√
Δ

2
η
))

2ϑ2

(
θ2 cos h

(√
Δ

2
η
) + θ1 sin h

(√
Δ

2
η
))

)−2

, (68)

w95 (η) = mk2Δ

l
− mk2Δ2

lϑ2

√
3Δ

(√
3Δ

6ϑ2

−
√−Δ

(
θ1 cos

(√−Δ

2
η
) − θ2 sin

(√−Δ

2
η
))

2ϑ2

(
θ1 sin

(√−Δ

2
η
) + θ2 cos

(√−Δ

2
η
))

)−1

− mk2Δ2

6lϑ 2
2

(√
3Δ

6ϑ2

−
√−Δ

(
θ1 cos

(√−Δ

2
η
) − θ2 sin

(√−Δ

2
η
))

2ϑ2

(
θ1 sin

(√−Δ

2
η
) + θ2 cos

(√−Δ

2
η
))

)−2

. (69)

Set 10:

H = H, ν = 1
2

n +
√

1 − mk2Δ, φ0 = −mk2
(
6ϑ 2

2 H2 − 6ϑ2ϑ3H + 2ϑ1ϑ2 + ϑ 2
3

)
l

,

φ1 = 0, φ2 = 0, φ−1 = 6mk2
(
ϑ2H2 − ϑ3H + ϑ1

)
(2ϑ2H − ϑ3)

l
,

φ−2 = −6mk2
(
ϑ 2

2 H4 − 2ϑ2ϑ3H3 + 2ϑ1ϑ2H2 + ϑ 2
3 H2 − 2ϑ1ϑ3H + ϑ 2

1

)
l

. (70)
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By inserting the obtained values of constants from Eq. (70) along with the values from Eqs. (5)
into (15), we derive the subsequent solutions for Set 10:

w101 (η) = −mk2
(
6ϑ 2

2 H2 − 6ϑ2ϑ3H + 2ϑ1ϑ2 + ϑ 2
3

)
l

− 6mk2
(
ϑ2H2 − ϑ3H + ϑ1

)
(2ϑ2H − ϑ3)

l

×
(

H +
√

ϑ1ϑ2

(
θ1 cos

(√
ϑ1ϑ2η

) + θ2 sin
(√

ϑ1ϑ2η
))

ϑ1

(
θ2 cos

(√
ϑ1ϑ2η

) − θ1 sin
(√

ϑ1ϑ2η
))

)−1

− 6mk2
(
ϑ 2

2 H4 − 2ϑ2ϑ3H3 + 2ϑ1ϑ2H2 + ϑ 2
3 H2 − 2ϑ1ϑ3H + ϑ 2

1

)
l

×
(

H +
√

ϑ1ϑ2

(
θ1 cos

(√
ϑ1ϑ2η

) + θ2 sin
(√

ϑ1ϑ2η
))

ϑ1

(
θ2 cos

(√
ϑ1ϑ2η

) − θ1 sin
(√

ϑ1ϑ2η
))

)−2

, (71)

w102 (η) = −mk2
(
6ϑ2

2 H2 − 6ϑ2ϑ3H + 2ϑ1ϑ2 + ϑ2
3

)
l

− 6mk2
(
ϑ2H2 − ϑ3H + ϑ1

)
(2ϑ2H − ϑ3)

l

(
H −

√|ϑ1ϑ2|
(
θ1 sin h

(
2
√|ϑ1ϑ2|η

) + θ1 cos h
(
2
√|ϑ1ϑ2|η

) + θ2
)

ϑ1
(
θ1 sin h

(
2
√|ϑ1ϑ2|η

) + θ1 cos h
(
2
√|ϑ1ϑ2|η

) − θ2
)

)−1

− 6mk2
(
ϑ2

2 H4 − 2ϑ2ϑ3H3 + 2ϑ1ϑ2H2 + ϑ2
3 H2 − 2ϑ1ϑ3H + ϑ2

1

)
l

×
(

H −
√|ϑ1ϑ2|

(
θ1 sin h

(
2
√|ϑ1ϑ2|η

) + θ1 cos h
(
2
√|ϑ1ϑ2|η

) + θ2
)

ϑ1
(
θ1 sin h

(
2
√|ϑ1ϑ2|η

) + θ1 cos h
(
2
√|ϑ1ϑ2|η

) − θ2
)

