The 8th European Congress on Computational Methods in Applied Sciences and Engineering
ECCOMAS Congress 2022
5-—9 June 2022, Oslo, Norway

ON THE DISCRETIZATION OF DISCONTINUOUS
SOURCES OF HYPERBOLIC BALANCE LAWS

Teddy Pichard!

I Centre de mathématiques appliquées,

Ecole polytechnique, Institut polytechnique de Paris,
Route de Saclay, 91128, Palaiseau, France,
e-mail: teddy.pichard@polytechnique.edu

Key words: Well-balanced scheme, Boiling flow, Hyperbolic balance laws.

Abstract. We focus on a toy problem which corresponds to a simplification of a boiling two-
phase flow model. This model is a hyperbolic system of balance laws with a source term defined
as a discontinuous function of the unknown. Several discretizations of this source terms are
studied, and we illustrate their capacity to capture steady states.

1 INTRODUCTION

The present work present numerical approaches adapted to hyperbolic balance laws with
a source term defined as a discontinuous function of the unknown. These constructions are
described on the following toy problem ([9])

u w a if h <0,
du-ou=s"htu)  SW={y § 53y (1a)
i <
O + Opv = Sv(h(u>v))v Sv(h) - { Cci ii Z ; 8’ (1b)

h(u,v) =u+v.

This system corresponds to a simplification of a 4-equation drift-flux model ([7, 1, 10]) for 1D
boiling two-phase flow given by

Qapy apLU r
p pu 10 [0 ifh< heb,
O pu + 0 pu? +p I O L= { K¢ otherwise, (2)
pe (pe +p)u ¢

where the enthalpy h depends on («apy, p, pu, pe) and the heat source ¢ > 0 and the evaporation
constant K > 0.

System (1) retains the main difficulties of (2), i.e. the discontinuity of the source term w.r.t.
the unknown, but it is reduced to two equations and the fluxes and the enthalpy were linearized
and normalized for simplicity.

This system was studied at a continuous level in [9] where a framework was proposed for
well-posedness studies. Now, we aim at tackling the difficulties emerging at the numerical level
when discretizing it.
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2 POSITION OF THE PROBLEM

The main issue emerging when discretizing (1) is the appearance of artifacts, typically spu-
rious oscillations. These already appear when considering steady solutions, and we illustrate
these issue by applying a naive scheme to capture a steady solution.

2.1 The continuous steady state

We first construct a steady solution to (1) in a domain x € [—1,1]. We fix

3 2
0, b=-2 =2 d=0
a 9 5 ) c 5 )
Then, one verifies that
wo(z) = —axr if x <0, vol(@) = cx ifx <0,
O 7 —bx  otherwise, O 7\ dz otherwise,

is a time-independent solution to (1) with the boundary conditions u(z = 1) = up(z = 1) and
v(ix =—1) =vo(x = —1).

The well-posedness of (1) was studied in [9] and this test does not satisfy the conditions
provided in Proposition 3.5 in this reference. These were only sufficient conditions, but not
necessary ones and, in practice, one easily verifies that the Cauchy problem possesses a unique
generalized solution. We even exhibit some stability property of this equilibrium.

Proposition 1. There exists a convex entropy-entropy flux pair (H,G) such that
atH(u7 U) + azg(uu U) = D(u7 U) < 07
such that H(u,v) >0 and H(u,v) =0 < (u,v) = (ug, vo).

Proof. Writing (u€, v¢) the solution to (1) with a perturbed initial condition (ug + €du, vy + €dv),
one computes for all (z,t)

(a—0b) ifz>0and (u+v°)(x,t) <O,
0

O (u€ —up) — Oz(u® —up) =< (b—a) ifz<0and (u+v)(x,t) >0,
0 otherwise,
(c—d) ifz>0and (u+v°)(x,t) <O,
O (v —vg) + 0 (v —vg) =< (d—¢) if z <0 and (u¢+v9)(x,t) >0,
0 otherwise.

Then summing the first equation multiplied by (u€ — u)/3 with the second equation multiplied
by (v —v)/2, and using the exact value of ug, vo, a, b, ¢ and d yields

(v —v9)®  (u€ — up)? (v —v)?  (u€ — up)?
Oy 1 + 6 + O, 1 6
T(uf+v9) =32 if 2 > 0 and (u€ + v°)(z,t) <0,
= —%(u6+v€)+% if £ <0 and (u®+ v¢)(x,t) >0,
0 otherwise.

Especially, the values on the right-hand-side are non-positive and the equilibrium is stable. [J
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One remarks that some values (u,v) # (ug,vo) satisfy D(u,v) = 0 and the solution is not
necessarily attracted back to the equilibrium (ug,vo).

