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Abstract

The paper introduces a methodology to compute upper and lower bounds for linear-functional
outputs of the exact solutions of parabolic problems. In this second part, the bounds account
for the error both in space and time. The assumption stating that the error introduced by the
time marching scheme is negligible, used in the first part, is removed here. The bounds are
computed starting from an approximation of the exact solution, associated with a spatial
mesh and a time grid. Nevertheless, the bounds are guaranteed with respect to the exact
solution, with no reference to any mesh or time discretization.
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1 Introduction

Goal-oriented adaptive strategies and the related error assessment techniques have
been extensively studied for steady elliptic problems [13,12,2,4,9]. The error in the
quantity of interest is assessed combining upper and lower bounds for the energy
norm of the original problem (primal) and of an auxiliary problem (adjoint) asso-
ciated with the selected output. The bounds of the quantity of interest are readily
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obtained operating with the energy estimates. Most of these tools provide asymp-
totic bounds that is with respect to a much finer reference discretization. Other
approaches focus on guarantying exact bounds, that is bounds guaranteed with re-
spect to the exact solution, independently of any underlying reference mesh. The
motivation to develop these numerical tools is to certify the accuracy of the solu-
tions of boundary value and/or evolution problems, see [17,18,14,22].

This paper and its associated first part [15] provide a methodology to obtain com-
putable strict bounds for quantities of interest in the context of parabolic problems.
In this context, the list of previous references is much shorter [1,3,19,10,5]. The
strategy presented here uses ideas from [10,18,7] and produces exact bounds for
linear-functional outputs accounting both for the error arising from the space and
time discretization. Note that in the first part [15] the effect of the time discretiza-
tion is neglected. The error information and the bounds are used in an adaptive
procedure where both i and At (space mesh size and time step) are adapted.

The methodology presented here takes as input two continuous (both in space and
time) approximate solutions of both the direct advection-reaction-diffusion prob-
lem and the adjoint problem associated with the selected output. In the application
examples, these approximations are obtained post-processing the approximations
given by the discontinuous Galerkin method in time, that is smoothing out the time
discontinuities. Actually, any other method providing a piecewise continuous poly-
nomial function both in space and time may be used. The methodology presented
here works out the space-time residual error equations and reduces the problem
of finding bounds of the output of interest to properly combine the solutions of a
number of steady (time-independent) problems where the standard methods are ap-
plicable. Thus, computable bounds are derived using a strategy based on the ideas
given in [18], which allows producing bounds for steady problems, to a series of
steady reaction-diffusion problems.

2 Problem statement

2.1 Model problem

The transient convection-reaction-diffusion equation is considered in 2 C R"d,
where ngy is the number of spatial dimensions and (2 is polygonal for ngg = 2 and
polyhedric for ngg = 3. The time interval of interest is I =|0, T'|. For the sake of a
simple presentation, it is assumed that all the boundary conditions are of Dirichlet
type and homogeneous. Thus, the weak solution « is such that for each t € I,
u(t) € Hy(Q) := V), where H} (2) denotes the standard Sobolev space of functions



vanishing on 0€2. More specifically, the weak solution u belongs to the space
W = {v € L*(I;V) such that v € L*(I;V')},

where £2(I;V) (resp. £%(I;V")) denotes the Bochner space associated to V of
square-integrable functions from [ into V (resp. V')

T
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||-|| being the norm associated with V, |||y, = ||-||:.

The weak (both in space and time) variational form of the problem is: find u € W
such that

A(u,v) = L(v) Yve L2(;V), (1)
for

Alw,v) i= [ 0) + altsw, )] dt + (w(0),0(0)),

0

and
L(v) = /0 ((t;v) dt + (ug, v(0)),

where (-, -) denotes the duality pairing between V' and V, (-, -) denotes the L*()
inner product and wuy is the initial condition weakly imposed.

Here, ug € V and the forms a(¢; -, -) and £(t; -) are

a(t;w,v) ::/

Q

v(t)Vw - Vo + a(t) - Vw v+ o(t)wo| dQ,

and
(ti) = (f(0).0) = [ f(B)van,

where f € L2(I;V') and for each t € I, v(t) € L>(Q) is a strictly positive real
coefficient, o(t) € £>(£2) is a nonnegative real coefficient and a(t) € H(div; 2)
is a prescribed vector field which is assumed for simplicity to be divergence-free,
V - a(t) =0, that is « is a velocity field of an incompressible flow. Moreover v, o
and « are assumed to be sufficiently smooth in time.

2.2 Continuous approximation

The exact solution of the boundary value problem (1) has to be approximated. In
the following, the approximation of w, u7%, is assumed to be continuous both in
space and time. Note that if the method provides a discontinuous approximation, it

has to be smoothed out in order to fulfill this assumption.

The approximation uS7, is associated with a spatial mesh of the domain ) and
to a time-grid discretization of /. The characteristic element size of the mesh is



denoted by i and the characteristic time step is denoted by 7. The space mesh
generates a discrete space V" C V. The points of the time grid are denoted by
0=t"<tl<..<t"<..<tV =T and the corresponding time slabs are
denoted by I,, = ("1, t"].

The approximation w37, is piecewise polynomial in time; that is, u37 is polynomial
of degree ¢ inside each time slab I,, and globally continuous. In every time ¢ € I,
the spatial dependence is such that u" (£) € V". That is,

ubrnflL cWrh .= {ve Co(jé V), U‘In < Pq(ln;vh)7n =1,...,N}.

The time-polynomial space P?(7,,; V") is defined in terms of the one dimensional
Lagrangian shape functions of degree ¢ in the interval ,,, N,,;(-),j =0,...,q

q
PU(1; V") = {v: I, — V' o(t) = Y 0Ny (1), v; € VI (2)
=0

It is important to note that equation (1) only imposes the initial condition weakly;
however, the smoothed approximation v must verifiy the initial condition exactly,
namely 4" (0) = wuo. This is only possible if ug € V" C V and therefore this has
to be also included as an assumption.

In this work, the approximation "} is obtained postprocessing the approxima-
tion of u provided by the discontinuous Galerkin method in time, cG(p)dG(q). The
c¢G(p)dG(q) approximation of w is a standard continuous Galerkin finite element
approximation of degree p in space (where p denotes the degree of the complete
polynomials used in the interpolation of V") and it is a piecewise polynomial glob-
ally discontinuous Galerkin approximation of degree ¢ in time [20,6,21]. Thus, the
continuous space-time approximation required here, u3, is recovered by a simple
post-processing, smoothing out the time-discontinuities att = t",.n=1... N — 1.
It is worth noting, however, that the method presented here is valid for any approx-
imation of u in W™" such that uS% (0) = u,.

In order to simplify the notation, in the remainder of the paper the dependence on
the time discretization is omitted and, consequently, the continuous approximation
u77, and the associated interpolation space W™ are denoted by wu;, and W" respec-
tively.

2.3 Error equation

The equation for the error associated with u,, e = u — u, € WV, is obtained
replacing u© = e + u;, in equation (1) and using the linearity of the first argument of



A(-,-). Thus, e € W is such that
A(e,v) = L(v) — A(uy,v) =: R°(v) Vv e LX(I;V), 3)

where RF(-) is the residual associated with the approximation uy,. It is worth noting
that, since wy, 1s not a Galerkin approximation of u, then, the Galerkin orthogonality
condition of the residual does not hold in general, that is

RP(v) is not necessarily 0 Yo € W™ 4)

3 Outputs of interest and adjoint problem

As previously said, this paper aims at providing upper and lower bounds for quan-
tities of interest depending on the exact solution u. Here, the quantities of interest
are restricted to be linear functions and therefore they take the form

T
LO(u) = [ 40(tw) dt + (u, u(T)), 5)
0
where u$ € V" and the linear functional ¢©(t; -) reads
Oft0) = (1), 0) = [ Ot e,
Q

for f© € L2(I;V'). Note however, that the linear restriction may be relaxed in
some problems, see [22].

