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Abstract. In several industrial applications, there are systems that depend on multiphase flows.
Consequently, modelling these processes are very attractive for the scientific community. Hav-
ing a mesoscopic nature, the lattice Boltzmann method (LBM) presents advantages to deal with
complex geometries and complex processes, such as bubble merging, fluid-structure interac-
tion, etc. Several LBM models for multiphase flows were developed by the research commu-
nity. Usually, in the applications of multiphase flows, there are open boundaries where the fluid
with more than one phase leaves the domain. However, there are few works in the literature
regarding the impact of the BC schemes with the Allen-Cahn-based phase-field LBM, espe-
cially considering liquid-gas phase change. Then, in this work, we explore the impact of three
schemes of open BC: the equilibrium scheme, the extrapolation scheme, and the convective BC
scheme. First, the impact of the BC schemes on a channel flow with a bubble inside is studied.
Next, the Stefan problem considering real properties (saturated HFE7100) is simulated. The
results showed that both the extrapolation and equilibrium schemes can introduce instabilities
and incoherences in the results, while the convective BC is the one that better conserves the
coherence of the results.

1 INTRODUCTION

As many engineering applications involve fluid flow through channels or open boundaries,
the correct implementation of outflow boundary conditions (BCs) is of utmost importance for
the correct modeling and simulation of those devices, including multiphase flows. Regarding
this kind of flows, there are several methods in the literature developed to handle it, but it is
still an open research issue. Among them, the lattice Boltzmann method (LBM) presents some
attractive characteristics to deal with multiphase flows, such as its mesoscopic nature, which
facilitates the simulation of complex interfacial movements, for example [ 1 ].
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In the subject of two-phase flows with phase-change, several LBM models were developed
for this application, such as the color-gradient model, pseudopotential method, the free energy
LBM, and the phase-field methods. In the scope of phase-field LBM, recently Martins et al. [ 2 ]
have proposed an Allen-Cahn-based LBM for simulating liquid-gas flows with phase-change.
However, as observed by the authors, the outflow BC scheme for these applications needs care-
ful attention.

Lu et al. [ 3 ] were one of the pioneers in the study of outflow BC for phase-field LBM. The
authors evaluated three schemes of outflow BC: the Neumann BC, the Convective BC, and the
extrapolation BC applied to a droplet flow on a channel, with and without obstacles. They used
the phase-field LBM developed by He et al. [ 4 ], popularly known as the HCZ model, and found
that convective schemes already showed to be the best option for this kind of BC. In the field of
other multiphase LBM models, Zong et al. [ 5 ] performed a study regarding the color-gradient
LBM model, proposing a new outflow BC for this kind of model. Additionally, Wang et al. [ 6 ]
had investigated two pressure BC for the pseudopotential LBM.

However, works on the impact of these BCs in the phase-field LBM considering the phase-
change process are scarce. In this context, the present work investigates the behavior of three
schemes of outflow BC: the extrapolation, the equilibrium, and the convective methods, applied
to liquid-gas phase-change problems with a phase-field LBM. For this task, first, an isothermal
multiphase flow is addressed considering a liquid stream with one bubble. The analysis ends
with the evaluation of the three BC schemes for the Stefan problem: a one-dimensional case
with phase-change. The analysis is performed considering both density contours visualization,
mass conservation analysis, and comparison with reference solutions, in the case of the Stefan
problem.

2 METHODOLOGY

The analysis performed in this paper employs the LBM model proposed by Martins et al. [ 2 ],
which consists of an Allen-Cahn-based LBM for thermal liquid-gas phase change simulation.
Here, it is important to highlight that this model uses the dimensional approach proposed by
Martins et al. [ 7 ], which avoids the necessity of using lattice units, and all variables are im-
plemented directly in physical units in the simulation. This facilitates the consideration of real
operational conditions and real fluids in our analysis. In this section, a brief explanation of the
method is provided. More information can be found in Martins et al. [ 2 ].

