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Abstract
The Henry problem has played a key role in our understanding of seawater intrusion into coastal aquifers and in benchmarking density dependent ﬂow codes. This paper seeks to modify Henry’s problem to ensure sensitivity to density variations and vertical salinity
proﬁles that resemble ﬁeld observations. In the proposed problem, the ‘‘dispersive Henry problem’’, mixing is represented by means
of the traditional Scheidegger dispersion tensor (dispersivity times water ﬂux). Anisotropy in the hydraulic conductivity is acknowledged
and Henry’s seaside boundary condition of prescribed salt concentration is replaced by a ﬂux dependent boundary condition, which represents more realistically salt transport across the seaside boundary. This problem turns out to be very sensitive to density variations and
its solution gets closer to reality. However, an improvement in the traditional Henry problem (gain in sensitivity and realism) can be also
achieved if the value of the Peclet number is signiﬁcantly reduced.
Although the dispersive problem lacks an analytical solution, it can shed light on ﬂow in coastal aquifers. It provides signiﬁcant information about the factors controlling seawater penetration, width of the mixing zone and inﬂux of seawater. The width of the mixing zone
depends basically on dispersion with longitudinal and transverse dispersion controlling diﬀerent parts of the mixing zone but displaying
similar overall eﬀects. Toe penetration is mainly controlled by the horizontal permeability and by the geometric mean of the dispersivities. Finally, transverse dispersivity and the geometric mean of the hydraulic conductivity are the leading parameters controlling the
amount of saltwater that enters the aquifer.
 2006 Elsevier Ltd. All rights reserved.
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1. Introduction
1.1. The Henry problem
An abstraction of the saltwater intrusion problem in a
vertical cross-section perpendicular to the coast line was
introduced by Henry [1]. The solution achieved its objective
as it helped to shape the basic hydraulic concepts of seawater intrusion. The conceptual model is that of a conﬁned
aquifer with homogeneous isotropic hydraulic conductivity. The original boundary conditions (BC) were deﬁned
in terms of stream functions. Fig. 1 presents the classic
way to represent these BC in numerical models: no-ﬂow
*
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along the top and bottom boundary, speciﬁed freshwater
ﬂux along the inland boundary and prescribed saltwater
hydrostatic pressure along the seaside boundary. The
Henry problem considers advection and diﬀusion (no dispersion). This conﬁguration leads to a characteristic stable
density stratiﬁcation with denser saltwater encroaching
below freshwater. Henry [1] provided a semi-analytical
solution for this problem conﬁguration. His solution was
revised and improved by Segol [2] and Borisov et al. [3].
The semi-analytical solution in these studies was given as
an inﬁnite-series solution. More recently, Dentz et al. [4]
proposed a perturbation method solution to this problem.
The Henry problem solution depends on three dimensionless parameters:
a¼

qb
K

b¼

Dm /
qb d

n¼

L
d

ð1Þ
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Fig. 1. Henry problem domain and boundary conditions [1]. Numerical solution in terms of the concentration distribution and some vertical salinity
proﬁles calculated at x = 1.1, 1.5 and 1.9.

The parameter deﬁnitions and the values commonly used
in numerical simulations are listed in Table 1. a compares
viscous (qb/K) and buoyancy () forces and will be termed
dimensionless freshwater ﬂux. b compares diﬀusive and
advective salt ﬂuxes (Peclet number) and n is the aspect ratio. The solution to this problem was evaluated semi-analytically by Henry for: a = 0.263, b = 0.1 and n = 2. The
Henry problem has become a classic benchmark test case
[5–9,2,10] given that it provides the only semi-analytical
solution to boundary conditions that resemble seawater
intrusion. However, discrepancies arise from the way diﬀerent authors interpreted the Henry problem yielding disparate results. Croucher and O’Sullivan [10] and Bues and
Oltean [11] discussed some of these discrepancies.
• Inland boundary condition.
Henry’s original BC prescribed the gradient of the
stream function to be parallel to the vertical boundaries.
The diﬀerence between the speciﬁed values of stream

Table 1
Original parameters used in the Henry problem
Parameter

Value

L
d
/
K
Dm
qb
q0
qs

l

2m
1m
0.35
1.0E2 m/s
1.88571E5 m2/s
6.6E5 m/s
1000 kg/m3
1025 kg/m3
0.025
0.001 kg/ms

Domain length
Domain thickness
Porosity
Hydraulic conductivity (isotropic)
Molecular diﬀusion coeﬃcient
Inland freshwater ﬂux
Freshwater density
Seawater density
Density contrast parameter (qs  q0)/q0
Fluid viscosity