The quantity of interest depends on the solution at the final time (via u$) and ac-
counts for the behavior of the solution along the complete time evolution (via the
weight function f©).

Due to the linearity of L?(-), assessing the value or obtaining bounds for L (u) is
equivalent to evaluate or bound L®(e). In other words, introducing s := L°(u) —
L°(uy) = L (e) and computing bounds for s,

is perfectly equivalent to compute bounds for L (u):

LO(up) + 8" < LO(u) < LO(uy) + s

An adjoint (or dual) problem with respect to the selected output is introduced in
order to derive upper and lower bounds for s. The adjoint problem reads: find ¢) € V
such that

A(v,¢) = L°(v) Yo eW. (6)



Note that following the definition in (5) the initial condition for v is now u(T9 at
t="T.

Analogous to the direct (or primal) problem, the adjoint problem is solved numer-
ically. Similarly to the primal problem, the smoothed approximation to the dual
problem, v, is continuous both in space an time, belongs to W" and verifies ex-
actly the “initial” condition ¥,,(T) = u%.

The error associated with the adjoint approximation vy, is € := ¥ — ¥, € W, and
it is such that

A(v,e) = L°(v) — A(v, ) =: R°(v) Vv e W, @)

where RP(-) is the weak adjoint residual associated with 1);,. Also here, the adjoint
residual does not fulfill, in general, the Galerkin orthogonality condition

RP(v) is not necessarily 0 Yo € W". (8)

4 Bounding the output by a space-time norm

This section introduces bounds of the output of interest s in terms of a space-time
norm denoted by |||-|||. The choice of the norm is the same as in [10]. This choice is
not unique. In fact other authors [1,3] use different measures.

For every time ¢, the inner spatial product associated with the symmetric counter-
part of the bilinear form a(¢; -, -) is introduced

v(t)Vw - Vo + o(t)wu| dS2.

a’(t;w,v) :=

(a(t; w,v) + a(t; v, w)) :/

Q

N | —

Note that the advection term (related to «(t)) is purely skew-symmetric because
a(t) is divergence-free V¢t € I and the boundary conditions are of Dirichlet type.

This inner product induces the norm denoted by ||-||, ||v||* := a®*(t;v,v) = a(t; v, v).
The space-time norm |||-||| is readily defined as
2 e
el s= [ ol at.
0
The bilinear form A(-,-) and the space-time norm |||-||| are related by the follow-

ing lemma. The proof is straightforward from the definition of A(-,-). See also
the particularization of lemma 1 in Part I of this work [15] to continuous-in-time
functions.



Lemma 1 Foranyv € W

1

= (0(0), v(0)) + S (0(D),0(T) = loll*.

Afw,0) = ol + 5

The following result shows that bounding s is equivalent to obtain upper bounds
for the errors measured in the space-time norm |||-|||-

Theorem 1 Let ¢* and £° € W be such that foranyv e W

/OT as(t;ef,v) dt = RP(v)  and / S(t;e5,v) dt = RP(v), 9)
where
W = {v e LYL; V), v],; € L2(L;V)and ¥|; € L2(1,;V')}.
Then,
B ) = S lne = Lo < s < mP(n) + 2 [[we + Lo
4 K 4 K

for any nonzero parameter k € R.

Proof. Combining equation (7) for v = e and equation (3) for v = 1, yields the
following error representation

s =LOe) = LO(e) — Ale,vn) + Ale,vn) = R°(e) + R (¢n),  (10)

where the term RP(v,) is not zero, in general, since the Galerkin orthogonality
property of the primal residual does not hold, see equation (4).

Also, taking v = e € W in equation (3) and using the relation between the bilinear
form A(-,-) and |||-||| given in lemma 1 it follows that

RP(e) = Ale,e) > |le]|”. (11)

The proof now follows from a simple algebraic manipulation. Indeed, let x be a
nonzero real parameter and consider the inequality

1 S 1 S 2
H’2(/€e + P ) — kel|l| >0. (12)

Expansion of the Lh.s. yields

1 1 2
H’2<Ii68 + Eéfs) — Ke

1

2

21111112 r 1
+ &% |lell]” — /1/ a’(t; ke’ + —e® e) dt. (13)
0 K

1
rke® + —¢°
K




Moreover, using v = e € VW in equations (9), the last term in the r.h.s. of (13) is
rewritten as

T 1 T
l€/ as(t;/fesj:—gfl,e)dt:/iQ/ (t; e e dti/ (t;e% e) dt
0 K 0
= K’ R"(e) £ R”(e) > & [lelll* + (s — B"(¢)),
where equations (10) and (11) are used to derive the inequality.

Considering equations (12) and (13) yields

2
< Fs+ R (¢yp) +

1 1 2
0< 'HQ(/%S + Eas) — Ke

1
re® £ —¢°
K

4

that is,
2

+s < £R°(Yy) + —

ke’ + —¢°
K

The proof is concluded by noting that the + sign in the previous equation yields the
expression for the upper bound of s, whereas the — sign yields the expression for
the lower bound of s. U

Theorem 1 reveals that bounds for s are obtained if the space-time norms of the
linear combinations of e® and €° are available. It follows also that it is sufficient to
obtain upper bounds of these norms, namely

2 2

1

R"(¢y) — 1 !

< s < R°(¢n) + =
K

: (14)

1
ke® + —¢&°
K

UB UB

where the subscript UB denotes upper bound.
Remark 1 The space W is obtained from VWV allowing time discontinuities at each
time staget™,n = 1,..., N —1. Therefore, the primal and dual symmetric errors e*

and £° are in general discontinuous at these points in time. Moreover, the conditions
given by equation (9) do not uniquely determine e’ and €° because VW C W.

Remark 2 For any v € W, the primal and adjoint residuals, defined in equations
(3) and (7), may be rewritten as

R (v) = /OT

(f — itn, v) — aft; uh,v)] dt = B"(v),

and
RP(v) = /OT{UO + i, v) — a(t;v,z/)h)] dt =: RP(v).

by simply integrating by parts the term with the time derivative. This rearrangement
of the residuals requires v to be continuous and therefore it does not hold for v €

W. That is, in general, for v € W, RF(v) # RF(v) and RP(v) # RP(v), see
appendix A.



In practice, e® and €° are chosen as the unique solution of the following residual
equations: find e® and €* € W such for any v € W

T R T N
/ a’(t;e®,v) dt = R¥(v) and / as(t;e*,v) dt = RP(v). (15)
0 0

Note that, according to remarks 1 and 2, the solutions of (15) fulfill the assumptions
of theorem 1 and, in particular, equations (9).

The symmetrized errors e® and €° are non-computable because the problems (15)
are posed in infinite-dimensional spaces. With respect to the original error equa-
tions (3) and (7), equations (15) are discontinuous-in-time and symmetric (both in
space and time).

Next section is devoted to obtain computable upper bounds for the space-time norm
|||-||| of the symmetrized errors e® and £°.

5 Upper bounds for the space-time norm

Consider the auxiliary function z € W solution of
T . _
/ a’(t;z,v)dt = R*(v) Yv eW, (16)
0

where R*(v) = aRP(v) + BRP(v) for o, § € R. Note that for « = 1 and 5 = 0,
then R*(v) = RF(v) and problem (16) is the residual problem for e*. Therefore
in this case z = e°. Analogously, the choice of « = 0 and # = 1, produces
R*(v) = RP°(v) and the residual problem for &° is recovered yielding z = ¢°. In
particular, « = x and § = +1/k will be used later to obtain the required upper
bounds for |||xe® £ 1/k )|,

The purpose of this section is to establish a procedure to compute upper bounds
on |||z|||%. It is worth noting that the model problem under consideration, equation
(16), is symmetric both in space and time and that it does not contain derivatives
with respect to time.