The method uses three distribution functions: one for tracking the liquid-gas interface through
the order parameter, fi, another for modeling the fluid pressure and velocity, gi, and a third one
for the temperature field, si. The lattice Boltzmann equations (LBEs) for each distribution
function are depicted in Eqs. (1),(2) and (3), where the interface tracking and the energy con-
servation LBEs use the BGK collision operator, while the momentum LBE benefits from the
MRT collision operator, to increase the stability of the method. The variables S are the source
terms for each LBE, which are defined below in this section.
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fi(x+ ci∆t, t+∆t)− fi(x, t) = −∆t

τϕ
[fi(x, t)− f eq

i (x, t)] +

(
1− ∆t

2τϕ

)
Sfi(x, t)∆t (1)

gi(x+ ci∆t, t+∆t)− gi(x, t) = −∆t
[
M−1ΛM

]
ij

[
gj(x, t)− geqj (x, t)

]
+

∆tM−1
ij

(
Iij −

∆tΛij

2

)
Sgj(x, t)

(2)

si(x+ ci∆t, t+∆t)− si(x, t) = −∆t

τT
[si(x, t)− seqi (x, t)] +

(
1− ∆t

2τT

)
Ssi(x, t)∆t (3)

In these equations, τ are the relaxation rates for each equation, ci are the discrete velocities
for each direction i, which depend on the velocity scheme chosen. M is the transformation
matrix, while Λ is the collision matrix, both for the MRT collision operator (for more informa-
tion, see Martins et al. [ 2 ]). The superscript eq indicates the equilibrium distribution functions,
which for the interface tracking and energy LBEs are defined by Eq. (4), while the equilibrium
moments for the momentum conservation equation are given by Eq. (5), considering the D2Q9
velocity scheme [ 8 ]. In these equations, wi are the weights, which depends on the velocity
scheme, cs is the sound speed, u = (u, v) is the fluid local velocity, ϕ is the order parameter (or
liquid concentration) and T is the relative temperature, defined as T = Tabsolute − Tsat, where
Tsat is the saturation temperature. p = Pabsolute − Psat is the relative pressure and c = ∆x/∆t
is the lattice speed.

heq
i = wiϕ

[
1 +

ci · u
c2s

]
; seqi = wiT

[
1 +

ci · u
c2s

]
(4)

meq =
{
0; 3 (ρu · u+ 2p) ; −3c2 (ρu · u+ 3p) ; ρu; −c2ρu; ρv; −c2ρv;

ρ
(
u2 − v2

)
; ρuv

} (5)

Treating the source terms, they can be defined by Eqs. (6), (7) and (8), where ṁ′′′ is the vapor
generation term, F = (Fx, Fy) are the external forces acting in the domain, which here consist
only of the interfacial force, defined by Fi = µϕ∇ϕ. µϕ is the chemical potential, defined as
µϕ = 4β (ϕ− 1) (ϕ− 0.5) − κ∇2ϕ, where β and κ are constants related to the fluid surface
tension, σ, and interface width W , as β = 12 σ

W
and κ = 3

2
σW .

Sfi = wi

ci ·
[
∂t(ϕu) + c2s

4ϕ(1−ϕ)
W

n
]

c2s
− ṁ′′′

ρl

 (6)
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Sg = {∇ρ · u+ ρṁ′′′ (ρ−1
g − ρ−1

l

)
;

− 2c2ρṁ′′′ (ρ−1
g − ρ−1

l

)
; c4

[
ρṁ′′′ (ρ−1

g − ρ−1
l

)
−∇ρ · u

]
;

Fx; −c2Fx; Fy; −c2Fy;
2

3
c2 (u∂xρ− v∂yρ) ;

1

3
c2 (v∂xρ+ u∂yρ)}

(7)

Ssi = wi

[
ci · ∂t (Tu)

c2s
+ Tṁ′′′ (ρ−1

g − ρ−1
l

)]
(8)

The vapor generation term is related to the liquid conductivity, kl, to the latent heat of va-
porization, hlg, and to a correction constant, K, which for the present operational conditions is
K = 6.2 [ 2 ].

