14th World Congress in Computational Mechanics (WCCM)
ECCOMAS Congress 2020

Virtual Congress: 11 — 15 January 2021

F. Chinesta, R. Abgrall, O. Allix and M. Kaliske (Eds)

GENERAL CASE OF MOVEMENT OF SOLID SYSTEM WITH
SLIDER-CRANK MECHANISMS AS INTERNAL MOVERS ON
ROUGH SURFACE WITH FRICTION

SERGEY V. SEMENDYAEV

Moscow Institute of Physics and Technology (MIPT)
9 Institutskiy per., Dolgoprudny, Moscow Region, 141701, Russian Federation
semendyaevsergey@gmail.com, https://mipt.ru/english/

Key words: Solid System, Internal Mover, Slider-Crank Mechanism, Friction, Mathematical
Modelling.

Abstract. The equations of motion in the mathematical model of the solid system with slider-
crank mechanisms as internal movers are obtained in the general case of translational-rotational
motion on a rough plane with dry friction. Viscous friction with linear dissipation is also
considered in the model.

1 INTRODUCTION

Previously, solid state systems at three support points, driven by internal movers, were
described [1-3].

There are several articles [4-8] on the movement with three points of support, but we have
an important difference here and in articles [1-3] — the presence of internal movers in the system.

At the same time, there are articles from other researchers on internal movers, but there is
no movement at the three points of support [9-12].

Earlier [1], for the considered mechanical system, equations of motion on a surface with
friction were obtained in two cases: translational motion, rotational motion. In this paper, we
consider the general case, including simultaneous translational and rotational motion.

It is worth mentioning that in other papers, the author also considers systems moving due to
internal movers — systems with two massive eccentrics [2-3]. In general, interest in such systems
is due to an unusual way of movement — without using standard movers, such as wheels, legs,
tracks.

In this article the equations of motion in the mathematical model of the solid system with
slider-crank mechanisms as internal movers are obtained in the general case of translational-
rotational motion on a rough plane with dry friction. Viscous friction with linear dissipation is
also considered in the model.

2 MECHANICAL SYSTEM AND GENERAL STATEMENTS

The mechanical system is presented in Fig. 1. It has a carrier frame on three points of support.
Two slider-crank mechanisms are attached to the frame, which move the sliders relative to the
frame. There is no friction between the frame and the sliders. Friction between the support
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points and the horizontal rough surface (let us call it earth) is either dry, described by the law
of Coulomb, or viscous, depending linearly on speed.
The center of the mass of the frame and two points of sliders form a triangle of masses.
Three points of support on which the frame stands on the ground form a supporting triangle.
The movement of the system is due to the anisotropic pulsation of the mass triangle inside
the supporting triangle. The movement of the support triangle by inertia is extinguished by
friction. Thus, the movement occurs by repetitive pushes of sliders.
The frame is always in contact with the ground via support points.

Figure 1: General view of the mechanical system

The movement of sliders is controlled by motors installed at the base of the cranks. Let us
assume that the torques of motors allow to realize the control of the rotation angles of cranks,
as the functions of time.

3 MATHEMATICAL MODEL
Let us identify the points at which the masses are concentrated (see Fig. 2) as follows:
S.,i=12,3, @)

where S, — center of mass of the carrier frame, S,,S, — positions of masses of sliders

(considered as points), sliding along the side ribs of the carrier frame, due to slider-crank
mechanisms.
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Figure 2: Geometric model of the mechanical system (view from above)

The distribution of the mass of the mechanical system will be defined as follows: the carrier
frame has mass m and a moment of inertia J, masses of sliders are accepted as point and equal
o u:

m(S,)=m, m(S,)=m(S,)= s )

So, we have a triangle of masses S;S,S,, that changes its geometry.