In order to come up with a computable upper bound of l[|z]||* the following four
steps are considered. First, it is shown that z € ¥V may be computed solving ¢ + 1
independent steady diffusion-reaction problems in each slab 7,,. Second, for ev-
ery infinitely dimensional steady diffusion-reaction problem (g + 1 in every time
slab), the solution is decomposed in its projection into the finite element mesh V"
(which is computable) and the orthogonal complement (which is assessed with a
standard error estimation technique). The problems characterizing the orthogonal
complement are posed in the whole spatial domain 2. In the third step, a domain de-
composition strategy is used to decompose the global problem into 7, independent



(infinite dimensional) local problems defined in the elements of the mesh (trian-
gles in our case), ne being the number of elements of the spatial mesh. Finally, the
fourth step uses a duality method to transform each local steady problem (posed
over an infinite dimensional space) into a computable discrete problem yielding
upper bounds of the solution.

5.1 Time decomposition

The first step to derive a computable expression for an upper bound of ||| z[||® is to
decompose the global-in-time problem given by equation (16) into ¢ + 1 steady
diffusion-reaction problems in each slab 7,,.

Using remark 2, for all v € W,

R (v) :/OT

where f* = a(f — ) + B(f © 1 4)y,). Therefore, using the broken-in-time nature
of the space W, equation (16) decomposes into: find z,, € W(I,,) such that

/ a’(t; zp,v) dt :/

where

() = altsoun,v) — a(t:v, G) |

(f*,0) — alt; qup,v) — a(@%ﬁ@bh)} dt Vv e W(I,),
17)

W(I,,) = {v € L2(I,; V) such that & € L*(I,;V')}.

Now, assume that v(t), a(t) and o(t) are piecewise constant-in-time functions in-
side each time slab, that is

V(t)|fn = Up, a(t)|jn =, and 0(t)|fn = 0o,

for v,, 0, € L>®(Q), a0,y € H(div; Q) and V - o, = 0. Working with piecewise
constant-in-time parameters has the advantage of avoiding the notational complex-
ity introduced by more complex time dependencies. The proposed methodology is
however more general in the sense that it is valid also for piecewise polynomial
parameters v(t), a(t) and o(t). In this case, however, computing z, € W(I,) re-
quires solving a larger number of steady diffusion-reaction problems in each slab
I,, (larger than g + 1).

Under the assumption of piecewise constant-in-time parameters, the bilinear forms
a(t;-,-) and a®(¢; -, -) are also piecewise constant-in-time inside the time slabs, that
is

a(t;w,v)|1n = ap(w,v) = /

{l/an -Vv+a, - Vwv + og,wv| d2,
Q

10



for w,v € L%(I;V), and

a*(tw,v)|, =:a;(w,v) :/ [Van - Vo + anwv] dQ. (18)
" Q

The notation introduced above allows rewriting equation (17) as: find 2, € W(I,)
such that

/ as (z,,v) dt :/ [(f*,v)—an(auh,v)—an(v,ﬁt/)h)] dt Yv e W(I,). (19)
In In

The source terms are assumed to have a piecewise polynomial time-dependence,
that is f[, and fo‘l belong to PY(1,,;V') and consequently f*|, € P(L,; V).

Recall that u;, and ¥, belong to P4(1,,; V) and therefore 2,, € P(1,,; V) and is such
that

a; (z,,v) = (f*,v) — a,(Qup,v) — a,(v, By) Yve W(I,) Vtel,.

The previous equation must be fulfilled for every ¢ € I,,. Nevertheless, due to the
polynomial nature of z, it suffices to enforce it in ¢ + 1 time instants inside 7,,.

Note that the time dependence of z,(t) € P?(I,;V) is uniquely characterized by
giving g+ 1 space functions z,;,7 = 0,1, ..., g, corresponding to the representation
in a basis N,;(t),i =0,1,...,q, of P?(I,;R), namely

Zn (t) = i ZniNni (t), (20)
=0

where z,; € V are the space functions to be determined. Taking the basis Ny;(t),
1 = 0,1,...,q, as the usual 1D finite element basis, see figure 1, the degrees of
freedom z,,; correspond to the values of z, at the intermediate times tn—1+i/g .—
t"1 4 i(t" — 1) /q, that is 2,; = 2, (t"1+¥/9), fori = 0, 1,.. ., q. For simplicity,
t"~1+4/4 will be denoted by t,,; in the following.

za(; )

l\vul)(f) -“\rnl (f) ;\?112(1\)

Zn0 = :n(rn()) Znl = :n(fnl) Zn2 = :n(tl".!)

N~ — -~ - ) -
fn(]v — rn—l fnl an =" fn() fnl tn?

Fig. 1. Representation for ¢ = 2 of the time dependency of the function z,,.

In this case, z,; € V is the solution of the steady diffusion-reaction problem

afz(zm-,v) - (f*(tni)av> - an(auh(tni)a ’l)) - aﬂ(vaﬂ"ph(tm‘)) YweV. (21

11



Thus, the solution of equation (16), z € W, is computed solving ¢ + 1 independent
steady diffusion-reaction problems in each time slab 7,,. Once the functions z,,; € V
are obtained solving (21), the time-dependent function z,(t) € P?(1,; V) is directly
recovered using equation (20). The assembly of these solutions associated with ev-
ery time slab makes z € Wa piecewise polynomial function in time, discontinuous
att =t"forn=1,..., N — 1 (recall that z|; = z,).

Remark 3 As already mentioned, the assumption that v(t), a(t) and o (t) are piece-
wise constant-in-time functions inside each time slab, and also that f*|, € PI(I,; V")
may be relaxed. In fact, if v|; , o, , o|, and f*|, are polynomial functions in-
side I,,, then a larger degree of the polynomials representing the time dependence
of the solution z,, say q, can be selected such that z, belongs to Pq(In; V). Then,
zn must be computed solving G+ 1 independent steady diffusion-reaction problems.

5.2 Enforcing orthogonality

The solution z,; of the steady diffusion-reaction (21) and therefore the norm ||| z|||”
to be used in the bounds are not computable because V is infinite-dimensional. It
is however possible to derive a computable upper bound for |||z||* using a domain
decomposition technique and, in every local problem, a complementary energy ap-
proach. The idea is to use the error estimation strategy proposed in [18] to each
steady reaction-diffusion problem (21) as in [15]. However, these techniques may
only be applied if the r.h.s. of the residual equation, in this case equation (21), van-
ishes for every v € V" (this is referred as the orthogonality property) [2,8,11,16].
This orthogonality condition is needed to properly produce the domain decompo-
sition strategies and the equilibration of the local problems.

As already noted, recall (4) and (8), the orthogonality is not fulfilled. That is, in
general for v € V"

(F* (i), v) = an(Qun(tni), v) — an(v, BYn(tai)) # 0.

This problem may be circumvented decomposing z,; into
Zni = zZi + z,fi,
where 2", € V" is such that
as (2 0) = (f*(tni),v) — an(eup(tn),v) — an(v, Bn(ty)) Yo € VP (22)

Note that the 2, is the projection of z,; into V. Thus, from (21) the orthogonal
complement 2> € V) is the solution of the residual equation

@5, (27, 0) = (F*(tn), v) — an(@un(tni), v) = an(v, Bn(tni)) — a5 (2 v) Yo E V.
(23)

12



This decomposition precludes the problem associated with the lack of orthogonal-
ity because 2", is computable and equation (23) for z:-, is such that the r.h.s. fulfills
the orthogonality condition. That is, the r.h.s. of (23) vanishes for every v € V.
Therefore, a computable bound for the norm of z; is obtained after a domain de-

composition technique.

This orthogonalization strategy is used in [7,16] in a different context (assessment
of the pollution). A similar approach is used also in [19] to recover strict bounds
for the energy.

Summarizing, the upper bound for |||z|||* requires computing first 2, € V" and
then applying the error estimation technique proposed in [18] to approximate z.
This has to be performed for every time ¢,,; (¢ + 1 times in each time slab 1,,).

5.3 Domain decomposition and complementary energy approach

Now, the standard complementary energy approach is applied to obtain estimates
for 2> given by equation (23) following the ideas introduced in [17,18,15]. Note
that this is possible because orthogonality has been enforced as described in the
previous section.