2.2 Non-existence of a discrete steady state with a centered source term

First, let us write an explicit discretization of (1) with upwind fluxes and centered source

uftt — o ul g —ul
i i i Qu(pn
- - (hY) (30)
U?H —vf v -ty .

where b = u}' + v}

Proposition 2. Suppose a —d < 0 and b — ¢ > 0, then the scheme (3) possesses no discrete
steady state with source switch.

Proof. By contradiction, let us assume that a discrete steady state is reached. Then u}' = u;
and v]' = v;, and this rewrites

Ui = Uig1 + AIESu(hl), vV = Vi1 + AmS”(hl)

For simplicity, consider only the two cells in the middle of the domain where the source switches
value. This system has for unknowns u}, u3, v}, v§ and has for boundary conditions (given) u%
and vy. Rewriting this system with A7 =« + o] and hf = uy 4 vy as unknowns reads

hi = (us +vo) + Az [(S* + 5%)(h1) + §*(h2)],
hy = (U3 + 'Uo) + Az [(Su + Sv)(hg) + Sv(hl)] .

where uz + vg is a constant. We may differentiate four cases

us + vg) + Az(2a + ¢), (us + vo) + Az(a + 2¢)) it h1 <0, he<0,
uz +vo) + Az(a+c+0b), (uz+wvo)+Az(b+d+c)) if hy <0, hy>0,
ug +vg) + Az(b+d+a), (us+vo)+ Az(a+c+d)) it hy >0, he <O,
us + 1)0) + A$(2b + d), (U3 + Uo) + A.%'(b + Qd)) if hy >0, ho>0.
(4)
The first and the last correspond to the cases with a constant source and are not those of interest
here. Computing h; — hs in the two middle cases provides
h1 — ho
Az
h1 — ho
Ax

Based on the expected signs of hy and hs, we violate these two conditions when

(¢
(h1,h2) = gg
((

=a—d if h1<0, hQZO,

=b—c if hy >0, hy<O0.

a—d>0, b—c<0.

If neither of those two conditions are satisfied, then there exists no discrete steady state with
source switch. ]

Especially, these conditions are not satisfied with the values given in the last subsection.
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Figure 1: Exact solution (and initial condition) in straight line and discrete one with (3) in dotted line
with pluses. The solution u are in black, v are in red and uw + v in blue.

2.2.1 Numerical test

The numerical results obtained with the centered scheme on the test case of the Subsection 2.1
are given in Fig. 1. These are given for an initial condition u{ = ug(z;) and v? = vo(x;) with
parameters z; = (i — 2)Az and Az = L/N with a number of cells N = 128. The final time is
T =1 and a CFL condition of At = 0.95Az was used. The non-existence of a discrete source
term is characterized here by oscillations. In practice, the enthalpy A in the middle of the domain
alternates between a positive and a negative value, which creates an oscillation. This oscillation
is afterward transported at velocity 4+1 with the unknown v and velocity —1 with the unknown

u.

3 FIRST ALTERNATIVE SCHEMES

Some techniques from the literature offers the well-balanced property, here capturing the
steady states. We present some of them here that we adapt to the present problem.

A first family of approaches was proposed in [2] as extensions of [6] with source terms. These
approaches were shown to be well-adapted to capture equilibria.

They were both developed for a generic non-linear hyperbolic balance law

WU + 0, F(U) = S(U),

in an explicit finite volume formalism

At
UMttt =0 — —(F, .1 — F,

1 — -1
oAz e 3

) + ALS!.

3.1 Flux-difference splitting approach
The flux-difference splitting approach leads to fixing

F

1 n n n n n
i+l =5 FUY) + F(UY) — AL (U = UF)

1
+3
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where the matrix AY , = A(UJ,,U") satisfies the homogeneity property A(U,U)U = F(U).
2
One popular manner of discretizing the source term following this flux-difference splitting yields
St =S+ S with
2 2

)

W@—[M M

’VL,L _ n
s =5 [ra

1+2 An+ ) :|SR( 7,+17Un)

L) sHwE Uy,
2
where the interface source terms also satisfy the homogeneity properties S%(U,U) = S(U) and
SHU,U) = S(U).

