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Abstract 

Heterogeneity accounts for several paradoxes in groundwater flow and solute transport. One 
of the most striking observations is the emergence of scale effects in transmissivity, that is, the 
increase in effective transmissivity (or hydraulic conductivity, for that matter) with increasing 
scale of observation. Traditional stochastic approaches, where transmissivity is treated as a 
multilog-normal random function, lead to a large-scale effective transmissivity equal to the 
geometric average of local measurements. 

We present several field cases in which large-scale transmissivities are indeed larger than the 
geometric average of local tests. This suggests that the assumption of multilog-normality may 
not be valid in many cases, even if point T values display a log-normal distribution. We 
conjecture that scale dependence of T may, in part, be a consequence of high T zones being 
better connected than average or low T zones, a feature which may occur in many geological 
environments, but which is not consistent with multinormal log-Tfields. We go on to generate a 
suite of log-T fields with a normal distribution for point values but non-multinormal spatial 
correlation. In all our fields, high T zones show longer correlations than average of low T zones. 
By simulating flow through these synthetic fields under simple boundary conditions, and 
estimating their effective transmissivity values, we conclude that these types of departures 
from the multilog-normality assumption lead consistently to scale effects. 

1. Intruduction 

Heterogeneity is a fundamental characteristic of nature, which is present in most 
variables representing natural phenomena. Heterogeneity appears at any scale of 
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observation, from the local (or laboratory scale) to the original (macrostructures), in 
the notation of Dagan (1986). When not taken into account, inconsistencies arise 
between field observations and model predictions. It is well known that the traditional 
approach to solute transport simulation fails to reproduce phenomena such as scale 
effects in dispersivity (Lallemand-Barres and Peaudecerf, 1978). The scale effect in 
dispersivity is the most dramatic and best documented anomaly of solute transport, 
but it is not the only one. Anomalies can be found in breakthrough and solute 
distribution curves, in porosites and dispersivities derived from convergent flow 
tracer tests, in dispersion upstream of the source, etc. (Carrera, 1993; Sanchez-Vila 
et al., 1992). 

We focus here on another anomaly, the scale effect in transmissivity (T) or 
hydraulic conductivity (K). Matheron (1967) proved, under rather general con- 
ditions, that large-scale effective transmissivity equals the geometric average of 
local values. Yet, it has been observed that, in real situations, large-scale effective 
values of transmissivity often exceed the geometric average of small-scale trans- 
missivities. The fact that this effect is rarely, if ever, mentioned in the hydrologic 
literature can be attributed to several causes. On one hand, hydrogeologists can 
seldom estimate flow rates and head gradients accurately in real aquifers, so they 
do not bother to derive effective transmissivities. On the other hand, when such data 
are available, hydrogeologists would rather simulate heterogeneity explicitly, so that 
effective values become uninteresting and irrelevant. Moreover, this effect is more 
significant in low-transmissivity environments, where log-T variances are often 
large. Since hydrogeologists have only recently devoted significant effort to low- 
permeability environments, it is not surprising that this effect has received little 
attention to date. 

It seems clear that scale dependence of transmissivity and hydraulic conductivity is 
caused by spatial variability. Yet stochastic theory fails to predict it. Current stochastic 
approaches rarely depart from the assumption of multinormality for point log-K or log- 
T values. It is indeed a simple hypothesis, but it lacks empirical or theoretical support. In 
fact, we contend that multinormality of log-T is a poor hypothesis for representing most 
real aquifers. One of the properties of the multinonnal distribution is that the average 
size of regions with log-T values above a certain percentile decays quickly with the 
percentile and it does so in the same manner for high log-Ts as for low log-Ts. 
Instead, we conjecture that in most situations high T values are better connected than 
low T values. Here, connectivity implies a number of different things: geologically, it 
means that we can find some paths that group high T values, possibly superimposed on 
a heterogeneous matrix of smaller T values; physically, it means that high T values 
remain correlated over larger distances than low T values; statistically, it means that 
correlation depends not only on distance, but also on the value of T; . . . This work is 
aimed at showing that the conjecture about long connectivities of high point T values is 
well grounded and explains scale effects. 