)−2

, (72)

w103 (η) = −mk2
(
6ϑ 2

2 H2 − 6ϑ2ϑ3H + 2ϑ1ϑ2 + ϑ 2
3

)
l

− 6mk2
(
ϑ2H2 − ϑ3H + ϑ1

)
(2ϑ2H − ϑ3)

l

(
H − θ1

ϑ2 (θ1η + Q)

)−1

− 6mk2
(
ϑ 2

2 H4 − 2ϑ2ϑ3H3 + 2ϑ1ϑ2H2 + ϑ 2
3 H2 − 2ϑ1ϑ3H + ϑ 2

1

)
l

(
H − θ1

ϑ2 (θ1η + Q)

)−2

,

(73)

w104 (η) = −mk2
(
6ϑ2

2 H2 − 6ϑ2ϑ3H + 2ϑ1ϑ2 + ϑ2
3

)
l

− 6mk2
(
ϑ2H2 − ϑ3H + ϑ1

)
(2ϑ2H − ϑ3)

l

⎛
⎝H − ϑ3

2ϑ2
−

√
Δ

(
θ1 cos h

(√
Δ

2 η
)

+ θ2 sin h
(√

Δ
2 η

))
2ϑ2

(
θ2 cos h

(√
Δ

2 η
)

+ θ1 sin h
(√

Δ
2 η

))
⎞
⎠

−1

− 6mk2
(
ϑ2

2 H4 − 2ϑ2ϑ3H3 + 2ϑ1ϑ2H2 + ϑ2
3 H2 − 2ϑ1ϑ3H + ϑ2

1

)
l

×
⎛
⎝H − ϑ3

2ϑ2
−

√
Δ

(
θ1 cos h

(√
Δ

2 η
)

+ θ2 sin h
(√

Δ
2 η

))
2ϑ2

(
θ2 cos h

(√
Δ

2 η
)

+ θ1 sin h
(√

Δ
2 η

))
⎞
⎠

−2

, (74)
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w105 (η) = −mk2
(
6ϑ2

2 H2 − 6ϑ2ϑ3H + 2ϑ1ϑ2 + ϑ2
3

)
l

− 6mk2
(
ϑ2H2 − ϑ3H + ϑ1

)
(2ϑ2H − ϑ3)

l

⎛
⎝H − ϑ3

2ϑ2
−

√−Δ
(
θ1 cos

(√−Δ
2 η

)
− θ2 sin

(√−Δ
2 η

))
2ϑ2

(
θ1 sin

(√−Δ
2 η

)
+ θ2 cos

(√−Δ
2 η

))
⎞
⎠

−1

− 6mk2
(
ϑ2

2 H4 − 2ϑ2ϑ3H3 + 2ϑ1ϑ2H2 + ϑ2
3 H2 − 2ϑ1ϑ3H + ϑ2

1

)
l

×
⎛
⎝H − ϑ3

2ϑ2
−

√−Δ
(
θ1 cos

(√−Δ
2 η

)
− θ2 sin

(√−Δ
2 η

))
2ϑ2

(
θ1 sin

(√−Δ
2 η

)
+ θ2 cos

(√−Δ
2 η

))
⎞
⎠

−2

. (75)

Set 11:

H = H, ν = 1
2

n +
√

1 + mk2Δ , φ0 = −6mk2ϑ2

(
ϑ 2

2 H2 − ϑ3H + ϑ1

)
l

, φ1 = 0, φ2 = 0,

φ−1 = 6mk2
(
ϑ2H2 − ϑ3H + ϑ1

)
(2ϑ2H − ϑ3)

l
, φ−2 = −6mk2

(
ϑ2H2 − ϑ3H + ϑ1

)2

l
. (76)

By inserting the obtained values of constants from Eq. (76) along with the values from Eqs. (5)
into (15), we derive the subsequent solutions for Set 11:

w111 (η) = −6mk2ϑ2
(
ϑ2

2 H2 − ϑ3H + ϑ1
)

l

+ 6mk2
(
ϑ2H2 − ϑ3H + ϑ1

)
(2ϑ2H − ϑ3)

l

(
H +

√
ϑ1ϑ2

(
θ1 cos

(√
ϑ1ϑ2η

) + θ2 sin
(√

ϑ1ϑ2η
))