functions at the top and bottom boundaries is the total
inﬂow integrated over a vertical cross-section. This
implies the imposition of a constant but unknown head
along the vertical and a ﬁxed total ﬂow rate. Given that
it is not easy to represent this BC in conventional codes,
it is usually replaced by a either prescribed freshwater
inﬂow equally distributed along the vertical or a prescribed head. Probably, neither option represents accurately the ﬁeld conditions, where ﬂux would be
expected to be smaller and head larger at depth than
near the surface. Yet, diﬀerences should be small.
• Seaside boundary condition.
Three diﬀerent types of transport BC have been used to
represent the contact with seawater. The ﬁrst one, used
by Henry [1], consists in specifying seawater concentration along the whole seaside boundary. It leads to unrealistic concentrations at shallow depths, where
freshwater discharge should wash out saltwater. To
overcome this problem a second BC was proposed by
Huyakorn et al. [8], who divided the boundary into
two parts prescribing freshwater concentration in the
top part (20%) to represent the discharge zone and prescribed seawater concentration in the rest. This BC prescribes the lower limit for outﬂowing freshwater with no
a priori knowledge of where the change in the ﬂow direction occurs. Unfortunately, the location of this point is
very sensitive to changes in ﬂow parameters and must
be quantiﬁed anew whenever a parameter is modiﬁed.
Furthermore, the validity of this BC is questionable,
as in practice there is no sharp interface between freshwater and saltwater. The third and more realistic BC
[9,7] does not specify concentration but salt mass ﬂux
along the seaside boundary. Water entering the aquifer
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has saltwater concentration whereas the salt concentration of the outﬂowing water is that of the aquifer water.
In any case, numerical calculations show that the choice
of the BC has a moderate impact on the overall concentration distribution.
• Value of the diffusion coefficient (b dimensionless parameter).
Henry [1] expressed the transport equation in terms of
ﬂuid velocity. Porosity was not present in his equations.
A number of authors [7,8] have considered the transport
equation expressed in terms of Darcy’s ﬂux and, however, have used the same value of the diﬀusion coeﬃcient
as Henry. As a consequence, these authors used a smaller diﬀusion coeﬃcient with the result that their simulations are not comparable.
• Stationarity of the simulations.
Henry’s solution is steady state. However, most codes
resolve the problem as the limit of a transient analysis.
Actually, some authors choose to ﬁx a time of 100 min
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in their numerical simulations. Given that the characteristic time of the problem exceeds 100 min [7], many of
the less recent numerical simulations available in the literature do not reach steady state, and are therefore not
comparable to the existing semi-analytical solutions.

1.2. Limitations of the Henry problem
The suitability of the Henry problem both as a paradigm
for seawater intrusion and as a benchmark test for density
dependent codes can be called into question. As regards
the latter function, Simpson and Clement [12] found that
the concentration distribution for the uncoupled problem
(density variations disregarded within the aquifer but not
at the boundaries) displays a pattern similar to that of the
fully coupled problem because of the inﬂuence of the seaside
boundary condition, which makes the problem somewhat
irrelevant for benchmarking. However, one of the most seri-

Fig. 2. Vertical electrical conductivity proﬁles and vertical salinity proﬁles in diﬀerent aquifer formations: (A) Sandstone aquifers in the Lower Mersey
Basin [16]; (B) western Netherlands [17]; (C) alluvial aquifer in the river Foxi Baxin, Sardinia, Italy [18]; (D) Enjebi Island, Enewetak coral atoll, Marshall
Island, Paciﬁc Ocean [19]; (E) carbonate aquifer in Mallorca Island, Spain [20]; (F) Dead sea area [21]. Note that Dead Sea density is about 1230 kg/m3.
Note that, while concentration is often constant below the mixing zone, its value is not always equal to that of seawater (cases A, B and C).
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ous drawbacks of the Henry problem is that computed concentration isolines do not resemble those observed in real
coastal aquifers (Fig. 1). To illustrate this point, a review
of measured salinity proﬁles published in seawater intrusion
literature was carried out (Fig. 2). These proﬁles diﬀer considerably from those arising from the Henry problem
(Fig. 1). Salinity proﬁles are usually obtained by measuring
the variation of electrical conductivity and temperature proﬁles with depth in open boreholes. It has been pointed out
that these measurements are very sensitive to vertical ﬂows
that can disturb the salinity proﬁle and produce step-like
shape logs [13]. However, sharp fronts are observed even
when pore water is sampled directly (Fig. 2a). Moreover,
even if the shape of the proﬁle is disturbed by the borehole,
the fact remains that nearly 100% seawater salinity is often,
though not always, observed at some depth, which cannot
be explained by the Henry problem. Therefore, we believe
that this is not a good representation of seawater intrusion.
The value of the diﬀusion coeﬃcient originally used by
Henry is large (large value of the dimensionless parameter
b) because the solution method would have failed to converge for values of b closer to ﬁeld values. It is therefore
not suitable for simulating narrow mixing layers at the
interface between saltwater and freshwater [9]. The sensitivity of this problem to more realistic values of the diﬀusion
coeﬃcient needs to be studied.
A number of authors have made use of variable dispersion to simulate the seawater intrusion in this benchmark
problem [7,8,14,11,15]. They found concentration proﬁles
similar to those of Fig. 2, but used spherical or nearly
spherical dispersion tensors (longitudinal and transverse
dispersion equal or nearly so). It goes without saying that
more realistic dispersion values should be analyzed. Bues
and Oltean [11], who studied the advance of the diﬀusive
and dispersive interface for b = 0.035 and 0.1, explicitly
regretted the lack of analysis of the eﬀect of diﬀerent dispersion values.
Anisotropy is another characteristic of real aquifers
which the Henry problem does not account for. Anisotropy
in hydraulic conductivity may aﬀect both seawater penetration and the ﬂux of saltwater that enters the aquifer
through the seaside boundary. The relevance of anisotropy
has been often addressed in sharp interface approximation
studies [22–26]. They found that the interface became less
steep as this ratio increased. Also, calibration results of a
density dependent ﬂow model of the transition zone in a
layered basalt aquifer in Oahu, Hawaii [27] showed that
the best ﬁtting models were those with an horizontal
hydraulic conductivity that was signiﬁcantly larger than
the vertical one. Dispersion in anisotropic aquifers has also
been considered by Reilly [28], who pointed out the need
for a ﬂow-direction-dependent dispersion formulation to
study this eﬀect.
The aim of this work is to present a more generic
description of the seawater intrusion problem exempliﬁed
by the Henry problem that includes both velocity dependent dispersion and anisotropy in hydraulic conductivity.