We start by reviewing the stochastic theory related to effective parameters. Then, 
we show some real cases which favor the idea of T increasing with scale, including 
some that might seem to favor the opposite. Possible explanations are sought for the 
latter cases. Later, we explain a geologic conjecture to give some physical insight into 
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scale effects in T. Next, several synthetic fields, generated by different methods are 
used to test our basic conjecture and some results of simulated flow are displayed. 
Finally, the conclusions of this work are stated. 

2. Effective hydraulic conductivity: review 

We consider it important to start by reviewing theoretical findings for effective 
hydraulic conductivity in heterogeneous media. We focus on the limitations and 
hypotheses under which they are valid. Our starting point is Darcy’s law 

q(x) = -K(x)Vh(x) (1) 

where q(x) is Darcy’s flux, K(x) is hydraulic conductivity and h(x) is piezometric 
head. This equation is valid and applicable at the local scale, the one in which the 
value of K was obtained. Although K can be treated as a tensor, we consider that at 
the local scale it can be represented by a scalar. 

A natural question that arises when studying an aquifer is the possibility of apply- 
ing a similar type of equation at the regional scale. What we really want to do is to use 
an equation that integrates the local Darcy fluxes and piezometric heads for a given 
region under certain boundary conditions, and looks like 

4g = -&ff(Vh), (2) 

where g means global (regional) scale and Kerr is effective hydraulic conductivity, 
which in general must be treated as a tensor. The tensorial character of Keff may be 
a consequence of statistical anisotropy, boundary conditions or domain geometry. In 
Eq. (2) we should use an equivalent permeability instead of an effective one, as we are 
talking about global values in a single aquifer and not average values in an ensemble 
of realizations. The two concepts, equivalent and effective transmissivity, become 
interchangeable for stationary random functions over large domains (compared 
with the integral scale), in which case ergodicity holds. 

Effective hydraulic conductivity in heterogeneous media has been the subject of 
several studies since the sixties. Matheron (1967), who quoted earlier work by 
Schvidler (1964) obtained bounds for Ken by using some energy considerations. He 
found that Ken was bounded by the arithmetic (&) and the harmonic mean (KH) of 
the point values 

J&t < &r-r 5 KA (3) 

Matheron (1967) also demonstrated that in a two-dimensional (2-D) infinite domain 
&,-r was equal to the geometric mean (KG) of the point K values, provided that K/(K) 
and H/(H) have the same ‘spatial law’, which should be invariant by rotation 
(H = K-’ being resistivity and ( -) standing for the expected value). By ‘spatial 
law’, Matheron means the ensemble of all functional moments, which fully charac- 
terize the random function. These conditions are met, for example, when K is a 
multilog-normal stationary random function with isotropic correlation. 
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The latter result (4~ = KG) in a 2-D infinite domain was also found by Dagan 
(1982) using a self-consistent approach. Gutjahr et al. (1978) used the small perturba- 
tion approach to derive effective parameters for flow in a medium of dimensionality n. 
Their findings can be summarized in a simple formula 

where ~?r is the variance of In-K. Gelhar and Axness (1983) extended Eq. (4) to 
media with anisotropic correlation structure. These authors also conjectured that Eq. 
(4) could be extrapolated to large a’r and suggested that it is possible to consider Eq. 
(4) as the first terms in the expansion of an exponential, so that the equation becomes 

The same conjecture had been made for a totally different problem by Landau and 
Lifshitz (1960). Dagan (1993) derived another small perturbation expression for Kerf 
including terms up to order a”y and found it in agreement with the expansion of Eq. 

