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Summary. Reducing computational cost is of essence to make computational fluid dynamics as
a viable tool for industrial design purposes. This work focuses on increasing solution accuracy
by applying the symmetry-preserving method, which allows for the same accuracy with lower
computational cost. The symmetry-preserving method is derived and an implementation of an
algorithm is shown. To establish a cost-versus-accuracy relation, this solver is then tested and
compared with two non-symmetry-preserving codes, using opensource software OpenFOAM.
A turbulent channel flow case was run with varying number of control volumes in the wall-
normal direction to increase computational cost. Accuracy was measured using several lower-
and higher-order statistics. Although differencesin accuracy were visible between the meth-
ods, alongside its unconditional stability, the computational set-up did not allow establishment
of a clear cost-versus-accuracy relation. It is suggested to also increase spatial resolution in
streamwise and spanwise directions to obtain better results, as well as using different metrics for
accuracy or another test cases set-up. In conclusion, the symmetry-preserving method shows
improved accuracy and robustness, but additional work has to be carried out to explore a clear
cost-versus-accuracy relation.

1 INTRODUCTION

In recent years, Computational Fluid Dynamics (CFD) is used increasingly as a design tool
for industrial applications, such as the medical, automotive and renewable energy industries.
The main constraint of the use of CFD in industrial applications nowadays lies in the computa-
tional cost and the wall-clock simulation time. This constraint inevitably leads to a cost-versus-
accuracy trade-off when simulations are performed. This work is part of a larger project [1] in
which the viability of conducting overnight LES simulations on GPU-accelerated supercomput-
ers is evaluated, aiming to combine a highly-portable algebraic framework with a symmetry-
preserving discretisation for unstructured collocated grids. The former part aims to cut down
on the cost side, which is not the focus of this work. Instead, this work focuses on the potential
gain in accuracy obtained by properly applying a symmetry-preserving discretisation.

The symmetry-preserving discretisation aims to conserve energy, momentum and mass of the
simulation by mimicking properties of the continuous operators of the Navier-Stokes equations
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in their discrete counterparts. This property is deemed essential in accurately depicting the
motion of fluids at any scale, which has to be carried out properly in turbulent flow simulations
[2]. This method was later extended to collocated grids by [3]. The effect on the accuracy of
applying this scheme will be compared to the use of non-symmetry-preserving schemes using the
collocated, finite volume, open-source code OpenFOAM, for which the method was previously
implemented by [4]. A fully developed turbulent channel flow case at Re� is used as a test case,
while monitoring lower- and higher- order turbulent statistics, to perform a cost-versus-accuracy
analysis for the proposed methods.

2 NUMERICAL METHODS

In this section, the essence of the symmetry-preserving method for collocated grids is ex-
plained, as well as the algorithm that follows from it to solve the test cases. Subsequently, the
main differences with the readily-available solver algorithms of OpenFOAM are discussed, and
two non-symmetry-preserving algorithms are introduced, which are also tested in section 3.

2.1 Symmetry-preserving method

Let the semi-discrete version of the incompressible Navier-Stokes equations be written as:

Ω@tuc + C (us)uc = �Duc � ΩGcpc; (1)

Mus = 0c: (2)