A dimensionless analysis of the problem was carried out
taking into account these parameters. A numerical analysis
with the SUTRA code [29] was performed to assess the
importance of the diﬀerent dimensionless parameters in
three very distinct quantities: (1) the interface penetration,
(2) the width of the freshwater–saltwater transition zone,
and (3) the amount of salt that ﬂows into the system
through the seaside boundary. The ﬁrst two indicators
are commonly used to describe the transition zone. The
third indicator is useful for reactive transport processes in
the mixing zone [30–32] as the reactions that take place
are determined by the amount of saltwater that ﬂows into
the transition zone and mixes with freshwater. This latter
variable has often been disregarded in seawater intrusion
studies although it was recently analyzed by Smith [33].
2. Methodology
2.1. Problem definition
A vertical cross-section of a coastal aquifer is considered. Fluid ﬂow is governed by Darcy’s law (e.g., [34]),
which reads in terms of the equivalent freshwater head h as,


q  q0
q ¼ K rh þ ez
;
ð2Þ
q0
where q is speciﬁc discharge; K the freshwater conductivity
tensor (diagonal with components Kx and Kz); q the salt
concentration dependent ﬂuid density and ez is the unit vector in the z-direction.
Mass continuity of the ﬂuid in steady state and in the
absence of sources and sinks is given by
r  fqqg ¼ 0:

ð3Þ

Fluid density depends on salt concentration c, q = q(c) so
that a constitutive equation is needed. Here we adopt a linear dependence of the ﬂuid density on c,


c
q ¼ q0 1 þ 
;
ð4Þ
cs
where  = (qs  q0)/q0, and cs is the salt concentration in
seawater. Alternative approaches are suggested in the literature for cases where the contrast in densities is larger.
Eq. (3) is solved using Darcy’s law (2) and the constitutive relationship (4), with the boundary conditions of speciﬁed ﬂux (qb) at the inland boundary (x = 0) and imposing
qz = 0jz=0,d at both the upper and bottom impermeable
boundaries. At the seaside boundary, the seawater’s equivalent freshwater head is speciﬁed:
hjx¼L ¼ d þ ðd  zÞ:

ð5Þ

Salt transport is described by the steady state advectiondispersion equation (e.g., [34]),
q  rc  rðD þ /Dm IÞrc ¼ 0;

ð6Þ

where I is the identity matrix. The dispersion tensor D is
deﬁned by
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Dxx ¼ aL

q2x
q2
þ aT z ;
jqj
jqj

ð7Þ

q2
q2
Dzz ¼ aT x þ aL z ;
jqj
jqj

ð8Þ

qq
Dxz ¼ Dzx ¼ ðaL  aT Þ x z ;
jqj

ð9Þ

where aL and aT are the longitudinal and transverse dispersivity coeﬃcients, respectively. Salt concentration c is subject to the corresponding boundary conditions. Salt mass
ﬂux across the boundary is zero at the freshwater and horizontal boundaries.
At the sea boundary, we prescribe the salt mass ﬂux
according to

qx cjx¼L if qx > 0;
ðqcjx¼L  ðD þ /Dm IÞ  rcjx¼L Þ  n ¼
qx c s
if qx < 0;
ð10Þ
where n is normal to the boundary pointing outwards.
Fluid enters the aquifer with seawater concentration but
exits with aquifer’s concentration.
2.2. Dimensionless form of the governing equations
We rewrite the governing equations in dimensionless
form using, when possible, Henry’s dimensionless parameters. We deﬁne the dimensionless coordinates (x 0 , z 0 ) and
the ratio n by
x
x0 ¼ ;
d

z
z0 ¼ ;
d

L
n¼ :
d

ð11Þ

Darcy’s velocity, freshwater head and salt concentration
are written in dimensionless form as:
q0 ¼

q
;
qb

h0 ¼

hK x
;
qb d

c0 ¼

c
:
cs

ð12Þ

With these deﬁnitions, Darcy’s law reads as
q0x ¼ 

oh0
;
ox0

q0z ¼ rK

oh0 1 0
 c;
oz0 a

ð13Þ

where
a¼

qb
;
K z

rK ¼

Kz
:
Kx

ð14Þ

Here, rK denotes the hydraulic conductivity anisotropy ratio, and a compares the freshwater inﬂux, qb to the characteristic buoyancy ﬂux, Kz. For isotropic hydraulic
conductivity (i.e., rK = 1), a is identical to the corresponding number deﬁned by Henry [1]. Substituting (13) into (3)
while using (11) and (12) leads to the dimensionless form of
the ﬂow equation:
o2 h0
o2 h0 1 oc0 q0 r0 c0
þ rK 02 þ
¼
02
a oz0 1 þ c0
ox
oz

ð15Þ

where $ 0 indicates that the operator is written in the dimensionless coordinates.