(5). 
Other authors have made contributions to the study of Kern. Kitanidis (1990) 

studied gradually varying mean flow. Loaiciga et al. (1993) considered the presence 
of trends in mean K. Naff (1991) analyzed radial convergent flow. Neuman and Orr 
(1993) carried out a very comprehensive study where, among many other things, they 
analyzed the existence and properties of Ker in bounded domains, by taking into 
account different types of boundary conditions. Their work has been expanded by 
Paleologos and Neuman (1995) for the particular case of constant head boundaries. 
After Smith and Freeze (1979) other authors have used numerical simulations; for 
example, Follin (1992) confirmed numerically the validity of Eq. (4) in two dimen- 
sions up to at least U$ = 16. Since Journel et al. (1986) a large number of authors 
have used a combined analytical-numerical method to estimate effective parameters 
based on a power-averaging formula. Gomez-Hernandez and Gorelick (1989) used 
this type of formula to analyse a synthetic case. Ababou and Wood (1990) found the 
power-averaged value as a function of the different means of K: geometric, arithmetic 
and harmonic. Desbarats (1992) analyzed the validity of the formula for high var- 
iances. 

Log-normality of the point K values (or T for that matter) has been traditionally 
accepted by the scientific community since works by Law (1944) and Davis (1969). 
This led in a natural way to acceptance of multilog-normality whenever K was treated 
as a regional&d variable. One of the nice properties of normal functions is that they are 
fully characterized by their expected value and covariance function. Moreover, the 
correlation structure is usually given in terms of a single covariance function, so that 
high K values are correlated among themselves in exactly the same way as low ones. One 
property of this type of structure is that the correlation distance for values above a given 
threshold decays as the threshold increases. We want to stress that multinormality is just 
a working hypothesis made only because it simplifies enormously the work with random 
variables, and that it has not been (and probably cannot be) proved. 
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The idea of using distributions other than normal for the point values pdf has been 
addressed by different authors. Desbarats (1987) and Gbmez-Hemandez (1991) 
studied the problem of effective parameters in bimodal (sand-shale) aquifers. It is 
widely accepted that in these cases &.a, whenever it can be defined, is not necessarily 
given by Eq. (4). 

Our main objective in this paper is to show that relaxing the hypothesis of multi- 
log-normality will lead to Teff values which again do not agree with TG in 2-D 
domains, even when point values display a log-normal distribution. For this 
purpose, we generate, in different ways, a number of fields all of which have in 
common one feature: high local values of the variable display better connectivity 
patterns than low ones. After performing flow simulations in these fields, we find 
than in every case a value for Terr higher than TG is obtained. We do not want to give 
the wrong impression that non-multilog-normality of the random variable T is the 
only cause of scale effects in transmissivity. Newman (1994) considers that scale 
effects may appear owing to the non-stationarity of T (the spatial correlation being 
fractal-type). In real aquifers, boundaries could also account for differences between 
Ten and TG (Paleologos and Neuman, 1995). Even sampling techniques may have 
some effect. In this paper we want to concentrate only on the importance of the 
relaxation of the multilog-normality assumption, disregarding other possible causes 
(as they have been studied elsewhere). This is why we keep the log-normality for the 
monovariate pdf of the T values in all the simulations. 

As a motivating point, we first show a number of field cases that tend to support 
scale effects in transmissivity. In most of them it is easy to associate them with non- 
multilog-normality of T. 

3. Field support 

We point out several field cases reported in the literature which support the idea of 
scale effects in either T or K. We should remember here that our goal is not to provide 
an exhaustive review, but just to show that scale effects appear in many different types 
of aquifer and that it has been observed by some authors. 

3.1. Example 1:Jield case - Chalk River 

The Chalk River Nuclear Laboratories are located 200 km northwest of Ottawa in 
Ontario, Canada. From a geological point of view, the zone is very complex, with a 
main structure of folded monzonitic gneisses, limited at the top and bottom by 
paragneisses. Several inclusions of metagabbros, diagabbros and pegmatites can 
also be found. A large number of faults and fractured zones intersect the area of 
study. Five big discontinuities have been detected. One of them, termed Fracture 
number 1, seems to be present in all the modelled area and to be subhorizontal. 
Additional information about the site, including sampling and other data available 
are given in Raven et al. (1985). 
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Regarding Fracture number 1, transmissivity data coming from slug and injection 
tests were available in nine boreholes drilled in the area. These data are considered as 
‘point values’; that means, they represent an average value over a small area sur- 
rounding the borehole (local scale). The geometric mean of the values was 
TG = 2.3 x lop6 m2 s-’ . A long-term pump test was performed independently. Draw- 
downs were recorded in about 40 intervals, some of which intersected the fractures. 
This test was interpreted using a quasi-three-dimensional inverse modelling approach 
(Carrera and Heredia, 1988; Carrera et al., 1990). Best fitting between observed 
and computed data was obtained for an estimated T value in Fracture 1, Test = 
4.6 x low5 m2 s-l, which is 20 times higher than TG. This showed a large increase 
when going from the local scale (point values) to the regional scale. The fact that 40 
observation points were fitted with a relatively simple model, and that the model 
predicted successfully subsequent tests, suggest that such a large effective trans- 
missivity is not a numerical artefact. 