ϑ1
(
θ2 cos

(√
ϑ1ϑ2η

) − θ1 sin
(√

ϑ1ϑ2η
))

)−1

− 6mk2
(
ϑ2H2 − ϑ3H + ϑ1

)2

l

(
H +

√
ϑ1ϑ2

(
θ1 cos

(√
ϑ1ϑ2η

) + θ2 sin
(√

ϑ1ϑ2η
))

ϑ1
(
θ2 cos

(√
ϑ1ϑ2η

) − θ1 sin
(√

ϑ1ϑ2η
))

)−2

, (77)

w112 (η) = −6mk2ϑ2
(
ϑ2

2 H2 − ϑ3H + ϑ1
)

l
+ 6mk2

(
ϑ2H2 − ϑ3H + ϑ1

)
(2ϑ2H − ϑ3)

l

×
(

H −
√|ϑ1ϑ2|

(
θ1 sin h

(
2
√|ϑ1ϑ2|η

) + θ1 cos h
(
2
√|ϑ1ϑ2|η

) + θ2
)

ϑ1
(
θ1 sin h

(
2
√|ϑ1ϑ2|η

) + θ1 cos h
(
2
√|ϑ1ϑ2|η

) − θ2
)

)−1

− 6mk2
(
ϑ2H2 − ϑ3H + ϑ1

)2

l

(
H −

√|ϑ1ϑ2|
(
θ1 sin h

(
2
√|ϑ1ϑ2|η

) + θ1 cos h
(
2
√|ϑ1ϑ2|η

) + θ2
)

ϑ1
(
θ1 sin h

(
2
√|ϑ1ϑ2|η

) + θ1 cos h
(
2
√|ϑ1ϑ2|η

) − θ2
)

)−2

,

(78)

w113 (η) = −6mk2ϑ2

(
ϑ 2

2 H2 − ϑ3H + ϑ1

)
l

+ 6mk2
(
ϑ2H2 − ϑ3H + ϑ1

)
(2ϑ2H − ϑ3)

l

×
(

H − θ1

ϑ2 (θ1η + Q)

)−1

− 6mk2
(
ϑ2H2 − ϑ3H + ϑ1

)2

l

(
H − θ1

ϑ2 (θ1η + Q)

)−2

, (79)
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w114 (η) = −6mk2ϑ2
(
ϑ2

2 H2 − ϑ3H + ϑ1
)

l

+ 6mk2
(
ϑ2H2 − ϑ3H + ϑ1

)
(2ϑ2H − ϑ3)

l

⎛
⎝H − ϑ3

2ϑ2
−

√
Δ

(
θ1 cos h

(√
Δ

2 η
)

+ θ2 sin h
(√

Δ
2 η

))
2ϑ2

(
θ2 cos h

(√
Δ

2 η
)

+ θ1 sin h
(√

Δ
2 η

))
⎞
⎠

−1

− 6mk2
(
ϑ2H2 − ϑ3H + ϑ1

)2

l

⎛
⎝H − ϑ3

2ϑ2
−

√
Δ

(
θ1 cos h

(√
Δ

2 η
)

+ θ2 sin h
(√

Δ
2 η

))
2ϑ2

(
θ2 cos h

(√
Δ

2 η
)

+ θ1 sin h
(√

Δ
2 η

))
⎞
⎠

−2

, (80)

w115 (η) = −6mk2ϑ2

(
ϑ 2

2 H2 − ϑ3H + ϑ1

)
l

+ 6mk2
(
ϑ2H2 − ϑ3H + ϑ1

)
(2ϑ2H − ϑ3)

l

×
(

H − ϑ3

2ϑ2

−
√−Δ

(
θ1 cos

(√−Δ

2
η
) − θ2 sin

(√−Δ

2
η
))

2ϑ2

(
θ1 sin

(√−Δ

2
η
) + θ2 cos

(√−Δ

2
η
))

)−1

− 6mk2
(
ϑ2H2 − ϑ3H + ϑ1

)2

l

(
H − ϑ3

2ϑ2

−
√−Δ

(
θ1 cos

(√−Δ

2
η
) − θ2 sin

(√−Δ

2
η
))

