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Abstract. Modeling the fatigue behavior of concrete is a challenging task that has
attracted the interest of researchers during the last decades. A new formulation of a
microplane fatigue model denoted as MS1 introduced by the authors is employed. It aims
to capture the basic inelastic mechanisms that are driving the tri-axial stress redistribution
within a material zone during the fatigue damage process in concrete. In order to do so, the
fatigue damage evolution is linked to a measure of the cumulative inelastic shear strain,
reflecting the accumulation of fatigue damage owing to internal shear/sliding between
aggregates at subcritical load levels.

In the first place, numerical studies are presented, in which the elementary interface
behavior and dissipation mechanisms are evaluated. Later on, an evaluation of the en-
ergy dissipation of experimental tests in terms of their hysteretic loops is displayed. This
approach is called into question as available experimental data strongly suggests that this
method underestimates the actual amount of energy being dissipated. The microplane
material model MS1, which is able to reproduce the concrete behavior under monotonic,
cyclic, and fatigue loading with consistent sets of material parameters, has been employed
for evaluating the contributions of the different dissipative mechanisms for different load-
ing scenarios. Further studies assessing the ability of the model to reproduce the sequence
effect for fatigue loading with varying amplitudes in terms of an energetic-based approach
are presented.

1 INTRODUCTION

Concrete fatigue damage behavior, i.e. progressive degradation of the material prop-
erties and accumulation of inelastic strains induced by subcritical cyclic loading, is a
phenomenon that has not been sufficiently understood. Understanding it is crucial since
an increasing amount of slender concrete structures are being constructed in which fa-
tigue effects play a considerable role. Although many efforts have been made towards
better understanding this phenomenon, the actual verification methods that are being
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used for considering it in design are simple and rough, and they sometimes contradict the
experimental evidence.

Standard procedures for performing a fatigue verification in cases where variable actions
produce fatigue effects, consist of assuring that the stress values developed by the concrete
for the given loading are within a stipulated range [1]. Another strategy would be to
study the fatigue life of some critical structural components, assuring that they do not
fail during their service life [2]. This is usually done by considering loading scenarios with
constant amplitudes which have been studied in more detail. Verification procedures for
fatigue loading with varying amplitudes and sequences consist of the application of the
well-known Palmgren-Miner (P-M) rule, which has been put in question due to its lack
of agreement with experimental results [3].

The authors aim to shed some light on the basic mechanisms that are driving the fatigue
damage behavior in concrete. One of the main goals of the authors is to establish a link
between the energy being dissipated during the fatigue damage process and the number
of cycles that the material can resist. This would allow making correct predictions of its
behavior under any kind of circumstances, by making use of simplified methods based on
adequate energetic assessments, rather than trying to evaluate it on a basis of empirical
equations which is limited for specific cases.

2 MICROPLANE MATERIAL MODEL MS1

With this intention, the authors have recently introduced the microplane material
model MS1 [4]. The key idea of this material model is to link the fatigue damage evolution
to a measure of the cumulative inelastic shear strain. This hypothesis is grounded on
experimental observations presented by Skarzynski et al. [5], where crack nucleation and
propagation during fatigue loading occurred along with the interfaces between the cement
paste and the aggregates, as depicted in Fig 1a. Thermodynamically based constitutive
laws governing the macroscopic behavior are defined at the microplane level. The present
model is developed within the context of the microplane theory using a homogenization
scheme based on the principle of energy equivalence with a direct tensorial representation
of the effective elastic stiffness.

Thermodynamically based constitutive laws governing the macroscopic behaviour are
defined on the generic microplanes. The macroscopic thermodynamic potential is ex-
pressed as the sum of the normal and tangential Helmholtz free energies:

ψmac =
3

2π

∫
Ω

ψmicdΩ =
3

2π

∫
Ω

ψNdΩ +
3

2π

∫
Ω

ψTdΩ. (1)

The projection of the thermodynamic potentials onto the normal and tangential di-
rection allows introducing distinguished dissipative mechanisms for each direction, which
are summarized in Fig. 1b.
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Figure 1: Summary of MS1 model: a) Experimental observations of the microcrack development under
fatigue loading using X-ray micro-CT images presented by Skarzynski et al. [5], b) Dissipative mechanisms
included in the proposed microplane model MS1 and illustration of the microstructure containing a system
of dissipative microplanes that are integrated within a 3D hemisphere idealization, c) material model
calibration and validation for monotonic, cyclic and fatigue behavior.

