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ABSTRACT

The consensus control problem to be discussed in this paper is con-
cerned with nonlinear multi-agent systems with unknown dynamics,
unknown fractions, time-varying delays, and input saturation limits. In
order to address these difficulties, an adaptive control system is estab-
lished, incorporating a recurrent general type-2 fuzzy neural network
(RGT2ENN) with a biogeography-based optimization (BBO) algorithm.
The RGT2FENN is used to model nonlinear functions that are not known
offline, and the BBO algorithm also optimizes the parameters of the
fuzzy network and performs offline identification of the fractional order
by minimizing multi-step model prediction error. In order to make the
model more resistant to modeling uncertainties, time-varying delays,
and actuator saturation effects, a LMI-based compensator is proposed to
ensure the stability of the closed-loop. Lyapunov analysis guarantees the
boundedness of consensus errors. The simulation findings prove that the
suggested methodology can attain an accurate consensus tracking and
strong performance when the uncertainties are harsh, the delays may
change with time, and the limits of input saturation are taken into account.

1 Introduction
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The study of consensus in fractional-order multi-agent systems (MAS) has attracted signifi-
cant attention due to their ability to capture long-term memory and hereditary effects in dynam-
ical networks [1,2]. Unlike integer-order systems, fractional-order MAS naturally model non-local
dynamics, which is crucial for applications requiring history-dependent behavior [3,4]. These systems
are particularly relevant in robotics, cooperative vehicle networks, and energy systems, where the
agents’ interactions and past states influence future evolution [5].
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Achieving consensus in fractional-order MAS is challenging, especially when the fractional orders
are unknown. Unknown-order identification adds modeling uncertainty, complicating control design
and stability analysis [6,7].

Time-varying communication delays are another major challenge in practical MAS implemen-
tations [8,9]. Delays introduce outdated information into the feedback loop, which may degrade
damping and induce oscillations. In fractional-order systems, such delays are further amplified due
to the memory property of fractional derivatives, which accumulate historical states over time [10,11].
Consequently, delay-dependent stability analysis is necessary to guarantee safe operation in real-world
scenarios. Actuator input saturation is a common physical limitation that can prevent MAS from
achieving ideal performance [12]. To address uncertainties, nonlinearities, and unknown dynamics,
fuzzy logic and neural network-based approximators have been widely adopted [1 3—17]. These methods
allow the MAS to adaptively learn system behavior, compensate for unknown parameters, and
maintain desired performance. Event-triggered neural learning and distributed Q-learning frameworks
have further enhanced adaptability by reducing communication burden while ensuring convergence.

Robust formation control of MAS in dynamic environments also relies on prescribed performance
metrics and observer-based strategies [18-20]. Sliding mode control, fixed-time disturbance rejection,
and anti-unwinding attitude tracking provide guaranteed performance in the presence of uncertainties,
delays, and nonlinear couplings [21,22]. Such strategies have been applied in aerial swarms, robotic
manipulators, and space systems, demonstrating their versatility.

Hierarchical and hybrid control approaches have also been proposed to manage high-dimensional
systems and multi-layer interactions [23—-27]. Similarly, hybrid nominal-robust designs ensure hub
motors [28-32], microgrids, and pneumatic systems operate reliably under both parametric and
nonparametric uncertainties [33-37].

The following research questions provide a motivation to conduct this study:

e RQ1: How can a robust control protocol be developed with multi-agent systems when the nonlinear
dynamics and the fractional orders (¢) are entirely unknown?

e RQ2: Does a recurrent structure incorporated in a General Type-2 Fuzzy Neural Network effectively
capture temporal dependencies and high level uncertainties of a fractional-order dynamics?

2 Preliminaries
Graph Theory

The communication topology among the NV follower agents and the leader is modeled by a directed
graph G = WV, &, A), where V = {1,2,..., N}is the set of nodes, £ C V x V denotes the edge set, and
A = [a;] € RV is the weighted adjacency matrix with a; > 01if (7, i) € £ and a; = 0 otherwise. The
Laplacian matrix is defined as L = D — A, where D is the in-degree matrix.

Assumption 1: The directed communication graph contains a spanning tree rooted at the leader, and at
least one follower is pinned to the leader, i.e., 3i such that b; > 0.

Assumption 2: The unknown nonlinear functions f;(-) and disturbances d,(t) are continuous and bounded,

ISl < f 1d @ < d.

Assumption 3: The time-varying delays t,(t) satisfy 0 < t.(t) < T, where T is a known constant.
Furthermore, the rate of variation of the time-varying delay t;(t) is assumed to be bounded such that:
(1) < u < 1 where  is a known constant.
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Assumption 4: The fractional order satisfies 0 < q < 1, and its estimate q remains bounded.