Applying this scheme with Roe matrix (in the linear case F(U) = AU, then A(U,U) = A
and it equivals to upwind fluxes) to (1) yields

o At\ At . n

= (1 B A:c) T As ulyy + AU, U, (52)
At\ At

WHZWO‘&J+AJ%+NWHW,") (5b)

Following the computations of [9] in the Riemann problem case, we suggest defining at the
interfaces

SUT (UL, UP) = S*(ufyy +0f),  SUH(ULL, U = S0 (ulyy +0f). (5¢)
In a stationnary framework, one obtains

uy = ug + AzS"(ug + v1), ug = ug + AzxS“(ug + va),
v1 = vg + AxS?(u1 + vy), v = ug + AxSY(ug + v1),

and eventually writing A1 = u1 4+ vy, he = us + v1 and hy = uz + vy provides

hi =vg+us + AISu(hg) = vg+us+ A.T(Su(hQ) + Su(hg)),
hy = Vo + us +A$(Su(h3) +Sv(h1)),
hy =wv1 +ug+ AxS”(hg) = v+ us -+ AJE(SU(hQ) + Sv(hl))

This leads to
ha — hq
Ax

When expecting a change of sign either between h; and ho or between hy and hs, we fall back
onto the same issue seen in Section 2.

hs — ho
Ax

= S$Y(hy) — S%(hs), = S$Y(ha) — S%(h3).

3.2 Flux-vector splitting approach

In a flux-vector splitting approach, we decompose the numerical flux

— AT n - n
fl-'l; - Ai+§ i+1 T AH%UZ ’
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where the matrices Ai 1 = Ai(Ui”H, U]") satisfies the homogeneity properties

[AY(U,U) + A~ (U,U)]U = F(U),  Sp(A*(U,V)) C R*.

One popular manner of discretizing the source term following this flux-vector splitting consists
in decomposing similarly

n 1 n n n n - n
St=g St esia]. Sk =B SWR) + B, SWD), (6)

where the matrices Bi:i 1= Bi(U[_LH, UJ") satisfy the homogeneity property

BT(U,U)+ B~ (U,U) = Id.

Applying this scheme by fixing A* = (A 4 |A|)/2 as the positive, resp. negative, part of the
Roe matrix to (1) yields similarly

n At At At . B . - .
u; +1 _ <1 - A:U) + qui+1 + 5 <B::-§S( 1)+ (BH-% + B;%)S(Ui )+ Bi—l-;S(Ui—l))l ,
n At\ At At . B o )
o = (1 - m) t gttt o (B;;%S( i+1) T (BH% + B;%)S(Ui )+ BH%S( “)>2,
An intuitive choice for B* consists in choosing A* A~1 which reads Bt_iU " = u? and B Un _

v;* and therefore

uptt = <1 B Ax) T At T (S Ui) +5"(U) (7a)
At At At
Pt = g0 <1 _ A$> + Ao ol 4 = (Sv(Un) + SY(UY)) - (7b)

In a stationnary framework, writing h; = u; + v;, one obtains

A A
wy =g+ (5" (hg) + 28" (ha) + (b)), uz = ug + (5" (ha) + " (ha)),
A A
vy = vy + Tx(S”(hg) +25Y(h1) + S (ho)), v1 = vg + ;(Sv(hl) + 5% (ho)),
and eventually

= (v -+ s) + S5 (ha) + 57 (o) + (25" (ha) + S () + 5°(ha)

s = (v us) + o (5%(hs) + 5°(hg)) + (5" (ha) + 257 () + 5" ().

This leads to
ho — hy
Az

= (5 = 5Y)(ha) + (57 = §%) (),
or equivalently
(Id — Az(SY — S"))(ha) = (Id + Ax(SY — S%))(hy).

The function Id + Az (S — S*) are discontinuous in 0 and do not cross each other. Therefore,
there still exists no stationnary solutions.
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Figure 2: Exact solution (and initial condition) in straight line and discrete ones with (5) in dashed line
with squares and with (7) with circles. The solution w are in black, v are in red and v + v in blue.

3.3 Numerical test

Again, these two schemes are tested with the parameters of Subsection 2.2.1. The numerical
results are given in Fig. 2. We observe again oscillations with the flux-vector splitting scheme (7),
but those are of smaller amplitude than with the centered source. On this test case, the flux-
difference scheme (5) seems to have a better behavior.