The basic idea is to relax the problem of finding z- € V fulfilling equation (23).
The relaxed problem consists in obtaining a pair of dual estimates p,,; € [£2(£2)]"¢
and 7,,; € L£L(2) such that

J

The estimates for p,,; and 7,; are taken in an elementwise-polynomial space of
degree r, namely

UnDpi * VU + 0pfpv| dQ = @ (22,v) Yo € V. (24)

ni’

P"(Q) == {v € L2(Q), v]g, € P" ()},

ie. 7y € P'(Q)and p,; € [P"(Q))2, where  for k = 1,2, ..., ng are the elements
of the mesh. The fact that the data fields ug, u$, f(t) and f©(t) are assumed to be
piecewise polynomials both in space (element by element) and time (in each time
slab) guarantees that for r large enough a pair of dual estimates fulfilling equation
(24) may be found in P (€2). This results in a discrete solvable problem, see [17,18].

Remark 4 The dual estimates p,,; and 7,; are defined over the whole domain ().
Nevertheless, their computation can be decoupled locally by selecting appropriate
parameterizations. In practice, the equilibration procedure yielding equilibrated
fluxes is local and the a priori global problem (24) is split into local dual problems
in the elements of the mesh.

13



5.4 Computation of an upper bound

Finally, the estimates obtained from (24) are combined with the projections com-
puted from (22) to build up an upper bound for ||| z|||. This is stated in the following
theorem.

Theorem 2 Let p,; € [P"(Q)]™ and 7,; € P"(Q) be the dual estimates fulfilling
equation (24) for every t,;,, n = 1,2,...,N, 1 = 0,1,...,q. The time-dependent
estimates are readily recovered in every time slab I,,:

q
f)n = ZﬁmNm and Tn = Z TnidV, m (25)
=0

Analogously, let 2I'; € V" be the solutions of (22) and

q
= Z ZZiNni(t>

1=0

Then, an upper bound for the space-time norm of the solution z of (16) is computed
as

N . .
1P < 3 [ [ [ntpat Va0 - (B + V) + ol + 7] a2t 26)

Proof. Let = Z 2-N,i(t), where z% are the solutions of (23). Then, from

equation (24) and usmg equation (23), the dual estimates p,, and r,, verify for i =
0,...,q

/Q [l/npn( D) - Vo onin(tar)v| AQ
= ([ (tni), v) — an(Qun(tni), v) = an(v, Bn(tni)) — a5 (20 (tni),v) Yo €V,

since P,; = P,,(tni)s Tni = Pn(tn:) and 2" (t,;) = 2".. Moreover, since all the time-
dependent functions appearing in the previous equatlon are polynomials of degree
q, the previous equation is verified for every ¢ € I, that is,

/Q {ynj)n(t) Vo + anfa(t)o] A9 + @ (21(1), v)

= <f*(t),?]> - an(auh<t),v> - an(%ﬁwh(t)) Yo e VVt e [n.

14



Integrating from ¢ = ¢"! = t,0to ¢t = t" = t,,, and expanding the term
as (2"(t),v) using equation (18) yields

/ /Q[Vn(f?n + V2" - Vo4 0, (7, + ZZ)U:| dQ dt
=/ [<f*7v> — an(Qup,v) — an(v,ﬁ@bh)} dt = /n @ (2, 0) At Yo € W(I,),

where in the last equality, equation (19) has been used. In particular, taking v =
zn € W(I,,) in the previous equation yields:

/ / [Vn(f)n + V2 V2, 4 on(fn + zﬁ)zn] dQ dt = / a (zn, zn) dt.  (27)
I, Jo

n

At this point, the previous equality along with an elementary algebraic manipula-
tions reveal that

/ a (Zn, 2n) dtg/ /[Vn(f?n—i-VzZ)-(ﬁn—i-VzZ)—i-an(fn—i-zZ)Q] dQ dt. (28)
n  Jo

Indeed, the result is obtained using the obvious inequality
/] {yn@n LV V) (B, + V2 V) o 2 — zn)2] dQdt > 0
I Jo

along with the algebraic manipulation
/n /Q[Vn(f?n + V= V2) - (D, + V" = V2, + o, (fn + 2" — zn)ﬂ dQ dt
= / /Q|:Vn(ﬁn + VY (p, + V) 4+ 0, (P + 22)2} dQ dt
+ /n /Q[U”VZ” -Vz, + Jn(zn)2] dQ dt
— 2/ /Q{l/n(f?n + V2 Vi, + 0n (P + zﬁ)zn} dQ dt
= [ o+ V) (b V) ol 212 e
+ [ a)(zn, zn) dt —2 | a)(2n, 2,) dt

In In

-/ {yn@n LV - (B, + V) 4 o+ zf;)ﬂ A0 dt = [ a (s, )
n JQ

n

where both equations (27) and (18) have been used.
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Finally, using the inequality given by equation (28)

2 T 2 T B
N = [l de = [ a2, 2)
0 0
N . N
= Z/ a’(t; z,z) dt = Z/ ay (zn, 2n) dt
n=1 Iy n=1 In

N
=2 / /Q[””@n + V) - (D, + V) + ot + 22)? | dQ dE,
n=1v""'n

concluding the proof. 0

6 Bounds for the output of interest L (u): an algorithmic summary

According to theorem 1 the upper and lower bounds of s, and hence of L°(u), are
available once the upper bounds of the energy norm |||z||| are obtained for the two
combinations («, 3) = (k,1/k) and (o, ) = (k, —1/k). The general strategy to
obtain these upper bounds is devised in the previous section. As already mentioned,
due to the linearity of the problem, obtaining the estimates for these two values of
|llz|l| is equivalent to obtain the estimates for z = e® and z = ¢*, that is for the two
combinations (a, #) = (1,0) and («a, 5) = (0,1).

The following description of the bound algorithm differs from the description given
in part I of this work [15] because here the algorithm is designed to parallelize the
computation of the estimates in each time slab. However, if memory requirements
are critical, the same strategy proposed in [15] can be implemented. That is, only
the primal solution must be stored. The adjoint one is computed (but not stored)
step by step in each time slab.

The main steps of the procedure to compute bounds for LY (u) are the following:

1. Compute and store the continuous primal and dual solutions u;, and 1, respec-
tively (for instance, computing the cG(p)dG(q) approximations and smoothing
out the time discontinuities).

2. For each time slab [,, do (this step is independent for each slab and can be
easily parallelized):

2.2. For each subtime ¢,,;,7 = 0, ..., q do:
2.2.1. Compute the primal and adjoint projections efl’f and 5‘:”}1 € V" solu-
tion of:

as (€5, v0) = (ftni) — Un(tni), 0) — an(up(tn:),v) Yo € V",

a (51 0) = (£ (tni) + Un(tni), v) — an (v, Yn(tns)) Yo € VI
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2.2.2. Compute the primal and adjoint dual estimates plLpb e []?”“(Q)]nsd
and 72, 7D € P"(Q) such that for all v € V:

ni°

J

dQ

P AP
UnDpi © VU + 0,7,V

= (f(tui) = n(tni), v) — an(un(te), v) — a3 (e’ v),

/ [l/nﬁgi - Vo + Jnffiv] dQ
0

= <f0(tm) + @/;h(tm’% U> - an(va ¢h(tni>> - CLZ(EZ’Z»}Z7 ?}).
2.3 For each element, recover the time-dependent projections in the time slab

I
h L sh h L sh
en’k (t) = Z enji o Nm(t) and 5n’k (t) = Z €n’i o Nni (t)a
i=0 i=0
and the dual time-dependent estimates
P L p P L P
i=0 =0
D Lo D - D
i=0 i=0

2.4 Compute and store the three scalar quantities

Tel Tel

M =D T = D / /Q [Vn(f)fk + V) +on(fh + ei’ﬁ)ﬂ ) dt,
k=1 k=1"1n k
Tlel Tel
n o= = / / [vn(f)ffk + VM2 4o, (FD, +ef;,§)2} dQ dt,
k=1 k=1 1In J
Tlel Nel
- s,h ~ s,k
77513 = ZnﬁkD = Z/ / [yn(pfk + Venk) . (pfk + Vgnkz)
k=1 =1/ In I
4ol + ) (7 + i) et