Lemma 1: [ /8] Let x(t) € R" be a continuously differentiable vector function. Then, for any time instant
t > t, the following inequality holds for the Caputo fractional derivative of order q € (0, 1):

1
5D (T (0x(0) < X" ODIx(), iz,
3 Problem Formulation

A category of FOMASSs is examined, where the dynamics of the ith agent are represented as:
Dix!() = X2(0),  DIxA(0) = X} (0),..., DIxI(0) = fi(xi(t — () + sat( (1) + d(0) (1)

where x; = [x],...,x!]" € R", fi(x;(t — 7,(¢))) is an unknown but bounded function, 7,(r) denotes
an unknown time-varying delay, d; is a disturbance, sat(u;(¢)) € R is the saturation control input for
follower i, and ¢ corresponds to the fractional-order value in the sense of the Caputo definition. The
actuator saturation nonlinearity is defined as

ui,min; ui < Z’li,mina
Sat(ui) = ui; ui,min S ui S ui,maxa (2)
ui,max’ ui > ui,maxs
where u; ;, and v, ,,, denote the known lower and upper bounds of the actuator input. The leader agent
dynamic is provided as follows:
Dixg=x,, Dixg=x,..., Dixg=fx—1()) (3)
where, x, = [x{, ...
offline as follows:

,x;]" € R". The proposed fuzzy systems approximate the dynamics of each agent

DR =3, DX =3%,..., D% =f& +sat(u) (4)
where ¢ and f’, represent the estimates of ¢ and f; + d,, respectively. X/, ..., X" are the estimations of
xi,...,x/, respectively. Fig. | illustrates the proposed control scheme.

sat(ur) e ] [ sat(u,)

. feedback
Controller

w)
Compensator T
! - 0
(—=» 1st Controller | eth Controller ¢~
» ithG2Fs

! I - 4 | » ' u; |
= |
| A :
I 7| |
[ ( N |
[ I Tracking Error |
| sat(u:)| foal I
! / Topology = ————————————————~ |
! |
[ |
! Leader J

Figure 1: Block diagram of the proposed control framework. The leader and follower states are
processed through the RGT2FNN-based adaptive controller.

Control Objective
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The objective of this paper is to design a distributed adaptive control protocol for nonlinear
fractional-order multi-agent systems such that all followers asymptotically track the leader. Specif-
ically, under Assumptions 1-4, the control objective is to guarantee leader-following consensus in the
sense that

Iim ||x;(t) — xo(6)] =0, Vi=1,...,N,

or equivalently, lim,_, ., ||e;(¢)|| = 0, where e;(¢) denotes the local neighborhood tracking error defined
in (10). Furthermore, all closed-loop signals are required to remain bounded.

4 Recurrent General Type-2 Fuzzy Neural Network Model

The RGT2FNN is introduced to estimate nonlinear functions with time-varying delays. As shown
in Fig. 2, this model extends conventional type-2 fuzzy systems. The general type-2 fuzzy set ¢ is
formulated as follows [17]:

é=/ / (X, 1)/ (x, u)
xeX Juel0,1]

where x and u denote the primary and secondary variables. Additionally, wu;(x,u) represents the
type-2 MF.

Input Membership Rule o Fractional
Layer Layer Layer UPUL  negrator

Figure 2: Structure of RGT2FNN. The inputs are the agent states, which pass through upper and lower
membership functions.

To approximate unknown functions, the state variables, denoted as x; = [x!, ..., x¥, ..., x"]", where
k =1,...,n, are used as inputs. The jth membership function for the kth input, represented as g}, is
assumed to have a footprint of uncertainty modeled by a Gaussian function. The RGT2FNN generates
an output as:

Step 1:The upper and lower membership functions of g, are computed as:

k 0. (1 — _ 3 xf‘f(t)_i_ ,(Z—l)—c,- 2
ﬁjk([) = exp (_ |:xi (Z) + K:U“/f(t 1) C/k] )’ Ejk(t) e[ - |: Kﬁ,k }k:|

0;

oy

where i = 1,..., N is the agent index; £k = 1,...,n is the input index; and j = 1,..., M is the rule
index. f1;(#) and Ejk(t) represent the upper and lower membership grades, respectively. « € [0, 1] is the
recurrence gain (temporal smoothing factor), ¢, denotes the center of the j-th membership function for
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the k-th input and 0y, and o, represent the upper and lower widths (spreads) of the Gaussian function,
respectively, defining the footprint of uncertainty (FOU) [18].

