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Notation:

€ Total strain tensor
g° Elastic strain tensor
g’P Viscoplastic strain tensor
¢ Kinematic hardening strain tensor

§ Isotropic hardening strain variable (equivalent plastic strain)

o Stress tensor

P Pressure

S Deviatoric part of the stress tensor
Kinematic hardening stress tensor (conjugate of ¢)

q Isotropic hardening stress variable (conjugate of &)

v Free energy function

|14 Elastic energy potential

K Hardening potential

Q Viscoplastic potential

) Yield function

vy Viscoplastic multiplier

n Unit normal to the yield surface

Model parameters:

K Bulk modulus
G Shear modulus
O, Initial flow stress
o Isotropic hardening saturation flow stress
6  Exponent of the isotropic hardening saturation law
H Linear isotropic hardening coefficient
Ky Linear kinematic hardening coefficient
A Non-linear kinematic hardening parameter
n Viscosity
m Exponent of the non-linear viscous law







Chapter 1
Mechanical Model

In this work the formulation of a general elasto-viscoplastic constitutive
model is consistently derived within a thermodynamic framework. The con-
stitutive behavior has been defined by a elasto-plastic free energy function.
Plastic response has been modeled considering a J2 viscoplastic constitu-
tive model, including non-linear isotropic and kinematic hardening. Time
integration and linearization of the constitutive model is also introduced.

Finally, a number of numerical tests will show the mechanical response
of a specimen submitted to a loading-unloading cycle.

1.1 Constitutive equations

In the following section, the constitutive equations of the elasto-viscoplastic
model are introduced.

Figure (1.1) shows the rheological model considered for the mechanical
behavior. Let’s assume an additive decomposition of the total strain tensor
€ into its elastic and plastic parts € and €"P, respectively, that is

e=¢e“+¢” (1.1)

Let us now introduce the Helmholtz free energy function (per unit refer-
ence volume) W (&% ¢,€) as the sum of the following contributions

T =T (e5,¢,6) = W (%) + K (C,6) (1.2)
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Figure 1.1: Mechanical rheological model

where W (e°) is the elastic stored energy, K (¢,) is the plastic hardening
potential and ¢ and £ are the kinematic and isotropic hardening variables,
respectively. The expressions chosen here for these terms are the following

W(e) = %K tr* (€°) 4+ G dev® (¢°) (1.3)
K((£) = (0o—0,) |E— 1_#)(_65)
+%H£?+%Kgucn2 (1.3b)

where K is the bulk modulus, G the shear modulus, o, the initial flow stress,
0 the saturation hardening limit, H the linear isotropic hardening coeffi-
cient and finally Ky the kinematic hardening coefficient.

Using the Legendre transformation is possible to express the rate of the

free energy function as .
U=0:¢— Dnyen (1.4)

where o is the Cauchy stress tensor and D, is the mechanical dissipation.
If we differentiate the free energy function with respect to the state variables
we obtain

P = iy
oe € :£20  (1.5)

b (g 2T 0T L, 0V . O
mech = | O . aee- ac aé_

Applying Coleman’s method [Chiumenti-98], we obtain the definition of
the stress tensor as

o % = K tr(e) 142G dev (e — €?) (1.6a)



that can be splitted into its spheric and deviatoric parts as
o=pl+s— p=3r (o) (1.7)
s =dev (o) = o—pl

where p is the pressure and s is the stress deviator, respectively given by

p = Ktr(e®)=Ktr(e) (1.8a)
s = 2Gdev(e®) =2G dev (e — €P) (1.8b)

Finally, the mechanical dissipation results in
Diech =0 : " +q : (+q: € > 0 (1.9)

where q and ¢ are the state variable conjugate to the kinematic and isotropic
hardening variables ¢ and ¢, respectively, defined as

ov 2

q = 9 = —éKHC (1.10a)
ov
where
Ke = (000 — 0,)[1 — exp (—66)] + HE (1.11)



1.2 Evolution laws

Let us define the following visco-plastic potential 2 (o7, q,q) as

Q (o, q,q) = — <(I) (7,9,0) >+ (1.12)

m+1 Ui

where 7 is the viscosity and m is the exponent of the viscous law.
Function @ (s, q,q) can be particularized to deal with the von Mises yield
criterion combined with an isotropic and kinematic hardening as

®(s,q,4,0) = [|s —ql| — \/%(UO—Q) <0 (1.13)

where o, is the flow stress.
The evolution laws for the internal variables introduced in the previous
section, can be obtained as

% = o2 ) o _ n
- 0s  \n s !
; o0 o\" 00 .
¢ = 0 - \u) 3q = —4n (1.14)
; o & _ Jove LD
- 9q n oq V3

where n is the unit normal to the yield surface and + is the viscoplastic
multiplier, respectively given by

