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SUMMARY

Volumetric locking (locking in the incompressible limit) for linear elastic isotropic materials is studied
in the context of the Element Free Galerkin method. The modal analysis developed here shows
that the number of non-physical locking modes is independent of the dilation parameter (support
of the interpolation functions). Thus increasing the dilation parameter does not suppress locking.
Nevertheless, an increase in the dilation parameter does reduce the energy associated to the non-
physical locking modes; thus, in part, it alleviates the locking phenomena. This is shown for linear and
quadratic orders of consistency. Moreover, the biquadratic order of consistency, as in finite elements,
improves the locking behavior. Although more locking modes are present in the Element Free Galerkin
method with quadratic consistency than with the standard biquadratic finite element method. Finally
numerical examples are shown. Copyright © 2001 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Locking in finite elements has been a major concern since its early developments. It appears
because poor numerical interpolation leads to an over-constrained system. This paper studies
locking of the Element Free Galerkin (EFG) method near the incompressible limit, i.e. the so-
called volumetric locking. In particular, its behavior is compared with standard finite elements,
bilinear and biquadratic, which are recalled in Sections 2.2 and 2.3.

Locking of standard finite elements has been extensively studied. It is well known that
bilinear finite elements lock in some problems and that biquadratic elements have a better
behavior [1, 2]. Moreover, locking has also been studied for increasing polynomial degrees in
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2 A. HUERTA AND S. FERNANDEZ-MENDEZ

the context of an hp adaptive strategy, see [3]. However, locking in meshless methods is still
an open topic. Originally, see [4, 5], it was claimed that the EFG method did not exhibit
volumetric locking. Now it is clear that this is not true. For instance, Dolbow and Belytschko
(6] use the numerical inf-sup condition to analyze the EFG method. Moreover, some authors
[7, 6, 8] claim that increasing the dilation parameter locking phenomena in meshless methods
can be suppressed, or at least attenuated. Their argument is based on numerical examples
[7, 6] or on the heuristic constraint ratio [8] proposed by Hughes [1]. Finally, they introduce
new formulations to remedy this problem [6, 8].

Here, a modal analysis (an eigenvector and eigenvalue analysis), see Section 3, is performed
in order to clarify this issue. That is, the influence of the dilation parameter on the locking
behavior of EFG near the incompressible limit is determined studying the fundamental
modes (base of the solution space) and their corresponding energy (eigenvalue). Moreover,
the influence of the order of the approximation is also analyzed. Finally standard linear and
non-linear tests are performed in order to illustrate and confirm the conclusions of the modal
analysis.

2. VOLUMETRIC LOCKING IN STANDARD FINITE ELEMENTS

2.1. Preliminaries

Before going into the locking analysis of meshless methods some preliminary notions of locking
will be recalled in order to introduce the notation and the approach employed in following
sections. This approach is restricted to a very particular case.

Only small deformations are considered, namely V°®u, where u is the displacement and V*®
the symmetric gradient, i.e. V° = %(VT + V). Moreover, linear elastic isotropic materials
under plane strain conditions are considered. Dirichlet boundary conditions are imposed on
T'p, a traction h is prescribed along the Neumann boundary I'y and there is a body force f.
Thus, the problem that needs to be solved may be stated as: solve for u € [H{_]? such that

E
1+v

R
1+v)(1-2v)

:/f-'udSH-/ hovdl Vo (Hip P (1)
Q 'n

/QVS'U:VsudQ+ /Q(V-v)(V~u)dQ

In this equation, the standard vector subspaces of H' are employed for the solution u
(HE, ) ={ue[H)?|u=uponTp}

(Dirichlet conditions, wp, are automatically satisfied) and for the test functions v
[Hyr )2 :={ve[H')|v=00nTp}

(zero values are imposed along I'p).

This equation, as discussed in (3], shows the inherent difficulties of the incompressible limit.
The standard a priori error estimate emanating from (1) and based on the energy norm, which
is induced by the LHS of (1), is

lw — up|| < wig‘ghllu —w|| < Cypph! @ D)
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LOCKING IN THE ELEMENT FREE GALERKIN METHOD 3

where S, is the finite dimensional subspace of [H{ ]? in which the approximation w;, is sought,
Cu, is a constant independent of h (characteristic size of the mesh) and p (degree of the
polynomials used for the interpolation), and f(p) is a positive monotone function of p. The
subindices of the constant C indicate that it depends on the Poisson ratio, the order of the
interpolation and the exact solution itself.