The boundary conditions become:
0

oh
j 0 ¼ 1;
ox0 x ¼0

h0 jx0 ¼n ¼

1
ð1  z0 Þ;
arK

q0z jz0 ¼0;1 ¼ 0:

ð16Þ

Similarly, the dimensionless form of the transport equation
(6) becomes
q0  r0 c0  r0 ððbL D0 þ bm IÞr0 c0 Þ ¼ 0
ð17Þ
where dispersion is written in dimensionless form using
Peclet numbers
/Dm
aL
ð18Þ
; bL ¼
bm ¼
dqb
d
and the dimensionless dispersion coeﬃcients,
q02
q02
D0xx ¼ x0 þ ra z0 ;
jq j
jq j
02
q
q02
D0zz ¼ ra x0 þ z0 ;
jq j jq j
q0 q0
D0xz ¼ D0zx ¼ ð1  ra Þ x 0 z ;
jq j

ð19Þ
ð20Þ
ð21Þ

with
ra ¼

aT
:
aL

ð22Þ

Note that other expressions could have been chosen inpﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
stead of bL such as bT = aT/d or bG ¼ aL aT =d. However,
as the eﬀect of these dispersion coeﬃcients is not evident a
priori, we have chosen bL and ra as dimensionless
parameters.
The dimensionless mass ﬂux perpendicular to the impermeable top and bottom and the freshwater boundaries is
zero. At the seaside the transport boundary condition is
given by
 0 0
q c jx0 ¼n if q0x > 0;
0
0 0
0 0
q c jx0 ¼n  ððbL D þ bm IÞ  r c jx0 ¼n Þ  n ¼
q0
if q0x < 0:
ð23Þ

Thus, it turns out that the proposed problem can be written
in terms equivalent to Henry’s dimensionless parameters, a,
n and bm and three additional numbers: rK, which is needed
to account for anisotropy in the hydraulic conductivity,
and bL and ra, which account for velocity dependent dispersion. Note that the ﬂow Eq. (15) depends explicitly on ,
which can be considered a model parameter (as it changes
depending on the simulated salt and the reference concentration cs, for example). In such a case a diﬀerent set of
dimensionless variables could be considered. We prefer to
use the dimensionless parameters as deﬁned above to be
consistent with the ones chosen by Henry [1]. In the context
of seawater intrusion  is small and the right side of (15) is
of subleading order, which is reﬂected by the frequently
employed Oberbeck–Boussinesq approximation. In fact,
if this hypothesis was accepted, our results would apply
to more saline water as long as density can be assumed
to depend linearly on concentration. If  is considered to
be a model parameter, the above choice of dimensionless
parameters is still valid in the sense that no additional
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dimensionless parameters are required. Nevertheless, a and
c 0 would need to be redeﬁned as a = qb/RKz and c 0 = c/
Rcs, where R is a reference coeﬃcient depending on the
type of salt. Since we will only consider seawater, we take
R =  as that of seawater, and we do not vary this parameter in our analysis.
2.3. Case definition
In order to compare the diﬀusive and dispersive cases, a
set of dimensionless parameters were chosen to describe the
reference cases (Table 2). The longitudinal dispersivity
coeﬃcient used for the dispersive case was chosen so that
bL was equal to Henry’s original bm value. kx and kz were
chosen so that their geometric mean equalled Henry’s original conductivity value. Note that given that the permeability tensor is anisotropic and a is deﬁned in terms of
kz, its value is not exactly the one used by Henry in his original calculations. The n factor used for these reference
cases is 2.
In addition to the two reference cases presented above,
diﬀerent sets of simulations were carried out varying each
of the parameter values to assess their eﬀect. Thus, a was
varied between 0.05 and 1.60; rK ranged between 0.1 and
8; bL between 0.01 and 1 and ra ranged between 0.04 and
5. Additional runs were performed by varying simultaneously a number of parameters with respect to the basecase in order to study synergic eﬀects. A total of 152 cases
(92 dispersive and 60 diﬀusive) were run. Some of them
would be unusual for ﬁeld conditions (e.g., ra > 1 or
rK < 1). Yet, we ran them to explore the role of each
parameter. On the other hand, most typical ﬁeld conditions
were covered by the adopted parameter ranges. The only
exception was the permeability anisotropy (it is not unusual to ﬁnd rK  0.01). Yet, smaller ratios led to extremely
elongated intrusion wedges that might have produced
numerical dispersion. Moreover, the smallest rK and a values required the model domain to be elongated to avoid
boundary eﬀects. The resulting n factors used in the simulations were 2, 4, 8 and 16 depending on the elongation
needed. We assume that in reality n is very large so that
the values chosen for modelling would not aﬀect the
solution.
2.4. Numerical analysis
The proposed problem is studied in a numerical framework. The ﬁnite element code SUTRA [29] was used for
the simulations. The grid used for all simulation with