2ϑ2

(
θ1 sin

(√−Δ

2
η
) + θ2 cos

(√−Δ

2
η
))

)−2

. (81)

Set 12:

H = ϑ3

2ϑ2

+
√−Δ

2ϑ2

, ν = 1
2

n +
√

1 − Δmk2, φ0 = 2mk2Δ

l
, φ1 = 0, φ2 = 0,

φ−1 = 3mk2 (−Δ)
3
2

lϑ2

, φ−2 = −3mk2Δ2

2lϑ 2
2

. (82)

By inserting the obtained values of constants from Eq. (82) along with the values from Eqs. (5)
into (15), we derive the subsequent solutions for Set 12:

w121 (η) = 3mk2 (−Δ)
3
2

lϑ2

(
ϑ3

2ϑ2

+
√−Δ

2ϑ2

+
√

ϑ1ϑ2

(
θ1 cos

(√
ϑ1ϑ2η

) + θ2 sin
(√

ϑ1ϑ2η
))

ϑ1

(
θ2 cos

(√
ϑ1ϑ2η

) − θ1 sin
(√

ϑ1ϑ2η
))

)−1

− 3mk2Δ2

2lϑ 2
2

(
ϑ3

2ϑ2

+
√−Δ

2ϑ2

+
√

ϑ1ϑ2

(
θ1 cos

(√
ϑ1ϑ2η

) + θ2 sin
(√

ϑ1ϑ2η
))

ϑ1

(
θ2 cos

(√
ϑ1ϑ2η

) − θ1 sin
(√

ϑ1ϑ2η
))

)−2

+ 2mk2Δ

l
,

(83)

w122 (η) = 3mk2 (−Δ)
3
2

lϑ2

(
ϑ3

2ϑ2

+
√−Δ

2ϑ2

−
√|ϑ1ϑ2|

(
θ1 sin h

(
2
√|ϑ1ϑ2|η

) + θ1 cos h
(
2
√|ϑ1ϑ2|η

) + θ2

)
ϑ1

(
θ1 sin h

(
2
√|ϑ1ϑ2|η

) + θ1 cos h
(
2
√|ϑ1ϑ2|η

) − θ2

)
)−1

− 3mk2Δ2

2lϑ 2
2

(
ϑ3

2ϑ2

+
√−Δ

2ϑ2

−
√|ϑ1ϑ2|

(
θ1 sin h

(
2
√|ϑ1ϑ2|η

) + θ1 cos h
(
2
√|ϑ1ϑ2|η

) + θ2

)
ϑ1

(
θ1 sin h

(
2
√|ϑ1ϑ2|η

) + θ1 cos h
(
2
√|ϑ1ϑ2|η

) − θ2

)
)−2

+ 2mk2Δ

l
, (84)
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w123 (η) = 2mk2Δ

l
+ 3mk2 (−Δ)

3
2

lϑ2

(
ϑ3

2ϑ2

+
√−Δ

2ϑ2

− θ1

ϑ2 (θ1η + Q)

)−1

− 3mk2Δ2

2lϑ 2
2

(
ϑ3

2ϑ2

+
√−Δ

2ϑ2

− θ1

ϑ2 (θ1η + Q)

)−2

, (85)

w124 (η) = 3mk2 (−Δ)
3
2

lϑ2

(√−Δ

2ϑ2

−
√

Δ
(
θ1 cos h

(√
Δ

2
η
) + θ2 sin h

(√
Δ

2
η
))

2ϑ2

(
θ2 cos h

(√
Δ

2
η
) + θ1 sin h

(√
Δ

2
η
))

)−1

− 3mk2Δ2

2lϑ 2
2

(√−Δ

2ϑ2

−
√

Δ
(
θ1 cos h

(√
Δ

2
η
) + θ2 sin h

(√
Δ

2
η
))

2ϑ2

(
θ2 cos h

(√
Δ

2
η
) + θ1 sin h

(√
Δ

2
η
))

)−2

+ 2mk2Δ

l
, (86)

w125 (η) = 3mk2 (−Δ)
3
2

lϑ2

(√−Δ

2ϑ2

−
√−Δ

(
θ1 cos

(√−Δ

2
η
) − θ2 sin

(√−Δ

2
η
))

