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Abstract

We simulate the fracture processes of ferroelectric polycrystals in three

dimensions using a phase-field model. In this model, the grain boundaries,

cracks and ferroelectric domain walls are represented in a diffuse way by three

phase-fields. We avoid thereby the difficulty of tracking the interfaces in three

dimensions. The resulting model can capture complex interactions between

the crack and the polycrystalline and ferroelectric domain microstructures.

The simulation results show the effect of the microstructures on the fracture

response of the material. Crack deflection, crack bridging, crack branching

and ferroelastic domain switching are observed to act as the main fracture

toughening mechanisms in ferroelectric polycrystals. Our fully 3-D simu-

lations illustrate how the combination of these mechanisms enhances the

fracture toughness of the material, and pave the way for further systematic

studies, including fracture homogenization.
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1. Introduction

Ferroelectric materials are important to a broad range of applications rang-

ing from common rail fuel injection, to medical ultrasound, structural health

monitoring and prognosis, and various types of accelerometer and vibra-

tional gyro sensors. However, the reliability of these systems is an important

concern due to the inherent brittleness of ferroelectric ceramics, demanding

investigations on their complex fracture behavior (see [1, 2, 3] for compre-

hensive reviews of the recent works). Complexity stems mainly from the

interactions between the cracks, material microstructure (both ferroelectric

domains and polycrystalline grains) and localized stress and electric fields

near the crack tips. Domain switching (formation and evolution of ferroelec-

tric twins or domains) has been reported near cracks, and it has been made

responsible for changes in the fracture behavior of ferroelectric materials.

The polycrystalline microstructure has also a significant effect on the frac-

ture processes in ferroelectric polycrystals due to the different fracture prop-

erties of the grain boundaries and the bulk. Therefore, these microstructure

effects should be taken into account in the analysis of the global reliability

of ferroelectric components.

A number of theoretical approaches have been developed to understand

fracture phenomena in ferroelectric ceramics. These include the models based

on the linear theory of piezoelectricity, where microstructure effects are not

taken into account [4, 5, 6, 7]. Such approaches have allowed researchers

to study the basic concepts of the linear theory in the context of fracture

mechanics. To account for the domain microstructure, three sets of models

have been developed, which are (1) phenomenological models describing im-
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plicitly the domain formation around the cracks [8, 9], (2) models relying on

an energy-based switching criterion [10], considering the local phase trans-

formations near the crack tip under the assumption of small-scale switching

[11, 12, 13, 14], and (3) phase-field or time-dependent Devonshire-Ginzburg-

Landau (TDGL) models describing explicitly the formation and evolution

of individual ferroelectric domains around the cracks [15, 16, 17, 18, 19].

Related models have also taken into account the effects of polycrystalline

microstructure, particularly the grain orientations [20, 21].

The above mentioned models of ferroelectric fracture consider fixed or sta-

tionary crack configurations. Recently, a cohesive zone finite element model

has been proposed to simulate propagating cracks in linear piezoelectric poly-

crystals [22], thus not accounting for the effect of the ferroelectric domain

microstructure. To account for the domain microstructure, we have intro-

duced a family of phase-field models for crack propagation in ferroelectric

single crystals [23, 24, 25, 26]. We have recently extended the model to

ferroelectric polycrystals by introducing polycrystalline microstructures [27].

With this model we have shown the intergranular and transgranular modes

of fracture and the interactions of the microstructures and the crack. These

interactions lead to crack deflection and ferroelastic domain switching as the

toughening mechanisms in ferroelectric polycrystals observed in experiment

[28]. Although the 2-D simulations in [27] were able to capture qualitatively

some of the toughening mechanisms, the fracture response of ferroelectric

polycrystals is intrinsically three-dimensional. The main objective of this

paper is to extend the model to three dimensions and to produce more real-

istic simulation results in 3-D, explaining the complex fracture processes and
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toughening mechanisms in these materials. In particular, we aim to evaluate

the combination of the toughening mechanisms for enhancing the fracture

toughness of the material.

The structure of the paper is as follows. The theory of the extended

model is presented in Section 2. Numerical simulations are presented in

Section 3, along with a discussion of the observed crack patterns and fracture

mechanisms. The last section is the conclusion of this paper.

2. Theory

This section presents the phase-field model of fracture in ferroelectric

polycrystals and its extension to three dimensions. To provide realistic poly-

crystalline microstructures, a phase-field model of grain growth [29, 30] is

first discussed briefly. Then, using these grain microstructures and holding

them fixed, the fracture model of ferroelectric polycrystals is described.