Table 2
Dimensionless parameters for reference cases
Case

a

rK

bm

bL

ra

Diﬀusive
Dispersive

0.3214
0.3214

0.66
0.66

0.1
0

0
0.1

0
0.1

n = 2 was regular with 256 · 128 elements. The stability
of the solution with the grid spacing was tested with grids
of 200 · 100 and 400 · 200 elements, obtaining the same
result in all cases. However, the 256 · 128 grid was chosen
to be on the safe side when modifying parameters to perform the sensitivity analysis. Other studies performed with
this shape factor [35] showed that the results of diﬀerent
numerical diﬀusive solutions displayed no signiﬁcant discrepancies for grid Peclet numbers below 1. Benson
et al. [15] studied numerical dispersion in this type of
problem (diﬀusive and dispersive form) using SUTRA
and demonstrated that the solution was stable for grid
spacing snot exceeding 4 cm. The grid was modiﬁed with
increasing n. A grid of 512 · 128 elements was used to
simulate the cases with n = 4 and 8 whereas a grid of
768 · 128 was employed for the cases with the aspect ratio
n of 16.
2.5. Variables of interest
Seawater intrusion studies are usually concerned with
the depth of inland penetration of saltwater as this characterizes the size of the contaminated zone. Therefore,
we will ﬁrst examine the interface penetration as measured by its toe. Second, as illustrated in Fig. 2, actual
seawater intrusion is characterized by a well deﬁned, relatively narrow mixing zone. An examination of what
controls this width could help us to understand ﬁeld
observations. Finally, though rarely considered in seawater intrusion problems, we shall focus on the saltwater
ﬂux which plays an important role in controlling geochemical processes in the mixing zone [30,32]. In short,
the results of our model will be analyzed on the basis
of the following parameters:
• LD = Ltoe/d (Dimensionless toe penetration) Ltoe is the
penetration of the seawater intrusion wedge measured
as the distance between the seaside boundary and the
point where the 50% mixing isoline intersects the aquifer
bottom (see Fig. 3)
• WD (Dimensionless averaged width of the mixing zone)
is computed by averaging WMZ/d, where WMZ is the
vertical distance between isoconcentration lines of 25%
and 75% mixing ratios. In order to overcome boundary
eﬀects, averaging was restricted to the interval between
0.2 LD and 0.8 LD (see Fig. 3). Width was also measured
along the concentration gradient, i.e., perpendicular to
the interface. However, since the values obtained in both
ways displayed a linear relationship, the ﬁrst method
was preferred given that it oﬀers a better representation
of what is actually measured in the ﬁeld.
• RD = qs/qb (Dimensionless saltwater ﬂux) where qs is the
saltwater ﬂux that enters the system through the seaside
boundary (m3/s/m), evaluated using (23) integrated over
the inﬂowing part of the domain. Therefore, RD is the
ratio between the volumetric ﬂow rates of inﬂowing seawater and freshwater.
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Fig. 3. Schematic description of the variables used to quantify seawater
intrusion: Toe penetration (Ltoe), width of the mixing zone (WMF) and
incoming saltwater ﬂux (qs).

3. Results
3.1. Diffusive versus dispersive Henry problem
Results for the diﬀusive and dispersive reference cases
(Table 2) are shown in Fig. 4. While the diﬀusive solution
displays the typical broad mixing zone of the Henry problem, the dispersive solution displays the nearly pure seawater wedge often observed in reality.
The diﬀerence between the diﬀusive and dispersive cases
is also illustrated by the vertical salinity proﬁles (Fig. 5). In
the diﬀusive proﬁles, salinity increases gradually and seldom reaches values near seawater concentration. It is diﬃcult to ﬁnd sections where the whole transition zone can be
observed (in our plot this only happens in section C at a
distance of 0.1 from the seaside boundary). On the other
hand, dispersive proﬁles display a sharp increase in salt
content, resulting in a thinner transition zone and reaching
values closer to seawater concentration even in sections
that are located at some distance from the sea shore. Dispersive proﬁles resemble to those presented in Fig. 2.
The use of velocity dependent dispersion improves the
realism of the solution. However, a sensitivity analysis to
the Peclet numbers (Fig. 6) reﬂects that the poor behavior
of Henry’s original problem is not caused by the diﬀusive
(i.e., velocity independent) nature of mixing. A reduction
of the diﬀusion coeﬃcient leads to concentration proﬁles
similar to those observed in reality and obtained with dispersive mixing. This could have been overlooked because
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the inﬂuence of Henry’s solution was so strong that few
authors [11] studied its sensitivity to Dm. In fact, both the
diﬀusive and dispersive problems tend to the Ghyben–
Herzberg (static seawater, sharp front) solution as b tends
to 0 with the result that they should be identical in the limit.
The solution of the Henry problem is strongly inﬂuenced
by the seaside boundary condition. This eﬀect is so compelling that neither equivalent freshwater heads nor concentrations are dramatically changed if density dependence is
ignored within the domain [12]. The dispersive problem displays obvious diﬀerences for the ﬂow solution as well as for
the concentration distribution for the uncoupled and fully
coupled dispersive Henry problems (Fig. 7). Thereby, the
dispersive problem does not present this disadvantage.
However, a similar result is obtained for a diﬀusive problem with the bm parameter reduced by a factor of 10
(Fig. 8). Comparing this result to the coupled solution
for the diﬀusive problem with bm = 0.01 in Fig. 6, the differences between the uncoupled and coupled solution for
the reduced diﬀusion problem are evident. Therefore, the
solutions of the resulting diﬀusive problem with reduced
diﬀusion or the dispersive problem are suited to benchmarking because the solution is sensitive to density dependence within the ﬂow domain.
3.2. Limitations of the dispersive Henry problem
The dispersive problem is more realistic, but suﬀers
from a number of drawbacks with respect to the original
one. The ﬁrst and most important disadvantage is that
there is no analytical solution with which to compare
the results. Only comparisons between codes are possible,
which undermines the main advantage of the Henry Problem as a benchmark test. The second drawback is that
numerical complexity is increased. Longer transient simulations are needed to reach steady state [11]. The time
needed depends on the values of the dimensionless parameters chosen. For the reference dispersive case described in
Table 2, about 1000 min are needed. This time corresponds to the time in which the 10% mixing line reaches
the equilibrium. The 50% line is suitable for evaluating
the penetration of the saltwater wedge but not for analyzing the width of the mixing zone since the fresher side of
the mixing zone takes longer than the 50% isoline to reach
steady state.