2ϑ2

(
θ1 sin

(√−Δ

2
η
) + θ2 cos

(√−Δ

2
η
))

)−1

− 3mk2Δ2

2lϑ 2
2

(√−Δ

2ϑ2

−
√−Δ

(
θ1 cos

(√−Δ

2
η
) − θ2 sin

(√−Δ

2
η
))

2ϑ2

(
θ1 sin

(√−Δ

2
η
) + θ2 cos

(√−Δ

2
η
))

)−2

+ 2mk2Δ

l
. (87)

where η = k
(

x + y − ν
(

t+ 1
Γ(β)

)β

β

)
, η = k

(
x + y + Γ(γ+1)

β
tβ

)
and η = k

(
x + y + ν

β
tβ

)
are the three

different wave transformations for all the 12 solution sets as specified earlier.

5 Graphical Illustration and Confab

This study uses various fractional derivative procedures to solve the NLWKB equation in (2 +
1)-dimension. The results are attained be employing the novel modified (G′/G2)-expansion method,
a consistent integration procedure applied to Beta, conformable, and M-truncated derivatives. This
method generates several solutions for three different derivative operators, presented through 2D
simple and time evolution plots, as well as 3D graphical representations. As a result, several types of
optical solitary wave solutions, comprising bright-type, W-type, and dark-type solitons, are obtained.
The use of 2D time evolution visualizations enables a clear comparison between the Beta-Derivative
and the further two fractional derivatives, namely, the Conformable and M-Truncated Derivative. It
is observed that varying the fractional derivative significantly affects wave motion without altering
the overall shape of the curve, thereby illustrating the symmetry of their traveling wave solutions. A
single solution may lead to the development of many distinct types of solutions if the parameter values
take on various specific values. The novel modified (G′/G2)-expansion method was used to generate
soliton solutions. They provide a visual representation of the spatial and temporal dynamics of solitary
waves. The graphs of the analytical solution (Figs. 1–3) make it evident that the novel modified (G′/G2)-
expansion method is a robust and efficient technique.
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Figure 1: 2D with time evolution plots and 3D plots for soliton solution w44. (a) β-derivative with
β = 0.5, (b) M-Truncated derivative with β = 0.5, and γ = 0.6, (c) CD with β = 0.5

In Fig. 1a–c, for ϑ1 = 0.2, ϑ2 = 0.1, ϑ3 = 2, θ1 = 1, θ2 = 2, l = 0.2, m = 0.5, n = 0.5, k
= 0.2, the bright soliton solutions demonstrate how different fractional-order derivatives affect the
wave propagation. Beta derivatives produce the most compact solitons, while M-truncated derivatives
introduce moderate dispersion, and conformable derivatives raise wave oscillations.

In Fig. 2a–c, for ϑ1 = 0.2, ϑ2 = 0.1, ϑ3 = 2, θ1 = 1, θ2 = 2, l = 0.2, m = 0.5, n = 0.5, k = 0.2, the W-
type soliton solutions display that the Beta derivative holds strong localization, while the M-Truncated
derivative smoothens, and the Conformable derivative disperses the soliton.
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Figure 2: 2D with time evolution plots and 3D plots for soliton solution w54. (a) β-derivative with
β = 0.5, (b) M-Truncated derivative with β = 0.5, and γ = 0.6, (c) CD with β = 0.5

In Fig. 3a–c, for ϑ1 = 0.2, ϑ2 = 0.1, ϑ3 = 2, θ1 = 1, θ2 = 2, l = 0.2, m = 0.5, n = 0.5, k = 0.2,
the dark soliton solutions show that the beta derivative maintains a compact, sharp soliton, while the
M-truncated and conformable derivatives expand and smooth the soliton structure.
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Figure 3: 2D with time evolution plots and 3D plots for soliton solution w64. (a) β-derivative with
β = 0.5, (b) M-Truncated derivative with β = 0.5, and γ = 0.6, (c) CD with β = 0.5

6 Bifurcation Analysis

Bifurcation analysis looks at the dynamics regardless of whether the parameters are inter-
dependent and observes how the system behaves concerning different values. Using the Galilean
transformation, the observed second differential Eq. (13) can be transformed into two first equations
[48,49]:⎧⎪⎪⎪⎨
⎪⎪⎪⎩

dw
dη

= u

du
dη

= 1
F1

(−F2w2 + F3w
)

,

(88)

where F1 = 4k2m , F2 = 4l , F3 = 4ν2 − 4ν + n2 − 4.
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The following set of equilibrium points makes up the system (88):

(0, 0) ,
(

F3

F2

, 0
)

.

