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Abstract. This paper is concerned with the analysis as well as the numerical solution of the struc-
tural optimization problem for bilateral frictional contact problem where the static elasto-plastic material
model with linear kinematic hardening rather than elastic material model is assumed. The displacement
and stress of the bodies in elasto-plastic contact with a given friction are governed by the system of the
coupled variational inequalities. In these problems usually very high stress appear along the surfaces
in contact. It leads to wear or fatigue of the contacting surfaces. Therefore the aim of the topological
optimization is to find such distribution of the material filling the body in contact to minimize the con-
tact stress. Using von Mises yield function as well as the regularization and penalization techniques the
original system of variational inequalities is transformed into the system of coupled nonlinear equations.
The derivative of the cost functional with respect to the perturbation of the domain occupied by the
body in contact is calculated using the material derivativemethod. Finite element method is used as the
discretization method. In the numerical computations generalized Newton method is used to solve this
contact problem. The level set method is used to describe andgovern the evolution of the domain shape
in the design space where the direction of the evolution is determined based on the calculated shape
derivative. The results of computation are provided and discussed.

1 INTRODUCTION

Contact problems appear in many different fields of engineering including earthquake or civil engi-
neering or machine dynamics. Therefore modeling of contactprocesses is an important topic which is
currently still under investigation. Mathematical modelsdescribing the frictional or frictionless contact
phenomenons between a deformable body and an obstacle, the so-called foundation, have been con-
sidered in many works [17, 18] where results dealing with thewell-posedness of their solutions and/or
numerical analysis as well as numerical simulation can be found.

The contact phenomenons between elasto-plastic bodies arereviewed in [6] where contact modeling
approaches for different geometries and types of contact are described. Mathematical models of contact
phenomenons for elasto-plastic materials are discussed inmonographs [14, 17, 18]. In many applications
the areas where the contact occurs are very small [12]. It implies that the transmitted contact force
densities are usually rather big in the contact zone and it leads to plastic deformations. Therefore it
is reasonable to consider an elasto-plastic rather than elastic model for the material. The high contact
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stress may lead to undesired vibrations or the degradation of surfaces of the contacting bodies as well as
the deterioration of the working conditions for employees.The reduction of high contact stress or the
obtaining the uniform distribution of this stress is the main aim of the topology or shape optimization
problems for bodies in contact. The topology optimization consists in such distribution of the material
filling the structure within the design domain to minimize the given cost functionals describing required
features of the structure. Most research related to topology optimization has been concerned with linear
elastic structures (see references in [12]). The amount of papers dealing with non-linear elastic structures
or nonlinear mechanical behavior is limited. The ability totake into account elasto-plastic materials is of
great interest of industrial engineers.

Structural optimization of elasto-plastic structures hasbeen investigated, among others, in [1, 8, 10,
11, 16]. A major difficulty in shape or topology optimizationof elasto-plastic problems as the path-
dependent problems is the sensitivity analysis [10]. Therefore the original structural optimization prob-
lem has to be regularized either using the filter technique ordifferent penalization techniques. Optimal
control problems for elasto-plastic structures have been studied in a series of papers [4, 5] where primal
and dual formulations as well as first order necessary optimality conditions are provided. Optimal con-
trol or structural optimization of contact problems for elasto-plastic materials have been considered in
[2, 9, 20].

The aim of this work is to analyze and to solve numerically theshape and topology optimization problem
for two bodies in contact assuming static elasto-plastic material model with linear kinematic hardening
rather than elastic material model. It extends the results in [13]. The optimization problem consists in
finding such material distribution inside the domain occupied by the body in contact to minimize the
contact stress. In the paper penalization approach will be used to regularize the structural optimization
problem. Moreover the level set approach [15] will be used tosolve it numerically. The small strain
plasticity material model is used [7]. The optimization problem is discretized using the finite element
method. The generalized Newton method is used to solve the discrete contact problem. Numerical results
are provided and discussed.