Fig. 4. Diﬀusive seawater-freshwater mixing zone (a) compared with a purely dispersive mixing zone (b) for the reference cases (dimensionless parameters
of Table 2). Note that, in contrast to the diﬀusive case, the purely dispersive problem displays a well deﬁned wedge with a concentration close to seawater
at depth.
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Fig. 5. Diﬀusive and dispersive vertical salinity proﬁles located in the position indicated in Fig. 4 at x = 1.1 (A), 1.5 (B) and 1.9 (C).

Fig. 6. Change in the interface shape and location with increasing diﬀusion (upper row) and increasing dispersion (lower row).

Fig. 7. Equivalent freshwater heads (hf) and concentration distributions (C) for the uncoupled (i.e., ignoring density variability within the domain) and
coupled (i.e., acknowledging concentration dependence of density) dispersive Henry problem.
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that controls each output variable, we employed the IMSL
routine DRBEST [37], which selects the best multiple linear
regression model using the algorithm of Furnival and Wilson (1974) to identify the parameters that best explain the
model output. The resulting regression models for each
output variable (LD, WD and RD) for the diﬀusive and dispersive cases are presented below. These results are valid
for the model geometry and boundary conditions of the
Henry problem.
Fig. 8. Concentration distribution for the uncoupled diﬀusive Henry
problem with reduced diﬀusion coeﬃcient (bm = 0.01). Equivalent freshwater heads are the same as in Fig. 7 for the uncoupled problem.

The anisotropic dispersive problem is closer to reality
than the original problem although it is still removed from
reality. It does not account for relevant factors such as:
tidal eﬀects, three-dimensionality, heterogeneity, transient
variations of the freshwater recharge, unsaturated eﬀects,
etc. It should be viewed as a ﬁrst step towards understanding the basics of the velocity dependent dispersion aﬀecting
seawater intrusion. Eﬀorts are currently being devoted to
study the eﬀect of the combination of these factors in the
evolution of seawater intrusion. These factors should be
included in the Henry problem in order make the problem
more realistic. However, the simplicity of studying the
eﬀect of dispersion in this type of problem would be lost.
3.3. Sensitivity to the dimensionless parameters
The shape and penetration of the saltwater intrusion
wedge is controlled by the dimensionless parameters presented in Section 2. However, it is diﬃcult to evaluate the
relative importance of these parameters. Here, we examine
the results obtained when varying the parameters with
respect to the base-case, as discussed in Section 2. In order
to identify the parameter (or combination of parameters)

3.3.1. Toe penetration (LD)
In order to describe the toe behavior, we must ﬁrst
recall the Ghyben–Herzberg (GH) approximation which
consists of neglecting mixing and, hence, salt ﬂuxes. The
toe position derived from this assumption can be
expressed in terms of the dimensionless parameters deﬁned
in Section 2:
LGHD ¼

LGH
1
¼
2arK
d

ð24Þ

This expression is the limit case when diﬀusion (bm) or dispersion (bL) tend to 0. The toe recedes when diﬀusion/dispersion is increased. The deviation from LGHD is due to the
head loss caused by seawater ﬂux. Since this is driven by
the diﬀusive/dispersive ﬂux of salt across the mixing zone,
one should expect this deviation to be sensitive to the Peclet
numbers. Therefore, we should be able to express LD as
LGHD minus a term depending on the Peclet numbers.
The best regressions obtained are presented in Fig. 9 for
the dispersive and diﬀusive cases. Regressions are not perfect, especially for the dispersive case. The existence of
numerical dispersion may aﬀect the results when dispersion
is really small, making it impossible to ﬁnd a perfect ﬁt.
Nevertheless, the regressions allows us to identify the key
factors aﬀecting the toe position. It should be noted that
in both problems the deviation from the Ghyben–Herzberg
toe position is a function of the Peclet number:

Fig. 9. Regressions obtained for the deviation of the toe penetration with respect to the Ghyben–Herzberg toe position for the dispersive (left) and
diﬀusive (right) case.
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0:724

0:362
aG
aG
¼ 0:136 2 pﬃﬃﬃﬃﬃ
þ 0:69 2 pﬃﬃﬃﬃﬃ
ax r K
ax r K


for the dispersive problem
1
3

F LDF ’

1:64b  1:18b
ax

1
2

for the diffusive problem

ð25Þ
ð26Þ

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where ax = a rK = qb/Kx and aG ¼ aL aT .
The points that diverge from the regressions are those
whose anisotropy ratio (rK) is smaller than 0.5. This indicates that the eﬀect of a strong anisotropy is not properly
characterized by these expressions. This may be a result
of ignoring anisotropy in the permeability when evaluating
LGHD .