4 TWO OTHER WELL-BALANCED DISCRETIZATIONS
4.1 An integral finite difference scheme

One essential reason for the upwind discretizations of the source term presented in the last
section to fail to capture steady states lies in the choice of approximation used. These schemes
are closely related to the approximate Riemann solver approaches but extended with a source
term. However, it was shown in [9] that (1) with a Heavyside initial condition, i.e. Riemann
problems, do not possess a steady state at the continuous level. In practice, the solution always
evolves in time. In this previous work, only one type of configuration was shown to create steady
states, it was those associated with a subcharacteristic boiling curve, i.e. when the boiling front
{(z,t) s.t. (u+v)(z,t) =0} propagates slower than the characteristic speeds. Then, instead of
using a finite volume approach based on approximating the solution by constants in each cell, we
use a finite difference approach where the solution is approximated by continuous piecewise affine
functions (the exact generalized solution was shown to be W°°). Following the characteristics,
this yields

At
u(zy, t"T) = u(x; + At ") + Su~+v)(z; + (At — 7),t" + T)dT, (8a)
0
At
vz, ") = v(x; — AL, t") + SY(u+v)(x; — (At —7),t" 4+ 7)dT. (8b)
0
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Approximating u(. ,¢") and v(. ,t") by a continuous piecewise affine function passing in u',
resp. v, at z;, and approximating 7 +— (u +v)(z; + (At — 7)) and 7 — (u + v)(x; — (At — 7))
by constants in the integral provides (3). Let us modify this last approximation. We compute
similarly

At At -

UIL‘FI (1 — Am) + uz+1 A —+ AtS (9&)
At At

’U,;n+1 <1 — A> + 'Uz 1A A + AtSU i (Qb)

where u} and v!" approximate u(z;, t") and v(z;, ") and S;"" and S;"" approximate the integrals
in (8). The functions in these integrals are constant by part (they switch if u + v changes sign).
Following the computations in [9], we suggest the following approximation that mimics this
change of sign (w designate either u and v)

and where the coefficients § are either 1 if no jump occurs along the respective characteris-
tics or  €]0, 1] and they are computed to capture the time of switch of sign of h along the
characteristics.

To keep this writing short, only the computations to obtain 5% are described below, those
for B follows by similar computations. Following the characteristics, we have

(u+ v)(z; + At — B), " + BAL) = 0,
u(a; + At(1 — B), 1" + BAL) = u(x; + At t") + BALSY ((u + v) (x; + At, ")),
v(x; + At(1 — B),t" + BAt) = v(z; + (1 — 28)At, t") + BALSY ((u,v) (x; + (1 — 28)At, t")),

and where we approximate down the characteristics

o At A
w(w; + alAt, ") = w(z; + o, t") = wi'(1 - aﬂ) T Wi

At At
w(x; — aAt ") = w(z; — a,t") == (1—aA)+w 1R

S ((u+0) (i + AL ")) = 5% ((4 + 0) (zi + aAt, 7).

ui 4o
witpy o) —(u +of)
tion where (u + v)(x + yAz,t") = 0, then

Defining 4+ = min (1, max (O, j:( )) which corresponds to the potential loca-

W (N (o wyy _ [ SY (Ul o) i a7,
S ((a+9) (z; £ a,t ))—{ S®(uf 4+ ) otherwise.

Eventually, this leads to

B =1 1if sign (@ + 0)(x; + At, t")) = sign ( (x; + At ") + 0(x; — At t") + At(S’i:‘ + 5’3?)) :
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Figure 3: Representation of the differnent quantities for the computation of S*.

. D M ) 3 —_ +
Otherwise, 8;"" = 8" if 5;"" < mm(%, . >

) where

n At n At n
gun = up (1 - 35) +uf &5 + 0
i - At guzn + S’U,TL _ 21}2117”? )

+,i +,i Az

where

. Sum e 1emt 5
Otherwise, 8" = "™ if 1 L <prt<d

n At n At n
up (1 - RL) +up K5+ 0y

U, oU, M ”Zn —vin ’
At (S + Sy — 2t

Bu7n —_—
i =

Otherwise, ;" = Bl"’n if % < BZ”” < 1+277 where

n At n At n At n At
= up (1= 32) +uly fe + 07 (14 5%) — vy 5

Fun =
v au,n oU,n Uf—vf_
At (S + 5y — 2t

N2
Otherwise, 8;"" = ;"™ if HTT < B;"" <1 where
n At n At n At n At
uf (1= 33) Fulp iy Hop(L+ £5) —vi &r

At (S + Sy — 2t

Bu7n j—
i =

These correspond to the exact integrals if the solution at time ¢ was indeed continuous piece-

wise affine passing at the (ul,z;) and (v}, z;). By construction, the underlying approximation
(continuous piecewise affine) is an exact continuous steady state for (1). Therefore, its discrete
data (ul',v!") also captures a discrete steady state.

177

4.2 A Finite Volume approach with a localized source

Another approach is often prefered as it remains the approximate Riemann solver framework.
It was based on the idea of Greenberg and Leroux [5] (see also [4, 3]) and consists in approximat-
ing the source term by a distribution of the form S(¢)d which is defined at the interfaces.