' o m »
= (5) = e
! (1.15)

0 s—q
n =} _— —
Os Is —

An extension of the model to take into account non-linear kinematic hard-
ening is proposed in the form

(=—% (ntAQ) =—&7—- A7 ¢ (1.16)

It is interesting to observe that if we introduce the constitutive law (1.10a)
into the previous equation (1.16) the result is

q=A (4" —q [[£"]) (1.17)
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where o = _?;TH is the saturation value of the kinematic hardening law. In
fact, in case of one-dimension analysis it results é”” = ||¢""|| = &' so that
G=A&" (qeo — q) (1.18)

This expession can be integrated and gives as a result the following sat-
uration law
A= oo [1 — exp (~A )] (1.19)

In the following table the constitutive model proposed is summarized:

Additive decomposition | € = ¢ + €'

g = 2G dev (e — €"P)
Constitutive laws q = —EK I7&8
¢ = —(00—0,)[1—exp(=6¢)]— HE
. . " ) n+1l
Plastic potential (= —
n+1\n
é.vp - O_Q - g TIT a—q) o
B Js B N Js 7
, —4 (n+AQ)
& = or
Evolution laws —&F — A ||e™| ¢
. o9 o\"™ 09 ]2
¢ = e =~ {2y == o
dq n dq 3

i = (2) = e

Jo (o) <o,+ R+ 0y

3
Visco-elastic domain J(o—q) = \/; |s — 4

R = (00 — o) [1 —exp (=6 &)] + HE
3.1
Oy = n §’ym




Chapter 2

Time Integration of the
Mechanical Model

In this section the time integration of the proposed model is presented. First,
the elasto-plastic operator split method will be introduced, followed by the
time integration algorithm.

2.1 Elasto-plastic operator split

In this section a product formula algorithm emanating from a standard
elastic-plastic operator split of the elasto-plastic constitutive equations is
presented [Krieg & Krieg-77], [Simo-94]. The basic idea consists of a two-
steps-algorithm to be applied to the evolution equations as follows:

1. an elastic trial predictor, obtained by freezing the plastic flow during
the time step, followed by,

2. a plastic corrector that performs the closest-point-projection of the trial
state onto the yield surface.

Using the compact notation ¥ = s, q,q], E”? = [, {,{] and C =[2G,
%K oL H } the additive split results in

Total = [Elastic predictor + Plastic corrector
E?P=+V®(Z) = E?=[0,00 + E?=5V®(X)



Applying an implicit backward-FEuler difference scheme, it is possible to
define a trial elastic state given by

trial
vp . vp
En,+1 - En,

so that the associated trial stress field results in
. v trial v
S = C (Bnpn — B2 ) = C- (Bny1 — EP)
At this stage the trial state could be inside or outside the elastic domain
E, , it means that the loading function ® (3) must be checked. It is possible
to demonstrate that if ® (fofl’ ) is convex, then ® (Ef{"ﬁ‘) > ®(X,,1) so
that

o if d (EZJ’ral’) <0— ®(X,11) <0and ¥ = 0 so the process is elastic
and the trial state is the final state

trial

vp o vp _ vp
En,+1 - En—!—l - En,
and
_ trial __ vp
En+1 - Z'n.+1 =C- (En-i-l - En )

e If, in the other hand, ® (Ef{}ff) >0— &(X,41) > 0and ¥ > 0
the plastic corrector must be applied by a return mapping algorithm.
According to the product formula, the resulting final state becomes in

v‘trial .
E:f!—l = En{){—l + Y V(I) (E‘n—!—l)
and according to the closest-point-projection algorithm [Wilkins-64], [ Krieg
& Key-76], the stress fields transform in

En+1 =G (En+1 - E:)zil) = Efzrfll_’y CVo (Zn—H)

2.2 Time integration algorithm

At time t,, in a typical time increment [t,,¢,.1], the configuration u, and
the internal variables {€’?,(,,,6,} are given. In this phase of the product
formula, one solves for the current configuration u,,,; via an iterative proce-
dure in which the current iterate is assumed given. The computation of the
new iteration involves the evaluation of the current stress fields ,,.1 and the
internal variables {eﬁil, ¢, +1,§H,+1} at time t,41. Given a finite element dis-
cretization, this update is performed at each quadrature point and proceeds
as follows [Simo-94], [Chiumenti-98].