3.2. Example 2: summary of data on crystalline rocks 

Clauser (1992) presents a compilation of permeability data on crystalline rocks 
from 67 locations world-wide, drawn from 48 independent references. Measurements 
were carried out at different scales, ranging from laboratory data to packer tests, 
Lugeon tests and calibration of models, among others. Fig. 1 is a synopsis of all the 
data collected by Clauser and clearly shows an increase in average permeability of 
around three orders of magnitude from the laboratory to the borehole scale, that is, 
permeabilities tend to grow with the characteristic scale of their measurement (scale 
effect). The increase is not as well characterized when going from the borehole to the 
regional scale. 

3.3. Example 3: Dakota aquifer 

One of the most spectacular field cases is the one reported by Bredehoeft et al. 
(1983), as quoted from Neuzil (1986), concerning the Pierre Shale formation, which 
acts as a semiconfining layer of the Dakota aquifer. The authors found that, at the 
regional scale, these shales were around a thousand times more permeable than what 
could be derived from laboratory and field tests (local scale). 

3.4. Example 4: other sources of data 

The three previous examples can lead to the wrong impression that scale effects in K 
are a phenomenon characteristic of flow in fractured media. This is not the case; the 
same effect does appear in porous media, but it is not as dramatic as in the above 
examples. Moreover, data are rarely available at different measurement supports, or 
simply heads and/or yields are not well known. Anyway, some authors have found 
similar effects in different types of porous media, disregarding whether the point 
distribution function of log-K is binary (G. Teutsch, personal communication, 
1992) or Gaussian (Bradbury and Muldoon, 1990). In particular, Bradbury and 
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Fig. 1. Permeability of crystalline rocks and characteristic scale of measurements: bar marks the maximum 
permeability range when several individual values are reported, stars represent single values (after Clauser, 
1992). 

Muldoon (1990) found K derived from the laboratory to be one or two orders of 
magnitude lower than conductivities determined in field tests on unlithified glacial 
and fluvial materials in different locations in Wisconsin (USA). 

However, when analysing convergent flow (actually, flow towards mines), T values 
appear to behave in a different manner. When increasing the distance from the 
pumping point, the fitted transmissivity value tends either to stabilize (for the Stripa 
site, Guerin and Billaux, 1993) or even to decrease (Grimsel site, Cacas et al., 1990). 
There are two possible explanations for that. First, it is not clear at this point how 
equivalent T values should vary with distance from the well point. Naff (1991) shows 
analytically, via perturbation expansion, that the effective K value in porous media 
under convergent flow will decrease with increasing distance from the pumping well, 
more in agreement with the data from the Grimsel and Stripa sites, although other 
authors tend to disagree with his findings. Similarly, Cacas et al. (1990) developed a 
fracture network model and found that equivalent hydraulic conductivity is a 
decreasing function of scale in fractured media under convergent flow conditions 
for short to intermediate distances. Second, these measurements have been taken in 
galleries, thus possibly they are affected by the decompression of the rock surround- 
ing the opening. This would be manifest in an increase of local T values for short 
distances, but would not have an important effect a little further away (undisturbed 
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rock). In any case, it is clear that we need more theoretical developments before 
arriving at any conclusions about scale effects in T under convergent flow conditions. 