Normal direction: The normal direction microplane thermodynamic potential takes
the form

ρψN =
1

2
[1−H(σN)ωN]EN(εN − εp

N)2 +
1

2
KNz

2
N +

1

2
γNα

2
N + f(rN), (2)

where ψmic
N represents the Helmholtz free energy of the normal direction, ρ the material

density and EN is the normal elastic stiffness, being

EN =
E

(1− 2ν)
, (3)

where E is the Young’s modulus and ν is the Poisson’s ratio. H(σN) is a Heaviside function
for switching the normal behaviour between tension and compression. If the microplane
is subjected to tension, then H(σ+

N) = 1, and damage internal variables may evolve,
while plastic ones remain unchanged. If the microplane is subjected to compression, then
H(σ−

N) = 0, plastic phenomena may take place, while normal damage evolution does not
occur. KN and γN are the isotropic and kinematic hardening moduli, respectively.

The thermodynamic internal variables are: the plastic normal strain εp
N, damage vari-

able ωN going from 0 to 1, isotropic hardening zN and kinematic hardening αN variables.
The function f(rN) defines a consolidation function associated with the damage.

The thermodynamic forces are obtained by differentiating the thermodynamic potential
(2) with respect to each internal variable.

Tangential direction: Tangential cumulative damage is considered as the primal source
of fatigue damage. This mechanism drives the material deterioration at subcritical load-
ing levels. For describing the tangential behavior of a microplane, the pressure sensitive
interface model with fatigue damage driven by cumulative inelastic slip presented in [6] is
adopted. Therefore, the tangential direction microplane thermodynamic potential reads
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ρψT =
1

2
(1− ωT)ET(εT − επT) · (εT − επT) +

1

2
KTz

2
T +

1

2
γTαT ·αT, (4)

where ψmic
T is the Helmholtz free energy of the tangential direction, ρ the material density

and ET is the tangential elastic stiffness, being

ET =
E(1− 4ν)

(1 + ν)(1− 2ν)
, (5)

where E is the Young’s modulus and ν is the Poisson’s ratio. KT and γT are the isotropic
and kinematic hardening moduli, respectively. The thermodynamic internal variables are
the inelastic tangential strain vector, i.e. the sliding strain vector defining the irreversible
strain επT, the damage variable ωT ranging from 0 to 1, the internal variables of isotropic
hardening zT and kinematic hardening vector αT. The corresponding thermodynamic
forces are derived by differentiating the thermodynamic potential (4) with respect to each
internal variable.

Further features and capabilities of the microplane material model MS1 are discussed
at [4]. This includes aspects such as the ability of the material model to reproduce stress
redistribution at the level of the material point and anisotropic damage evolution. A
calibration and validation procedure was conducted for monotonic, cyclic, and fatigue
behavior for three different types of concretes, based on an accompanying experimental
campaign. This is summarized in Fig. 1c.

3 ENERGY DISSIPATION UNDER CYCLIC AND FATIGUE LOADING

3.1 Evaluation method of fatigue-induced energy dissipation

The profile of energy dissipation during the fatigue loading history represents an im-
portant characteristic of the material response that has been included in the evaluation
of the experimental studies by several authors in the past [7, 8, 9]. In the cited work, the
energy dissipation was evaluated as a sum of the areas enclosed by the hysteretic loops.
This approach, however, neglects the energy that has been dissipated outside the loops.

To demonstrate the significance of the outside-loop dissipation, let us consider an
example depicted in Fig. 2 showing the experimental response obtained in beam-end-
test [10]. A step-wise increasing cyclic loading applied as pullout load as indicated in
Fig. 2a induced the displacement response shown in Fig. 2b.

The corresponding area of hysteretic loops representing the energy dissipated per cycle
is shown in Fig. 2c. Apparently, the area enclosed by the pullout curve outside the
hysteretic loops is significantly larger than the area of the hysteretic loops themselves.
This is also confirmed by the fact that the energy dissipation plotted in Fig. 2c does not
reflect the rapid growth of the inelastic displacement shown in Fig. 2b. This example
documents that the evaluation of energy dissipation including only the hysteretic loops is
insufficient and leads to its underestimation.