Tit1/2
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This approach is very popular for the construction of well-balanced schemes capturing steady
states in a non-linear framework.
In this spirit, we aim to approximate the solution of the system

Opu — Opu — S*(u,v)0zy = 0, (10a)
0w + Opv — S¥(u,v)0yz = 0, (10Db)
Oy =0 =0z, (10c¢)

where the exact a = x = b are also approximated. We consider Heaviside initial condition for
every component. The non-conservative products are understood by regularizing

vt =0) =y + (rr = 1) (S 10(@) + Lie ool (@) ) (@),
Aot = 0) = 2+ (= 2) (S 1)-c00) + 1y g @)

and taking the limit € — 0. Integrating (10a) on [0, At] X [-Ax, —¢] and (10b) on [0, At] X [e, Ax]
and computing the limit provides

u'—up  u(z=07)—ug

v — g +’L)R—U(£L':0+)
At Az

=0, At Az

=0,

where u* &~ u(x,t"*1) for z € [~At,0] and v* ~ v(z,t"!) for x € [0, At] and we need to give a
sense to the flux terms u(z = 07) and v(x = 0%).
Integrating (10a) over [—Ax, 0] and taking the limit € — 0 (see [5]), those fluxes satisfy

_wmp)—up _ uw(@=0")—u(zr) .
St(ug,vr) a+b—S"(ur,vL) Otherw1se,

—0-)—up i '
Yr— YL = { _W it sign(ur +vr + (yr — yr)S"(ur,vr)) = sign(ur +vL),

vp—v(zr) _ v(zp)—v(z=0T)
S?(ugr,vr,) c+d—S?(ugr,vr)

—v(xz=0*" . . .
R { % if sign(ur +vr + (2r — 21)S"(ug,vr)) = sign(ur + vR),

otherwise,
where zr and x, locate the zeros of u + v, i.e. such that

uw(zp) +vp =ur +vr + (yr — y(xr))S*(ur,vr) = 0,
ur +v(rr) = ur +vp + (2r — 2(22))S"(ur,vr) = 0.

Eventually, integrating (10a) and (10b) on [0, At] x [x;_1 /9, %41 /2] provides the scheme

u;L—l-l f+( 2-1—17 H—l’uz?vz) f (uzﬂva?uz 1>V i— 1) -0 (11&)
At Ax ’

U?—H - 9+(U?+17U?+1au?>v?) =g (u, v u g, v ) .
At + Az =0, (11b)

10
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Figure 4: Exact solution (and initial condition) in straight line and discrete ones with (9) in dashed line
with up triangles and with (11) with down triangles. The solution u are in black, v are in red and u + v
in blue.

with
S~ (ug,vp,ur,vr) = —ur,  g" (ugr,vR,ur,vgr) = VL, (11c)
S*(up + vr)Ax
N if sign(ur +vr + AxS“(ug +vr)) = sign(ur + vg),
fT(ur,vr,ur,vr) = —urR = § Ag [—MBUL + (a + b — S*(ug + vr))]
+b +b .
+m’U/L + (m — 1) VL otherwise.
(11d)
SY(upr,vr)Ax
B if sign(up +vp + AxSY(ugr +vp)) = sign(ur +vp),
9 (ur,vR, ur,vL) = 0L+ Ag [0 4 (e 4 d — SY(up +vr))]
+ (Wivll) — 1) UR + Wimvj{ otherwise.
(11e)

As for the last scheme, this one is obtained from the exact solution of a continuous solution
which a priori possesses a steady state. Therefore, it may possess a discrete steady state.
4.3 Numerical tests

These last two schemes are tested with the numerical parameters of Subsection 2.1 and the
values are plotted on Fig. 4. As expected, these two schemes capture a steady state that is
consistent with the exact one.

5 CONCLUDING REMARKS AND COMMENTS

In this short paper, some discretizations of discontinuous source terms in a hyperbolic balance
law were proposed. The existence or not of discrete steady states with each of them was studied
and illustrated on a test case.

11
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If not all the schemes presented capture steady states, their use is not necessarily prohibited.
Indeed, we have observed numerically that some of those still had a good behavior even if
they were not well-balanced (the flux difference splitting from [2]). Furthermore, we want to
highlight that the considered numerical test was specifically design to trigger oscillations. All the
schemes, even with a centered source term, have a good behavior in most numerical experiments
performed by the author. Especially, no steady configurations satisfying the criteria from [9]
were found to trigger such numerical artifacts. The stability of the equilibrium in such cases is
probably stronger than the one described in Subsection 2.1.

Perspectives of this work include the extension and application of this approach to the full
non-linear model (2) for boiling flows and a complete stability analysis of the equilibria in this
case and at the discrete level. Study of these steady states in a non-linear framework were also
provided in [8]
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