2 ELASTO-PLASTIC CONTACT

Consider a body occupying a bounded domainΩ ⊂ Rd, d = 2,3, with a Lipschitz continuous boundary
Γ (see Fig. 1). The boundaryΓ is divided into three open disjoint and measurable partsΓ1, Γ2 andΓ3

such thatmeas(Γ1) > 0. The body is loaded by a given volume force of densityf1 = f1(x) in domain
Ω and a given surface traction of densityf2 = f2(x) applied on the boundaryΓ2. The body is clamped
along the boundaryΓ1, i.e., its displacementu = (u1,u2), u = u(x), x ∈ Γ1, vanishes there. Along the
boundaryΓ3 the body is assumed to be in bilateral frictional contact with the rigid foundation. The
friction phenomenon is modeled by the Coulomb’s law. The forces f1 and f2 are acting slow enough to
neglect the inertial terms. The domainΩ is filled with a material undergoing under the loading of volume
or boundary forcesf1 and f2 elasto-plastic deformation with kinematic and isotropic hardening. In the
elastic range it obeys Hooke’s law [2, 7] defined by a fourth-order tensorC such that, for any symmetric
matrix ζ,

Cζ = 2λζ+µtr(ζ)Id,

whereλ andµ are the Lamé constants andId andtr denote identity and trace operators, respectively. For
µ> 0 anddλ+2µ> 0 the elasticity tensorC ∈ L∞(Ω) is assumed to be symmetric, uniformly bounded
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and coercive [2, 7]. Let us also introduce the Cauchy stress tensorσ and the linearized strain tensorε
[2, 7], respectively:

σ = σ(u) = {σi j }d
i=1, and ε = ε(u) =

1
2
(ui, j +u j,i), i, j = 1, ...,d,ui, j =

∂ui

∂x j
. (1)

The summation convention over repeated indices [2, 7] is used throughout the paper. The divergence
operatordiv(σ) of a second order tensorσ is defined asdiv(σ) = {σi j , j}, σi j , j =

∂σi j

∂xj
, i, j = 1, ...,d.

We assume the plastic deformation of the material is governed by the additive small strain plasticity
model [7, 18]. In this model the material strainε is sum of the elastic strainεe and the plastic strainεp,
i.e.,

ε(u) = εe(u)+ εp(u), (2)

and the stress tensor satisfies

σ(u) =Cεe(u) =C(ε(u)− εp(u)), and ε(u) =C−1σ(u)+ εp(u). (3)

The plastic deformation with the hardening phenomenon is governed by the generalized plastic strain
(εp,ξ) and the generalized plastic stresses(σ,χ). The variableξ represents a set of scalar or tensorial
internal variables capturing the feature of hardening behavior [7]. The back stressχ denotes an internal
force arising during the hardening and causing the translation of the initial yield surface. The back stress
χ and the internal variableξ are related by [7]

χ =−Hξ in Ω, (4)

whereH ∈ L∞(Ω) denotes the hardening tensor [4, 7]. This tensor is assumed to be symmetric, uniformly
bounded as well as coercive. The generalized plastic stressmay take values only in a closed convex set
K of admissible generalized stresses. For a given yield function ϕ this set is defined as [5, 7]

K = {(σ,χ) : ϕ(σ,χ)≤ 0}. (5)

The elastic region of the loaded material corresponds toϕ(σ,χ) < 0, i.e., the interior of the coneK .
In this region the plastic strainεp(u) is equal to zero, i.e.,εp(u) = 0. On the boundary of the coneK
called the yield surface, whereϕ(σ,χ) = 0, the plastic strain can be nonzero. The evolution of the plastic
strainεp and the internal variableξ is governed by the associative flow rule [7, 10] stating that the rates
of plastic strain and the internal variable belong to the normal coneNK to the setK at a point(σ,χ).
For the smooth yield function it implies the existence of thenonnegative scalar̃λ and the Kuhn-Tucker
complementarity conditions relating̃λ and the functionϕ [7]