ṁ′′′ = K
kl∇T · ∇ϕ

hlg

(9)

The macroscopic variables can be recovered from the moments of the distribution functions.
The order parameter can be obtained from Eq. (10), while the local density can be obtained
from a linear interpolation of ϕ: ρ = ϕρl + (1 − ϕ)ρg. The same rule is applied for the local
conductivity, local specific heat, and local dynamic viscosity. The macroscopic pressure and
momentum can be calculated through Eqs. (11) and (12), respectively, and the temperature, by
Eq. (13). The temporal and spatial gradients are approximated by finite difference schemes as
in [ 2 ].

ϕ =

q−1∑
i=0

fi −
∆t

2

ṁ′′′

ρl
(10)

p =
c2s

1− w0

{
q−1∑
i̸=0

gi + ρw0

[
−u · u

2c2s

]
+

∆t

2

[
u · ∇ρ+ (1− w0) ρṁ

′′′
(

1

ρg
− 1

ρl

)]}
(11)

ρu =

q−1∑
i=0

cigi +
∆t

2
F (12)

T =

[
1− ∆t

2
ṁ′′′ (ρ−1

g − ρ−1
l

)]−1 q−1∑
i=0

si (13)

2.1 Schemes for outlet boundary condition

In this work, we explore three main propositions of the scheme for the outflow boundary con-
dition: the extrapolation method, the equilibrium method, and the convective method. Starting
with the extrapolation method, the unknown functions at the boundary node, xb, are calculated
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by extrapolating from the functions of the neighbor nodes, xb −∆xn, as given by Eq. (14). In
this equation, n is the normal vector, pointing into the domain.

fi(xb, t+∆t) = fi(xb −∆xn, t+∆t) gi(xb, t+∆t) = gi(xb −∆xn, t+∆t) (14)

The equilibrium scheme assumes that the unknown populations are in equilibrium with the
imposed variables at the boundary, such as pressure, velocity, or density/order parameter. Usu-
ally, the velocity value at the boundary is unknown, and an extrapolation can be made to estimate
it. In our case, we will extrapolate from the neighbor node, ub ≈ u(xb −∆xn, t + ∆t). This
condition can be represented by Eq. (15).

fi(xb, t+∆t) = f eq
i (ub, ϕb) gi(xb, t+∆t) = geqi (ub, ρb, pb) (15)

The last scheme of boundary condition considered here is the convective scheme. In this
case, a characteristic velocity, U , is defined, and all the distribution functions, as well as
the unknown variables for gradient calculation at the boundary (ϕ), are calculated using this
velocity and from the neighborhood. According to Lou et al. [ 3 ], this convective velocity
can be calculated by averaging the u component of u(xb − ∆xn, t + ∆t) in the y direction:
U = N−1

∑
y ux,y(xb − ∆xn, t + ∆t), where N is the number of nodes in y direction. After

that, the unknown functions can be calculated using Eq. (16).

fi(xb, t+∆t) =
fi(xb, t) + Ufi(xb −∆xn, t+∆t)

1 + U

gi(xb, t+∆t) =
gi(xb, t) + Ugi(xb −∆xn, t+∆t)

1 + U

(16)

3 RESULTS

3.1 Bubble flow

The first problem to be studied is an isothermal channel with liquid flow through a bubble,
initially placed near the entrance of the channel. In this case, we used a pseudofluid, whose
properties are a density of ρ∗l = 1000 and a kinematic viscosity of ν∗

l = 0.1 for the liquid phase,
while the respective properties for the gas phase are ρ∗g = 100 and ν∗

g = 0.001. The surface
tension between the phases was σ∗ = 0.001 and the mobility was M = 0.10. The interface
width was chosen to be W ∗ = 5 lattice units (l.u.). The initial radius of the bubble was 25 l.u.,
placed at the y-center of the channel, at 70 l.u. from the channel entrance. For the inlet velocity,
a uniform profile with u∗

in = 0.010 was implemented. The channel dimensions were 200 l.u. in
the x direction and 100 l.u. in the y direction.