2.2.1 Trial state (kinematics)

According to the elasto-plastic operator split,

trial

E;Ufil = 5:2111 + Ynr1Npt1 (2.4a)

Cott = Coid = Yot (Bara +ACn4) (2.4b)
trial 2

571+1 - §11+1+'711+1 3 (24C)

where v,41 = ¥,,.1 At and the elastic trial predictor for the plastic variables
is computed as

e = e (2.5a)
g = &, (2.5b)
ftiﬁl = 511‘ (25C>

2.2.2 Trial (generalized) stresses

Using the trial values obtained for the internal variables it is now possible to
compute the trial generalized stresses as follows

piriel = Ktr(ep) (2.6a)
st = 2@ [dev (Ens1) — s,”l’_’;;ial] (2.6Db)
Qi = ~2Kn ¢ (2.60)
@ = —Ke (60F) (2.60)
where K¢ ( f]ﬁ’) is given by
Ke (€058) = (00 —00) [L —eap (=6 )| + HEMS (27

2.2.3 Trial yield function

The trial yield function is computed as

trial trial
(Dn—i—l HIBIH—I

\/g (aa — ) (2.8)
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where
trial __ _trial trial
IBn—i—l - Sn—i—] - qn+1 (29)
is the so called back-stress tensor.

It ¢rial <0 then the trial state is the final intermediate state,

el = ehy (2.10)
Cn—i—l = fg.al[ (210b)
gn‘+1 = é-:l,::.al[ (2 1OC)

otherwise, if @74 > ( the plastic corrector must be applied. In this case

it is not possible to use a standard radial return mapping, in fact in case of
non-linear kinematic hardening the unit normal to the yield surface n,.; is
not constant.

2.2.4 Return mapping

The unit normal to the yield surface is defined as

Sn+1 — Qn+1 - /677,—}—1 (2 ]_1)

n = —
n+1 HSn,-I—l - Qn-{—lH H/Bn—HH

where tensor 3,1 = 8,41 —Qp+1 is unknown but it can be expressed in terms
of the plastic multiplier 7,,.;. In fact, s,.1 and q,.1 are respectively given
by

Sna1 = sfz’jr“l[ — 2G Ypa1 Nyt (2.12a)
2
AQn+1 = _§I(H Cn—l—l (212b)

where the ¢, ; can be expressed as

1
= T AL — Yn+1 1y 2.13a
Cn—{—l 1+ A’Yn,—i—l (Cn Tn+1 1y +1) ( )
= wa (Cn - 711-{-1 1171—!—1) (213}))
so that |
An+1 = We qiriall + @y Tn+1 p41 (214)

11



and finally

trial

/87L+1 = /Bn,+1’ (771-{—1) — Wyt (215)

Strial . . . . ;
where 3, (Vn+1) is a modified version of the trial back-stress tensor, given
by

Strial ria ria
Bt (Wr1) = sty — wa olyid (2.16)
being
1
Wy = T 2.17a
]. + A Yn+1 ( )
2
wy = gKH Wa (2.17b)
we = (2G+ wp) Yan (2.17¢)

Developing expression (2.15) it is possible to obtain

(”1

TWe —trial
——H> 131z+1 = IBn—H (fYn-H) (218)
n+1

and if we take the norm of above expression

trial

81| = [|Brs (o) = e (2.19)
and the result is
Bt (1) (2.20)

Ny = 11 (7”4‘1) = ‘ —trial H

n+1 (Ynt1)

Note that in case of linear kinematic hardening the standard hypothesis
used in isothermal J2-plastic algorithm is recovered

trial trial trial

_ trial __ anJrl _ Sn+1 qn—l—l
N1 =N, 07 = ‘ (2.21)

n IBtrlal Stmal trial

n+1 n+1 qn+1

Next step is the evaluation of the yield function at time #,4, as

/Bn—i-lH - \/g (Uo - q'n+1> (222&)

O, = ‘
= ||Buis ()| — e — %(ao—qnﬂ) (2.22b)

12



To obtain the final values of the plastic multiplier 7,,., the following non-
linear equation must be computed

. (I)n (f)/n 1 ) "
Vg1 = <% (2.23)

that is the same of the zero of equation

In+1 (’Yn+1) =0 (224)

where function g, (vn41) is given by

1

Tn+1 ) m
At

A local Newton-Raphson algorithm can be used to find the solution, so
that the linearization of above equation results in

gn+1 (’Y‘rwrl) =®p1 (771,4—1) -1 < (2-25)

dg
g1 + 51 A1 =0 (2.26)
n+1
with initial condition 7,.1 =0 .
9]
Term -4 is computed as
0’7 n+1
9y _ 0% Ln (s ] 9
Ol Oy, mMAL\ AL (2.27)
n+1 n+1
where il
o 9 H/B'nﬁ—l %) We 2 aq
" | o, T30 (2:28)
i n+1 v n+1 i n+1 n+1
being
0 B;’“i’al . a—trial
h = niriel. L) N P (2.29a)
0y oy
n+1 n+1
dw.
« = 2G + wp — Y41 AW, @y (2.29b)
ary n+1
dq
— = —Kg (2.29c¢)
aé n+1