(ε̇p, ξ̇) = λ̃∇ϕ(σ,χ), and λ̃ ≥ 0, ϕ(σ,χ)≤ 0, λ̃ϕ(σ,χ) = 0. (6)

where the dot above the symbol denotes the derivative with respect the time variable, i.e.,ξ̇ = ∂ξ
∂t . Con-

dition (6) is also consistency condition according to whichfor ϕ = 0, plastic loading takes place ifϕ̇ = 0
while unloading appears iḟϕ ≤ 0. The flow rule can also be described using maximal plastic work
principle for the generalized stresses [7]

ε(u(x)) : σ(x)−σ(x) : C−1 : σ(x)−χ(x) : H−1 : χ(x) =
(7)

max
(q,η)∈K

{ε(u(x)) : σ(x)−σ(x) : C−1 : q(x)−χ(x) : H−1 : η(x)}.
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Let us denote byRd×d the space of reald×d matrices. We shall consider the following contact problem:
find the generalized stress field(σ,χ) : Ω → Rd×d, the displacement fieldu : Ω → Rd, the generalized
strain field(εp,ξ) : Ω → Rd×d ×Rd satisfying plasticity conditions (2) - (7) as well as

divσ+ f1 = 0 in Ω, (8)

u= 0 on Γ1 and σν = f2 on Γ2, (9)

uν = 0, | στ |≤ µf | σν | on Γ3, (10)

| στ | < µf | σν | ⇒ u̇τ = 0 on Γ3, (11)

| στ | = µf | σν | ⇒ ∃λ̄ ≥ 0, u̇τ =−λ̄στ on Γ3. (12)

For the unit outward normal vectorν to the boundaryΓ normal and tangential components of the dis-
placement fieldu are denoted [7, 18] byuν = u·ν = ui ·νi , i = 1, ...,d, and byuτ = u−uνν, respectively.
Similarly normal and tangential components of the stress field σ are denoted byσν = σν · ν and by
στ = σν−σνν, respectively.µf is the friction coefficient and| · | denotes the Euclidean norm. System
(2)-(12) governs the elasto - plastic bilateral contact problem with Coulomb friction.

2.1 Variational problem

For the sake of sensitivity analysis let us introduce the variational formulation of this contact problem.
We shall use the dual rather than primal variational formulation of the contact problem (2)-(12) with von
Mises yield functionϕ in (5). This formulation is based on the generalized stress tensorΣ = (σ,χ) rather
than on the generalized strain tensor(εp,ξ). Moreover the primal formulation requires to assume safe
load condition to ensure the existence of numerical solution [4, 5, 7, 14]. Recall from [7] von Mises yield
functionϕM has the following form

ϕM(σ) =
√

σD : σD −σtr =| σD | −σtr . (13)

The constantσtr > 0 andσD : σD denote the material yield stress and the product of fourth order tensors
[7]. Moreover for the symmetric tensorσ stress tensorsσD andσH denote its deviatoric and hydrostatic
components, respectively,

σD d f
= σ− tr(σ)

d
Id σH d f

=
tr(σ)

d
Id,

Therefore using (13) the set of admissible generalized stresses (5) takes the form

KM = {(τ,η) ∈ S×S: | τD +ηD | −k2γ ≤ σtr}, (14)

wherek2 ≥ 0 is the isotropic hardening parameter andγ is a scalar determining expansion of the yield
surface in the isotropic hardening or equivalent plastic strain [7]. For the sake of simplicity we assume
linear hardening only, i.e.,k2 = 0. We denote byV andS the space for displacements and the space for
stresses as well as back stresses, respectively:

V = {u∈ H1(Ω;Rd) : u= 0 on Γ1} and S= L2(Ω;Rd×d
sym). (15)