2.1. Phase-field model for grain growth

According to the phase-field model of grain growth [29, 30], the total free

energy of a heterogeneous system is

F =

∫
Ω

[f0(η1, η2, ..., ηm) +
m∑
i=1

κi
2

(∇ηi)2] dΩ, (1)

where f0 is the local free energy density associated with the orientation field

variables (η1, η2, ..., ηm) for distinguishing different orientations of grains and

m is the number of possible orientations. κi are the coefficients of the gradient

energy terms penalizing sharp variations in the field variables. The free
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energy density f0 is written as [29]

f0(η1, η2, ..., ηm) =
m∑
i=1

(
−α

2
η2
i +

β

4
η4
i

)
+ γ

m∑
i=1

m∑
j 6=i

η2
i η

2
j , (2)

where α, β and γ are positive constants characterizing the energy landscape.

For γ > β/2, f0 describes a multi-well energy landscape with 2m minima

located at (η1, η2, ..., ηm) = (1, 0, ... , 0), (0, 1, ... , 0), ... , (0, 0, ...

, 1),(-1, 0, ... , 0), (0, -1, ... , 0), ... , (0, 0, ... , -1). Each of these 2m

minima corresponds to a subset of all the grains in the polycrystal. The grain

boundaries are the regions of the domain where the gradient energy terms

are non-zero. The evolution of the grains is governed by the time-dependent

Ginzburg-Landau (TDGL) equations as

µg

∫
Ω

η̇iδηidΩ =− δF (ηi; δηi)

=

∫
Ω

(αηi − βη3
i − 2γηi

m∑
j 6=i

η2
j )δηidΩ

+

∫
Ω

(κi∇2ηi)δηidΩ, (3)

where i = 1, 2, ...,m and 1/µg is the mobility of the process.

2.2. Phase-field model for fracture of ferroelectric polycrystals

The total electromechanical enthalpy of a possibly fractured ferroelectric

polycrystal occupying a region Ω is written in terms of the mechanical dis-

placement u, the polarization p, the electric potential φ and the phase-field

v, as [27]
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H[u, v,p, φ] =

∫
Ω

hpoly(ε(u),p,E(φ), v) dΩ

+Gpoly
c

∫
Ω

[
(1− v)2

4κ
+ κ|∇v|2

]
dΩ. (4)

where body loads, volume charges, tractions and surface charges have been

ignored for simplicity. The first integral is referred to as total bulk energy

of the material while the second integral takes the role of the surface energy.

The scalar field v is the phase-field parameter describing a smooth transition

in space between unbroken (v = 1) and broken (v = 0) states of the material.

When the positive regularization parameter κ tends to zero, this transition

becomes sharper. The constant Gpoly
c is the critical energy release rate or the

surface energy density in Griffith’s theory [31], which for a polycrystalline

structure can be defined as

Gpoly
c = Gc F (ξ), (5)

where Gc is the critical energy release rate of the bulk crystal, and the func-

tion F controls the weakening of the material at the grain boundaries. These

boundaries can be identified through the function ξ defined as

ξ =
m∑
i=1

η2k
i , (6)

This function has a unit value inside the grains and smaller positive values

at the grain boundaries [29]. The function F attains its maximum for ξ = 1

(inside the grains) and its minimum indicates the ratio of the critical fracture

energy of the grain boundary to that of the grain interior. The parameter k
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is a positive integer to control this ratio. The choice of the function F and

parameter k is discussed in Section 3.

The electro-mechanical enthalpy density hpoly is given as

hpoly(ε,p,E, v) = We(ε, v) +Wf (ε,p,E, v), (7)

where We is the part of the bulk energy density associated with the strain

ε and Wf is the electromechanical energy density associated with the ferro-

electric response. The energy density We is written as

We(ε, v) = κ0
tr−(ε)2

2
+ (v2 + ηκ)

(
κ0

tr+(ε)2

2
+ µ εD · εD

)
, (8)

where κ0 and µ are the bulk and shear modulus of the material, respectively.

The trace of the strain tensor ε is decomposed in positive and negative parts

as tr+ = max(tr(ε), 0) and tr− = max(−tr(ε), 0) and εD are the deviatoric

components of the strain tensor. This decomposition is introduced to distin-

guish the contributions to the strain energy due to compression, expansion,

and shear. As further discussed in the Conclusions, in the present setting this

model distinguishes nominal compression or expansion relative to a reference

cubic state. To prevent non-physical crack interpenetration in compressed

regions, the compression term is not multiplied by the jump set function

(v2 + ηκ) [32].

By noting that v2 multiplies the expansion and shear terms in Eq. (8), it is

clear that v = 0 reduces the stiffness of the material to zero in the fractured

zone, leading to the full degradation of the elasticity in this zone. As a

consequence, the numerical discretization method results in an ill-conditioned
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stiffness matrix. The parameter ηκ is a small (relative to κ) residual stiffness

to avoid this problem and to control the condition number of the matrix.

This parameter must be chosen as small as possible in order not to add large

artificial stiffness to the fractured zone.