From (1) one can observe the difficulties of the energy norm to produce a small infimum in
(2) for values of v close to 0.5. In fact, in order to have finite values of the energy norm the
divergence-free condition must be enforced in the continuum case, i.e. V-u = 0 for u € [H{_]?,
and also in the finite dimensional space, i.e. V -uy, =0 for u, € S), C [HIED]Z. In fact, locking
will occur when the approximation space S, is not rich enough for the approximation to verify
the divergence-free condition.

Under these conditions, it is evident that locking may be studied from the LHS of (1). This
is the basis for the modal analysis of locking. The discrete eigenfunctions (the eigenvectors)
corresponding to the LHS of (1) are computed because they completely describe, in the
corresponding space, the behavior of the bilinear operator induced by this LHS.

In computational mechanics it is standard to write the strain, e, and the stress, o, tensors
in vector form. Moreover, under the assumptions already discussed, they are related as

E 1—-v v 0
e=Bd, o0=Ce¢, C=—w2"__| v 1-v 0
2

Where d is the vector of nodal displacements (the coefficients corresponding to the
approximation u; in the base of Sp), and B is the standard matrix relating displacements
and strains. Then, the stiffness matrix can be computed as usual,

K:/BTCBdQ.
Q

The modal analysis presented in the following is based on K, which is naturally related to
the energy norm in the finite dimensional interpolation space, Sy, defined by the finite elements
employed (and characterized by B).

2.2. Bilinear finite elements (Q1)

The modal analysis of the bilinear (Q1) finite element is performed here. In particular, the
incompressible limit is studied by evaluating the eigenvalues associated to each mode as the
Poisson ratio, v, tends to 0.5, see [2].

Figures 1, 2 and 3 present the modes of a bilinear element and the evolution of the eigenvalues
as v goes to 0.5. The logarithm of the eigenvalue is plotted as a function of the logarithm of
0.5 — v. The three rigid body modes have not been plotted because they do not have any
interest in this study. One can easily recognize in these figures the shear, the stretch, the
volumetric and the two hourglass modes. They are classified, as usual, see [2], in three groups:
(1) modes that do not present any locking behavior, (2) modes that do have physical locking
—the eigenvalue goes to infinity because it is a volumetric mode—, and (3) modes associated
to non-physical locking —in this case, the hourglass modes—.

The first group, Figure 1, presents modes with eigenvalues that do not present an unbounded
growth as v goes to 0.5. In the incompressible limit, v ~ 0.5, the displacement field determined

Copyright © 2001 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2001; 50:1-0
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4 A. HUERTA AND S. FERNANDEZ-MENDEZ
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Figure 1. Non-locking modes for one bilinear element (Q1)
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Figure 2. Physical locking mode for one bilinear element (Q1)
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Figure 3. Non-physical locking modes for one bilinear element (Q1)

by the eigenvalue can be obtained with a bounded force field. On other hand, the modes that
do present locking, see Figures 2 and 3, have eigenvalues that go to infinity when v approaches
0.5. That is, in the incompressible limit, the force field must be infinite in order to induce the
displacements described by the eigenvector. However, such a behavior is only expected for the
volumetric modes and for the others it is non-physical.

Figure 2 shows the second stretch mode (a volumetric mode), which presents the expected
physical locking. The displacement field of this mode does not conserve the area and,
consequently, in the incompressible limit it must have an infinite stiffness (infinite eigenvalue).

Copyright © 2001 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2001; 50:1-0
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Figure 4. Comparison between the hourglass mode and a divergence-free bending field

That is, if v = 0.5 the component of the solution associated to this mode must be zero.

However, the hourglass modes shown in Figure 3 do conserve the total area but suffer from
non-physical locking. The interpolation space is not rich enough to ensure the divergence-free
condition. In fact the hourglass modes do verify that

/V-uhdw:O,
]

but do not comply with the local divergence-free condition. This is clearly a non-physical
locking behavior. Figure 4 shows the difference between a divergence-free displacement field and
its projection on the bilinear interpolation space. A larger approximation space, for instance
biquadratic, may verify the divergence-free condition.

In the following section a richer space is chosen: biquadratic finite elements. One expects
that in this space the locking behavior is eliminated, or at least decreased, since displacement
fields closer to a correct one shown in Figure 4 can be obtained.