The collocated velocity field is given by uc =
�
uTc;x;u

T
c;y;u

T
c;z

�T 2 R3n, the staggered velocity
field is given by us 2 Rm, and finally, the kinematic pressure field is given by pc 2 Rn. n
and m give the number of control volumes and faces, respectively. The discrete operators of
equations (1) and (2) can be derived from the geometry of the mesh, after discretising the
domain, as seen in figure 1. The two-dimensional figure serves as an illustration that can
easily be extended to three dimensions, for which the matrices are constructed. The face-
owner and face-neighbour connectivity matrices, Tfo; Tfn 2 Rn×m, contain entry (i; f) = 1
if cell i connects to face f as an owner or neighbour respectively. The face-normal matrix,
Ns = (Nsx; Nsy; Nsz) 2 Rm×3m, contains the (x; y; z)-components of the face-normals, nf . The
face area matrix, As 2 Rm×m, contains the areas of the faces, Af , on its diagonal. The face-
normal distance matrix, �ns 2 Rm×m, contains �nf , the distance between cell-centers i and j
projected onto nf , on its diagonal. Finally, the cell-volume matrix, Ωc 2 Rn×n, contains the
volumes of each cell, Ωi, on its diagonal. The operators for collocated volumes, Ω 2 R3n×3n,
staggered volumes, Ωs 2 Rm×m, divergence, M 2 Rn×m, gradient, G 2 Rm×n, Laplacian,
L 2 Rn×n, cell-to-face dot-interpolator, Γcs 2 Rm×3n, collocated divergence, Mc 2 Rn×3n,
collocated gradient, Gc 2 R3n×n, convection C (us) 2 R3n×3n, and diffusion D 2 R3n×3n, are
then derived as:
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Figure 1: Geometric parameters needed to constitute the discrete symmetry-preserving opera-
tors.

Ω = I3 
 Ωc; (3)

Ωs = As�ns; (4)

M = (Tfo � Tfn)As; (5)

G = �ΩsMT ; (6)

L =MG; (7)

Γcs = Ns

�
I3 
ΠVcs

�
; (8)

Mc =MΓcs; (9)

Gc = �ΩMT
c ; (10)

Γsc = Ω−1ΓTcsΩs (11)

C (us) = I3 

�
Mdiag (us)Π

M
cs

�
; (12)

D = I3 
 (��L) ; (13)

in which � gives the kinematic viscosity and Πcs 2 Rn×m gives the face-to-cell interpolator.
Superscript V denotes volumetric interpolation, whereas superscript M denotes midpoint in-
terpolation. The importance of using midpoint interpolation in the convective term is given in
[2] and [3], whilst the importance of the volumetric interpolator that appears in the collocated
divergence and gradient is discussed in [5].

The symmetry-preserving method conserves kinetic energy, Ek = 1
2u

T
c Ωuc. The temporal

evolution of this term is given by:

d

dt
EK = �1

2

0@ uTc
�
C (us) + CT (us)

�
uc

+uTc
�
D +DT

�
uc

+uTc ΩGcpc + pTc G
T
c Ω

Tuc

1A : (14)

The first right-hand side (RHS) term is zero as the convective term is skew-symmetric by con-
struction, i.e. C (us) = �CT (us). The second RHS term is strictly dissipative as D is (sym-
metric) negative semi-definite, i.e. xTDx � 0 for all x 2 R3n. The third RHS term is strictly
dissipative and close to zero as GTc Ω

Tuc =Mcuc � 0c, which is related to the mass conservation
of the collocated velocity field [5].
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The symmetry-preserving operators are implemented in a time-stepping algorithm using the
projection method:

upc = F (uc;us) ; (15)

up∗c = upc �Gcp̃pc ; (16)

Lp̃′
c =Mcu

p∗
c ; (17)

p̃n+1
c = p̃pc + p̃′

c; (18)

un+1
s = Γcsu

p
c �Gp̃n+1

c ; (19)

un+1
c = upc �Gcp̃n+1

c ; (20)

where p̃ = ∆tp denotes the pseudo-pressure. F (uc;us) denotes the temporal integration
method. In this work, the projection method was implemented within a Runge-Kutta framework
which uses the PISO method, which was implemented in the OpenFOAM solver RKSymFoam
[4][6].

2.2 Non-symmetry-preserving methods

The readily available OpenFOAM solver pimpleFoam was extended to include the Runge-
Kutta time-stepping framework to serve as a non-symmetry-preserving solver. There are two
main differences between pimpleFoam and the symmetry-preserving solver.

Firstly, as a default, OpenFOAM does not use symmetry-preserving spatial discretisations.
It uses linear interpolations from cells to faces, for example in the collocated divergence, Mc =
MΓLcs. Furthermore, the collocated gradient is performed by a linear interpolation followed by a
Gauss-gradient operation, GGΠ

L
cs. This operator is described and rewritten to ΓVscG in [7]. When

combining equations (9), (10) and (11), it can be observed that these operators are inconsistent,

as ΓVsc 6= Ω−1ΓL
T

cs Ωs. Moreover, linear interpolation is used in the convective term, allowing it to
become non-skew-symmetric. Finally, a correction term is added to the gradient, G, such that
equation (6) no longer holds, i.e. G 6= �ΩsMT . This correction term of the gradient of field �c
is given by:

rcorr = (nf � df= cos �f ) �
�
ΓLcsGc�c

�
f
; (21)

where df gives the unit vector of the vector connecting cells i and j, and �f denotes the angle
between nf and df .