The subspaceRd×d
sym ⊂ Rd×d denotes the subspace of symmetric matrices or symmetric second–order

tensors. HereL2(Ω;Rd) andH1(Ω;Rd) denote the space of the square integrable functions as well as the
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space of the square integrable functions and their first derivatives in domainΩ taking values inRd. For
details see [7]. The set of admissible displacements is denoted by

KC = {u∈V : uν = 0 on Γ3}. (16)

By C−1 and H−1 we denote the compliance tensor, i.e., the inverse tensor tothe elasticity tensorC
and the inverse tensor to the hardening tensorH, respectively. TensorsC−1 andH−1 are assumed to
be symmetric, uniformly bounded and coercive [7]. Forσ ∈ S and v ∈ V we define the linear form
l : V ′×V → R defined as

l(v) =
∫

Ω
f1 ·vdx+

∫
Γ2

f2 ·vds, (17)

whereV ′ denotes the space dual to the spaceV [7]. The friction functional jc(·) : V → R is defined as
follows

jc(v) =
∫

Γ3

µf | σν(u) || vτ | ds. (18)

The dual formulation of the contact problem (2)-(12) is based on the minimization of the quadratic
functional depending on the generalized stressΣ ∈ KM as well as on tensorsC−1 andH−1 with respect
to Σ ∈ KM and under the constraint

∫
Ω σ : ε(v)dx+ jc(v) ≥ l(v) ∀v ∈ KC. Formulating the necessary

and sufficient optimality condition for this optimization problem it results in the following system of
variational inequalities: findu∈ KC and(σ,χ) ∈ KM satisfying:

∫
Ω

σ : C−1 : (τ−σ)dx+
∫

Ω
χ : H−1 : (η−χ)dx−

∫
Ω

ε(u) : (τ−σ)dx≥ 0 ∀ (τ,η) ∈ KM, (19)
∫

Ω
ε(v−u) : σ(u)dx+ jc(v)− jc(u)≥ l(v) ∀ v∈ KC. (20)

The system of variational inequalities (19)-(20) is the dual formulation of the elasto-plastic contact prob-
lem (2)-(12).

2.2 Contact problem regularization

Elasto-plastic contact problem is governed by the system ofcoupled variational inequalities (19)-(20).
Applying penalization and regularization techniques we shall transform it into the system of nonlinear
equations. It allows sensitivity analysis as well as numerical solution of the optimization problem. First
we shall deal with the plasticity conditions.

2.2.1 Penalization of plasticity conditions

Remark, the first two terms of the inequality (19) describe the projection of the generalized stress tensor
Σ on the admissible setKM [10]. For von Mises yield function (13) the orthogonal projection operator
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PKM(Σ) of the generalized stress tensorΣ on the setKM with respect to the scalar product inS×S is
expressed as [4, 10]

PKM(Σ) = Σ− 1
2

max(0, | σD +χD | −σtr)
1

| σD +χD |

(

σD +χD

σD +χD

)

. (21)

Therefore using the projection operatorPKM the constraintΣ ∈ KM can be expressed as the quadratic
penalty term equal to theS×Snorm of the difference betweenΣ andPKM(Σ) added to the dual energy
functional [4] and depending on a given real number penalization parameter̃α > 0. This penalization
is based on the Moreau-Yosida approximation of the indicator function of the setKM of the admissible
generalized stresses and is elasto–viscoplastic approximation of the elasto-plastic problem (19)-(20) [4].
It allows to consider the inequality (19) on the whole space rather than on the coneKM. The modification
of the dual energy cost functional generates also a new system of the optimality conditions. The neces-
sary and sufficient optimality condition for this penalizedoptimization problem results in the following
system of variational equations and inequalities: forα̃ > 0 finduα̃ ∈ KC and(σα̃,χα̃) ∈ S×Ssatisfying:∫