Once we have the fixed points, we can analyze the stability of these points by computing the
Jacobian matrix of the system (88). It is given by:

J (u, v) =
∣∣∣∣∣∣
0 1
−2F2w + F3

F1

0

∣∣∣∣∣∣ = −2F2w + F3

F1

. (89)

Jacobian gives a linear approximation of the system near the fixed or equilibrium points and
helps classify these points as saddle points or center points based on the eigenvalues. This analysis
is fundamental in understanding the local stability of a dynamical system.

The three phase portraits show the dynamics of the nonlinear system with different parameters
and show the behavior of the trajectories in the phase space defined by w and u.

The phase portrait in Fig. 4 demonstrates a nonlinear system with two stable points (green dots)
located at (−1.17, 0) and (1.07, 0), bounded by closed periodic trajectories and an unstable saddle
point (red dot) located at (0, 0) behaving as a separatrix. The closed loops about the stable points show
bounded oscillatory motion, while the separatrix distributes the phase space into different basins of
attraction. The center saddle point divides into two stable attractors, forming a double-well potential
shape that looks like a figure-eight or a butterfly.

Figure 4: Phase Portrait of the system (88) when k = 1, m = 1, l = 1, ν = 0.2, n = 0.1

The phase portrait in Fig. 5 shows stable oscillatory behavior in the center at the origin (0, 0). This
center represents stability and shows that the nearby trajectory will return to equilibrium after a small
perturbation. The closed and symmetrical contour around the center means a solid stability reflecting
the restored properties of the system. The absence of saddle points further indicates the stability of the
system, indicating the absence of unstable areas that could cause deviations. In general, the portrait
shows good reliability, resulting in periodic behavior based on the parametric case.
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Figure 5: Phase Portrait of the system (88) when k = 8, m = 1, l = 0.4, ν = 0.2, n = 0.1

The phase portrait in Fig. 6 illustrates two stable points (green dots) located at (−2.45, 0) and
(1.35, 0) and an unstable saddle point (red dot) at the center (0, 0), forming a figure-eight-shaped
separatrix that divides the phase space into two basins of attraction. Trajectories near the stable points
form closed loops, indicating periodic motion, while those near the separatrix are sensitive to initial
conditions and may switch between basins. The system is globally stable within each basin but exhibits
instability near the saddle point, highlighting the interplay of stability, energy levels, and nonlinear
effects in determining the dynamics.

Figure 6: Phase Portrait of the system (88) when k = 3, m = 0.5, l = 5, ν = 5, n = 2
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7 Chaotic Analysis

In this section, we add an external force in the dynamical system (88) to make it perturbed as
shown below:⎧⎪⎪⎪⎨
⎪⎪⎪⎩

dw
dη

= u

du
dη

= 1
F1

(−F2w2 + F3w
) + ρ cos (τ η) ,

(90)

where ρ cos (τ η) is known as the perturbation term. In our system of equations, τ represents the
frequency of the external perturbation, determining how often the external force oscillates over time,
while ρ is the amplitude of the perturbation, controlling the strength of the external force [50]. The
term ρcos(τ ) models this periodic forcing. A higher τ means faster oscillations, and a larger ρ means
a stronger force. Together, they define the nature of the perturbation, with stronger and more frequent
forces potentially driving the system toward more complex or chaotic behavior, while weaker or slower
perturbations tend to produce smoother, more regular dynamics.

The 2D and 3D chaotic phase portraits of the nonlinear dynamical system (90) in Fig. 7a,b
show high sensitivity to initial conditions, which is the main characteristic of deterministic chaos.
The butterfly-shaped 2D attractor and spiralling 3D trajectory recommend that the system oscillates
between two stable regions but never settles, confirming non-periodic, bounded chaos for ρ = 1.5 and
τ = 0.1.