3. Compute the global quantities
P NN p Y 0\! e _ = pp
U =(Zm>,n =<Zm>,n =D s
n=1 n=1 n=1
and recover the bounds for the output s~ < L€(u) < s where

1 1
s™ = L(up) + R"(¢n) — 577P77D + 577PD

and

1 1
st = LO(up) + R* () + 577P77D + 577PD-
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Remark 5 The final expression for the bounds of the output L°(u) are recovered
by means of the following considerations. First theorem 1 states that in order to
obtain bounds for the error in the output s it is sufficient to obtain upper bounds

2
, see equation (14). In order to compute the upper
UB

bounds for the space-time norm, the procedure detailed in section 5 is considered
for z = ke’ + %53. Then, from theorem 2, the following upper bounds are obtained:

2 N / /
UB n=171In JQ

‘o s 1_s
for the quantities H’/@e + ¢

1
ke’ &+ —&°

1 2
- v (WBF + Vi) & (0 + Vi)

K

1 2
o @(ﬁfj +esh) £ (7P & ef;h)) } dq dt.
K

Finally the given expressions for the bounds are obtained taking x* = n" /n* and
rearranging terms.

7 Adaptive refinement

The dual estimates p’,, 7., p~ and 72, and more precisely the scalar quantities
nb.,nb and ntP provide information localized in space and time. This information
can be used as an indicator for mesh adaptivity. In this work, the meshes are adapted
aiming to reduce the half bound gap A := (s* — s7)/2. Note that using the bound
average s*'® := (s 4+ s7)/2 as a new approximation of the quantity of interest, A
is an upper bound of the absolute error of the approximation s**® with respect to
the exact value L (u), that is

|LO(u) — s™°| < A.

In the examples a simple adaptive strategy is used based on the decomposition of
A into local positive contributions from the elements:

Nel

A=3"A
k=1

where the element contribution to the bound gap Ay is

A .:g:[lﬁ%,lP +177D]
k — 4 nk 4k2 nk |

The validity of this decomposition is discussed in [15].

Here, the space mesh and the time step are kept constant all along the time evo-
lution. Thus, the errors are accumulated in time to design a new spatial mesh and
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restart the computation. The local contributions of the half bound gap, Ay, which
contain all the contributions of the time slabs I,, to the element 2, are used as
indicators on whether to refine the specific element or not.

Note that the presented strategy assess the entire error (including the time error).
That is, adapting the space mesh may not suffice to control the half bound gap
A due to the influence of the time-error. Using only h-adaptivity does no longer
suffice to control the error and the time step At has to be also reduced in the next
step of the adaptive procedure (although in the present implementation the same
At is used along the time). The criterion used to decide if At has to be reduced
is based on comparing the error estimated with two different adapted meshes and
the same At. The time discretization is considered enough accurate if the error is
reduced according to the rate of convergence expected for the spatial discretization.
If the error does not decrease as indicated by the a priori spatial estimates, the time
error plays a significant role in the entire error and therefore At is reduced in the
next step of the adaptive loop.

Summarizing, space adaptivity is performed subdividing the elements with large
values of Aj. Then, a new simulation is carried out with the new spatial mesh and
the same At. The new error assessment allows deciding if At has to be reduced in
the next adaptive step. This strategy is used in some of the examples presented in
next section. In other examples the time step is kept proportional to some power of
h in order to reduce the error uniformly according to the a priori estimates.

Setting up a fully adaptive strategy is beyond the scope of this paper. It is worth
noting, however, that the local quantities 1, n2 and n? could also be used as
indicators for more flexible mesh adaptation in terms of time-varying space-meshes
and non-constant time steps. Moreover, the half bound gap is also decomposed into
positive local contributions

N
A= Z A"
n=1
where the contribution from the time slab I,,, A" is

1 1 el
AP = = 2, P D _

1 2, P

1

@Uy?k ~ (29)

This information could be used to decide the new time step for the next time slab.
For instance, time adptivity could consist in either decreasing the time step after
the time slabs with larger values of A™ or to restart the computation of the last time
slab with a reduced time step.

Moreover, the terms in the r.h.s. of (29) provide information on the error contribu-
tion associated with element £ at the time slab n. This can be used as an indicator to
adapt the mesh along the time integration. Obviously, adapting the mesh along the
time evolution makes the implementation more involved. Changing the mesh along
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time is simple if the approximations of the primal and adjoint problem are discon-
tinuous in time as proposed in [15]. However, the strategy presented here yielding
strict bounds for the error requires time-continuous approximations. The spatial
meshes of two consecutive slabs cannot be completely independent. It is worth not-
ing, though, that this strategy can be easily applied if the meshes are nested, derived
from the same pattern of triangle generation. In this case the projection of the initial
or final conditions from one mesh to another is straightforward and, consequently,
the proposed approach is valid.

8 Numerical examples

The numerical tests presented in this section are the same as in the first part of the
paper [15] but with the numerical tools introduced in this second part. These exam-
ples are used to demonstrate the ability of the presented approach to account also
for the error associated with the time discretization and to point out the difficulties
in recovering the predicted a priori convergence rates. The notation used here is
therefore the same as in [15] and it is briefly recalled. The upper and lower bounds
for LO(u) introduced above are denoted by s~ and s*. The bound average, s is
taken as a new approximation of the quantity of interest and the half bound gap, A,
is seen as an error indicator. Since the exact solution of the problems is not known,
the relative counterpart of the half bound gap, A, = A/s*, is also used in the
presentation.

8.1 Example 1: uniformly forced square domain

The transient pure diffusion equation (v = 1, 0 = 0, @ = 0) is solved in the
squared domain §2 = [0, 1] x [0, 1] and for a final time 7" = 0.1. A constant source
term f(t) = v/10 and homogeneous Dirichlet boundary conditions and initial con-
dition (ug = 0) are considered.

The quantity of interest is an average of the space-time solution
T
LP(u) = / / V10 u(z,y, t) dQ dt,
0o Jo

thatis f© = /10 and u$ = 0 in equation (5). The solution 1 of the adjoint problem
is in this case such that u(t) = (T —t).

Two spatial discretizations are used in this test: linear and quadratic triangular ele-

ments in space, p = 1 and p = 2. In the computation of the hybrid fluxes, the equi-
librated normal fluxes along the edges of the elements are linear, both for p = 1 and
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p = 2. The local approximation to ank and its fluxes in the interior of the elements,
P, € [P7(2)]™ and R, € P"(§2) are fourth order polynomials, i.e. r = 4.

The convergence of the bounds is analyzed for a uniform mesh refinement in a
series of structured meshes. The initial mesh is composed by 8 triangular elements
(half squares) and in each refinement step every triangle is divided in four similar
triangles. The study is done using different strategies to determine the time step: in
each refinement step the time step is kept constant At,, = At (all the time slabs I,
have the same size) but different strategies are used to modify the time step At as
the meshes are refined uniformly.

The results for linear elements (p = 1) are shown in figure 2 for 3 cases: 1) constant
time step At = 0.05 (N = 20) during all the mesh refinement procedure, 2) varying
the time step as At o< /h and 3) varying the time step as At o h. The optimal

1073 —= At = 0.05 1

At x h S
At x Vh S

-3

Half bound gap, A

1074

0.025 005 X 02

Mesh diameter, 4

Fig. 2. Example 1: Convergence of the half bound gap in a series of uniformly refined
meshes of linear triangular elements (p = 1) using different strategies to determine the

time step At.

finite element convergence rate in space for the quantity of interest is O(h?) which
is approximately obtained when the time step is taken to be At = h. If a constant
time step is considered, the bounds have the expected rate of convergency for the
initial meshes but in the last step the time discretization error is no longer negligible
in front of the space discretization error. The strategy which considers At oc /A
does not reach the expected rate of convergence and shows that in this case the
convergence of the half bound gap is determined by the time step At and not by the
mesh size h. This shows that in order to asymptotically approach the optimal finite
element convergence rate in space, the time step At has to be chosen carefully.