Ω
σα̃ : C−1 : (τ−σα̃)dx+

∫
Ω

χα̃ : H−1 : (η−χα̃)dx−
∫

Ω
ε(uα̃) : (τ−σα̃)dx+

α̃
∫

Ω
[(σ−PKM(σ)) : τ+(χ−PKM(χ)) : η]dx= 0 ∀ (τ,η) ∈ S×S, (22)

∫
Ω

ε(v−uα̃) : σα̃(u)dx+ jc(v)− jc(u)≥ l(v) ∀ v∈ KC. (23)

In the formula (21) appears the non-differentiable mappingx→ max(0,x). Therefore the projection op-
erator (21) is also non-differentiable with respect to its argument. In order to avoid numerical difficulties
we regularize this mapping. The regularization of this projection operator consists in the regularization of
the function max(0, ·). We denote this regularization as functionf̃α(·) with the regularization parameter
α > 0. Function f̃α(·) has the form

f̃α(x) =







1
4αx2+ 1

2x+ α
4 for x ∈ [−α,α],

max(x,0) otherwise.
(24)

Using (21) and (24) the regularized projection operatorPα
KM

(Σ) of the operator (21) depending on param-
eterα can be written as

Pα
KM

(Σ) = Σ− f̃α (| σD +χD | −σtr)
1

| σD +χD |

(

σD +χD

σD +χD

)

. (25)

Taking into account the regularized projection operator (25) rather than non-smooth operator (21) in
the system (22)-(23) we obtain the system with the regularized plasticity conditions: finduα̃,α ∈V and
(σα̃,α,χα̃,α) ∈ S×Ssatisfying:∫

Ω
σα̃,α : C−1 : (τ−σα̃,α)dx+

∫
Ω

χα̃,α : H−1 : (η−χα̃,α)dx−
∫

Ω
ε(uα̃,α) : (τ−σα̃,α)dx+

α̃
∫

Ω
[(σα̃,α −PKM(σα̃,α)) : τ+(χα̃,α −PKM(χα̃,α)) : η]dx= 0 ∀ (τ,η) ∈ S×S, (26)

∫
Ω

ε(v−uα̃,α) : σα̃,α(u)dx+ jc(v)− jc(uα̃,α)≥ l(v) ∀ v∈ KC. (27)

Remark, the equation (26) is formulated on the whole spaceS×Srather than on the setKM.
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2.2.2 Regularization of friction conditions

Let us assume Tresca friction model, i.e.,| σν(u) |= h, h> 0 is given. Therefore in the inequality (27) the
frictional functional (18) is the non-smooth term due to the| · |: Rd → R. We approximate this function
by the smooth functionϕρ : Rd → R dependent on the regularization parameterρ > 0. In general this
function is assumed to be a convex non-negativeC2 function such thatϕρ(0) = 0. As a functionϕρ we
chooseϕρ(v) =

√

ρ2+v2− ρ. Using this regularizing function let us denote by{ jρc(·)}ρ a family of
convex contact friction functionalsjρc(·) : V → R+ of classC2 depending on the regularization parameter
ρ > 0, i.e.,

jρc(v) =
∫

Γ3

µf hϕρ(vτ)ds ∀v∈V. (28)

The gradient∇v jρc(·) : V →V ′ of functional (28) with respect to the argument is equal to:
∫

Γ3

∇v jρc(u)vds=
∫

Γ3

µf h
dϕρ(u)

du
vds ∀v∈V. (29)

Using (28) the inequality (27) is approximated by the sequence of equations depending on parameters
(α̃,α,ρ) ∫

Ω
ε(v−uα̃,α,ρ) : σα̃,α,ρ(u)dx+

∫
Γ3

∇v jρc(uα̃,α,ρ)vds=< l ,v> ∀ v∈V. (30)

For the sake of simplicity let us denote byβ = (α̃,α,ρ) > 0 a real parameter. Using the approximations
(22)-(23), (26)-(27) and (30) the original system (19)-(20) is approximated by the system of coupled
nonlinear equations: for a givenl ∈V ′ find uβ ∈V and(σβ,χβ) ∈ S×Ssatisfying the following system
of nonlinear equations:

∫
Ω

σβ : C−1 : (τ−σβ)dx+
∫

Ω
χβ : H−1 : (η−χβ)dx−

∫
Ω

ε(uβ) : (τ−σβ)dx+

α̃
∫

Ω
[(σβ −PKM(σβ)) : τ+(χβ −PKM(χβ) : η]dx= 0 ∀ (τ,η) ∈ S×S, (31)

∫
Ω

ε(v−uβ) : σβ(u)dx+
∫

Γ3

∇v jρc(uβ)vds= l(v) ∀ v∈V. (32)

3 TOPOLOGY OPTIMIZATION PROBLEM

Let us formulate the optimization problem for the state system (31)-(32). The objective functionalJ(·) :
V → R is assumed to depend on the solutionu(Ω) to the state system (31)-(32) in the domainΩ. In
general this functional is sum of domain and/or boundary integrals, i.e.,

J(u(Ω)) =

∫
Ω

ψ(u)dx+
∫

Γ
ψ̃(u)ds, (33)

where the integrand functionsψ : Rd → R andψ̃ : Rd → R depend also on the solutionu= u(Ω) to the
state system (31)-(32). These integrand functions are assumed smooth enough and their first derivatives
are bounded for everyu. Each admissible domainΩ is assumed to be contained [3] in open and bounded
hold-all domainD ⊂ Rd. Therefore the setUad of the admissible domains is written as

Uad = {Ω ⊂ Rd : Ω ⊂ D, Ω is suitable regular and satisfies imposed constraintsg(Ω)≤ 0}, (34)
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whereg is a given function. Consider the following shape optimization problem: find domainΩ⋆ ∈ Uad

minimizing the objective functional (33) on the set of admissible domains (34), i.e.,

J(u(Ω⋆)) = min
Ω∈Uad

J(u(Ω)), (35)

where (u(Ω),σ(Ω),χ(Ω)) is the solution to the state system (31)-(32) in the domainΩ. In order to find
minimum of the objective functional (33) first we need to calculate its derivative with respect to the
design variable, i.e., its shape derivative. We shall calculate it using the Lagrangian as well as material
derivative frameworks [3, 19]. Since the regularization mapping (25) is a smooth Lipschitz function it
is also point-wise differentiable. The solutionu to the state problem (31)-(32) is more regular, i.e., it
belongs to the spaceL2+δ(Ω) for δ > 0. It implies thatσ(u) is also more regular. Therefore the mapping
(25) is strongly differentiable. Denote byPKM(Σ)′ the derivative ofPKM(Σ) with respect toΣ. Recall
the adjoint variables(z, p,q) ∈V ×S×Sassociated with the state variables(u,σ,χ) ∈V ×S×Scan be
retrieved by differentiating the Lagrangian with respect to u and(σ,χ) in the directionsv and(τ,η). It
gives the system of adjoint equations satisfied by the variables(z, p,q):

∫
Ω

dψ(u)
du

vdx+
∫

Γ

dψ̃(u)
du

vds−
∫

Ω
ε(vβ) : (p−σβ)dx+

∫
Ω

ε(z−vβ) : σβ(v)dx+
∫

Γ2

∇v jρc(w,vβ)zds= 0 ∀v∈V, (36)

as well as
∫

Ω
τβ : C−1(p− τβ)dx+

∫
Ω

ηβ : H−1(q−ηβ)dx−
∫

Ω
ε(uβ) : (p− τβ)dx+

α̃
∫

Ω
[(τβ −P′

KM
(τβ)) : p+(ηβ −P′

KM
(ηβ)) : q]dx+

∫
Ω

ε(z−uβ) : τβ(u)dx+
∫

Γ2

∇v jρc(τ(w),uβ)zds= 0 ∀(τ,η) ∈ S×S. (37)