4. Geological conjecture 

The increase in effective transmissivity with the scale of observation is often attrib- 
uted to the appearance of high T zones as the flow domain grows. Indeed, the 
probability of including such zones within the flow domain increases with its size, 
especially if a fractal structure is assumed for the T field. However, we believe that, 
disregarding site-specific effects, scale effects can usually be associated with the pres- 
ence of high transmissivity zones which are better connected than low ones. At this 
point, it is important to remember that multigaussian stochastic models are incapable 
of representing such a difference in the connectivity pattern. In this section we argue 
that these differences in connectivity should be present in most real sites, both in 
fractured and porous media. 

An exhaustive analysis of geological environments is well beyond the scope of this 
paper. Therefore, instead of listing types of rocks, we will restrict ourselves to single 
fractures, fracture networks and porous media. 

High transmissivity values in single fractures are caused by zones of large aperture. 
Their connection is supported by direct observations of water outflow in fracture 
traces and by indirect deduction from tracer and hydraulic tests (Bourke, 1987; 
Neretnieks, 1987). This had led to the concept of channelling, widely accepted 
nowadays. Channelling can be caused by dissolution of fracture fillings or, probably 
more often, by shear strains. These should lead to increased apertures in the neigh- 
bourhood of irregularities. In fact, shear strains should lead not only to channelling, 
which is quite well documented, but also to anisotropic transmissivity, with the high 
T principal axis being perpendicular to the shear direction. This does not affect our 
contention of high connectivity of large transmissivities in fracture planes. 

When moving to the scale of fractured media, the very concept of hydraulic con- 
ductivity rests on the assumption that one can define a block size above which water 
flow can be adequately described by Darcy’s law. While this assumption has been 
explicitly stated by a few researchers (Neuman, 1987; Follin, 1992) it has been 
implicitly made by most. It is based on the fact that, when testing boreholes, the 
vast majority of intervals behave according to standard well hydraulics formulations, 
which suggests the appropriateness of their basis (i.e. Darcy’s law). Accepting this 
treatment for fractured media, connectivity of high K zones is derived from the fact 
that they are caused by fractures, which naturally tend to extend over long distances. 

The discussion is more complex for porous media. Owing to the reasons presented 
in the introduction, scale effects in porous media are rarely reported. Still, we expect 
to find largely connected high T zones more as the rule rather than as the exception. 
Fluvial deposits are the easiest to discuss. Fogg (1990) views fluvial sand-body 
architecture as a low-permeability matrix in which a highly conductive channel 
sand network is embedded. Low K values are expected to have a short correlation 
length (corresponding to the matrix), while high K values display a much larger one 
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Fig. 2. Sand content map of a part of the Wilcox group, Trawick area, east Texas. Notice that the shaded 
area is highly connected (after Fogg, 1990). 

(corresponding to the embedded chanel network). An example is given in Fig. 2, 
where high transmissivity zones (corresponding to large sand contents) display a 
totally different pattern (more elongated and interconnected) than low transmissivity 
zones. In general, one should expect fluvial deposition systems to lead to high K along 
palaeo-channels which, by their very nature, should be well connected. 

In summary, both fractured and porous media should be expected to display 
significant connectivity of high K zones. 

5. Simulations 

We present a number of numerical simulations intended to show that deviations 
from multilog-normality in T can lead to scale effects. The methodology comprises 
two steps. 

(1) Generate a 2-D transmissivity field. We consider a rectangular domain and 
discretize it into a series of small square blocks. We then assign a T value to 
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(2) 

each one of these squares and consider them as point values, so that the size of 
these small blocks is considered representative of the local scale. Two charac- 
teristics of the T values are, first, that point values follow a log-normal dis- 
tribution, and second, that we can arrange these values throughout the domain 
to follow a certain connectivity pattern. As we are interested in effective values 
(regional scale), but discretization is on the size corresponding to the local 
scale, we need very refined meshes. This introduces some additional require- 
ments to the computer code used to solve the flow equation, as indicated in 
point (2). 
Solve the steady-state flow equation under very simple boundary conditions 
like the ones shown in Fig. 3. When applied to a heterogeneous field, we get a 
mean gradient which is constant and parallel to the X-coordinate axis. Under 
such conditions, the effective transmissivity Ter = -QT x Lx/Ah, where Qr is 
the total flux per unit width into (and out of) the domain and L, is its length. 
Flow is solved with a finite element computer code, FAITH (Sanchez-Vila 
et al., 1993), especially designed to solve the groundwater flow and solute 
transport equations in heterogeneous media with large meshes. 