The bounce-back rule [ 9 ] was used to implement the stationary walls at the top and bottom
of the channel, as well as for the inlet velocity at the left boundary of the domain. The right
boundary consists of the outlet BC, which was implemented using the three BC schemes: the
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extrapolation method, the equilibrium, and the convective BCs, which are the main focus of this
study. The main goal here is to investigate the behavior of these three BC schemes, considering
the mass conservation of the domain and additional effects in the multiphase fluid streams.

The simulation was run up to 12000 time steps. The density contours for each outlet BC are
shown in Fig. 2 for four different time steps, ranging from the start of the bubble movement
to the complete exit of the gas phase of the channel. The figures show that, during the bubble
motion, both the convective and the extrapolation methods cause a similar deformation of the
bubble, while the equilibrium scheme introduces some additional suction effects, stretching the
bubble (see t∗ = 6000 in Fig. 1c).

When the bubble reaches the outlet boundary, the equilibrium scheme stops converging and
diverged throughout the entire simulation. The divergent results are represented as full blue
channels in Fig. 1d and 1e. At t∗ = 9000, the bubble profile for the extrapolation BC starts
to deviate from the convective BC profile, presenting a smoother shape with lower tails in
comparison to the convective BC bubble. After the entire bubble passed the outlet boundary,
the convective BC was the only condition that remained stable, while the extrapolation method
starts to introduce some non-physical gas formation through the entire domain, as we can see in
Fig. 1e. From this analysis, we can already conclude that the extrapolation and the equilibrium
schemes can not handle multiphase flow when using the Allen-Cahn-based LBM.

To give an additional perspective about the behavior of the three BC schemes, the total mass
of the domain was calculated for each time step, represented in Fig. 2. As the Allen-Cahn-based
LBM here assumes that each phase is incompressible, we only expect a variation of the domain
density after the bubble reaches the outlet of the channel. As the volume occupied by the bubble
with density ρ∗g < ρ∗l is filled with liquid, a slight increase in the total mass of the domain is
expected. Defining the initial mass of the domain as mi = (∀domain − ∀bubble)ρl + ∀bubbleρg and
the final mass of the domain as mi = ∀domainρl, the total mass change after the full exit of the
bubble should be ∆m = ∀bubble(ρl−ρg). Then, we have ∆m/mi = ∀domain/[∀bubble(1−ρg/ρl)].
Considering the domain of 200:100, a bubble with radius of 25 and the liquid and gas density
mentioned before, we have ∆m/mi = 11%. Thus, after the exit of the bubble, we expect the
final domain mass to be 11% higher.

Examining Fig. 2, first we can see that the three BC schemes experienced a slight initial
increase in the domain mass, between 2% − 2.5% of the initial mass. This can be due to the
numerical accommodation of the phases, which are trying to reach an equilibrium state that
is different from the initialized profile. This could be avoided by initializing exactly with the
expected equilibrium profile, which is not a simple task. After that, the mass of the domain is
almost constant for the three schemes, presenting little differences between the stable values,
which represent the bubble motion through the channel. Close to t∗ = 7500, the bubble reaches
the outlet boundary, represented by the growing trend observed in the three curves. The case
with the equilibrium BC diverges fast after the start of the bubble exit, while the two other
schemes still present converging results.