Step 2: Each rule is structured as follows:
Rule’: if x is ¢/ and --- and x*is ¢! and - -- and x" is §' then 9 is M*, [ =1,..., M
where M* represents the /th membership function, and ¢ denotes the output of the RGT2FNN.
Additionally, M indicates the total number of rules.

Step 3: Each rule’s firing strength and consequent parameter are denoted by z, and w,, respectively.
S B WY

> B,
oo,z W=Tw,..oowy], 2= (@ + 2)/2)/ ZZ,((Z + z,)/2). Here B, denotes the v-th S-cut,
where v = 1,..., Ny and N, is the number of S-cuts. Here, 8 € [0, 1] represents the B-cut level for
the secondary membership function, and N, denotes the total number of discretization levels for the
type-reduction process.

The Nie-Tan type-reduction method is utilized to get the output as: ¢ = where, ¥ =

For the /-th fuzzy rule, the upper and lower firing strengths are defined as z,(1) = [],_, &, (?),
(0 =1, u;{ (2), where @ and u denote the upper and lower membership grades of the k-th input in
the /-th rule. -

5 Optimization Using BBO Algorithm
The optimization process is explained in detail below.

1. Population initialization occurs first in the process where each individual serves as a solution poten-
tial to determine the parameters. The specific parameters are outlined as: 6, = [w', ..., w',¢,]". The
parameters wi, ..., w), describe the ~-th RGT2FNN while the estimated fractional-order is referred
to as ¢;. The first population section P; contains 7, individual members. During the optimization,
the search space for ¢ is constrained to ¢ € [0.01, 0.99] to satisfy Assumption 4.

2. Formulate the immigration and emigration rate definitions using these terms: A, = (h — 1)/n,,
vw=1—(—-1)/n,, h=1,...,n, where, immigration rates marked as 1, together with emigration
rates indicated as y,.

3. Determine the evaluation of each individual through the given cost function: J, = >

Hx,-(tk) — X,(t:6,) 2, where X;(t,;6,) is the predicted state trajectory generated using the candidate
fractional order ¢, and RGT2FNN parameters w;, over sampling horizon 7.

4. The identification process is performed over a dataset of V, trajectories generated via preliminary
system excitation. We set the sampling period # = 0.01 s and a prediction horizon 7" = 50 steps.

5. Generate a random number 7, within the interval [0, 1] for each individual. If n, < A,, then
randomly choose the individual P, and update P, using the following rule:

Py(t+ 1) = P,(t) + ¢ (P,(t) — P,(D))
Here, 0 < ¢ < 1 denotes the adaptation rate.

6. Assess the newly generated individuals P, for A = 1,...,n, and choose n, from the combined set of
newly generated individuals P;, where h = 1,...,n,, and existing individuals P,.

With a population size n, = 40 and 100 generations, the offline optimization requires 4000
objective function evaluations.
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Lemma 2 ([19]): If the dynamics of both the plant and the controller are given by:

{P ;. Dix = Ax+ Bjsat(u) + B,w, y = C,x + Dsat(u) + D,w, z = C,x + D;sat(u) + D,w;

K: Dx.=Ax.+By, u=Cx.+D.y

)

Then stability of system is ensured if we have matrices X = X' € R, Z = Z" € R™", and
H = H" € R subject to the satisfaction of the following LMIs:

[ 7(4Z + B C) +r(zAT + CTBT) F(HA+BC)) +r(4TH+CTBT) By, +BDD; HCyZ+D3y0)"
r(d+ B DC)T +74 (HBy + BDy)T HBy + BD, —HCy + D3DO)T <0 (6)
(By + B bDy)T H(Cy + D3DCY) 21 (D4 + D3bDy)T
| r(CyZ +D;0) F(HA+BC\) +r(4TH + CTBT) D4+ D3DD, -1
[z 1
I H i| >0 (7)
Such that,
A2 NAM™ + NB.CZ + HBC.M" + H(A + BD,C)Z, B2 NB, + HBD,, )
C2CM"+D.CZ, D2 D, r2 -5, ®)

The term @, represents lumped uncertainties. Given that fuzzy weights and system states belong
to compact sets, there exists a constant @ such that ||| < @. The cross terms CD™ and DCT
represent symmetric coupling terms introduced during the LMI formulation. All matrices are assumed
to be of compatible dimensions. The saturation nonlinearity is incorporated using the sector-bounded
representation and multiplier matrix I', ensuring convexity of the resulting LMI conditions. The term
r(-) denotes a bounded auxiliary vector function that captures residual approximation errors and
uncertainty terms appearing in the closed-loop dynamics. It should be noted that the term r = e!'~27/2
arises from the frequency-domain representation of the fractional-order operator.