The first step is carried out for a number of fields where T values are distributed 
according to different types of correlation pattern. The second one is then applied to 
each one of the generated fields. In the following we present a few examples. Simula- 
tions are far from extensive. Our main point is that by simply relaxing the condition of 
multinormality, we are able to find a number of transmissivity patterns that display 
scale effects. 

5.1. Field number 1: multinormal random field 

First, we wish to verify that the testing methodology leads to results which are 
coherent with the theory when multilog-normality is retained. We simulate a T field, 
assuming Y = In T is a stationary random function with isotropic correlation struc- 
ture. Therefore, we expect to obtain Teff = TG. Our synthetic domain has a size of 
3000 x 3000 units of length and it is discretized into 300 x 300 equal-size square 
elements. We generate the 90000 point Y values with program GCOSIM3D 

h=H, h= Hz 

Y 

I- 
J!.l=(J 

x AY 

Fig. 3. Boundary conditions applied in rectangular domains to compute effective transmissivity in a 
heterogeneous T field. 
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(Gomez-Hernandez and Journel, 1993), which uses sequential simulation. The 
correlation model is exponential and isotropic, of the type C,(r) = gr exp(-r/X), I 
being the euclidean distance, with X = 100 units length and U; = 0.80. Fig 4 shows 
the univariate pdf for variable Y. Fig. 5 reproduces the normalized variogram, 
compared with the initial variogram input in GCOSIM3D. The field generated has 
a sample mean (Y) = 2.01 and a sample variance cr”y = 0.809. Reproduction of the 
input conditions can be considered acceptable, except that the range of the sample 
variogram is clearly shorter than the input model, which is a characteristic of the 
sequential simulation methodology when the input model for the variogram is 
exponential. Anyway, the difference in the ranges between theoretical and sample 
variograms is not relevant in our later analysis. The final field can be seen in Fig. 6, 
where it is represented in a four tonality grey plot, black being the most conductive 
quartile and white the least conductive quartile. When flow is solved with the bound- 
ary conditions shown in Fig. 3, an effective value Teff = 7.466 is obtained. This value 
is virtually identical to the geometric mean, TG = 7.469. 

5.2. Field number 2 

The next task consists of generating a new field displaying a different connectivity 
pattern. The starting point is field number 1 (exponential isotropic correlation 
structure, with I = 100). We generate a realization of a binary field, with 300 x 300 

i 

i 
4 
‘t 
: 
‘. 

I 

2. 

Y values 

I 
I 

4. 6. 

Fig. 4. Histogram corresponding to synthetic field number 1. 
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. . . l Sample variogram 
- Theoretical var. 

Y ,I, i I, I, i I 

0. 100. 200. 300. 400. 500. 600. 

Distance 

Fig. 5. Normalized variogram corresponding to synthetic field number 1. 

square elements, defined by the indicator function 

Z(x) = 1 1 if T(x) > Tref 

0 if T(x) < Tref 
(6) 

where Tref is the value corresponding to percentile 0.75. The indicator variogram 
function used is also exponentially isotropic, but with a larger correlation distance 
with respect to field number 1; X now is equal to 1500 units length. This second field is 
generated with program ISIM3D (Gomez-Hernindez and Srivastava, 1990). The 
locations where Z = 1, which are affected by this larger X, are assigned a very high 
random T value. We now create a new T field by taking the value from the indicator 
field at locations where I = 1 or the value from field number 1 when Z = 0. The 
Gaussian distribution of Y is later imposed with the help of program CLASSIFY 
(developed by J. J. Gbmez-Hernindez), which basically adapts the pdf of the T values 
to any predetermined shape, by simply drawing random numbers within each class of 
values according to the cumulative distribution function predefined. The final field 
can be seen in Fig. 7, now in a five grey tonality plot for the quantiles, again from 
black (high T values) to white (low T values). 