2.3. Biquadratic finite elements (Q2)

Here the modes for the standard biquadratic element are shown. Moreover, this modes are
compared with those of the previous bilinear element with an equivalent distribution of nodes.
This comparison, standard in finite elements, will be extended to the meshless method.

Figure 5 shows the different modes (the rigid ones are again not shown) for the standard
nine node element. Note that as expected, see [3], there are still some non-physical locking
modes. That is, some nodal displacements, which induce global conservation of area, are not
able to reproduce a divergence-free field. Nevertheless, most of the standard academic tests
[7, 6, 8] do perform correctly with the biquadratic element. This simply indicates, and can
easily be verified, that the solution field has a zero (or almost zero) coefficient associated to
those non-physical locking modes.

Remark 1. In Figure 5, and the following ones, eigenmodes for each group (non-locking,
physical locking and non-physical locking) are shown, from left to right and top to bottom,
for decreasing magnitudes of the eigenvalue.

To further illustrate the importance of the interpolation space the modes of the Q2 element
are compared with those of four Q1 elements. Note that both approximation spaces have the
same dimension. Nevertheless, from Figures 5 and 6 one can notice that one Q2 element has
less non-physical locking modes that the four Q1 elements. Three of the nine non-physical
locking modes present in the Q1 elements (see Figure 6) have now, with one Q2, bounded

Copyright © 2001 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2001; 50:1-0
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Non-locking Physical locking Non-physical locking
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Figure 5. Modes for the Q2 element (9 nodes)

Non-locking Physical locking

Figure 6. Modes of four Q1 elements (9 nodes)

eigenvalues as v goes to 0.5. Thus a richer space does not necessarily mean a larger space, here
both approximation spaces do have the same dimension.

This comparison suggests however two important issues that can influence the incompressible
limit locking. The first one is related to the bandwidth. For the same number of nodes
(the same space dimension) Q2 elements present a larger bandwidth. And the second one
is the obvious difference between Q1 and Q2 elements: the order of the polynomials in the
approximation space. Meshfree methods allow to study these two phenomena independently;
this is the objective of the following section.

3. VOLUMETRIC LOCKING IN ELEMENT FREE GALERKIN METHODS

In the previous section two alternative procedures were suggested in order to enrich the
interpolation space: (i) increase the bandwidth or (i¢) increase the order of the polynomial
base.

Meshfree methods, and in particular the EFG method, are specially suited for independently

Copyright © 2001 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2001; 50:1-0
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LOCKING IN THE ELEMENT FREE GALERKIN METHOD 7

checking both alternatives: (i) the bandwidth can be increased by simply increasing the dilation
parameter, which defines the support of the interpolation functions, keeping the consistency
(order of the polynomial approximation) constant; () for large values of the dilation parameter
the consistency can be also increased independently.

3.1. Preliminaries on the Element Free Galerkin method

This section will not be devoted to develop or discuss meshless methods in detail or their
relation with moving least squares (MLS) interpolants. There are well known references with
excellent presentations of meshless methods, see for instance [9, 10, 11, 12, 13]. Here some
basic notions will be recalled in order to introduce the notation and the approach employed
in following sections.

Meshless methods, or particle methods, are based in a functional interpolation of the form:

u(z) = Y Nf(2)u(z)), (3)

jelr

given a number of particles {z;};jer» in the domain Q, & C R2. The interpolation functions,
N ]’.' (z), must be determined in a proper manner. In reproducing kernel particle methods [14, 15]
(RKPM) the interpolation functions are obtained in the framework of the MLS interpolation.
The element free Galerkin method [4, 16, 17, 18, 19, 20] (EFG) can be viewed as a particular
case of the previous formulation [12].

Let us recall, in the context of the EFG method, how the interpolation (shape) functions
are obtained. They are defined as:

T —zj
Nf(z) = PT(z;) () ¢( 5 ) (4)
where the vector a(z) in R"*! is unknown and P(z) = {po(z),p2(z), ..., (z)}7 is a basis of

a polynomial space.