The electromechanical energy density Wf associated with polarization p,

electric field E, ε and v is given as

W poly
f (ε,p,E, v) = (v2 + ηκ)[U(∇p) +W (p, ε)] + χpoly(p)− E · p− ε0

2
|E|2, (9)

where ε0 is the permittivity of free space, U is the domain wall energy density

penalizing sharp variations in the polarization, χpoly is the phase separation

potential, and W is the electrostrictive energy density. The energy densities

χpoly, W , and We penalize deviations from the spontaneous polarizations and

strains of the material, hence introducing the anisotropy and nonlinearity of

ferroelectric materials. Note that we assume the parent cubic paraelectric

phase to be the reference configuration for the tension-compression decom-

position. Therefore, the spontaneous stress-free state is considered as a pre-

loaded state due to the structural changes during the phase transition or

poling of the material. However, this state will not be damaged since the

electrostrictive energy W accommodates the structural changes and cancels

out the induced elastic energy in Eq. (8).

The electromechanical enthalpy density hpoly is obtained by transform-

ing the energy terms of the ferroelectric single crystal from the local coor-

dinate system of each individual grain to the global coordinate system of

the polycrystal [27]. It can be shown that the energy density We, the do-

main wall energy density U , the electrostrictive energy density W and the
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last two terms in Eq. (9) remain unchanged by this transformation. The

only modified energy term is the phase-separation potential χpoly obtained

as chipoly(p) = χ(pL), where χ and pL are the phase-separation potential

and the polarization, respectively, in the local coordinate system. The de-

tailed formulation of the functions U , W , and χ in three dimensions is given

in Appendix A.

We describe the orientation of each grain in the 3-D polycrystalline struc-

ture using three Euler angles (Φ, Θ, Ψ), corresponding to three consecutive

counter-clockwise rotations with respect to the global coordinates (x1, x2, x3):

Φ about the x3-axis, Θ about the rotated x′1-axis and Ψ about the newest

x′3-axis. The rotation fields over a polycrystalline microstructure can be ob-

tained as

ϕ =

∑m
i=1 Φiη

2
i∑m

i=1 η
2
i

, θ =

∑m
i=1 Θiη

2
i∑m

i=1 η
2
i

, ψ =

∑m
i=1 Ψiη

2
i∑m

i=1 η
2
i

. (10)

The functions ϕ, θ, and ψ have the values Φi, Θi, and Ψi inside the grains

corresponding to the orientation field variable ηi. At the grain boundaries,

the numerators in Eq. (10) decrease significantly. The denominators compen-

sate for this effect and assure a smooth transition between the orientations

of adjacent grains across their boundaries. Then, the transformation matrix

from the global to local coordinate system is given by

T =


cos[ϕ] cos[ψ]− cos[θ] sin[ϕ] sin[ψ] sin[ϕ] cos[ψ] + cos[θ] cos[ϕ] sin[ψ] sin[θ] sin[ψ]

− cos[θ] cos[ψ] sin[ϕ]− cos[ϕ] sin[ψ] cos[θ] cos[ϕ] cos[ψ]− sin[ϕ] sin[ψ] sin[θ] cos[ψ]

sin[θ] sin[ϕ] − cos[ϕ] sin[θ] cos[θ]


(11)
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The polarization in the local coordinate system, pL, is related to that in the

global system, p, through

pL = Tp. (12)

The particular formulation of the phase-field model given in Eq. (7) en-

codes traction free, electrically permeable, and free polarization boundary

conditions on the crack faces. For a sharp crack, the traction-free conditions

imply that the mechanical traction vanishes on the crack faces. The perme-

able crack conditions assume that the crack does not perturb the electrical

fields, i.e. the crack does not exist electrically. These conditions have been

checked to be realistic for non-conducting cracks based on the observed frac-

ture behavior of ferroelectric ceramics [25, 33, 34, 35]. The free-polarization

boundary conditions imply that the polarization distribution is unaffected

by the presence of the crack, and hence dictated by the bulk material model.

We refer to Ref. [23, 25] for further details on these conditions and encoding

them in the phase-field framework.

The evolution of the ferroelectric domain microstructure and the frac-

ture results from the gradient flows of the total electro-mechanical enthalpy

in Eq. (4), with Eqs. (5) and (7), based on the time-dependent Ginzburg-

Landau (TDGL) equations. Here, the primary order variables are p and v for

the microstructure and fracture processes, respectively. Thus, the governing

equations are obtained by assuming that the displacement and the electric

field adjust immediately to mechanical and electrostatic equilibrium (with
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infinite mobility), i.e.

µp

∫
Ω

ṗiδpidΩ = −
∫

Ω

∂hpoly

∂pi
δpi dΩ, (13)

µv

∫
Ω

v̇δvdΩ = −
∫

Ω

∂hpoly

∂v
δv dΩ, (14)

−2Gc

∫
Ω

(
v − 1

4κ
δv + κv,iδv,i

)
dΩ,

0 =

∫
Ω

σijδεij dΩ, (15)

0 =

∫
Ω

DiδEi dΩ, (16)

where 1/µp > 0 and 1/µv > 0 are the mobilities of the processes. The stresses

and electric displacements are derived from the enthalpy density, respectively,

as σ = ∂hpoly/∂ε and D = −∂hpoly/∂E. The mechanical strain ε and the

electric field E are associated with the mechanical displacement u and the

electric potential φ, respectively as ε = 1/2(∇u +∇Tu) and E = −∇φ.