Therefore using (36)-(37) as well as formulas for shape derivatives of domain and boundary integrals
([3, 19]) we obtain the shape derivative of the cost functional (33) in the direction of a velocity fieldζ as
equal to

J′(Ω)(ζ) =
∫

Γ
(ψ(u)− f1z)ζνdx+

∫
Γ
(Hmcψ̃(u)+∂νψ̃)ζνds−

∫
Γ
(Hmcf2z+∂ν f2z)ζνds+

∫
Γ

σβ : C−1pζνds+
∫

Γ
χβ : H−1qζνds−

∫
Γ

ε(uβ) : pζνds+ α̃
∫

Γ
[( f̃α(σβ)) : p+( f̃α(χβ) : q]ζνdx+ (38)

∫
Γ

ε(z) : σβ(u)ζνds+
∫

Γ2

[Hmc∇v jρc(uβ)z+∂ν∇v jρc(uβ)z]ζνds,

where(u,σ,χ) and(z, p,q) are solutions to the state system (31)-(32) and the adjoint system (36)-(37),
respectively. In (38)Hmc denotes mean curvature of the boundaryΓ.
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4 NUMERICAL METHODS

We use the level set function [15] to define and to update the shapes of the sequence of the admissible
domainsΩ. All admissible shapesΩ are contained in a hold-all open bounded domainD⊂ Rd. The level
set functionΨ(·) : Rd+1 → R is defined as:











Ψ(x) < 0 if x∈ Ω,

Ψ(x) = 0 if x∈ Γ∩D,

Ψ(x) > 0 if x /∈ Ω.

(39)

The boundaryΓ of domainΩ is located as a set of points inD where the level set functionΨ(x) is equal
to 0. Inside (outside) domainΩ this function takes negative (positive) values. The domainand boundary
integrals of functionf are transfered [15] from domainΩ into domainD using Heaviside functionH and
Dirac functionδ, respectively,

∫
Ω

f (x)dx=
∫

D
f (x)(1−H(Ψ(x))dx,

∫
Γ

f (x)ds=
∫

D
f (x)δ(Ψ(x)) | ∇Ψ(x) | dx. (40)

The one-dimensional Heaviside and Dirac functions are given by:

H(Ψ) =

{

0 if Ψ ≤ 0,
1 if Ψ > 0,

(41)

δ(Ψ) = H ′(Ψ), and δ(x) = δ(Ψ(x)) | ∇Ψ(x) | . (42)

In computations these functions are smeared out [12, 15]. The level set algorithm starts from an initial
domainΩ0. During the optimization process a sequence of domains{Ωi}, i = 1,2, ...N, is generated.
Each domainΩi is characterized by its level set function. Therefore the shape evolution process may
be associated with fictitious time variablet, 0≤ t ≤ T, T > 0 is a given real constant and the level set
function is dependent on space and time variables, i.e.,Ψ = Ψ(t,x). In classical setting the evolution of
the level set function from domainΩi to domainΩi+1 is governed the Hamilton–Jacobi equation in time
interval [0,T]

∂Ψ
∂t

+ζ | ∇Ψ |= 0, Ψ(0,x) = Ψ0(x) in D, (43)

where functionΨ0(x) determining the shape of the initial domainΩ0 is given. The normal velocity of the
domain boundaryζ(x) is identified with the shape derivative (38) of the objectivefunctional (33) in the
direction normal to the boundaryΓ. Since the shape derivative is given as boundary integral the normal
velocity ζ has to be extended on the whole computational domainD [3, 15]. This extension is usually
associated with the regularization of velocityζ. The equation (43) is solved usually by an explicit second
order upwind scheme on a Cartesian grid of design domainD with Neumann boundary conditions. In
order to ensure the stability of this scheme the time step hasto satisfy CFL condition relating the length
of time and space discretization steps [15]. Since during the iteration process the level set may become
too flat or too steep in order to regularize it periodic reinitialization of the level set function is performed.
For other types of the level set methods such as binary or piecewise constant see [12, 15].