Theorem 1: Considering the N-coupled FO system 1, when the control strategies and compensators are
represented as:

N 7 > N 5 A~
[— > a,(f; — i) — Dy — b.Dixy — KT, + us,,»]
N
- Z[:I,j#i a; — b,

q — ! _ !
D; x(’i - Acixri + B(‘iel" us,i - C(‘i'xci + Drie,‘

u, =

Additionally, the maximum limit of the compensator is given by:

orrcleliEd ©)

Then according to Lemma 1, the system is stable, in which u; represents the control signal, and u;
denotes the compensator signal. The parameters a; and b; define the communication topology, while f

corresponds to the output. x, represent the leader’s state. Additionally, e; is error (see Eq. (11)). |E,|

denotes the maximum limit of the approximation error. The matrices A, B,, C,, and D, are given as
follows:

us,i S
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D,

b, C, = (—D,CCX + 6:) M,

B,=N" (—HBD”- n B) . A, =N (—HBCC,.MT _ NB,CX — H (A+ BD,C) X + 21) M

Proof: For each node 7, the local neighborhood tracking errors are defined as follows:
N
e = Zaij(xi —Xx)+ bi(x; — xo), (10)

where a; are the elements of the adjacency matrix, b, denotes the leader adjacency weight, and x,
represents the leader’s state. According to Eq. (10), the estimated tracking errors are formulated as
follows:

&d=>a;(& -x)+b(%-%) . =D a,(&-%)+b(x;-x) (11)

JeN JjenN
Here, X}, ..., X! represent the estimations of x/, ..., x7, respectively, while e/, ..., e correspond to
the estimations of e/, . .., ¢/, respectively. Apllying D’ and D?, Eqs. (10) and (11 results in:
Diel =" a, (Dix) — DIx}) + b, (Dixy — Dixl),....Diel = > a, (D!x; — Dix}) + b, (Dix; — Dix’),
JeN jeN
(12)
Diet = 3 a, (DI} — DY) 4+ b, (Dix} — DIR)) ..., Die = 3, (DI — DI:) + b, (Di — DIsY).
JjeN JjeN
(13)

where, ¢ and f represent the estimated values of ¢ and f,. The saturation nonlinearity can be
equivalently represented as sat(y,) = u; + A;(u;), where A;(1,) is a bounded dead-zone nonlinearity
satisfying A, (u;)"u; < 0, A )l < A,

Put Egs. (1) and (4)in Egs. (12) and (13) and then by adding and subtracting D?e!, ..., D?¢" frome
resulting Eq, one has:

D"e —e +qu — Die!

[ [ R

qu —e +qu — Dig?

(14)
. N . )
[ L — — — q 1 — q 1 q Hl — q H
Dtei _Z/’=I aij(fjt ﬁ+ﬁ ﬁ)+bi(Dt‘x0 Dtx() +Dtei Dtei
where,
el=e —e,e=c—¢,..,8=¢—2¢

Here, f;(-) represents the unknown nonlinear dynamics of the i-th agent, while f,—(-) denotes its
approximation generated by the proposed RGT2FNN. Therefore, the term f;(-) — f;(-) represents the
approximation error. We can reformulate these equations as follows:

D?éz = Aéi + lu,; + Lb,, (15)
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where, &, =[2,....e0 ", e=[2,....e ], L=-3" Ay

0 1 0 0 01 0 0 0
0 0 1 0 o 01 --- 0 0
4 o=l oo -
0 0 0 1 0 0 0 1
-k, -k, -k, —k, 0 0 O 1
Diel — Die],
Die? — Die?,
E=|. (17)

>t ay (1= J+ /i~ 7)) + b, (Dix; = Dixg) + Die: — Die;

From Egs. (15) and (16), one has:

of]-[8 3151+ Bl [+ 2]

where, 0 and 1 represent vectors consisting of zero and one elements, respectively. The terms B; and @,
are given by: Bw; = E;, w; < 1. To guarantee robustness against the lumped uncertainty E (derived
from @) in Eq. (18), the compensator u, is designed such that the LMI condition Eq. (6) ensures
H,, performance, suppressing the influence of E on the error dynamics by a factor of y. Eq. (18) is
reformulated as follows:

D?Xi = A, x; + Biu, + B,w; + B;b,, y=Cx, z=0Cy

where,

2 Q 0 0 B, 0
Xi=|:éi:|a A1:|:Q A}a Bl:|:l:|a BZ=|:Q]: B3=|:L]5 CIZCZZ[Q l]

By resolving the LMI (6) and finding M and N that fulfill MNT = I — ZH, the compensator
matrices are derived from Eq. (8). The Lyapunov-Krasovskii functional is constructed as

1 1 [
Vi) = 56 Ox(0 + 5 / X/ () Rx:(s)ds,
1—1;(0)
where R = R” > 0. Using the generalized fractional Leibniz rule and the boundedness condition
0 < 7,(¢) < u < 1, the delay-dependent term can be estimated as

t

Di X! Rxi(s)ds < x (ORx:(D) — (1 — w)x/ (t — w(O)Rx:i(t — 7(1).