The weak forms of the evolution and equilibrium equations are discretized

in space with standard finite elements. Equations (13) and (14) are dis-

cretized in time with a semi-implicit scheme. Note that the minimization in

Eq. (15) is non-smooth, and a quasi-Newton algorithm is applied to solve the

mechanical equilibrium problem following [32].

A simple algorithm to solve the coupled system in a straightforward stag-

gered approach is presented next. This algorithm describes how to advance

in one load step wn, and it is meant to achieve steady states for both fer-

roelectric domains and fracture processes in each load step. The functions

g(wn) and f(wn) encode the Dirichlet data for the mechanical displacement

and electric potential as a function of the load step. After reaching a steady

state for both the polarization p and the phase-field v with small tolerances
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δferro and δvfield, respectively, the values for vn, un, pn and φn are recorded

and the algorithm proceeds to a new load step wn+1. Since the crack should

not be allowed to heal, it is necessary to supplement the model with an ir-

reversibility condition, implying that the field v should be a monotonically

decreasing function of time. This is an inequality condition which is numer-

ically cumbersome to implement. In practice, this condition can be replaced

by freezing the field v to 0 wherever it reaches a given small threshold ζ in

each load step [36, 37].

We note that it is possible to induce a negative crack driving force in

electromechanical fracture. The model then favors values of v much larger

than one in localized regions, which is not physically meaningful. This issue

manifests itself with negative energy release rates in sharp crack models of

linear piezoelectric materials [7]. We deal with this issue by limiting the

maximum value of v to 1.

3. Numerical simulations and discussion

For numerical simulations, a cubic domain is considered with the bound-

ary conditions depicted in Fig. A.1. The normalized dimensions of the do-

main are 200×200×200 according to the normalizations presented in Ap-

pendix A. It is discretized with approximately 6,000,000 tetrahedral finite

elements of size h ' 2. First, the phase-field model of grain growth de-

scribed in Section 2.1 is used to obtain different polycrystalline microstruc-

tures. The parameters of the kinetic equation (3) are selected as α = 1,

β = 1, γ = 1, κi = 5 and µg = 1. The time step ∆t = 2 × 10−2

is also chosen for the numerical integration scheme. Forty field variables
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Algorithm 1 for the coupled model.
1: Let m = 0

2: Set v0 = 1, p0 = pinit, φ0 = 0 and u0 = 0 if n = 0

3: Set v0 = vn−1, u0 = un−1, p0 = pn−1 and φ0 = φn−1 if n > 0

4: repeat

5: m←− m+ 1

6: Compute pm in Eq. (13) using pm−1, um−1, φm−1 and vm−1

7: Compute um in Eq. (15) using pm and vm−1 under the constraint um =

g(wn) on ΓD,u

8: Compute φm in Eq. (16) using pm under the constraint φm = f(wn)

on ΓD,φ

9: Compute vm in Eq. (14) using pm, um and vm−1 under the constraint

vm = 0 for vn−1 6 ζ

10: until ‖pm − pm−1‖∞ 6 δferro and ‖vm − vm−1‖∞ 6 δvfield

11: Set un = um, vn = vm, pn = pm and φn = φm
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(m = 40) are considered and they are initialized with random small variables

as −0.001 < ηi(i = 1, ..., 40) < 0.001. The function F in Eq. (5) is chosen to

be proportional to ξ as F (ξ) = ξ. The power of ξ is set to k = 1 to prevent

the ratio of the fracture toughness along the grain boundaries over that of

the grain interior from reaching unphysically low values [38].

The simulations were performed in the large-scale computing facility

Marenostrum at the Barcelona Supercomputing Center using up to 512 pro-

cessors for 19000 steps with the finite element library of the Kratos multi-

physics package [39]. The contour of ξ in Eq. (6) is presented in Fig. A.2

for two snapshots of the polycrystalline microstructure evolution. The grain

boundaries correspond to darker regions in this figure. In the early stages of

the grain growth simulation, the field variables ηi start to grow at different

locations of the sample. After about 2500 steps, a well defined microstruc-

ture consisting of about 55 grains can be observed in Fig. A.2(a). Further

evolution of the model leads to grain growth and coalescence. A coarse-grain

microstructure is obtained at the end of the simulation, which is depicted in

Fig. A.2(b).