The new field has a mean (Y) = 2.11 and a variance o$ = 0.958. Fig. 8 is a plot of 
the indicator variograms for quartiles 0.25,0.50, and 0.75 (indicators 1,2, and 3 in the 
figure). This plot shows a very different type of correlation with respect to the original 
one, with an increasing correlation distance for the higher transmissivity values; in 
this case, the ratio between the ranges corresponding to indicators 1 and 3 is approxi- 
mately 4. The same trend is seen in Fig. 7; the correlation between black points (high 
T values, drawn from the indicator field) is very different from the one between whites 
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Fig. 6. Grey plot for synthetic field number 1 

(low values, drawn from field number 1). Simulation of flow in this field leads to an 
effective value TeB = 9.297, which is around 13% higher than the corresponding 
geometric mean (To = 8.265). 

This result appears to contradict Matheron’s (1967) conclusions about Ten being 
equal to TG in 2-D flow domains. Actually, this is not the case. One of the hypotheses 
in Matheron’s derivation was that T/(T) and T-‘/(T-l) had the same ‘spatial law’ 
(see Section 2), meaning that all functional moments of both variables should 
coincide. In our example, it is clear that the indicator variogram corresponding to 
percentile 0.75 displays an integral distance longer (actually, four times longer) for T 
than for T-’ (notice that thep quantile of T is identical to the 1 - p quantile of T-l). 
That is, ‘spatial laws’ of T and T-’ are different, so that one of the main hypotheses in 
Matheron’s derivation is not kept. There is no reason why Teff and TG should be equal 
in such a case. 

Certainly, the difference is not very big, possibly owing to the quite small variance 
considered (around 0.8 for c&r). Another possible reason stems from the fact that the 
contrast between ranges for the different indicators is only 4; a larger ratio would 
probably result in a larger effect. To evaluate the effect of the variance, we repeat this 
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Fig. 7. Grey plot for synthetic field number 2. 

example, keeping the same structure, but changing the values so that the mean is kept 
constant (( Y) = 2.112), but the variance is increased by a factor of 9 (with a final 
value ~7$ = 8.628). In this case we find Ter = 13.90,86% higher than TG. We see the 
importance of increasing the variance. This may hint at why scale effects in T are 
more frequently observed in fractured media, where variances are larger, than in 
porous media. 

5.3. Field number 3 

In this third example, we check the effect of another type of correlation structure. 
The starting point is again field number 1, where we superimpose a number of 
randomly located high transmissivity zones. The original field is again 300 x 300 
elements and the new zones are 15 x 1 elements each. The same number of zones 
in the horizontal and the vertical directions are generated, thus keeping invariance by 
a 90” rotation (another of Matheron’s basic hypotheses). A total of 23% of the point 
T values correspond to these high conductivity elements. Superposition is performed 
by dropping the original value and substituting it by the new (high) one whenever the 
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Distance 

Fig. 8. Nomaiized indicator variograms for percentiles 0.25,0.50 and 0.75 corr~~ndin~ to field number 2. 

location corresponds to any of the high transmissivity elements. We again used 
CLASSIFY to force a log-normal pdf of the point T values. The final field can be 
seen in Fig. 9. It is easy to recognize the large T values as thin lines of equal length, 
randomly distributed. Multilog-no~ality is clearly not retained. Again, regarding 
Matheron’s derivation, the correlation structure of high T values is completely 
different from that for high T-’ values. The mean of the In T values for this case 
was (Y) = 2.297 and the variance a”r = 3.727. Flow simulation gave a value 
Teff = 15.63, higher than the geometric mean, TG = 9.94 (57% increase). 

5.4. Field number 4 

Another possibi~ty consists of automating the method of connecting the high T values. 
For that purpose a new program, GROWCON, was developed. A description of the 
algorithm and several examples can be seen in Girardi et al. (1994). A brief summary of 
the basic steps to generate a heterogeneous T field using GROWCON follows. 