Figure 7: Chaotic analysis of the dynamic system (90) for ρ = 1.5 and τ = 0.1. (a) 2D phase portrait;
(b) 3D phase portrait

The 2D and 3D chaotic phase portraits of the nonlinear dynamical system (90) in Fig. 8a,b
illustrate non-periodic, chaotic motion with bounded trajectories. The nested loops in 2D and
increasing spirals in 3D affirm the presence of a quasi-periodic chaos for ρ = 0.5 and τ = 2.5.

The 2D and 3D chaotic phase portraits of the nonlinear dynamical system (90) in Fig. 9a,b
demonstrate bounded chaotic motion, where trajectories never repeat but remain bounded. The 2D
elliptical trajectories and 3D spirals attractor affirm quasi-periodic chaos for ρ = 0.5 and τ = 1.5.
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Figure 8: Chaotic analysis of the dynamic system (90) for ρ = 0.5 and τ = 2.5. (a) 2D phase portrait;
(b) 3D phase portrait

Figure 9: Chaotic analysis of the dynamic system (90) for ρ = 0.5 and τ = 1.5. (a) 2D phase portrait;
(b) 3D phase portrait

8 Time Series Analysis

Time analysis is performed to understand how a system evolves, identify patterns such as
periodicity, chaos, or damping, and assess the stability of the system. It helps in predicting future
behavior and determining the system’s response to varying conditions [51].

The time series plots in Fig. 10a,b for ρ = 1.5 and τ = 0.1 verify chaotic behavior, where both
w and u display irregular, non-periodic oscillations over time. The system never forms a simple cycle,
confirming the chaotic behavior detected in Fig. 7.
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Figure 10: Time analysis for nonlinear dynamic system (90) for ρ = 1.5 and τ = 0.1 (corresponding to
Fig. 7). (a) Time series plot of w and time; (b) Time series plot of u and time

The time series plots in Fig. 11a,b for ρ = 0.5 and τ = 2.5 verify chaotic, non-periodic behavior in
the system. The w follows quasi-periodic oscillations, while the u displays highly irregular oscillations,
demonstrating chaos. These remarks further support the chaotic behaviour observed in Fig. 8.

Figure 11: Time analysis for nonlinear dynamic system (90) for ρ = 0.5 and τ = 2.5 (corresponding to
Fig. 8). (a) Time series plot of w and time; (b) Time series plot of u and time

The time series plots in Fig. 12a,b for ρ = 0.5 and τ = 1.5 verify chaotic or quasi-periodic motion,
with bounded but irregular oscillations in both w and u. The non-repeating oscillations and sensitivity
of the system on initial conditions show that the system follows a strange attractor, as observed in
Fig. 9.
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Figure 12: Time analysis for nonlinear dynamic system (90) for ρ = 0.5 and τ = 1.5 (corresponding to
Fig. 9). (a) Time series plot of w and time; (b) Time series plot of u and time

9 Multistability

Multistability refers to the presence of multiple stable states or behaviors that a dynamical system
can exhibit under the same set of system parameters. It shows that the system can settle into different
long-term behaviors depending on its initial conditions. In a multistable system, different trajectories
can lead to periodic, quasi-periodic, or chaotic outcomes, even though the system’s parameters remain
unchanged. This phenomenon highlights how sensitive the system is to initial conditions, where small
variations in starting points can result in vastly different dynamics [52].

In practical terms, multistability is important because it indicates that the system can respond
to perturbations or initial differences in a variety of ways, revealing complex underlying structures
like attractors. It is commonly observed in systems like biological processes, climate dynamics, and
mechanical systems, where different operational modes can coexist.

The multistability plots in Fig. 13a,b for ρ = 0.5, τ = 2.5 show three distinct basins of attraction,
with trajectories (red, green, blue) corresponding to three different initial conditions for ρ = 0.5, τ =
2.5. The red trajectories form the outermost attractor with large amplitude oscillations, while the green
and blue trajectories are nested within, indicating smaller, localized oscillations. The system remains
stable and bounded, with no overlap between attractors, reflecting well-defined basins of attraction.
This demonstrates the system’s multistable nature, where initial conditions determine which attractor
the system converges to, driven by nonlinear dynamics and external forcing.
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Figure 13: (a) Multistability analysis for the perturbed system (90) for ρ = 0.5, τ = 2.5 at different
initial conditions [1.5, 1.5], [−0.5, 0.5], [0.1, 0.1]; (b) Time series analysis of w vs. t and u vs. t
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10 Poincaré Analysis

Poincaré Analysis (often associated with Poincaré sections or Poincaré maps) is a powerful
technique used in the study of dynamical systems, especially for analyzing systems exhibiting periodic,
quasi-periodic, or chaotic behavior. It is named after the French mathematician Henri Poincaré, who
made significant contributions to the study of celestial mechanics and dynamical systems. It helps in
identifying periodicity, stability, or chaotic behavior in systems [53].