However, after the full exit of the bubble (about t∗ = 1000), the case with the extrapolation
condition presents a fast decay of the domain mass, indicating that the gas formation observed
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(a) t∗ = 0

(b) t∗ = 3000

(c) t∗ = 6000

(d) t∗ = 9000

(e) t∗ = 12000

Figure 1: Density contours for each tested BC for different time steps.
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Figure 2: Temporal evolution of total domain mass in relation to the initial mass.

in Fig. 1e starts. On the other hand, the convective BC allowed the simulation to reach a
stable condition, evidenced by the horizontal step reached after t∗ = 10000. In addition, for
this BC scheme, the final domain mass is about 10% of the initial mass, which is close to the
11% expected theoretically. This final remark allows the conclusion that among the studied BC
schemes, the convective one is the best for multiphase flow, guaranteeing also mass conservation
in a satisfactory way.

3.2 Stefan Problem

The next problem consists of a non-isothermal case with phase change: the Stefan problem.
It consists of a 1D phase change problem, where saturated liquid is in contact with a superheated
wall at the left boundary, which causes the liquid to evaporate, while the right boundary is left
open (where the outflow BC is tested, in this case). Having an analytical solution, it is a common
benchmark exercise for verifying numerical methods for phase-change [ 11–13 ]. The analytical
solution for the liquid-gas interface position, xi(t), and velocity, ui(t), are given by Eq. (17),
where λ is the solution of the following equation: λeλ

2erf(λ) = St/
√
π. In these equations,

St = cp,g∆T/hlg is the Stefan number and αg = kg/(ρgcp,g) is the gas thermal diffusivity.

xi(t) = 2λ
√

αgt ; ui(t) = λ

√
αg

t
(17)

Unlike in the previous section, here we are considering real fluids under real operational
conditions: saturated HFE7100 fluid at 195kPa with a wall superheating of 5.1 K. The properties
under these operational conditions are ρl = 1355.72kg m−3 and ρg = 18.09kg m−3 for the
densities, µl = 3.15 · 10−4Pa s and µg = 0.21 · 10−4Pa s for the dynamic viscosities, kl =
5.76 · 10−2W m−1K−1 and kg = 0.98 · 10−2W m−1K−1 for the thermal conductivity, cp,l =
1228.76J kg−1K−1 and cp,g = 974.05J kg−1K−1 for the specific heat, a surface tension of σ =
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0.0077N/m, a latent heat of vaporization of hlg = 108880.64J kg−1 and a thermal expansion
coefficient of βT = 2.31 · 10−3K−1.

The domain length was 2.5 mm, and, in this case, the D1Q3 scheme was used instead of
D2Q9 (as in the last section). The time and space discrete intervals were adopted as ∆t =
0.25 ·10−6s and ∆x = 5 ·10−6m, respectively. The mobility was chosen as M = 1 ·10−5m2s−1,
with an interface width of W = 5∆x = 25µm . An initial layer of vapor was initialized on the
left of the domain, with an initial interface position of xi = 0.15mm. The initial density profile
was generated considering a hyperbolic tangential profile, as in Martins et al. [ 2 ].

In terms of fluid BC, the left boundary was treated as a rigid wall, implemented with the
bounce back rule. The right boundary was implemented considering the three BC schemes
discussed for open boundaries for fi and gi. From the thermal point of view, the left wall was
kept at a constant temperature of Tw = Tsat + ∆T , where Tsat = 355.4K is the saturation
temperature at 195kPa and ∆T = 5.1K is the superheating degree. The anti-bounce-back
rule [ 10 ] was used to implement this condition, Eq. (14). The right wall was implemented with
the extrapolation BC for the temperature distribution function (si).

Figure 3 gives the interface position and velocity with time for each outlet BC scheme, in
comparison to the analytical solution. The first thing to be observed is that the extrapolation BC
was not able to keep the simulation stable, diverging from the early stages of the simulation. In
an attempt to get more stability, larger domains were also tested with this BC. Besides, we have
observed that some intermediate values of L could stabilize the simulation for a longer period
of time, but all of them diverge at the end. Then, differently from what is found in sec. 3.1,
where the extrapolation BC only diverges after the gas phase comes in contact with the outlet
BC, here it diverges since the beginning, even having only liquid at the outlet boundary.