The obtained microstructures presented in Figs. A.2(a) and A.2(b) are

used for the fracture simulations of the fine- and coarse-grain ferroelectric

polycrystals, respectively. The function ξ attains its lowest value – about

0.2 – at the grain boundaries for both microstructures. This value is the

ratio of the critical fracture energy of the grain boundary to that of the grain

interior in our model. The grain orientations Φi, Θi, and Ψi(i = 1, ..., 40),

are assigned randomly between 0o and 45o using the functions φ, θ, and ψ

in Eq. (10). Figure A.3 presents a sample of the distribution of the grain
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orientation θ over the fine-grain microstructure.

For the fracture simulations, a monotonically increasing mechanical load

is applied by pulling the top and bottom faces of the model with a uniform

mechanical displacement such that u± = (0,±w, 0), where + and - indicate

the top and bottom faces of the model respectively and w is the load step.

To propitiate the crack initiation, the x2-component of the mechanical dis-

placement is also fixed to a certain value at the top half and bottom half of

the front face highlighted with yellow in Fig. A.1, so that u2± = ±w. Since

the computational domain represents a piece of a larger ferroelectric poly-

crystal, we should avoid lateral compression of the model in the x3 direction

due to the applied mechanical loading. For this purpose, the x3-component

of the mechanical displacement is fixed on the right (highlighted with green)

and left faces. The normalized initial polarization pinit = (1, 0, 0) is assigned

along the positive x1-direction in the global coordinate system, see Fig. A.1.

Since grain orientations are chosen between 0o and 45o, the local initial po-

larization in each grain is mainly along the local x1-direction. In this way,

the ferroelastic switching becomes favorable with an acceptable mismatch

between the grains, consequently leading to strong interactions between the

microstructure and the crack propagation. As for the electrical boundary

conditions, the electric potential on the front (yellow) and back faces is set to

0. It is also assumed that the normal component of the electric displacement

vanishes on the other faces and the free-polarization boundary conditions

are satisfied at these faces. The simulation constants are chosen as follows.

The tolerances to achieve steady states for ferroelectric domains and fracture

processes are set to δferro = 5 × 10−3, δvfield = 2 × 10−3, the threshold to
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detect the irreversibly fractured regions to ζ = 2 × 10−2, the inverse mo-

bilities to µp = 1 and µv = 15, the residual stiffness to ηκ = 10−4 and the

regularization parameter to twice the element size as κ = 4. Three hundred

load steps are considered in the simulation (n = 300) with load increments

of ∆wn = 10−2. A normalized time step of ∆t′m = 0.1 leads to convergent

and accurate solutions for the semi-implicit integration of the gradient flow

equations.

As the load increases, the field v starts to decrease around the center-left

line of the sample (dashed line in Fig. A.1) until it reaches the threshold to

be considered permanently fractured (v < 0.02) at load step n = 50 and

the crack initiates. By further increasing the load during the following load

steps, the crack propagates into the sample. To visualize the 3-D fracture

evolution, we plot the isosurfaces of the fracture parameter v for a positive

value between 0 and 1. This value is chosen as v = 0.5 to clearly show a zone

encompassing the fracture. Figure A.4 presents four snapshots of the fracture

evolution in the fine-grain microstructure. The crack cuts the sample into

two parts at load step d, creating a deflected and complex fracture surface.

The crack deflection is due to the interaction between the crack and the

polycrystalline microstructure. Since the fracture toughness of the grain

interior is higher than that of the grain boundary, the crack propagation is

more favorable along the grain boundary – inter-granular crack propagation

mode– than in the grain interior – trans-granular crack propagation mode–

leading to the “zig-zag” fracture pattern. To distinguish the inter- and trans-

granular crack propagation, the isosurfaces of parameters z = (1− v)(1− ξ)

and z′ = (1− v)ξ are presented in Fig. A.5. These figures are obtained after
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the samples are splitted into two parts for both the fine- and the coarse-grain

structures. The parameter z is positive when the crack propagates through

the grain boundary, i.e. v and ξ are close to zero, while the parameter z′ is

positive when the crack propagates through the grain interior, i.e. v is close

to zero and ξ is close to one. Therefore the parameters z and z′ represent

the inter- and trans-granular modes of fracture, respectively. It is obvious in

Fig. A.5 that the trans-granular crack patterns in both structures are nearly

flat in comparison with the rugged inter-granular patterns.

To evaluate the effect of the fracture toughening mechanisms, the evo-

lution of the normalized surface energy (the second integral in Eq. (4)) is

presented in Fig. A.6 as a function of the load step n. Note that the surface

energy is an indirect measure of the crack area. The letters of the fine-grain

graph indicate instants of the simulation corresponding to the snapshots

shown in Fig. A.4. Both the fine- and coarse-grain energy graphs start from

zero (pristine sample), and are almost identical until the cracks initiate at

load step n = 50. After this point, the crack in the fine-grain structure

starts to propagate faster along the grain boundaries, while the crack in the

coarse-grain structure starts to cut the grains, and hence propagates slower.