As it is not possible to experimentally evaluate the actual energy dissipated due to
cyclic fatigue loading, it is necessary to use a material model describing the dissipative
effects as exemplified by the microplane material model MS1 summarized in Sec. 2.
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Figure 2: Experimental data, a) stress-strain curve, b) fatigue creep curve, c) dissipated energy per
cycle

3.2 Evaluation of the energy dissipation for microplane material model MS1

The energy dissipation of the microplane material model MS1 is evaluated with refer-
ence to the Clausius-Duhem inequality stating that

ḊN
int = −ρψ̇N + σNε̇N ≥ 0, (6)

which, after substitution for ψ̇N and application of the chain rule, reads

ḊN
int = −

(
∂ρψN

∂εeN
ε̇N −

∂ρψN

∂εpN
ε̇pN +

∂ρψN

∂zN

żN +
∂ρψN

∂αN

α̇N +
∂ρψN

∂ωN

ω̇N +
∂ρψN

∂rN

ṙN

)
+ σNε̇N.

(7)

Realizing that the derivative of the Helmholtz potential with respect to elastic strain
represents the stress variable, i.e.

σN =
∂ψN

∂εe
N

, (8)

the energy dissipation in the normal direction is obtained as by integrating the dissipation
rates over the pseudo time variable t used to control the nonmonotonic loading scenarios:

DN
int =

∫ t

0

[σNε̇
p
N − ZNżN −XNα̇N + YNω̇N −RNṙN] dt. (9)

The dissipation of energy for the tangential direction is evaluated in a similar manner as
for the normal direction starting with the Clauius-Duhem inequality, i.e.

ḊT
int = −ρψ̇T + σTε̇T ≥ 0, (10)

rendering the expression for the energy dissipation in terms of the internal variables as

ḊT
int = −

(
∂ρψT

∂εeT
ε̇T −

∂ρψT

∂επT
ε̇πT +

∂ρψT

∂zT

żT +
∂ρψT

∂αT

α̇T +
∂ρψT

∂ωT

ω̇T

)
+ σTε̇T. (11)
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Due to the fact for the first term represents the tangential stress

σT =
∂ρψT

∂εeT
, (12)

dissipation for the tangential direction simplifies to

DT
int =

∫ t

0

[
σT · ε̇πT − ZTżT −XT · α̇T + YTω̇T

]
dt. (13)

Elementary studies of the behavior of a single microplane for the normal and tangential
directions are shown in Fig. 3 in order to visualize its qualitative energy dissipation
profiles. In the first row, the normal stress-strain curve and energy dissipation due to
plasticity and damage is shown for monotonic and cyclic loading. The second row shows
the stress and dissipation response for cyclic loading. Fig. 3a documents the ability of
the model to capture the unilateral effect, i.e. the transition between the compressive
plasticity and tensile damage. While the normal stiffness decreases in the tensile regime,
its reduction does not have any effect on the compressive stiffness. Correspondingly,
plastic dissipation evolves only under compression (Fig. 3b), and damage dissipation under
tension (Fig. 3c). The response to cyclic tangential loading depicted in Fig. 3d exhibits
isotropic and kinematic hardening, as well as, a noticeable reduction of the material
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Figure 3: Elementary interface behaviour, above normal direction, below tangential direction, a) and
d) stress-strain curve, b) and e) plastic dissipation, c) and f) damage dissipation
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stiffness. The coupling of damage and plasticity leading to this gradual stiffness reduction
is documented in Figs. 3ef, revealing that damage evolves upon reaching the tangential
threshold with an increasing plastic slip.

The macroscopic energy dissipation is evaluated by integrating the contributions of
each microplane for the normal and tangential directions:

Dmac
int =

3

2π

∫
Ω

Dmic
int dΩ =

3

2π

∫
Ω

DN
intdΩ +

3

2π

∫
Ω

DT
intdΩ. (14)

3.3 Evaluation of energy dissipated in cyclic compressive tests

The described approach has been used to evaluate the energy dissipation in cylindri-
cal concrete specimens exposed to a compressive step-wise cyclic loading scenario. The
concrete grade used in the test series described in [11] was C80 with an average compres-
sive strength fc of 101.38 MPa. The loading scenario consisted of a step-wise increasing
loading, starting at 50% of the maximum compressive strength, and increasing by 5%
every 10 cycles. The minimum loading was kept constant at 10 % of fc. The measured
stress-strain response for three selected tests is depicted in Fig. 4a. The dissipation within
each hysteretic loop has been evaluated for the loading history by identifying the inter-
section point of the descending and ascending branches in each load cycle and numerical
integration within the enclosed area. The resulting curve is shown in Fig. 4b. The energy
dissipation accumulated during the whole history within the loops is plotted in Fig. 4c.