Meanwhile, both the equilibrium and the convective BC were able to simulate the Stefan
problem, presenting good results in comparison to the analytical solution. One can note that,
despite presenting good results for the Stefan problem, this behavior was not observed in the
previous case (sec. 3.1) for the equilibrium scheme. As we observed before, the equilibrium
BC diverged when the gas phase had reached the outflow boundary. For the Stefan problem,
as in our case, the gas phase does not reach the exit of the domain for the total simulated time
(about 9 s), and the equilibrium BC remained stable. Thus, even this scheme presented good
results for the Stefan problem, we should be aware that this kind of BC for outlets can cause
instabilities if the gas phase reaches the outlet boundary, as observed before. Again, convective
BC was presented as the best option for the outlet BC.

As a final analysis, the evolution of the total mass of the domain with time was compared
between the analytical prediction and the numerical results. The mass conservation law applied
to the Stefan problem can be reduced to ṁ = −ρlulAout, where ul is the liquid velocity (ul =
ui(1 − ρg/ρl)) and Aout is the transverse section outlet area. This results in the following
equation for the mass of the domain over time: m(t) = mi − Aout(ρl − ρg)xi(t).

Taking as reference time the beginning of the simulation, the equivalent time ti to have
an initial interface position of 0.15 mm, the comparison between the analytical solution and
the numerical results for each BC scheme is depicted in Fig. 4. The first thing that one can
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Figure 3: Interface position (a) and velocity (b) with time for the Stefan problem, considering the three tested BC
schemes and the analytical solution.

realize is that, before destabilizing, the extrapolation BC presents a mass increment, which is
neither expected nor verified in any other tested condition. Additionally, both the equilibrium
and convective BC presented very good solutions in comparison to the analytical one, with the
results for the convective BC closer to the analytical than the results for the equilibrium scheme.
This final analysis only confirms what was already discussed before: that the convective scheme
is the most suitable for dealing with outflow BC, presenting both stable and accurate results.
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Figure 4: Temporal evolution of total domain mass in relation to the initial mass for the Stefan problem,
considering the three tested BC schemes and the analytical solution.
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4 CONCLUSIONS

The present work performed a study regarding three different schemes of implementation for
the outlet BC, considering the Allen-Cahn-based LBM with phase-change. Three schemes were
considered: the extrapolation, the equilibrium, and the convective methods. First, an isothermal
problem of bubble blow in a channel was tested. Next, the Stefan problem was the object of
study, consisting of a 1D phase-change problem with an open boundary condition at the right
boundary.

The results for the bubble flow evidenced that the equilibrium scheme is not capable of
handling two-phase flows crossing the outlet boundary. It destabilizes and diverges the method
by the moment that the other phase of the domain (in our case, the gas phase) reaches the outlet.
Considering the extrapolation method, it also destabilizes the simulations, because at the instant
that the bubble leaves the domain completely, small amounts of vapor start to appear throughout
the entire domain, leading to convergence problems. The only scheme that was able to handle
this kind of problem was the convective BC, also showing a satisfactory agreement with the
mass conservation of the domain.

Regarding the Stefan problem, the extrapolation BC destabilized the simulation since early
stages, presenting an unexpected increase in the domain mass at the beginning of the simulation.
On the other hand, both equilibrium and convective BC presented very good results. Both the
interface position and velocity, as well as, the mass conservation of the domain, were in very
good agreement with the analytical solution.

The results analyzed in this work elucidate that the convective scheme is the best in terms of
stability and accuracy to deal with outflow BC, considering the three BC schemes studied here.
Besides the equilibrium BC showed good results for the Stefan problem, it was not capable of
simulating a bubble flow in a liquid channel. At the same time, the extrapolation BC presented
stability issues in both tested cases.
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