Secondly, a flux-correction term, �corr, is added to the term Γcsu
p∗
c , which appears implic-

itly on the RHS of equation (17). This flux-correction term depends on the chosen temporal
integration method, as an example, for Forward Euler time-stepping, it is given by:

�coor = �Cusus;corr; (22)

us;corr = uns � ΓLcsu
n
c ; (23)

[Cus ]f;f = 1�min

 
jj [us;corr]f jj
jj [uns ] jjf � "

!
; (24)
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in which " is a very small number to avoid division by zero. It was shown by [8] that this term
stabilises the results at the cost of introducing a sizable amount of numerical dissipation.

Three different solver algorithms where tested in total for this work, of which an overview is
given in table 1. Firstly, pimpleFoam, which contains the two major issues described in section
2.2. Secondly, �-Foam, which is the same as pimpleFoam, except it has been stripped of the
flux-correction term given in equation (22). And finally, the symmetry-preserving algorithm, as
described in section 2.1, denoted as Sym-Pres.

pimpleFoam �-Foam Sym-Pres

Conservative operators � � ✓
Conservative fluxes � ✓ ✓

Table 1: Comparison of different tested solvers

3 RESULTS

3.1 Case set-up

To test the cost-versus-accuracy between the different solvers, a turbulent channel flow case
at Re� = 180 was used. The dimensions of the channel domain were Lx = 4�h, Ly = 2h
and Lz =

4
3�h, in streamwise (x), wall-normal (y) and spanwise (z) direction respectively, with

channel half-height h, as used in [9], see figure 2. Periodic boundaries were used in x- and z-
directions and no-slip and zero-gradient boundary conditions at the walls for the velocity and
pressure, respectively. A pressure gradient of �1 was imposed to drive the flow, leading to
u� = 1. The kinematic viscosity was set so that Re� = u�h

� = 180.
To examine a relation between the cost and the accuracy, the number of cells in the y-direction

was varied as Ny 2 f40; 60; 80; 100; 120; 140g, while Nx and Nz where kept constant at 40, which
leads to different computational costs and accuracies of the solutions. The cell spacing in the y-
direction was done with a hyperbolic tangent function, as was done in [10]. A diagonally-implicit
Runge-Kutta 2 (DIRK2) temporal integration scheme was used with time-step size ∆t = 0:001
to meet the Courant-Friedrichs-Lewy (CFL) condition for all meshes.

The statistical quantities that were measured were the mean stream-wise velocity, huxi, the
Reynolds shear stress hu′xu′yi, the Root-Mean-Square (RMS) velocities, RMS(ui), the turbulent
kinetic energy (TKE), k = u′iu

′
i. Furthermore, the higher-order statistical quantities of the

kinetic energy budget terms were calculated, consisting of production, Cpk , transport, C
T
k , viscous

diffusion,Dv
k, dissipation,D

�
k and pressure diffusion, Pk [4]. All statistical quantities are averaged

in the periodic spatial directions. Spatial averaging was started after developing turbulence from
an initial state, and was performed over 30 time units, which showed statistical convergence.

To express the results of each mesh-solver combination as a single data point, the accuracy
was expressed as an error value, compared to reference solution of [9]. For this comparison,
three statistical quantities were used, huxi, hu′xu′yi and k, and the sum of the budget terms,
Σbuds. Two different methods of expressing the error were used. Firstly, the weighted RMS of
the difference between the obtained values and the reference values, using the cell size as weights
for the averaging. The second method was by simply looking at the difference in the peak values
(maximum absolute values) of each statistical quantity. The error in Σbuds was only expressed
with the weighted RMS, as analytically it should be zero everywhere. With huxi as an example,
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