As we have already said, the horizontal surface on which the carrier frame is located will be
called ground.
The points of contact of the carrier frame with the ground will be marked as:

A,i=123. @)

So we have a supporting triangle 4 4,4,, which has a constant geometry.
We will introduce an absolute system of coordinates Oxyz , where the axis xy lie in the plane

of the ground.
We will also introduce a relative system of coordinates S,én¢, associated with the carrier

frame, where the axis &z lie in the plane above the ground.
We will designate the vector of the position in the system Oxyz with a letter r, and in the
system S,¢én¢ — with a letter . We will also use the following brackets to indicate a vector

component in a reference system: {c,o,0} =(o,o, o)T :
Then for the points of the mass triangle in the Sénd we have:

p(5,)= {000},
p(sz)={§z,—%,0}, @
p(S;)=1{&.0/2,0},

where gq=const — the transverse size of the carrier frame, and &, =¢&,(t),& =& (t) take as time
functions that control the system. In our case, they depend on the movement of slider-crank
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mechanisms through functions [1]:

12

&(t)=asing, (t)+(b2 —(h+acosg, (t))z) , =23 ()

where the geometric parameters of the slider-crank mechanism (for both sliders they have
the same design) are shown on the Fig. 3.

/51 /Sz (S3)

d © 1

Figure 3: Geometric parameters of the slider-crank mechanism (view from the side)

The relative positions of sliders when moving are obviously in a limited range of values:
& €[ )s 1=2.3. (6)
For points of the supporting triangle in the S¢n¢ (see Fig.2) we have constant relative
coordinates:
p(A)={-1,0-d},
p(Az)={L—L—%,— } ")
p(A)={L-10/2,-d},

where L=const — longitudinal size of the carrier frame, I =const — longitudinal displacement
of the point of support A relative to the center of mass s, of the frame, d =const — height of the

frame above the ground.
Now let us write down the coordinates of the points in the system Oxyz .

For a key point s;, which is on the one hand the coordinate of the center of the mass of the

carrier frame, and on the other hand the beginning of the relative system of coordinates, we
have:

r(s,)={xy.dj}. 8)

Then, for any point P from the set S,,A,i=12,3, we can write in the absolute coordinate
system Oxyz :

r(P)=r(S)+A, -p(P), )

where A, — rotation matrix from S¢7¢ to Oxyz:
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cosy —siny 0

A, =|siny cosy 0|
0 0 1

where y — this is the angle of the carrier frame in the absolute coordinate system.

So, from (9) we have:
1 1
r(Sz)z{EqSV, +X+Cw§z"§ch + y+SW.§2,d},

1 1
r(Ss)z{—EqSW +x+CW§3,EqCW + y+SW§3},
r(A)={-IC, +x,-IS, +y,0},

((A) ={(L—I)CW +%qu ¥ x,—%ch H(L-D)S, + y,O},
r(A) ={(L—I)CW —%qsw ¥ x,%ch H(L-DS, + y,O},

where we denoted C, =cosy,S, =siny .

Let us write down cinematic values for key elements of the system.
The angular speed of the frame is defined as:

©={0,0,y7}.
Speed of point s, is defined as:
V(S,)={%y,0}.
For points of the supporting triangle, we have in projections on the axis Oxyz :
V(A)=V(S)+A, (w0xp(A)).
Hence, for the support points we have:
V(A)={x+IS,y,y-IC,y,0},
V(AZ):{X+%qCWy'/—(L—I)SW1/),y+%quy)+(L—I)CWz/),O},
V(A3)={X—%qcm—(L—l)sm, y—%qsw(L—l)cy,w,O}.
For the points of the mass triangle in the Oxyz :

V(S)=V(S)+A, (0xp(S))+A,-£(S).

(10)

(9%)

(11)

(12)

(13)

(13%)

(14)

where the first two components are speed due to the movement of the frame in the projection
on the axis Oxyz, the third is the speed relative to the frame in the projection on the axis Oxyz .