3.3.2. Width of the mixing zone (WD)
The average width of the mixing zone was evaluated
only for the dispersive case. As shown in Fig. 5, the width
of the mixing zone is highly dependent on x for the diﬀusive
case, owing to the high diﬀusion coeﬃcient used in most
diﬀusive simulations. Moreover, it is truncated by the
upper and lower boundaries. Therefore, we do not consider
it to be a representative parameter for the diﬀusive
problem.
The role of longitudinal and transverse dispersivity can
be analyzed by examining Fig. 10, where one can observe
that water ﬂows parallel to the concentration isolines. This
velocity ﬁeld suggests that transverse dispersivity controls
mixing throughout most of the transition zone whereas
longitudinal dispersivity is only relevant in the lowest part.
A close analysis of Fig. 10 yields some insights into transport processes in the mixing zone. Above the 60% isoline,
ﬂux is essentially parallel to the isolines so that most salt
is carried into the freshwater region by lateral dispersion.
Upwards increase in the separation leads to both a decrease
in the dispersive ﬂux (some salt is transported along the
mixing zone because water ﬂux also increases seawards)
and to an increase in the dispersion (in response to the
increase in ﬂux). Below the 60% isoline, the water ﬂux is

small so that both longitudinal dispersion and advection
also contribute to the upwards salt ﬂux. Overall, salt is dispersed upwards and advected sideways. The water ﬂux and
dispersion increase seawards as does the returning salt ﬂux,
thus balancing the essentially advective but continuous ﬂux
below the mixing zone.
The foregoing account shows that the interplay between
advection and longitudinal and transverse dispersion is not
trivial even in this idealized problem. Based on stochastic
transport results, most authors argue that transverse dispersion would tend to zero for long travel distances [38].
Yet, other authors maintain that the interplay between spatial heterogeneity and time ﬂuctuations of velocity leads to
sizeable macroscopic large scale transverse dispersion [39–
41]. The fact that the behavior of the mixing zone is so sensitive to transverse dispersion implies that actual detailed
measurements in the mixing zone would help us to better
understand ﬁeld scale lateral dispersion.
The multi-regression analysis revealed a linear relationship between the width of the mixing zone, WD, and the
geometric mean of the two dispersivities (Fig. 11). The
resulting expression to determine the vertical width of the
mixing zone is
F WD ’ 2:7aG

ð27Þ

In other words, transverse and longitudinal dispersivities
contribute in equal measure to the width of the mixing
zone. This is somewhat frustrating because Fig. 10 suggests
that lateral dispersion might have been dominant. As it
turns out, the areas where the salinity gradient is not parallel to the water ﬂux (near the toe and the saltwater side
of the mixing zone) appear to contribute as much to the
width of the mixing zone as the rest.
Some simulations were carried out to identify the individual role of the longitudinal and transverse dispersivities
(Fig. 12). The most extreme cases are not realistic but have
been included to enhance the individual eﬀect of these
parameters. Fig. 12 shows that an increase in the longitudi-

Fig. 10. Velocity ﬁeld and 25, 50 and 75% concentration isolines in the dispersive reference case.
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increases. It should be pointed out that the discharge part
in the seaside boundary becomes wider as the transverse
dispersivity increases.

Fig. 11. Linear relationship of the width of the mixing zone with respect
to the geometric mean of the dispersivity coeﬃcients.

nal dispersivity widens the lower part of the mixing zone
where the concentration gradient and the velocity vector
are parallel. Note that the line of 10% of seawater concentration remains static whereas the mixing zone broadens
downwards and seawards. The freshwater area is not
aﬀected, aL just aﬀects the concentration distribution inside
the saltwater wedge. This distribution is consistent with
vertical salinity logs (Fig. 2A, B and C). These logs usually
display a sharp jump in salinity, but salinity underneath the
jump often remains well below seawater concentration.
This indicates that, at least in these cases, transverse dispersivity may be much smaller than the 0.1 aL value, which is
often used in practice and adopted here for the base-case.
The eﬀect of increasing transverse dispersivity widens
the mixing zone in general. It has a shear eﬀect, pushing
the mixing zone backwards at the bottom and inland at
the top. As a result, the slope of the isoconcentration lines

3.3.3. Dimensionless saltwater flux (RD)
The saltwater ﬂux is expected to depend on hydraulic
conductivity, freshwater inﬂow (i.e., the a parameter) and
on the diﬀusion/dispersion coeﬃcients (i.e., the Peclet numbers). In fact, if there was no mixing, there would be no
saltwater ﬂux. Nevertheless, the question of whether it is
the transversal or the longitudinal dispersivity that controls
the saltwater ﬂux remains unresolved. Transverse dispersion is expected to play a more inﬂuential role, since most
of the mixing occurs orthogonally to the water ﬂux along
the mixing zone. Smith [33] has addressed the importance
of the quantiﬁcation of the saltwater ﬂux in seawater intrusion studies with velocity dependent dispersion. Although
he used another conceptual model and diﬀerent seaside
boundary conditions, his results are relevant to our study.
He found an expression to assess the ratio between saltwater and freshwater inﬂow for isotropic and anisotropic
cases. The expression for the isotropic case ﬁtted his results
accurately as well as some results from the literature. His
expression for the anisotropic case was not as good, but
satisfactory. He found that saltwater ﬂux depends on the
geometric average of the hydraulic conductivity, KG, and
on the square root of aT.
We found that the simplest combinations of model
parameters that account
for a large percentage of the var1
1
iability on RD are b3T =aG for the dispersive case and b4 =aG
for the diﬀusive problem, where bT = aT/d is the lateral dispersionpﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Peclet
number and aG = qb/KG with
ﬃ
K G ¼ K x K y . The resulting relationships between are
shown
in Fig. 13. Note that the relationship is nearly linear
1
1
for b3T =aG < 2 and b4 =aG < 4. In such case, the volumetric
salt ﬂux becomes