1—7;(1)
Since 0 < 7;(¢) < u < 1, the delay term is negative semi-definite. Applying Young’s inequality to
the disturbance term yields

2X,-TBzwi = XiTBszTXi + wiTwi-

Because @, w; < 1, the derivative satisfies D?V; < x/©y;, where ® = A + 4, + R+ B,B] +
B\ K, + KB/
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The system is asymptotically stable if there exist matrices R = R > 0, K,, y > 0 such that
the following LMI holds:

AT+ A4,+R B, B

B! -1 0 | <O
B 0 -yl
Once the LMI is feasible, the LMI-based compensator is obtained as u,;, = —K,x;, which
guarantees D7V, < 0, ensuring consensus tracking and bounded closed-loop signals despite time-
varying delays, actuator saturation, and RGT2FNN approximation errors. O

6 Simulation
This section assesses the efficiency of the proposed approach through example.

The proposed controller is implemented in a system consisting of five followers. The network
topology is illustrated in Fig. 3. The leader’s dynamics, along with the followers, are given as:
D"*x! = x?
{D?”x? = —0.1x!(t — ) + 0.4x7(t — ©) + 5sin(1.5¢) + 8 cos(0.87) + 2.
DYy = x,
D"*xt = —0.1x;(t — ) + 0.4x](t — 7) + Ssin(1.57) + 8 co0s(0.87)
+0.02sin(0.5¢) + 2 + u(z).

in which ¢ = 0.001, ICs: x,(0) = [0, 0], x,(0) = [2,0], x2(0) = [=2,0], x5(0) = [3, 0], x,(0) = [—3, 0]
and x5(0) = [4,0], K = [300, 30]".

(\\ //1

O—@ O

Figure 3: The tracking performance of all agents.

Fig. 4 shows the tracking performance, and it is noted that the trajectories of all the followers
converge to the trajectory of the leader. Fig. 5 shows a three-dimensional representation of the paths
of the agents in the coming together of their movement towards that of the leader. Type-2 fuzzy
membership functions used in the RGT2FNN for uncertainty modeling are depicted in Fig. 6.

Fig. 7 presents the Lyapunov candidate function and its corresponding time derivative, providing
a clear visualization of system stability under the designed control strategy. Following this, Fig. §
demonstrates the control inputs applied to the system, highlighting how the proposed controller
effectively enforces actuator saturation limits. The resulting tracking performance is further illustrated
in Fig. 9, where the error trajectories of all agents are shown to converge to zero, confirming the efficacy
of the proposed approach. Finally, Fig. 10 depicts the output surface generated by the GT2-FNN,
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emphasizing its capability to accurately approximate complex nonlinear functions within the multi-

agent system.

1

| 1 1 1 1 1
T s Sttt Bttt Bl Satntt St

S, TN
\\ _ // \\\
AN //d-* T

Time(s)

Figure 4: The tracking performance of all agents.

m Follower 1
s FollOwer 2

Follower 3
= Follower 4
Follower 5

x3(2)

x1(2) X(2)

Figure 5: 3-D tracking performance of all agents.
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Figure 6: Fuzzy membership function.
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Figure 7: Lyapunov function and its time derivative.
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Figure 9: The tracking errors in all agents.
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7 Conclusion

For fractional-order multi-agent systems with time-varying delays and input saturation con-

straints, a reliable adaptive control protocol was created in this work. The agents’ unknown nonlinear
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dynamics were precisely estimated by employing an RGT2FNN. A major gap in the existing literature
was filled by the simultaneous identification of network parameters and fractional orders made
possible by the application of the BBO optimization algorithm. The suggested framework guarantees
consensus tracking and stability in spite of physical limitations and high model uncertainty, according
to simulation results. The integrated approach of using BBO for order identification alongside an
RGT2FNN for dynamic compensation presents a significant advancement over existing robust LMI-
based controllers, particularly for applications requiring simultaneous handling of fractional orders,
delays, and saturation.
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