Remark 2 (Interpolation spaces) In one dimension, it is usual that p;(z) coincides with
the monomials z*, and, in this particular case, l = m. For larger spatial dimensions two types of
polynomial spaces are usually chosen: the set of polynomials, P,,, of total degree < m, and the
set of polynomials, Q,,, of degree < m in each variable. Both include a complete basis of the
subspace of polynomials of degree m (this, in fact, characterizes the a priori convergence rate).
Here the second case will be discussed in detail in order to compare with the finite element
spaces presented previously, see Sections 2.2 and 2.3. However, two tables summarizing the
locking properties are presented for the former case.

The function ¢(z) is a weighting function (positive, even and with compact support) which
characterizes the meshless method. For instance, if ¢(z) is continuous together with its first
k derivatives, the interpolation is also continuous together with its first k derivatives. In
RKPM, ¢(z) is directly related to the window function of the reproducing kernel. In (4)
the weighting function has been translated, i.e. centered in z;, and its support scaled by the
dilation parameter p.

The unknown vector a(z) is determined imposing the so-called reproducibility or consistency
condition. It is, in fact, the MLS condition. This reproducibility condition imposes that the

Copyright © 2001 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2001; 50:1-0
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8 A. HUERTA AND S. FERNANDEZ-MENDEZ

interpolation proposed in (3) is exact for polynomials of degree less or equal m, i.e.
= > P(z;)N{(x). (5)

For computational purposes, it is usual and preferable (12, 21] to center in z; and scale with p
also the polynomials involved in previous expressions. Thus, another expression for the shape

functions is employed:
. T r—x; T —-mj
Nf(z)=P (T) a(z) ¢( 5

which is similar to (4). The consistency condition becomes in this case:

=Y p& m])N,,( ), (7)

jeIr

) (6)

which is equivalent to condition (5) when p is constant everywhere. After substitution of (6)
in (7) the usual linear system of equations, that determines a(z), is obtained:

M(z) a(z) = P(0), (8)

with

T T—Tj
];FJP Z)PT(= 5 2 )( 5 )- (9)

Notice that for each = in R? the previous sum only involves those particles whose support
—the support of the weighting function ¢— includes z. Finally, the approximation that will
be used in the weak from of the boundary value problem, viz. (1), is

u(z) ~u(x) = > NP(z)uf, (10)

jEIP
where N7(z) are defined by (6), (8) and (9), and u are the coefficients to be determined.

Remark 3 (Inversibility of M) The matrix M(z) must be regular. In Liu et al. [12] there
is a discussion of the necessary conditions. In fact, this matrix can be viewed, see [21], as
a Gram matrix defined with a discrete scalar product directly related to the RHS of (9). If
this scalar product is degenerated M(z) is singular. The regularity of M(z) is ensured by
a sufficient amount of particles in the neighbourhood of every point z and located avoiding
degenerated patterns, that is,

(i) cardI? > 1+1.
(ii) BF €< po,p1,...,pt > \ {0} such that Vi € I?, F(z;) = 0.

where I2 := {j € I” such that |z; — z| < p}. The second condition is easily verified. For
instance, for m = 1 (linear interpolation) the particles cannot lay in the same straight line or
plane for, respectively, 2D and 3D. In 1D, for any value of m, it suffices that different particles
do not have the same position. Under these conditions one can compute the vector a at each
point and thus determine the shape functions, Nf(z).

Copyright © 2001 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2001; 50:1-0
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LOCKING IN THE ELEMENT FREE GALERKIN METHOD 9

NG

Figure 7. Interpolation functions with p/h ~ 1 (similar to finite elements) and p/h = 2.6

Remark 4. The consistency conditions (5) and (7) are equivalent if the dilation parameter
p is constant. When the dilation parameter varies at each particle another definition of the
shape functions is recommended

"y

N?(z) = PT(E—2L) a(a) o(

p Pi

IL‘——IEJ'

)7

where p; is the dilation parameter associated to particle z;, and a constant p is employed in
the scaling of the polynomials P. Note that expression (6) is not directly generalized. The
constant value p is typically chosen as the mean value of all the p;. The consistency condition
in this case is also (7). It also imposes the reproducibility of the polynomials P.

Remark 5. The interpolation is characterized by the order of consistency required, i.e. the
basis of polynomials employed P, and by the ratio between the dilation parameter and the
particle distance, p/h. In fact, the bandwidth of the stiffness matrix increases with the ratio
p/h because the card I2 increases (more particles lie inside the circle of radius p), see for
instance Figure 7. The influence of these two variables, order of consistency m and ratio p/h,
is studied next.

