
DPG-based time-marching-schemes for linear parabolic and
hyperbolic partial differential equations
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ABSTRACT

The Discontinuous Petrov-Galerkin (DPG) method with optimal test functions intends to approxi-
mate Partial Differential Equations (PDEs). It was introduced by Demkowicz and Gopalakrishnan
in 2010 [1]. The main idea of this method is to select optimal test functions that guarantee the
discrete stability of non-coercive problems. For that, they employ test functions that realize the
supremum in the inf-sup condition. It has been previously applied to transient problems in the
context of space-time formulations or together with finite differences in time [2, 3, 4]. In this work,
we follow the approach of applying the DPG method only in the time variable in order to obtain
a DPG-based time-marching scheme for linear transient PDEs [7, 8].

For parabolic problems, we first semidiscretize in space by a classical Bubnov-Galerkin method and
we consider an ultraweak variational formulation of the resulting system of Ordinary Differential
Equations (ODEs). Then, we calculate the optimal test functions analytically employing the adjoint
norm. The optimal test functions we obtain are exponential-related functions of the stiffness matrix.
Finally, we substitute the optimal test functions into the ultraweak variational formulation and we
obtain the DPG-based time-marching scheme. Here, we obtain an independent formula for the
trace variables and a system to locally compute the interiors of the elements. The procedure for
hyperbolic problems is the same after reducing the equation to a first order system.

The equation we obtain for the trace variables is called variation-of-constants formula and it is the
starting point of the so-called exponential integrators for solving systems of ODEs [6]. In these
type of methods, it is necessary to approximate the exponential of the stiffness matrix and related
functions, called ϕ-functions. For the hyperbolic case, it is also possible to express the resulting
system in terms of trigonometric functions. Although the theory of exponential integrators is
classical, they have recently gained popularity due to the rise of the available software and efficient
algorithms to compute the action of function matrices over vectors [5]. In our work, we express the
DPG-based time-marching scheme in terms of the ϕ-functions for computational purposes.

The main benefit of the presented method is that it fits into the DPG theory. Therefore, we
can naturally apply adaptive strategies and a posteriori error estimation previously studied by the
DPG community. Currently, most of the goal-oriented adaptive strategies for transient problems
are based on Discontinuous Galerkin (DG) formulations in time because we need a variational
formulation in time to represent the error in the quantity of interest over the whole space-time
domain. Employing the variational formulation presented in this article, we will be able to design
goal-oriented adaptive strategies in the future.
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