Both the state and the adjoint boundary value problems (31)-(32) as well as (36)-(37) are discretized
using bilinear quadrilateral finite elements. Ersatz material approach [3, 10, 11] is used to avoid meshing
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problems with the shapes of domainsΩ and singularity of the stiffness matrix. This approach consists
in filling the domainD \Ω with a weak material characterized by law value of Young modulus and
mimicking void. The discretized state and adjoint equations are solved numerically using generalized
Newton method [20].

5 NUMERICAL EXAMPLE

Shape optimization problem for a body occupying two-dimensional domainΩ ⊂ R2 in bilateral contact
with the rigid foundation has been solved numerically in Matlab environment. The functional (33) with
ψ(u) = 0 andψ̃(u) = σ(u) ·νφ ·ν is chosen as the objective functional whereφ is a given function. The
aim of the shape optimization problem is to reduce the contact stress. The constraint functiong(u) in
(34) is equal to volume constraint, i.e.,g(u) = Vol(u) =

∫
Ω dx−V0. The domainΩ ⊂ R2 is chosen as

follows (see Fig. 1)

Ω = {(x1,x2) ∈ R2 : 0≤ x1 ≤ 8 ∧ 0< v(x1)≤ x2 ≤ 4}, (44)

where the functionv(x1) = 0.125· (x1 −4)2 describes the boundaryΓ3. The boundaryΓ of the domain
Ω is divided into three disjoint pieces:Γ1 = {(x1,x2) ∈ R2 : x1 = 0,8 ∧ 0 < v(x1) ≤ x2 ≤ 4}, Γ2 =
{(x1,x2) ∈ R2 : 0≤ x1 ≤ 8 ∧ x2 = 4}, Γ3 = {(x1,x2) ∈ R2 : 0≤ x1 ≤ 8 ∧ v(x1) = x2}.

DomainΩ is filled with the solid material characterized by the Young moduli E1 = 10·E0 and with weak
material in the form of distributed voids characterized by the Young moduliE2 = .1 ·E0, E0 = 2.1 ·105

MPa (see Fig. 2). The Poisson’s ratio is equal toν = .3. The shear and dilation moduli are equal to 8·104

MPa and 1,1 ·105 MPa, respectively. The yield stressσtr = 367,4 MPa. The hardening parameters are
equal tok1 = 1·105 MPa andk2 = 0 MPa. The body is loaded by the boundary tractionf2 =−6.5·107

N along the boundaryΓ1, the body forcef1 = 0 in domainΩ. The hold-all domainD is a rectangle
[0,8]× [0,4]. This domain is divided into 80× 40 grid. Fig. 3 displays the obtained optimal topology.
The areas of weak material appear in the central part of the domainΩ and close to the clamped boundary
Γ2. The mass of the optimal structure is larger for elasto-plastic material in comparing to elastic material
model. The algorithm tries to avoid the generation of plastic zones which are less rigid and induce larger
displacements. Von Mises effective stress is displayed on Fig. 4. It concentrates in the areas close and
above the contact zone. The obtained normal contact stress is almost constant along the optimal shape
boundary and has been significantly reduced comparing to theinitial one.
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Figure 1: Contact between domainΩ and the rigid foun-
dation.
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Figure 2: Initial computational domainD.
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Figure 3: Optimal topology domainΩ⋆.
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Figure 4: von Mises stress distribution

6 CONCLUSIONS

The obtained results indicate that presented approach based on the application of the level set technique
can be applied to solve numerically a topology optimizationproblem for bodies in bilateral frictional
contact where nonlinear small strain elasto-plastic with linear kinematic hardening material model rather
than elastic material model is used. It allows to formulate necessary optimality conditions for this type
of nonlinear problems and it is capable of finding topologiesthat generates minimum contact stress. This
approach is flexible and can be extended to solve other shape or topology optimization problems for
structures governed by nonlinear equations.
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