To gain a deeper insight into the way that energy is being dissipated under cyclic
compression, the microplane material model MS1 has been employed. The objective is
to have a qualitative comparison between the energy dissipated within and outside the
hysteretic loops. The simulated stress-strain response of the material is depicted in Fig. 4d.
In Fig. 4e the energy dissipated within hysteretic loops and the complete dissipation in
each cycle are compared.

It is obvious that the increase of the upper load level leads to a rapid energy dissipation
due to damage and friction which is represented by the peaks in Fig. 4e. At the same
time, the amount of total energy dissipated during the uniform load cycles within each
load level is significantly larger than the area of the hysteretic loop represented by the
green curve. The cumulative evolution of the energy dissipation ascribed to the loops and
the total energy dissipation is depicted in Fig. 4f.

The resolved evaluation of the energy dissipation using the model can now be compared
with the curve shown in Fig. 4b obtained from the hysteretic loop evaluation of the
experimental response. This curve qualitatively corresponds to the green curve in Fig. 4e.
Even though the two curves do not correspond quantitatively, the study documents that
the true energy dissipated in the experiment is significantly larger than the area of the
hysteretic loops. Accurate evaluation requires a refined model calibration, which can
reflect a wider shape of the hysteretic loops. The improvements of the model are currently
being elaborated.
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Figure 4: Above experimental data, below numeral results, a) and d) stress-strain curve, b) and e)
energy dissipated within a cycle, c) and f) accumulated dissipated energy

3.4 Analysis of dissipative mechanisms governing the fatigue response

Once the importance of the dissipation evaluation method accounting for the complete
cycle has been highlighted, numerical studies quantifying the energy dissipated for uniform
fatigue compressive loading can be addressed. Several authors have reported that the total
amount of energy being dissipated during a cyclic or fatigue test depends on the applied
loading scenario [8, 9]. For constant loading scenarios, experimental results reveal that
uniform fatigue loading with lower maximum load levels lead to a longer fatigue life and,
thus, to a larger accumulated energy dissipation. This trend is well captured by the
microplane material model MS1. Energy dissipation corresponding to three varied load
levels is evaluated for the concrete C80 with material parameters presented in [4], The
obtained results are summarized in Table 1 and Fig. 5. It worth noting, that for lower
maximum load levels, there is a significant increase of the energy dissipated by frictional
slip, as documented in Fig. 5b. On the other hand, the amount of energy dissipated due
to damage is much less sensitive to the applied level of maximum fatigue load.

4 SEQUENCE EFFECT INVESTIGATION

In reality, structures undergo cyclic loading with varying amplitudes in various se-
quences during their service life [12]. The Fib Model Code for Concrete Structures 2010 [1]
proposes to apply the Palmgren-Miner (P-M) rule to account for non-uniform fatigue load-
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Table 1: Evaluation of the energy dissipation components for three different constant load levels

Smax Cycles Plastic Plastic Total Damage Damage Total Total
normal tan. plastic normal tan. damage dissipation
[J/m3] [J/m3] [J/m3] [J/m3] [J/m3] [J/m3] [J/m3]

0.95 21 4.48e-2 2.28e-3 4.71e-2 4.28e-4 4.87e-3 5.30e-3 5.24e-2
85.50% 4.38% 89.88% 0.82 % 9.29% 10.12%

0.85 1357 4.00e-2 1.19e-1 1.59e-1 4.64e-4 8.97e-3 9.44e-3 1.68e-1
23.75% 70.65% 94.40% 0.27 % 5.32% 5.60%

0.75 126913 3.77e-2 7.54e0 7.57 4.61e-4 1.26e-2 1.31e-2 7.59
0.50% 99.32% 99.82% 0.01 % 0.17% 0.18%

ing. This rule assumes a linear accumulation of fatigue damage, so that the fatigue life
under a loading scenario consisting of several load ranges with variable amplitudes can
be estimated as a linear interpolation of the fatigue lives corresponding to each of the
individual load ranges. It must be pointed out that there is no experimental evidence
that supports this rule. Moreover, the available experimental data suggests that the P-M
rule can deliver unsafe fatigue life predictions [11, 13]. Therefore, the effects on the fatigue
life in response to compressive loading with variable amplitudes must be studied in more
detail.