Fig. 12. Concentration distribution for diﬀerent simulations showing the eﬀect of increasing individually the longitudinal and the transversal dispersion
coeﬃcient.
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qs ¼ qb RD ’ 0:26

a 13
T

d



Dm
qs ¼ qb RD ’ 0:16
qb d

K G;

14

K G;

ð28Þ
ð29Þ
1

i.e., seawater ﬂux is essentially proportional to KG and a3T
(and independent of qb for the dispersive problem!).
4. Discussion and conclusions
The Henry problem has played a signiﬁcant role in our
understanding of seawater intrusion, but displays severe
limitations both as a paradigm and as a benchmark test
for density dependent ﬂow codes. We believe that these
drawbacks do not arise from the problem itself but from
the values of the dimensionless numbers that Henry used
to solve the problem semi-analytically and that have been
used by most researchers ever since. Simpson and Clement
[36] proposed a reduction of the value of the a parameter
(dimensionless freshwater ﬂux). Here we propose reducing
the b parameter (Peclet number). The resulting problem is
sensitive to density variations within the domain and thus
more suitable for testing seawater intrusion codes where
stable density proﬁles extend throughout most of the
domain. A second feature of the reduced diﬀusion problem
is a seawater intrusion wedge that is consistent with widely
accepted concepts and concentration proﬁles are similar to
those observed in the ﬁeld.
However, we propose the use of an alternative that
accounts for velocity dependent dispersion and anisotropic
hydraulic conductivity. This dispersive Henry problem is a
valuable tool for gaining some insight into the mechanisms
controlling seawater intrusion into coastal aquifers. As
with the diﬀusive Henry problem, the dispersive version
produces a wedge where seawater ﬂows horizontally
towards an inclined mixing zone. In this zone, salt is dispersed into the outﬂowing freshwater and ﬂoats upwards
due to the reduction in its density. As it mixes with fresh-

water essentially by transverse dispersion, it is carried back
to sea, giving rise to a saltwater circulation cell.
We discuss the behavior of the solution in terms of three
output variables: toe penetration, width of the mixing zone
and saltwater ﬂux (Fig. 14). To this end, we ﬁrst performed
a dimensional analysis to identify the governing parameters
and chose as dimensionless parameters those of the original
Henry problem: a, dimensionless freshwater ﬂux (relating
viscous and buoyancy forces) and b, Peclet number,
denoted by bL when diﬀusive mixing is replaced by dispersive mixing. Two new dimensionless parameters emerge: ra
and rK, anisotropy ratios for dispersivity and hydraulic
conductivity, respectively.
Toe penetration LD is described qualitatively by the
Ghyben–Herzberg approximation (e.g., [34]). LD decreases
with the dimensionless freshwater ﬂux a. As seawater ﬂux
causes a seawater head loss, the saltwater wedge recedes
with increasing dispersion (i.e., LD decreases). Deviations
with respect to LGH depend on the geometric average of
dispersivities.
The width for the dispersive case is quite constant along
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
the mixing zone and is controlled basically by aG ¼ aL aT .
While the contribution of the two dispersivities is quantitatively similar, they aﬀect the concentration proﬁle in diﬀerent ways. Transverse dispersivity contributes to the
broadening of the concentration proﬁle throughout the
domain. Increasing longitudinal dispersivity, on the other
hand, leads to seawards displacement of the high concentration isolines, leaving the freshwater end unaﬀected. As
a result, vertical concentration proﬁles still display a
marked concentration increase in the mixing zone but leading to concentrations well below seawater (75–90%). Since
this feature is often observed in actual salinity logs, we infer
that longitudinal dispersivity may exceed transverse dispersivity by much more than the traditional factor of 10. High
sensitivity of width to dispersivities is especially relevant
because these parameters are usually hard to characterize,
while the width of the mixing zone can be measured. This

Fig. 13. Regressions obtained for the dimensionless saltwater ﬂux for the dispersive (left) and diﬀusive (right) cases.
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Fig. 14. Qualitative behavior of the solution to the dispersive Henry problem. As longitudinal dispersivity increases so do seawater ﬂux and the width of
the mixing zone, whose saline end moves seawards. Increasing transverse dispersivity broadens and tilts the mixing zone, while also increasing seawater
ﬂux. Increasing the dimensionless freshwater ﬂux pushes the mixing zone seawards whereas an increase in the ratio kx/kz pushes it landwards.

ﬁnding implies that the width can be used to derive ﬁeld
values of dispersivity.
Saltwater ﬂux through the seaside boundary is basically
proportional to KG (geometric average of the principal
hydraulic conductivities) times the cubic root of the transverse dispersivity. These parameters are similar to these
obtained by Smith [33]. Saltwater ﬂux is usually considered
small when compared with the freshwater ﬂux. The
extreme case is the sharp interface approximation that
neglects saltwater circulation. However, saltwater ﬂuxes
computed here are of the order of 10 to 90% of the freshwater ﬂux. An accurate quantiﬁcation of the saltwater ﬂux
is important for reactive transport processes in the mixing
zone and should merit special attention in seawater intrusion studies.
Results show that the some of the key factors controlling the studied variables are not explicitly present in the
dimensional analysis of Section 2.2. The geometric means
of hydraulic conductivity and dispersivity coeﬃcients
should appear in the dimensionless numbers, aG being a
better expression for the relationship between viscous and
buoyancy forces and bG or bL being better expressions of
the Peclet number. The eﬀect of these factors is summarized
in Fig. 14.
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