Considering the low fracture toughness of the grain boundaries, the inter-

granular propagation of cracks in the fine-grain structure should be abrupt,

i.e. a small increase of the load should lead to a big jump in the surface energy

or the crack area. However, reported toughening mechanisms hinder this be-

havior. One of these mechanisms, crack branching, is shown in Fig. A.7.

After the initiation, the crack propagates slowly along the upper branch, in-

dicated by the white arrow, until load step b. After this point, a secondary
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crack initiates along the lower grain boundary and propagates until the total

failure of the sample at load step d. Crack branching thus partly explains

the slower crack propagation observed until load step b. Other associated

toughening mechanisms are explained next.

Figure A.6 shows another slow crack propagation interval between load

steps b and c in the fine-grain structure. Figure A.8 presents the crack con-

figuration at load step c. The nucleation of an isolated crack, indicated with

the white arrow, is apparent in this figure. The grain highlighted with yel-

low acts as a bridge between the main and isolated cracks, preventing their

coalescence. Therefore, crack bridging acts as a fracture toughening mech-

anism in polycrystals. Interestingly, this mechanism has been also observed

in experiments [28, 40, 41].

Crack deflection is an additional toughening mechanism in ferroelectric

polycrystals. As presented in Fig. A.5, the inter-granular crack creates a

deflected fracture pattern. Crack deflection occurs when the crack meets

a tough grain ahead and it is forced to move around the grain since the

fracture toughness of the grain interior is higher. This phenomenon leads to

an increase in the crack area, and hence an increase in the dissipated energy.

Crack deflection toughening slows down the crack growth in both fine- and

coarse-grain structures.

In addition to the interaction with the polycrystalline microstructure, the

cracks also interact with the ferroelectric domain microstructure. Figure A.9

presents three snapshots of the evolution of the ferroelectric microstructure at

different load steps in the coarse-grain structure. The tetragonal variants are

distinguished based on the polarization in the local grain coordinate system
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and presented by colors following an illustratation method of domain states

in phase-field models of ferroelectric polycrystals [42, 43].

Due to the high tensile stresses around the fracture zone, the polarization

vectors start to rotate mainly towards the vertical x2-direction, leading to 90o

ferroelastic domain switching. The formation of a multiple-domain structure

is apparent in Fig. A.9(b). The switched regions form twins around the crack

tip. Since the crystal’s unit cell is longer along the polarization direction, as

encoded in the Landau-Devonshire model, compressive stresses are induced

by the twins, leading to a strong toughening effect, already pointed out in

the literature [2]. 90o ferroelastic domain switching is also favorable in the

grains with a high misalignment since the effect of the misalignment has some

similarity with the application of stress [44]. In fact, the mismatch at the

grain boundary gives rise to internal stresses, facilitating the alignment of

the polarization upon switching with the vertical x2-direction under tensile

loading. This leads to the formation of multiple twins around the crack

shielding the crack tip from the applied loading. As the load increases, these

twins grow and a new set of twins nucleates in unswitched regions, compare

Figs. A.9(b) and A.9(c). For clarification purposes, the right view of Fig.

A.9(c) is presented in Fig. A.10, where the polarization vectors in the global

coordinate system are also depicted. The slow crack propagation period,

observed from the load step a in the energy graph of Fig. A.6 (Coarse-grain),

is due to a considerable expansion of 90o switched domains, presented in

Fig. A.9(c). This toughening mechanism is also reported in experiments

of crack propagation in BaTiO3 [28, 40, 41, 45]. Note that the ferroelastic

switching is less pronounced in the fine-grain structure, since the crack area
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increases faster for low applied load as compared to the coarse-grain case, as

shown in the crack area evolution in Fig. A.6.

4. Conclusions

We perform, to the best of our knowledge, the first three-dimensional

simulations of crack growth in ferroelectric polycrystals with the goal of

qualitatively evaluating the effect of the grain and ferroelectric domain mi-

crostructures on the fracture process. The simulations are based on cou-

pling three phase-field models describing (1) the poly-crystalline structure,

(2) the location of the cracks and (3) the ferroelectric domain microstruc-

ture. The model captures the physical complexity of the fracture processes

in this type of materials, and in particular the complex interactions between

the three interfaces, the latter two of them evolving. The simulation results

show that crack deflection, crack bridging, crack branching and ferroelastic

domain switching act as the main fracture toughening mechanisms. These

mechanisms are intrinsically three-dimensional and our fully 3-D simulations

illustrate how the combination of all of them enhances the macroscopic frac-

ture toughness of the material. All of these toughening mechanisms have

been observed in experiments of ferroelectric ceramics [28, 40, 41, 45]. Thus,

this study constitutes a proof of concept of the model and the simulation

methodology, adequate for qualitative assessment. The present work also

paves the path for further studies probing systematically the fracture be-

havior of ferroeletric polycrystals. For instance, a micromechanics approach

based on representative volume elements can be envisioned to extract the

effective properties for macroscopic phenomenological models.