Remark 6 (Definition of weighting/window function) The weighting function intro-
duced in (4) may be defined in various manners. Here, for simplicity a rectangular support is
chosen. Thus, ¢(x) = ¢1p(|z1]) ¢1D(|z2|) Where @1p is the cubic spline in one dimension,

24 4(s—1)s? 0<s<05
$1p(s) = 3(1—s)® 05<s<1
0 1<s.

However similar results can be obtained with Gaussian weighting functions or with circular
supports, ¢(x) = ¢1p(|x]).

3.2. Locking for bilinear consistency

In order to compare the results of EFG with the previous ones obtained with finite elements,
see Sections 2.2 and 2.3, a distribution of 3 x 3 particles is employed. Bilinear consistency
corresponds to the polynomial space Q;, namely P = {1,z,y,zy}”. Figures 8 and 9 show the
modes already classified for two different dilation parameters, p/h = 1.2 and 2.2.

Copyright © 2001 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2001; 50:1-0
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Non-locking Physical locking Non-physical locking

Figure 8. Modes for a 3 x 3 distribution of particles with Oy and p/h = 1.2.
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Figure 10. Evolution of the eigenvalue as v goes to 0.5 for the same
non-physical locking mode obtained with p/h = 1.2, and 2.2.
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LOCKING IN THE ELEMENT FREE GALERKIN METHOD 11

Table I. Mode classification for a distribution of 4 x 4 particles/nodes

p/lh=22 p/h=32 p/h=22 p/h=32 p/h=32

Q1 Q2 (1 A Q2 Q2 Q3
Non-locking 6 - 6 6 9 9 14
Physical locking 4 - 4 4 4 4 4

Non-physical locking 19 - 19 19 16 16 11

Table II. Mode classification for a distribution of 5 x 5 particles/nodes

p/h=22 p/h=32 p/h=22 p/h=32 p/h=32

Q1 Q2 A 1 Qo Qs Qs
Non-locking 8 16 8 8 11 11 16
Physical locking 6 6 6 6 6 6 6
Non-physical locking 33 25 33 33 30 30 25

As expected the case of p/h = 1.2 does coincide with the Q1 element, see Figure 6. Recall
that at the Gauss points the shape functions of the Q1 finite element and the interpolation
functions for EFG with p/h = 1.2 are almost identical, thus the eigenvalue analysis should
give similar results.

By increasing p/h up to 2.2 with the same consistency requirement the bandwidth of the
matrix is increased. Nevertheless, the same number of non-physical locking modes is obtained.
Notice however that an increase of the dilation parameter improves the smoothness of the
approximation. The same modes are obtained but the interpolation of the displacements is
more smooth. This clearly indicates that an increase of the dilation parameter does not preclude
locking. In fact the same modes will still present locking.

This conclusion does not contradict previous numerical experiments [7, 6, 8]. In Figure 10
the evolution of eigenvalue as v goes to 0.5 is plotted for the same non-physical locking mode
obtained first with p/h = 1.2 and then with 2.2. As noticed before the shape of the mode is
improved increasing the dilation parameter. This is a clear indication that at a given point
x more particles interact and a better interpolation is obtained. This better approximation
does not preclude locking but reduces its effect by decreasing the eigenvalue. As v goes to
0.5 the energy needed grows unbounded but for a constant v as p/h increases the eigenvalue
decreases. Thus volumetric locking is not suppressed when the dilation parameter increases
but, as noticed in (7, 6, 8] its effect is attenuated.

If the patch of particles is increased, in order to use larger dilation parameters, similar
conclusions are drawn:

1. The number of non-physical locking modes is independent of the ratio p/h.

2. An increase of the dilation parameter decreases the eigenvalue (amount of energy)
of the locking mode attenuating, but not suppressing, the volumetric locking (in the
incompressible limit the same problems will occur).

Copyright © 2001 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2001; 50:1-0
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Figure 11. Modes for a 4 x 4 distribution of particles with Q; and p/h = 1.2.
Non-locking Physical locking Non-physical locking

[

1)

Qi)
LT\
(s

[

=i
B8 H

Runwi

B

STy
T
VI

NEW,

[

H
&

i
i
5 5

r
|
r

Figure 12. Modes for a 4 x 4 distribution of particles with Q; and p/h = 2.2.
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Figure 13. Modes for a 4 x 4 distribution of particles with O; and p/h = 3.2.
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Figure 14. Evolution of the eigenvalue as v goes to 0.5 for the same
non-physical locking mode obtained with p/h = 1.2, 2.2, and 3.2.