The detailed knowledge of the dissipative mechanisms governing the fatigue propa-
gation characterized in terms of their energy dissipation represents an attractive option
which would allow a prediction of the fatigue life based on the energetic considerations.
Such aims have been reported e.g. by [14] hypothesizing that the amount of energy
dissipated or absorbed by concrete for monotonic and fatigue loading remains constant.
However,as stated in [15] the size of the fracture process zone is different for the mono-
tonic and fatigue loading process. Reflection of this phenomenon and the evaluations of
the damage induced energy dissipation are the prerequisites for an improved prediction
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methods of fatigue life in response to fatigue loading with variable amplitudes. Then,
a superposition of the damage induced energy dissipation profiles for constant fatigue
loading, as exposed in [11] for a non-uniform loading scenario appears justified.

To demonstrate this hypothesis, the sequence effect of two loading ranges denoted as H
and L with upper load levels Smax = 0.85 and Smax = 0.75, respectively, is studied Fig 6.
The lower load level was set to Smin = 0.2 for both ranges. With the cycles-to-failure
for each loading range applied individually denoted as N f

H and N f
L, the P-M rule states

that if the H loading range was applied first until 65% of its fatigue life, i.e. 0.65N f
H, the

material will resist 35% of its fatigue life, i.e. 0.35N f
L, after switching to the L load level.

The two corresponding scenarios, H-L and two L-H are studied using numerical si-
mulations with the microplane model MS1 in Figs. 6be with the material parameters
set as specified in [4]. The lifetime on the horizontal axis is normalized with respect
to the lifetime prediction by the P-M rule. The experimental response for the H-L and
L-H scenarios obtained in [11] for the concrete grade C80 is is provided in Figs. 6ad for
qualitative comparison. Both the simulations and experimental data show that for the
H-L scenario a failure occurs considerably earlier than predicted by the P-M rule. For the
L-H scenario, both experimental and numerical results deliver an extension of the fatigue
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life with respect to the H-L loading scenario.
Fig. 6b can be used to explain the existence of the sequence effect. Regarding the H-L

scenario depicted as the red curve in Fig. 6b, let us hypothesize that the state of the
material corresponding to the strain attained after the switch to the lower level marked
as point (1), is equal to the state of the material attained for the the L loading scenario
with same strain denoted as point (2). Then the residual life of the H-L scenario can be
estimated by shifting the green curve from point (2) to the point (1). This shift explains
why the H-L scenario must lead to a reduced fatigue life compared to the P-M rule.

The profile of damage induced energy dissipation is included in Figs. 6c. It can be used
to illustrate the hypothesis formulated in [11] which states that under the assumption of
uniform energy dissipation within the volume of a tested specimen, residual fatigue lives
can be superposed by shifting between energy dissipation profiles obtained for uniform
loading ranges at L and H levels. The obtained curves are used to indicate the possibility
to numerically identify points (3) and (4) with the same residual fatigue life in the load
scenarios H-L and L. The availability of a model that can resolve the individual dissipative
mechanisms provides a chance to further refine the superposition rules based on energetic
arguments as a basis for more realistic predictions of the sequence effect.

5 CONCLUSIONS

Experimental observations indicate that the well-established method for measuring
the energy dissipated by concrete during fatigue loading, evaluating the area contained in
hysteretic loops, can not properly reflect the total amount of energy dissipation. The new
microplane material model MS1 was employed to evaluate the individual components
of the dissipated energy for three different loading ranges. They reveal that for high-
cycle fatigue the dominating amount of energy dissipation is due to cumulative plastic
sliding. On the other hand, for low-cycle fatigue, the damage induced dissipation reaches
a comparable range. Numerical studies evaluating the sequence effect deliver a reduced
fatigue life for H-L case, matching the trend observed in the available experimental data.
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