20



However, more work is needed for quantitative evaluation of the combined

effect of the polycrystalline microstructure and the ferroelectric domain mi-

crostructure on the fracture response of ferroelectric polycrystals. In partic-

ular, the relative physical size of the grains and ferroelectric domains should

be considered for more realistic – but extremely demanding from a compu-

tational viewpoint – simulations. A detailed experimental characterization

of the grain boundaries would be desirable, including their width as well as

the dependence of the grain boundaries’ properties on the crystallographic

misorientation of the neighboring grains. The width of the domain walls can

also be determined experimentally [46]. The width of the smeared cracks,

however, is a numerical artifact, which could have a significant effect on the

simulation results. A sensitivity analysis on the regularization parameter

of the fracture phase-field relative to the other lengthscales of the problem,

i.e. width of the grain boundaries and width of the domain wall, would be

necessary. Another important issue is the quantification and relative magni-

tude of the parameters µp and µv, which can have an important effect on the

resulting response.

More fundamental research is also needed to characterize the fracture

behavior of ferroelectric ceramics, and properly model it in the phase-field

context. Here, we have assumed that the fracture toughness does not depend

on orientation, and considered a fracture toughness measured for an annealed

sample. The quantitative mapping between the experimental measurements

in these or other conditions and the model parameters requires further work.

Also, the intrinsic anisotropy of the crystal, i.e. the different surface energy

in different cleavage planes, is bound to have an effect. Furthermore, in our
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model the tension-compression behavior is determined relative to a reference

cubic phase, but it seems more reasonable to refer it to the closest free energy

well (variant). Thus, many open questions remain, which demand tackling

this problem with a variety of experimental and theoretical methods.
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Appendix A. Energy functions and material constants for BaTiO3

The energy functions U , W , and χpoly in Eq. (9) are chosen following

[47, 48], expanded in terms of three-dimensional components as [49]

U(pi,j) =
a0

2
(p2

1,1 + p2
2,2 + p2

3,3 + p2
1,2 + p2

2,1 + p2
1,3 + p2

3,1 + p2
2,3 + p2

3,2), (A.1)

W (pi, εjk) = − b1

2
(ε11p

2
1 + ε22p

2
2 + ε33p

2
3)

− b2

2

(
(ε22 + ε33)p2

1 + (ε11 + ε33)p2
2 + (ε11 + ε22)p2

3

)
− b3 ((ε12 + ε21)p1p2 + (ε13 + ε31)p1p3 + (ε23 + ε32)p2p3)

(A.2)

χpoly(pi) = χ(pLi ) =
a1

2
[(pL1 )2 + (pL2 )2 + (pL3 )2] +

a2

4
[(pL1 )4 + (pL2 )4 + (pL3 )4]

+
a3

2
[(pL1 p

L
2 )2 + (pL2 p

L
3 )2 + (pL1 p

L
3 )2]

+
a4

6
[(pL1 )6 + (pL2 )6 + (pL3 )6]

+
a5

4
[(pL1 p

L
2 )4 + (pL2 p

L
3 )4 + (pL1 p

L
3 )4], (A.3)

where a0 is the scaling parameter of the domain wall energy, ai (i = 1, .., 5)

are the constants of the phase separation energy and bi (i = 1, 2, 3) are the

constants of the electro-mechanical coupling terms. The local polarization

pL is related to the global polarization p through Eq. (12). For convenience,

dimensionless variables are selected through the following normalizations:

x′i = xi
√
c0/a0/p0, µ′ = µ/c0, κ′0 = κ0/c0, p′i = pi/p0, t′ = tc0/µp

2
0, ε′0 =

ε0c0/p
2
0, φ′ = φ/

√
a0c0, a′1 = a1p

2
0/c0, a′2 = a2p

4
0/c0, a′3 = a3p

4
0/c0, a′4 =
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a4p
6
0/c0, a′5 = a5p

8
0/c0, and b′i = bip

2
0/c0, where i = 1,2,3. The equations

with normalized variables are the same as the original ones. The constants

are chosen to fit the behavior of single crystals of barium titanate (BaTiO3)

at room temperature, taking c0 = 1 GPa and a value for the spontaneous

polarization of p0=0.26 Cm−2. The electro-mechanical coupling constants bi

(i = 1, 2, 3) are obtained considering the spontaneous strains of the tetragonal

phase εa = -0.44% along a-axis and εc = 0.65% along c-axis, with respect to

the paraelectric cubic phase, which is the reference configuration of the model

[50, 51]. The domain wall scaling parameter is set to a0 = 3.7×10−9 Vm3C−1

which leads to the value of 0.5 nanometer for the normalized unit length ∆x′

= 1. By setting the normalized scaling parameter of the domain wall energy

to a′0 = 0.2, the normalized width of domain walls is obtained between 6

and 8 in the simulations, corresponding to 3-4 nanometers, in the order of

experimentally measured values in tetragonal ferroelectric ceramics [46, 52].