Figures 11, 12 and 13 show the modes for a 4 x 4 particle distribution. This patch can be
compared with nine Q1 elements. Bilinear consistency is still imposed, P = {1, z,y,zy}T, and
the ratios studied correspond to p/h = 1.2, 2.2 and 3.2. Table I presents a summary of these
results. Moreover, Figure 14 compares the evolution of the eigenvalue associated to the same
non-physical locking mode for the previously indicated ratios.

The same conclusions are obtained with a larger number of particles, Table II presents a
summary of the results.

Remark 7. At this point it seems important to notice that although the modal analysis
suggests that increasing the dilation parameter locking is alleviated, in practice the dilation
parameter can not be taken arbitrarily large. Recall that the EFG method is based on a MLS
approximation. The local nature of such approximation will be lost for arbitrarily large p. In
fact, for large enough values of p a global least-squares approach is recovered. The numerical
examples shown in Section 4 corroborate this issue.

Remark 8. Non-physical, or physical, locking modes are determined depending on the
conservation, or not, of the area. In order to verify the conservation of area and to preclude
numerical errors two techniques are used: (1) numerical integration of the divergence of the
displacement and (2) computation of the displacement flux along the edges. Both methods
give the same results with a clear threshold (several orders of magnitude) between constant or
variable area.

3.8. Locking for biquadratic consistency

In finite elements when the order of consistency is increased volumetric locking is alleviated,
and in some cases suppressed [3]. As previously done for finite elements, quadratic consistency
is studied. First, the results previously obtained with the Q2 element are reproduced with the
EFG method. Thus a domain defined with a distribution of 3 x 3 particles is employed with
consistency in Qa, i.e. P = {1, z,y, 2y, 22%,y?, 2%y, 2y?, 2%y?}7T. Figure 15 shows the modes in

Copyright © 2001 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2001; 50:1-0
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Figure 15. Modes for a 3 x 3 distribution of particles with Q3 and p/h = 2.2.
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Figure 16. Modes for a 4 x 4 distribution of particles with Q2 and p/h = 2.2.
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Figure 17. Modes for a 4 x 4 distribution of particles with Q2 and p/h = 3.2.
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Table III. Mode classification for a distribution of 4 x 4 particles/nodes

P1 P2 P1 P2 P3

Non-locking 11 - 6 8 11
Physical locking 6 - 4 4 3
Non-physical locking 12 - 19 17 15

Table IV. Mode classification for a distribution of 5 x 5 particles/nodes

Pl P2 P4 P, P, Ps Pa

Non-locking 15 23 27 8 10 13 17
Physical locking 0 7 6 6 6 5 6
Non-physical locking 22 17 14 33 31 29 24

this case, which, as expected, do coincide with the modes of the Q2 element, see Figure 5.
The ratio p/h is in this case 2.2. Every point in the domain is under the influence of the nine
particles. In fact, second order consistency can not be obtained with p/h = 1.2 because the
first necessary condition presented in Remark 3 is not satisfied.

This reduction in the number of non-physical locking modes is also observed when a 4 x 4
distribution of particles is used. See Figures 16 and 17 which should compare with Figures
11, 12 and 13. A summary of these results is shown in Table I. This reduction of non-physical
modes due to an increase in the order of consistency is not affected when the dilation parameter
is modified. This results can not be compared with the Q2 element because it is not possible
with biquadratic elements to obtain a distribution of 4 x 4 nodes.

If a distribution of 5 x 5 particles is chosen, results may be compared between EFG, Q1 and
Q2 finite elements. The results are presented in Table II. Again, the number of non-physical
modes is reduced compared with the linear order of consistency. However, compared with the
Q2 element, the EFG method has more non-physical locking modes than the biquadratic finite
element. Recall that in EFG all approximation functions are identical. This is not the case for
finite elements, midside nodes have different shape functions than corner nodes.

Finally, for completeness, Tables III and IV show, for the same 4 x 4 and 5 x 5 particle
distribution, a comparison between the complete set of polynomials P,, (degree < m), see
Remark 2, and their corresponding finite elements. Notice that similar conclusions can be
drawn.