The starting point is an already existing transmissivity field, generated using any 
random field simulator (turning bands, sequential simulation, boolean,. . .). The 
program identifies a number of clusters of high T values and tries to connect them 
by relocating blocks of high T. That is, high point T values are rearranged by 
exchanging positions with medium or low T values (Fig. 10). This can be done by 
elongating high T clusters, according to several rules, in the direction of their closest 
neighbours until connection is established. A realization of an original field and the 
one obtained after GROWCON can be seen in Fig. 11. Fig. 1 l(b) shows clearly how 
high T values (in black) are now connected in a very different way from low ones (in 
white). It also reflects the invariance by a 90” rotation. 
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Fig. 9. Grey plot for synthetic field number 3. 

/ 

Original high value zones 

\ 

value zone 

Fig. 10. The change in connectivity patterns as performed by GROWCON. 
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It is important to note that such a procedure does not change the shape of the 
histogram for the In T field. The variogram, however, changes. Moreover, we keep 
the normality of the univariate distribution of T values, but we do not keep 
multinormality. Thus, the first two statistical moments (expected value and vario- 
gram) are not enough to characterize the random function fully. In order to show the 
changes in the variogram, we plot in Figs. 12(a) and (b) the original (nested) vario- 
gram and the one obtained after GROWCON in the X-direction. Actually, the 
change in variogram is not relevant for our purposes. We could generate a multi- 
normal field with the variogram of Fig. 12(b) and it would not reproduce the con- 
nectivity patterns of Fig. 11(b). The important issue is that, having departed from 
normality, the variogram does not suffice for characterizing spatial variability. 

We generate by these means a number of synthetic fields with constant zero mean 
((Y) = 0.0) and different ~‘y values. Carrying out flow simulations in each one of 
them, we can compute T,R. Results are summarized in Table 1, where it is shown that 
Te*/ TG is consistently larger than 1 .O (as predicted by theory for the multilog-normal 
case). It is also shown that this ratio increases more than linearly with the degree of 
heterogeneity (u$). 

6. Summary and conclusions 

Heterogeneity is one of the most difficult aspects in modelling groundwater flow 
and solute transport, both in porous and fractured media. When it is not taken into 
account explicitly, several inconsistencies arise. One of the most striking results is the 
appearance of scale effects in transmissivity. That is, effective transmissivity often 
increases with increasing scale of observation. These effects have appeared a number 
of times in the recent groundwater literature. Traditional stochastic approaches, 
where transmissivity is treated as a multilog-normal stationary random variable 
that can be fully characterized with its mean and its correlation structure, are not 
capable of explaining such effects. 

In this work, we intended to give some insight into this problem. We have compiled 
a number of different works that show scale effects in T, and we have provided a 
geological justification for the non-log-normality of the multivariate statistics in real 
fields. We generate a number of synthetic T fields with different types of correlation 
structures, keeping every time the log-normality of the monovariate statistics, but 
not the multilog-normality. We carried out flow simulations, under simple boundary 
conditions, for each field and computed effective transmissivities in every case. We 
found that departures from the multilog-normality assumption can lead to Tee 
values different from the geometric mean of the point values. In particular, we 
observed that structures favouring increased connectivity between high T values 
consistently result in effective values higher than TG. 

In summary, empirical observations suggest a quite widespread scale dependence of 
T. That is, effective large-scale T often exceeds T G, contrary to what conventional 
multilog-normal stochastic hydrology predicts. Numerical experiments demonstrate 
that one possible explanation for this contradiction is the non-multinormality of 
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Fig. 12. Sample variogram for the original field plus fitted variogram (a). Variogram for the transform 
field (raw data and best fit are represented) (b). 

Fig. 11. Input (a) and output (b) fields of GROWCON. Original field generated with GCOSIM3D with a 
nested variogram. 
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Table 1 
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Results of computed Tea 

Field 4 Ten/ TG 

4.1 1.0 1.11 
4.2 2.1 1.25 
4.3 4.1 1.52 
4.4 9.3 2.51 

log-T and, specifically, the increased connectivity of high T zones with respect to 
low T zones. This conjecture is, in generic terms, supported by geology. There- 
fore, we conclude that multinormal models for log-T provide a poor representa- 
tion of reality. 
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