The 2D and 3D Poincaré maps in Fig. 14a,b for ρ = 0.5, τ = 2π verify quasi-periodic behavior,
where the system’s behavior remains structured yet non-repeating over time. The absence of chaotic
scattering shows that the system forms a clear, convergent trajectory, making it deterministic but non-
periodic.

Figure 14: (a) 2D Poincaré Map of the perturbed system (90) for ρ = 0.5, τ = 2π , with initial condition
[0.3, 0.3]; (b) 3D Poincaré Map of the perturbed system (90)

The 2D Poincaré map in Fig. 15a shows a closed, teardrop-shaped structure, showing a quasi-
periodic behavior with a well-defined pattern for ρ = 1.5, τ = 4π . In Fig. 15b, the 3D Poincaré map
illustrates a layered and spiraling structure, showing a deterministic but non-repeating motion. These
maps confirm the quasi-periodic behavior of the system, where trajectories remain bounded but never
settle into a fixed periodic orbit.
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Figure 15: (a) 2D Poincaré Map of the perturbed system (90) for ρ = 1.5, τ = 4π , with initial condition
[0.3, 0.3]; (b) 3D Poincaré Map of the perturbed system (90)

11 Conclusion

The novel modified (G′/G2)-expansion method has been successfully used to derive new traveling
wave solutions for the (2 + 1)-dimensional nonlinear Wazwaz Kaur Boussinesq equation. By using
fractional derivatives, i.e., Conformable, Beta, and M-truncated derivatives, we have generated various
soliton solutions, including W-type, bright-type, and dark-type solitons, which demonstrate the
flexibility of this approach in solving nonlinear fractional differential equations. Bifurcation analysis
reveals the system’s sensitivity to parameter changes, showing how small adjustments can trigger
transitions from stable periodic behavior to chaotic dynamics. Chaotic analysis further confirms
this, demonstrating how external forcing induces complex, unpredictable behaviors, such as sensitive
dependence on initial conditions and the formation of strange attractors. Multistability analysis
highlights the system’s ability to settle into multiple stable states, emphasizing the critical role of initial
conditions in determining long-term dynamics. Finally, Poincaré’s analysis uncovers how external
forcing influences the system, revealing periodic behavior at lower forcing amplitudes and more
complex dynamics at higher forces. The findings of this study have significant implications for practical
applications in fields such as tidal wave propagation, tsunami modeling, optical communication, and
nonlinear wave phenomena. The dynamic analysis of bifurcation, chaos, multistability, and Poincaré
maps not only enhances our understanding of soliton dynamics but also provides a comprehensive
framework for predicting and controlling the behavior of complex systems. Unlike previous studies,
this study advances the field by using the novel modified (G′/G2)-expansion method, providing a more
generalized framework for developing soliton solutions in fractional systems. These findings enhance
the comprehension of nonlinear wave propagation, offering significant insights for practical applica-
tions such as optical fibers, plasma physics, and fluid dynamics. Moreover, the study differentiates
chaotic analysis, which unveils irregular and aperiodic behavior, from multistability, where multi-
stable states co-occur under the same parameters. This distinction highlights the complex, dynamic
nature of the system. Furthermore, this study paves the way for future research, including applications
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to higher-dimensional nonlinear models, advanced fractional wave equations, and coupled soliton
systems, contributing to progress in nonlinear science and engineering.

This study confesses certain limitations, such as the need for further investigation of higher
dimension nonlinear models and more complex fractional equations. Future research can focus on
expanding the methodology to coupled systems and investigating nonlinear phenomena under various
parameter limitations, improving the applicability of results in a wider range of scientific and technical
fields.
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