4. NUMERICAL EXAMPLES

In this section three standard academic examples are used to illustrate the previously obtained
results.
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4.1. The cantilever beam

A beam with linear isotropic material, under plane strain conditions and with a parabolic
traction applied to the free end is considered, as shown in Figure 18. Displacements in both
directions are prescribed at I'p. The prescribed displacements and the applied traction are
such that the solution is known [1, 6]:

1—u?

y [(48 —3z)z+ (2 + %)(y2 - 0.25)} ,

a
4
Ope = —12y(8 — ), 0yy =0, 0y = 6(0.25 —y?)

1— 2
uy =22 [3 Y28 —x) + (44 5——)

)2
- T + (24 IB):II:'

The problem is solved with uniform distributions of nodes, when FE are used, or particles,
when EFG is used.

T'y 1 ‘X

Figure 18. Cantilever beam problem

Figure 19 shows the relative Ly error in displacements for v = 0.3, 0.4999 and 0.499999.
Results are shown for 3-noded linear FE (P1), 4-noded bilinear FE (Q1), 6-noded quadratic
FE (P2) and 8-noded FE (Q2*). The typical convergence rates are obtained when v = 0.3, but,
as expected, results degrade as v gets closer to the incompressible limit 0.5. All interpolations
suffer from volumetric locking. However, the best results are obtained with interpolations of
order two, where locking effects are negligible when v = 0.4999 and good results are still
obtained when v = 0.499999.

Similar results are shown for EFG in Figures 20 and 21. The cubic spline weighting function
with circular support is used to define the EFG shape functions and Lagrange multipliers are
used in order to impose the prescribed displacements.

Interpolations with consistency of order one, P; and Q;, are considered in Figure 20 with
three different values of the ratio p/h. Note that, for a given p/h, similar behaviors are obtained
with the P; and Q; interpolations, as the modal analysis showed. Far from the incompressible
limit, when v = 0.3, the convergence is as expected or even better. The best solutions are always
obtained when p/h = 3.2. However, near the incompressible limit the solution suffers from
locking for all values of p/h: the solution degrades as v gets closer to the incompressible limit
as can be seen in Figure 21. Figure 21 also shows the results obtained with a Q5 interpolation.
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Figure 20. Relative Ly error with EFG and v = 0.3, 0.4999, 0.499999
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Figure 21. Relative Ly error with Qy and p/h = 1.6 (left), with O,

and p/h = 3.2 (centre) and with

Q, and p/h = 3.2 (right).

In this example, with consistency imposed in Qs, locking effects are small since the solution
has an almost zero projection in the subspace of non-physical locking modes.
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Figure 22. Problem statement for the plate with hole and discretizations.

4.2. The plate with a hole

The stress field of an infinite plate with a hole subject to a far-field unit traction in the z
direction is [22, 6]:

a? (3 3at
Ope =1 — = (5 cos(20) + Cos(49)> + = cos(46)

a? /1 3a*

Oy =~ (5 cos(20) — cos(49)> ~ 94 cos(46)
a? (1 . . 3at |

Opy = -3 <5 sin(26) + sm(40)> + ond sin(46)

where @ = 1 is the hole radius, r = /2% + 3?2 and 6 = arctan(y/z). The bounded upper
quadrant shown in Figure 22 is used to solve the problem. Symmetry conditions are imposed
in z =0 and y = 0 and the tractions of the exact solution are considered in T'.

Figure 23 shows the relative energy error with FE and v = 0.3, 0.4999. When v = 0.3 typical
convergence results are obtained with all interpolations. However, all the FE interpolations,
even the eight-noded FE (Q2*), suffer from locking when v = 0.4999. In this example, there
is a non-negligible projection of the solution in the space of non-physical locking modes, even
for the Q2* FE. Similar results are obtained with EFG imposing consistency with several
polynomial spaces. Two values of p/h are considered for the Q; consistency. Again, the
behavior is independent of p/h. Better results are obtained with large p/h but locking effects
are important in all cases. Near the incompressible limit, as in FE, good results can not be
obtained with any of the interpolations.
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Figure 23. FE, v = 0.3 (left) and v = 0.4999 (right)
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Figure 24. EFG, v = 0.3 (left) and v = 0.4999 (right)

4.8. The Prandtl’s punch test

In this section a non-linear example is considered, the so-called Prandtl’s punch test [7]. A
bilinear perfect elastoplastic material is considered and plane strain conditions are assumed.
The domain is shown in Figure 25. It has one axis of symmetry and only a half of the domain
is discretized. The prescribed displacements are depicted in the same figure. The cubic spline
is used for the weighting functions with rectangular supports. Lagrange multipliers have been
used to impose the essential boundary conditions. Figures 26, 27, 28 and 29 show the evolution
of the reaction force against the imposed displacement. The reaction force is normalized by
the yield stress oy and the area.