Note that to simplify the numerical procedure applied for the model solution,

the electrostrictive coefficients bi (i = 1, 2, 3) are assumed to be isotropic.

This assumption is unlikely to affect the general behavior of the model. The

intrinsic fracture toughness of BaTiO3 is taken as Kc = 0.49 MPa
√
m from

experimental measurements on an annealed sample [40]. Considering Young’s

modulus and Poisson’s ratio for BaTiO3 as E = 100 GPa and ν = 0.37

respectively (consistent with the bulk and shear modulus), the value of the

critical energy release rate is obtained as Gc = (1 − ν2)K2
c /E = 2 Jm−2.

The value of normalized critical energy release rate is then calculated as

G′c = Gc

√
1/a0c0/p0 = 4. The normalized parameters are presented in Table

A.1.
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Figure A.1: 3-D computational model with boundary conditions.
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(a) (b)

Figure A.2: Two snapshots of the 3-D polycrystalline microstructure evolution at time

steps (a) t = 2500 (b) t = 19000. The gray contour indicates the distribution of ξ. Grain

boundaries correspond to darker regions. These two microstructures are considered later,

representative of a fine and a coarse-grained polycrystal, respectively.

29



Figure A.3: Distribution of the rotation field θ in Eq. 10 over the fine-grain microstructure

presented in Fig. A.2(a).
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(a) (b)

(c) (d)
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Figure A.4: Four snapshots of the fracture evolution in the fine-grain microstructure at

load steps (a) n = 120 (b) n = 150 (c) n = 160 (d) n = 170. The green surface is the

isosurface of the fracture parameter for the value of v = 0.5.
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(a) (b)
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Figure A.5: Isosurface of the parameters z = (1− v)(1− ξ) and z′ = (1− v)ξ, indicating

the inter- and trans-granular crack surfaces highlighted with green and yellow, respectively

for (a) fine-grain and (b) coarse-grain microstructures. The bottom figure in each case

presents the top view of the isosurface.
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Figure A.6: Evolution of the normalized crack area as a function of the load step in fine-

and coarse-grain microstructures.
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Figure A.7: Crack branching in the fine-grain microstructure: (a) isosurface of the fracture

parameter v (b) distribution of v (colour contour) and ξ (gray contour), where grain

boundaries and fracture zone are highlighted with the darker and red regions, respectively,

and the area where v > 0.8 is transparent to allow the visualization of the polycrystalline

microstructure. The white arrow indicates the first crack branch. Figure (b) presents the

contours in a cross section of the 3-D model which cuts the two crack branches with the

surface unit normal (0,0,1).
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Figure A.8: Crack bridging in the fine-grain microstructure: (a) isosurface of the fracture

parameter v (b) distribution of v (colour contour) and ξ (gray contour), where grain

boundaries and fracture zone are highlighted with the darker and red regions, respectively,

and the area where v > 0.8 is transparent to allow the visualization of the polycrystalline

microstructure. The white arrow indicates the isolated crack from the main crack branch.

The grain highlighted with yellow acts as a bridge between the main and isolated cracks.

Figure (b) presents the contours in a cross section of the 3-D model which cuts the isolated

crack with the surface unit normal (0,0,1). This figure corresponds to the load step c and

Fig. A.4(c).
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Figure A.9: Three snapshots of the evolution of the ferroelectric domain microstructure

at load steps (a) n = 3, (b) n = 100, and (c) n = 190. These figures correspond to the

coarse-grain structure in Fig. A.2(b). Domain walls and grain boundaries are highlighted

by black and white regions, respectively. There are six tetragonal variants, labeled as

X+, X-, Y+, Y-, Z+, and Z- with components of the normalized polarization in the local

grain coordinate system (p′L1 > τ), (p′L1 < −τ), (p′L2 > τ), (p′L2 < −τ), (p′L3 > τ), and

(p′L3 < −τ), respectively. To feature the domain wall regions, the value of τ is chosen as

20% of the normalized spontaneous polarization, i.e. τ = 0.2. The six tetragonal variants

are colored according to the legend at bottom right.
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Figure A.10: Right view of Fig. A.9(c) where the gray arrows indicate the polarization

in the global coordinate system. Domain walls and grain boundaries are represented by

black and white regions, respectively. The tetragonal variants are colored with respect to

the local coordinate system, according to the legend in Fig. A.9. The misalignment of the

polarization vectors with respect to the global coordinate frame (x2 − x1) inside a single

domain indicates the misalignment of the corresponding grains. For the sake of clarity,

the polarization vectors are not depicted in the domain walls region.
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Table A.1: Normalized parameters

κ′0 µ′ b′1 b′2 b′3 a′0

133 36 1.4282 -0.185 0.8066 0.2

a′1 a′2 a′3 a′4 a′5 ε′0 G′c

-0.007 -0.009 0.018 0.0261 5 0.131 4
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