The bounds obtained with the strategy At o< h are displayed in table 1 and in figure
3. Also the bound average s** and the approximation of the output associated with
the cG(p)dG(q) approximation of u, L° (1), are shown. Note that, in this example,
the bound average provides a better approximation of the output L°(u) even for
the coarser meshes.
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Fig. 3. Example 1: Bounds obtained in a series of uniformly h-refined meshes using linear
triangular elements using the time step At = h.

linear elements

na N|LO(an) L°(un) s~ st save A Avel
8 30.017239 0.016743[0.016528 0.022392 0.019460 0.002932 15.07%
32 6 (0.018582 0.018433|0.017991 0.023181 0.020586 0.002595 12.60%
128 12{0.019845 0.019803|0.019669 0.021323 0.020496 0.000827 4.03%
512 23(0.020295 0.020282|0.020248 0.020690 0.020469 0.000221 1.08%

2048 46/0.020419 0.020416{0.020407 0.020519 0.020463 0.000056 0.27%

Table 1
Example 1: results in a series of uniformly h-refined meshes using linear triangular ele-
ments and using the time step At = h.

The results for quadratic elements (p = 2) are shown in figure 4 for four cases: 1)
piecewise linear interpolation in time (¢ = 1) with a constant time step At = 0.002
(N = 50), 2) linear interpolation ¢ = 1 for a constant time step At = 0.00025
(N = 400), 3) linear interpolation ¢ = 1 and varying the time step At oc h? and 4)
quadratic interpolation ¢ = 2 for a varying time step At o< h. For linear elements,
p = 1, if a constant time step is considered, the bounds have the expected rate
of convergence for the initial meshes but deteriorate as the importance of the time
discretization error increases with respect to the spatial discretization error (when
the time discretization error is no longer negligible in front of the space discretiza-
tion error). In particular, if the time step is kept constant the bound gap does not
converge to zero with h. The strategy taking At, o< h? recovers the expected rate
of convergencs, but it requires the use of a non reasonable amount of time steps
(this could be precluded using a non-uniform time discretization). Finally, using a
quadratic interpolation both in space and time p = ¢ = 2 and At o h the desired
convergency rate O(h?) is not reached. This is due probably to two facts: first, a
slight drop off in the rate of convergence may be due to the use of linear equilibrated
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fluxes for Afj and )\fj. Second, the convergence rate is possibly determined by the
time step At and not by the mesh size h. However, this strategy allows obtaining
reasonably good results with few time steps.

Half bound gap, A

107k

T,

At =0002(qg=1) |]
—=—At = 0.00025 (g = 1)
—-At x h*(g=1)
A=At x h(q=2)

0.025

0.05 0.1 0.2
Mesh diameter, A

Fig. 4. Example 1: Convergence of the half bound gap in a series of uniformly h-refined
meshes using quadratic triangular elements (p = 2), using different strategies to determine
the time step At.

The results in the case of using both a quadratic interpolation in space and time
p = q = 2 combined with the use of At oc h are displayed in table 2 and figure 5.
In this case the bound average again provides a better approximation for the output
LO(u) than LO(uy) and LO(1y,). It is worth noting that in this case s~ > LO(uy)
due to the term RP (1) which in this case is a positive number appearing in the
expression of the bounds.

net IN

LO(an) LO(up)

quadratic elements
- +

s s gave A Avrel

8 3
32 6
128 12
512 23
2048 46

0.019892 0.019224
0.020366 0.020185
0.020452 0.020404
0.020461 0.020447
0.020462 0.020458

0.019505 0.020906 0.020205 0.000701 3.47%
0.020286 0.020541 0.020414 0.000128 0.62%
0.020433 0.020475 0.020454 0.000021 0.10%
0.020456 0.020464 0.020460 0.000004 0.02%
0.020460 0.020462 0.020461 0.000001 0.005%

Table 2

Example 1: series of uniformly h-refined meshes using a quadratic interpolation both in
space and time, p = ¢ = 2 and At = h.
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Fig. 5. Example 1: Bounds in a series of uniformly h-refined meshes using a quadratic
interpolation both in space and time, p = ¢ = 2 and At = h.

8.2 Example 2: composite material

The unsteady heat conduction problem is solved in the domain described in figure
6 for a non-uniform (composite) material. The problem is purely diffusive (o =
0 and a = 0). The thermal conductivity is smaller in the rectangular inclusions
(v = 0.01) and larger for the bulk material (v = 1). The specimen is assumed to
be thermally isolated on the lateral sides, that is homogeneous Neumann boundary
conditions are prescribed in this part of the boundary. The temperature is set to zero
on the top (v = 0) and a prescribed heat flux is imposed on the bottom, I';, that is
Vu-n = gy(t), where

(1l —t)+1 fort € [0,1]

g () =
41—-t)(2—t)+1 fort € (1,2].

The initial thermal state is assumed to be u(0) = 0 and the time interval is taken

fromt=0tot=T = 2.

e

Fig. 6. Example 2: Composite domain {2: inside the rectangles, {25, the thermal conductivity
is v = 0.01 and in the remainder of the domain, Q1, v = 1.

[y

Here, both space and time discretizations are quadratic, that is p = 2 and ¢ = 2.
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The selected output of interest is the average of the temperature on the bottom, I';:

1 T
Lo =—— [ [ t) dr dr.
() meas 'y Jo Jr, u®y,1)

This quantity of interest is represented by a Neumann boundary condition for the
dual problem g$(t) = 1/meas(I') on I's.

An adaptive procedure is carried out subdividing the elements with larger values of
Ay, (larger contributions to the bound gap). The bounds are obtained using a fourth
order interpolation for the dual estimates, r = 4. The results along the adaptive
process are shown in figure 7, where the representative mesh size h is defined as

h = {/1/ng. At each remeshing step 1% of the elements are marked to be refined.

N=7
L il
T T 04f T
gt -
397 |- iy o o7
ET Y gt ] 02}
R A (TP 4 -
3.7} =™ g
w o 0.1f
2 36 ]
3
=3 3
@ 350 3
= 005F.
34t ]
33 T 0025}
3
003 0035 004 0045 0.03 0.035 0.04 0.045
Mesh diameter, A Mesh diameter, A

Fig. 7. Example 2: Computed bounds for an adaptive h-refinement using a quadratic inter-
polation both in space and time p = g = 2 (left) and convergence of the half bound gap

(right).

For each step a constant time step is considered At,, = At and the time step is re-
duced along the adaptive loop such that the convergence rate is driven by the space
discretization error. That is, in the adaptive steps where the rate of convergence of
the half bound gap with respect to the space discretization is not the expected one
(due to a non-negligible time discretization error), the time step At is divided by
two. The adaptive procedure is then continued until the relative bound gap reaches
a target value of 0.5%, that is, A,q < 0.005. The adaptive procedure starts with
N = 7 and the time step does not need to be modified in all the steps. Note that in
this example since the time discretization error is very small, L°(u;) =~ L°(4y).
Moreover, the lower bound estimates provide better approximation than the upper
bound and the bound average.

Table 3 summarizes the results for the first and final iteration and the initial and
final meshes are shown in figure 8. The adaptive procedure guarantees a relative
half bound gap less than 0.5% using only N = 7. For the final mesh an extra
computation has been done with a lower time step, using n = 10 and N = 20
to compare the resulting bounds. The error in the final mesh with 1429 elements
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is mainly due to the space discretization error: decreasing the time step does not
practically vary the output and yields only a slight improvement of the bounds.

nea N|[LO(ap) LO(up)| s~ st save Arel

454 7 (3.19971 3.19517|3.13694 3.99799 3.56747 12.07%
1429 7 |3.22388 3.21936|3.21962 3.24922 3.23442 0.46%
1429 10(3.22404 3.22144|3.22068 3.24844 3.23456 0.43%
1429 20|3.22404 3.22310(3.22135 3.24775 3.23455 0.41%

Table 3
Example 2: results in a series of adaptive h-refinement.