Figure 26 shows the solution obtained with EFG, imposing consistency in Q1, with a uniform
distribution of 9x 9 particles. As noted in [7], locking alleviates as p/h increases. Locking effects
drastically degrade the solution when p/h = 1.2 (similar to Q1 FE), but a good solution can be
obtained with p/h = 3.2. With these results, one could conclude: (1) there are no locking effects
when p/h is large enough, and (2) locking effects decrease as p/h increases. Both conclusions
would be false.

Figure 27 shows the results with several values of p/h. The best result is obtained still with
p/h = 3.2 but locking effects increase if the ratio p/h in increased further. Similar results are
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Figure 25. Prandtl’s punch test: problem statement
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Figure 26. Load versus displacement with 9 x 9 particles, m = 1 and v = 0.49.

obtained with a distribution of 17 x 17 particles. In both cases there are particles with no
interaction with the boundary. Note that the solution is enhanced with the refinement due to
the convergence of the interpolation. However, one can observe again an optimal value for the
dilation parameter at p/h = 3.2. A summary of these results is shown in Table V. Optimal
values for p/h are emphasized with bold face.

Table V also includes the results obtained with a Poisson coefficient v = 0.49999. The
evolution of the reaction force versus the displacement close to the incompressible limit are
shown in Figure 28. Now the optimal value for the dilation parameter is in the neighborhood
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Figure 27. Load versus displacement with 9 x 9 (left) and 17 x 17 (right) particles, m = 1 and v = 0.49.

Table V. Load at the final displacement for the Prandtl’s punch test.

9 x 9 particles 17 x 17 particles 9 x 9 particles

v =0.49 v =049 v = 0.49999
p/h =22 5.329 4514 17.855
p/h =32 5.087 4.385 16.078
p/h =42 5.163 4,642 9.856
p/h =52 5.558 4.638 9.348
p/h =62 5.583 4.768 14.754

of p/h = 5.2. Nevertheless, the solution is excessively bad because of the locking effects for all
values of p. The discretization must be refined in order to obtain an acceptable solution.

That is, an increase in the dilation parameter p can alleviate locking. However, it is not
advisable to arbitrary increase the dilation parameter. An increase in the ratio p/h will induce
a larger band-width with its corresponding increase in the computational cost. Moreover, in
the examples, there is an optimal value for p/h that gives the best result: the solution degrades
when p/h is larger than this optimal value. However, even at this optimal value the solution
can be useless because of locking effects.

On the other hand, in this example, an increase in the order of consistency does not improve
enough the solution. The non-physical locking modes for the Q, consistency have an important
component in the solution. Figure 29 shows the reaction force against the displacement with
v = 0.49 and several values of p/h. Again there is an optimal value for the ratio p/h, now in
the neighborhood of p/h = 4.2.

5. CONCLUSIONS

A modal analysis has been used to study volumetric locking in EFG. The number of non-
physical locking modes has been compared with equivalent finite element formulations. The
influence of the ratio between the dilation parameter and the distance between particles, p/h,
has been studied independently of the consistency required. Finally some numerical examples
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Figure 29. Load versus displacement with 9 x 9 (left) and 17 x 17 (right) particles, Q2 consistency

and v = 0.49.

have been used to corroborate the results of the modal analysis. The major conclusions are:

1. The number of non-physical locking modes is independent of the ratio p/h.
2. An increase of the dilation parameter decreases the eigenvalue (amount of energy)
of the locking mode attenuating, but not suppressing, the volumetric locking (in the
incompressible limit the same problems will occur).

modes.

An increase in the order of consistency decreases the number of non-physical locking

The decrease in the number of non-physical locking modes is slower than in finite

elements. Thus EFG will not improve the properties of the FEM (from a volumetric
locking viewpoint) when p or h-p refinement is enforced. However, for practical purposes
and as in finite elements, in EFG an h-p strategy will also suppress locking. Moreover,
note that EFG incorporates an h-p strategy in a simpler and more natural manner.
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