Hence, for the sliders we have:
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.1 . . | . . :
V(SZ):{X—"_chy/vl_gzsy/l//-}_cy/gZ’y+§qsy/vl+§zcwvl+slﬂ§2’o}’

(14%)
1 . . . .01 . . :
V (53) = {X_chq/vl _§3S(//V/ +C(//§3’ y_EqSWV/ + §3CWV/ + SV/§3’O}'
Let us write down Newton's law of motion for the system:
. 3. 3 3
M-V (S,)+u-DV(S)=DN+D F+(M+2u)-G, (15)
i=2 i=1 i=1

where G ={0,0,-g} — acceleration of free fall, N, ={0,0,n,} —normal reaction at the point of
support A, F —Coulomb friction force, acting at the pointA :

F=—k-n-V(A)-(V(A)) . V(A)=0,

16
Fl<kon, v(A)=0 0

where k — dry-friction coefficient.
In the case of v (A)=0 we are dealing with the static friction force. In this case, the force of

friction depends on the dynamic state of the system, not on the speed v (A).
Or, if we have viscous friction (linear dissipation), then we have:
F=-8-V(A). (7
Since we assume that the carrier frame does not come off the surface, there must be:
n. >0,

Zslni:(M +24)- 9. (18)

i=1

From (15) we have on horizontal plane (vertical direction is considered in (18)):

0 [((C-8,0)(&+E)-(&+5)S.0+5,0)+C, (5 +5)) | &
(Mm+2p)|  |+p o T S (15%)
y (S,+C,0)(&+&)+(5+4)(C0+C0)+S, (& +E) SF,
where w=y,&=y7,C, =cosy,S, =siny .
Let us write down the angular momentum of the system:
Ko = m-1(S)XV (S,)+3- Q4 - (S )XV (S,), (19)

i=2
where ©={0,0,0}, and J is the moment of inertia of the carrier frame for the axis s¢ .
Then, from (19) we have:
Ko, =—ymd —ud (2y+C, (&, +&)0+S, (& +E)),
Koy =xmd +ud (2X=S,, (& +&)o+C, (&, +&)),
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Ko =m(xy - yX)+Jo+

. . ) . . o1
+p| —2y%=S,EX =S, EX+2xy +C &,y +C &Y +§q2C$wj+

1

+,u[§ 0°S;w+C, x&0+S, y&,0+ClE o+ Sjﬁzzwj + (19%)

22 22 1 2 ¢

+/¢(wa§3a)+ S,Y&0w+C & w+S,8, a)+§qCW§2j+
1 ., . A P . .

+/Ll EqSW§2 + Sq/xé _Cy/ y§2 _chu/éfi _Eqsy/gS + Sy/X§3 _Cy/ y§3

For the rate of change of the angular momentum we have:
dKO 3 3
o F(A)x(F+N;)+m-r(S)xG+u- > r(S;)xG. (20)
i=1 i=2

But it is not possible to write down briefly the result of the calculation of the expression (20)
within this article.

According to obtained equations, we can consider the following possible tasks.

A) All three legs slide. Subtasks: A1 — the frame rotates; the friction forces are not parallel;
A2 — the frame is moving translationally, and this means that all the friction forces are parallel.

B) Support point A does not move, two other support points — move. It means that in point

A we have the force of the static friction, and in the other two — friction of sliding.

C) Support point A, does not move, two other support points — move. It means that in point
A, we have the force of the static friction, and in the other two — friction of sliding.

D) Support point A, does not move, two other support points — move. It means that in point
A, we have the force of the static friction, and in the other two — friction of sliding.

E) The center of the mass of the carrier frame S, does not move. This case is like A1, the
only difference is that out of all the variety of rotations we highlight one in which v (s,)=o0.

4 CONCLUSIONS

- Equations for general case of motion of the solid system with slider-crank
mechanisms as internal movers are obtained on rough surface with friction.

- In the future, calculations are planned for systems with internal movers, considering
the combined or multi-component dry friction model [13-17].
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