Fig. 8. Example 2: Initial (left) and final meshes (right) of the adaptive procedure with
ne = 454 and 1429 respectively.

8.3  Example 3: quasi-2D transport

This example is the transient version of a steady quasi-2D transport problem intro-
duced in [18]. The effect of including the convective term is analyzed in this simple
problem for different values of the velocity a. Equation (1) is solved in the unit
square, 2 = [0,1] x [0,1], for v = 1, 0 = 1 and a uniform horizontal velocity
field @ = (a,0). The performance of the introduced estimates is tested for differ-
ent values of a. The boundary conditions are of Dirichlet type on the lateral sides,
homogeneous on the right u(1,y) = 0 and set to 1 on the left u(0,y) = 1. The
boundary condition on both the top and bottom are Neumann homogeneous. The
source term is f = 0, and the initial condition is ug(z,y) = 1 — z. Time integration
is performed to t = T" = 1. The degrees of the space and time interpolations are
p=1,g=1andr =4.

The quantity of interest is an overall average of the solution, that is

LO(u) = /()T/Qu(:z:,y, t) dQ dt,

which corresponds to f€ = 1.
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The error estimation strategies and the computation of bounds are performed for a
series of uniformly h-refined meshes with At = h and different values of a. The
results are displayed in table 4 and figure 9. For all the values of «, the rate of
convergence of the bound gap is found to be equal to the expected one for the error,
that is O(h?). It is worth noting that the bound gap is larger as « increases. For
a = 100 the bound gap is 4 orders of magnitude larger than the for & = 0, being
the quantity of interest of the same order. The convergence rate in all the cases
is clearly determined by the spatial error. Moreover, although the bounds account
both for the discretization error in space and time, the results are nearly as sharp
as the bounds obtained in [15] which only considers the contribution of the spatial
error.

a=0 a=1 a=>5 a=10

ave ave ave ave

s A s A s A s A

Me) N

32 6
128 12
512 23
2048 46
8192 91

0.466028 0.001717
0.465682 0.000414
0.465587 0.000103
0.465562 0.000026
0.465555 0.000006

0.532588 0.002032
0.532864 0.000488
0.532940 0.000120
0.532959 0.000030
0.532964 0.000007

0.738888 0.036791
0.739246 0.008675
0.739414 0.002056
0.739465 0.000493
0.739479 0.000121

0.848585 0.171335
0.849791 0.040686
0.849588 0.009456
0.849582 0.002212
0.849585 0.000530

Table 4
Example 3: results in a series of uniformly h-refined meshes with At = h.
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Mesh diameter, A

Fig. 9. Example 3: convergence of the half bound gap for different convection parameters
a =0,1,5,10 and 100.

This increment in the bound gap does not correspond to the actual error increment
and therefore it has to be concluded that the efficiency of the computed error bounds
is deteriorated if the convection parameter is large.
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In order to check the convergence in time of the proposed algorithm a At-refining
procedure is carried out. A fixed spatial mesh composed by 2048 triangular ele-
ments (half squares) and an initial constant time step At = 0.5 are considered to
start the process. In each refinement step, the time step At is divided by two. The
results are displayed in figure 10. The convergence of the bound gap degenerates
as the value of « increases at the same time that the bound gap is larger for larger
values of a. For a = 100 the bound gap is 4 orders of magnitude larger than the for
a = 0, being the quantity of interest of the same order.

——o=0
—E-o=1

| |—a=5
—2-a=10
—%—0o=100
—strict

E EREEE non-strict|

Half bound gap, A

0.0313 0.0625 0.125 0.25
Time step, At

Fig. 10. Example 3: convergence with respect to the time discretization of the half bound
gap for different convection parameters a = 0, 1, 5, 10 and 100 using both the methodology
presented in this paper and in the first part [15].

The bounds obtained with the algorithm presented in the first part I of this work
[15] are compared with the results of the present algorithm. Figure 10 shows that
the bounds which only account for the spatial error (non-strict bounds) are nearly
insensitive to the change of the time step. In fact, if the convergence of the bounds
which do not account for the time discretization error is plotted for each value of
a, it can be seen that the bounds increase as the time step is reduced (although the
rise of the half bound gap is barely perceptible as compared to the variations of the
bounds accounting for both the error in space and time).

Figure 11 shows bounds obtained for the values of the convection parameter a =
0,5 and 100. For very large time steps the smoothed approximation L°(uy) is not a
good approximation of L®(u) (in comparision with the cG(p)dG(q) approximation
L°(dy,)). However, for a = 0 and 5, the procedure yields quite competitive bounds
taking into account that the starting point of the procedure is L (uy). Therefore, in
this case for low values of a the quality of the bounds is determined by the quality
of the smoothed approximations. For large values of «, although the smoothed ap-
proximations are worst that the cG(p)dG(q) approximation, the bounds are clearly
deteriorated due to the convection-dominated nature of the problem.
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Fig. 11. Example 3: bounds accouting both for the error in space and time for different
convection parameters a = 0,5 and 100 with respect to a uniform refinement in time.

8.4 Example 4: rotating transport

Again, a transient version of a steady problem analyzed in [18] is considered. The
computational domain is = [0,1] x [0,1] and the model parameters are v =
1,0 = 10 and @ = 250(y — %,% — z). The boundary conditions are Dirichlet
homogeneous on the whole boundary 0f2 and the initial condition is ug = 0. A
localized source term is f = 1000 in the square [0.7,0.8] x [0.7,0.8] and f = 0
elsewhere, see figure 12. The output of interest is a local average in the square
region [0.2,0.3] x [0.2,0.3], that is f© = 1in [0.2,0.3] x [0.2,0.3] and f© = 0
elsewhere. The parameters describing the space-time discretization are p = 1 and
g = 1, and for a final time 7" = 0.03.

f =10

f=1

0.2 0.3 0.7 0.8

Fig. 12. Example 4: Rotating transport forcing and output regions.

A series of adapted meshes is produced by subdividing at each remeshing step 4%
of the elements, those with the larger contributions to the bound gap. Also the time
step At is adjusted (is divided by two in the iterations where a slow convergence
of the half bound gap is observed). The adaptive procedure starts with a mesh of
322 elements and with N = 6 and stops when the half bound gap reaches the target
value of 0.000006, that is, A < 6 - 1075, see figure 13.

The initial mesh of 322 elements and N = 6 certifies a wide interval for the quantity
of interest, Lo(u,r) — 3.77287-107° 4+ 9.45362 - 1072, after remeshing the bounds
associated with the final mesh of 5855 elements and N = 896 set a much narrower
interval, Lo(uT) = 3.79554 - 107° 4+ 0.58690 - 1075, see table 5. The primal and
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Fig. 13. Example 4: Error bounds for an adaptive h-refinement and adjusting the constant
time step At.

adjoint solutions at the final computational times (¢ = T for the primal and t = 0
for the adjoint) are displayed in figure 14.

na N | L°u) s~ st save A
322 6 [3.677-107%|—5.681-1075 13.226 - 1075 3.773-107° 9.454 . 10~
5855 896(3.792 - 10~5| 3.209-10—5 4.382-10-5 3.796 - 10~5 0.587 - 10—5

Table 5
Example 4: results for the initial and final meshes of the adaptive h-refinement procedure.

Fig. 14. Example 4: Primal and adjoint solution at the final time: ¢ = T for the primal and
t = 0 for the adjoint.

The local elementary contributions Ay to the global bound gap are plotted in figure
15 for the initial mesh and for an intermediate mesh of the adaptive procedure. The
larger values of the local contributions are precisely in the zones where either the
primal or the adjoint solutions have larger gradients. Also in figure 15 the resulting
final mesh is displayed.

30



| E— —
3 1 3 3 £ 3

Fig. 15. Example 4: Elemenfgry contributions to the bound gap in initial mesh (left) and
intermediate mesh with n, = 1577 (center). Final adapted mesh (right).

I

8.5 Example 5: canister

The final example represents the transport of pollutant inside an active carbon fil-
ter. The transient convection-reaction-diffusion equation is solved in the simplified
canister geometry shown in figure 16. The diffusion is constant v = 0.01 whereas
the reaction is larger in the outlet of the canister (¢ = 10 in 5 U Q©) and smaller
in the rest of the canister (¢ = 0.1 in €;). Thus, Q is a pollutant trap capturing all
the pollutant that the actual filter (domain €2,) is not able to retain. The advection
field, o, is a piecewise linear field (see figure 16) resulting from a finite element
computation of a potential flow in the same mesh. The inlet concentration of pol-
lutant is set to one (v = 1 in I'y) and the outlet concentration of pollutant is set to
zero (u = 0 in ['y). The rest of the boundary conditions are Neumann homogeneous
because the walls of the canister are considered to be impermeable.

Iy

Qo

0°

Fig. 16. Example 5: Computational domain (left) and incompressible advection field
(right).

The initial pollutant concentration state is taken as up = 1 in the inlet boundary,
I'1, and zero elsewhere. In practice, the initial condition ug has to be interpolated in
the mesh and therefore g is set to 1 in the nodes of the mesh lying in I'; and set to
zero in the rest of the nodes. The time interval is taken from¢t =0tot =T = 2.

The quantity of interest is the total pollutant captured by the trap domain Q© along
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the complete time evolution. Note that the canister is considered to work properly if
this quantity is small enough. If the outcome of pollutant exceeds a threshold value,
the canister breaks and the design is not admissible. This quantity is expressed in
terms of the solution by

o T
L% (u) = / / u(z,y,t) dQdt,
0o Jao
that is u$ = 0 and f© = 1 in Q© and zero elsewhere, in equation (5).

Two different strategies for space-time adaptation have been used in order to yield
the desired accuracy. The first procedure yields the desired accuracy in two steps:
first the time discretization error is neglected and the strategy proposed in [15] is
used to obtain an optimal adapted mesh with respect to space. It is worth noting
that the strategy proposed in [15] is cheaper since the approximations used as input
of the error estimation procedure verify the Galerkin orthogonality property. For
this final mesh, the strategy proposed in this work along with a uniform refinement
of the constant time step At is used to guarantee the bounds for L°(u), taking into
account both the space and time discretization errors. The second strategy is to use
the space-time adaptation also used in the previous sections (in all the intermediate
steps the bounds are strict for L?(u) and the time step is adjusted in each step of
the adaptive procedure).

The starting mesh of the uniform Atf-refinement procedure (obtained using the
strategy given in [15] for a target relative half bound gap of 2.5%) contains 5786 el-
ements, see figure 17. Here, both the spatial and time discretizations are linear, that
is p = 1 and ¢ = 1, and the bounds are obtained using a fourth order interpolation
for the dual estimates r = 4. The results are displayed in figure 17 and in table 6. As
expected, for large values of N the bounds present a drop off in the convergence as
the contribution of the spatial discretization error acquires importance with respect
to the error in time.

x10™

951 10
oF
85 < .
o 8 g
E 'g i
5 7 — § 2I
7] b = 107
=LY () T 1
65 e L9, R el
5.5 . L " "
0.002 0.01 0.02 2104 0.08 00013 00025 0.005 OADtI 0.02 0.04 0.08

Fig. 17. Example 5: starting mesh for the uniform A¢-refinement obtained with the strategy
given in [15] for a target relative half bound gap of 2.5% (left), computed bounds for the
At-refinement (center) and its convergence (right).

Also the convergence of the bounds is analayzed using the strategy presented in
the previous examples. The adaptive procedure subdivides the elements with larger
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N

S

ave

A

Arel

25
50
100

5.390 -
6.315 -
6.834 -

7.125

10-4 9.802 -
104 8.893 -
104 8.378 -
-10—* 8.088 -

10~% 7.596 -
10~* 7.604 -
10~ 7.606 -
10~ 7.606 -

104 2.206 -
10-* 1.289 -
10-4 0.772 -
10~ 0.482 .

104 29.04%
10~ 16.95%
10~ 10.15%
10~* 6.33%

200
400
800
1600

10~% 4.28%
10~* 3.31%
104 2.93%

10—4 0.326 -
104 0.252 -
104 0.223 -

10—4 7.607 -
10—4 7.607 -
10~4 7.607 -

10~ 7.932.
10~ 7.858 -
10-4 7.829 .

7.281 -
7.355 -
7.384 -

Table 6
Example 5: computed bounds for a uniform At-refinement for a constant spatial mesh of

5786 elements.

contribution to the bound gap and adjusts the time step in each iteration, until the
relative half bound gap reaches a target value of 7%. Also in this example, in each
step, 1% of the elements are marked to be refined. In this case a linear interpolation
in space p = 1 and a quadratic interpolation in time ¢ = 2 are used, whereas the
bounds are obtained using a fourth order interpolation for the dual estimates r = 4.
The initial and final meshes are shown in figure 18.

N
V4

LSRR

\2
¥

JAVAVA

PV

Fig. 18. Example 5: initial, intermadiate and final meshes with 686, 1489 and 2703 elements
respectively. The associated time steps are N = 8, 109 and 825 respectively.

The corresponding bounds are displayed in figure 19. In the first iteration (nq =
686 and N = 8) the bounds guarantee that L°(u) = 7.678 - 1074 £ 3.230 - 1074
7.678 - 1074 4 42.07% whereas for the final mesh (neg = 2703 and N = 825), the
bounds for the quantity of interest guarantee that L°(u) = 7.606 - 1074 4 0.524 -
1074 = 7.606 - 10~* + 6.89%.
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Fig. 19. Example 5: Computed bounds for the adaptive space-time procedure (left) and

convergence of the half bound gap (right).

9 Concluding remarks

The methodologies presented in this series of two papers provide computable bounds
for linear outputs of parabolic problems. In the first part the error associated with
the time discretization is neglected and therefore the space adaptivity is sufficient to
control the accuracy of the solution. The quality of the bounds is however degraded
for large values of the advection parameter because the error equations to be solved
are symmetrized. In the second part, the methodology includes the assessment of
the time error and, consequently, time adaptivity is also required to control the
quality of the solution. In this second approach, the approximate solution has to be
post-processed to enforce continuity. This smoothing is required to use the approx-
imate solution as an input of the error assessment. The predicted convergence rates
(of the non-smoothed solution) are affected by this post-processing. The behavior
of the obtained bounds is also degenerated for advection dominated problems.

The results demonstrate that the procedures introduced here are valuable tools to
assess the quality of linear outputs in the context of parabolic problems. Neverthe-
less, many questions still require an answer and there is space for further research
in this very same topic. For instance, considering non-symmetric error equations
would possibly allow to better account for the advection effect. Moreover, the de-
sign of optimal adaptive procedures in this context is also a critical issue, both for
the space and time discretizations.
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A Proof of remark 2

For any v € WV, using the definitions of the bilinear form A(-,-) and of the linear
functional L(-), the primal residual can be rewritten as:

RP(v) = L(v) — A(up,v)
_/ (t:0) dt + (uo, v /OT[uh, V) + alt; un,v)| At — (un(0), v(0))
- [ v

since the approximation uy, verifies the initial condition uy,(0) = uo.

- Uh, t s Un, U :|

Similarly, for any v € W, using the definitions of the bilinear form A(, -), of the
linear functional L°(-), and with the help of the following equality

[ o) o= = [ ) de+ @T),00(T)) = (0(0), 0 0)),

the adjoint residual can be rewritten as:
RP(v) = L9 (v) = A(v,vn)
T T
= / O (t:0) dt + (uf,o(T) = |
0

_ [_ [ 0) a4+ (D), 9a(T) ~ (0(0), (0))]

(0.1n) + altsv, )| dt = ((0), ¥4(0))

[P =t e (2,01 = 000), 0 0)

= [ 1790 + 6 v) — a0, )] e+ (0, 0(T)) = (7). (1)

_ /OT [<f‘9 iy, ) — alt;v, )| dt

since the approximation 1), verifies the final condition vy, (T) = u$.
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