13



where
Wp = nfg—# : Cn (230&)
Kee = (000 —00) [6exp (=0 &ua)] + H (2.30Db)

The iterative process induced by the local Newton-Raphson algorithm is
the following:

Af},(O) =
loop
(k) 9(121
&y - 9g|®
a’Y n+l
Af}/(k+1) - A’Y(k) _+_ df)/(k)
end loop
Tn41 = Ay

2.2.5 Update database and compute stresses

First, let us update the plastic variables as

nitrial

Eg—k—l = €n—|—1 +7n+1nn+1 (231&)

C?H—l = Cf{j—all = Tn+1 (nn+1 + A Cn-}-l) (231b)
ria 2

vt = &Y+ Yann \/; (2.31c)

The deviatoric stress fields and the hardening stress tensors are computed
as follows

Spn+1 = Sf{iﬁl_QGrYn—l—ln?H-l (232&)
2

dni1 = —gKH G (2.32b)

n+1 = —Kg (é-n-l—l) (232C)

so that the total stress tensor can be evaluated as
0'n+1:])n+11 + Sp+1 (233)
where the pressure is given by

Pnt1 = K tr (€ns1) (2.34)

14



2.3 Linearization & tangent operator

In this section the linearization of the problem and the following tangent
matrix is introduced.
The constitutive tangent matrix is defined as

ep  AOn11
= 2.35
n+1 d€71+1 ( )
where do,11 is given by

da'nth =C°: dsn.+1 -2G (777%—1 dnn+1 + d’)/n%—l nn+1) (236)
being C¢ the elastic matrix defined as

1
Ce=K1®1+2G (I—§1®1> (2.37)

where 1 =6;;e; ® e; the rank-two symmetric unit tensor.
The linearization of the unit normal to the yield surface dn,; is given

by

]- Stria
dnpy; = —Irial (I —Np1 Q@ 11n+1) : dﬁihull (2-38)
l /Bn+1
where dBf:ial[ results in
=tria 1
4Bl = oG <I—§1 ® 1)  depir — AwapCydynin (2.39)
so that
2G 1
dn,, ., = H—_W (I—gl ®1-—n,1 ® nn,+1> ! 8yt (2.40)
n+1
—Aw,wp (I —Npp1 @ Npy1) : Cd Yt (2.41)

To compute dy,+1 let us consider the following equation that must be
verified
dgn+1 (En—&—la rYn.-l—l) =0 (242)

where function g¢,,; was gine in (2.24), so that
dg dg

cdepa +
+1 By

df)/n-i-l =0 (243)

n+1

15



results in
n+1

The first term @
Oe

?g
Oe

=2G 1,41 (2.44)
n+1

. g
while to compute the second term —

oy

, you can refer to equation (2.27)

n+1
so that e
d'Vn—H = —Npq1: dsn—i—l (245)
Wy
where g
T (2.46)
87 n+1

and the final result is

2G 1
(llln_H = Hﬁw— <I—§1 ®1-—n,41® nn+1>
n+1
A TWa Wh
—7 (€, ®Npy1—pNpt1 @ nn—H)} tdent1 (2.47)

Using equations (2.45) and (2.47) it is possible to evaluate the constitutive
tangent matrix as

1 =0I4+65 (1 ®1) 4063 (Npy1 ® Npt1) + 04 (¢, @ Npy1) (2.48)

where the coefficients ¢y, (k = 1,4) are given by

6 = 2G(1—wy) (2.49a)
5, = I —% (2.49h)
2 .

§ = 2G (wg— G+Aw“w”wgw> (2.49¢)
Wd
5, = 20AT Py (2.49d)

Wda
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Chapter 3

Numerical Tests

The constitutive model proposed has been implemented in the finite element
code COMET. In the following table it is possible to find the correspondence
between the name of the material properties used in the program and the
notation used here:

Model parameters:

K Bulk modulus KBULK
G Shear modulus SHEAR
Oy Initial flow stress YEINI
oo Isotropic hardening saturation flow stress YEFIN
6  Exponent of the isotropic hardening saturation law | YEPOW
H Linear isotropic hardening coefficient LINHR
Ky Linear kinematic hardening coefficient KHARD
A Non-linear kinematic hardening parameter NLKHD
n Viscosity VISCO
m Exponent of the non-linear viscous law EXPVI

In the next sections a number of numerical tests will be presented show-
ing the mechanical response of different simplified constitutive models up
to the final visco-plastic one that include non-linear isotropic and kinematic
hardening.

Figure (3.1) shows the loading-unloading function used in the displace-
ment driven tests. Finally, in the next table it is possible to find the values
of the material properties used in the simulations:

17



KBULK | = | 83333.3 [MPa]
SHEAR | = | 38461.5 [MPa]
YEINI = 150.0 [MPa]
. 150.0 Model H1
YEHIH - { 180.0 Others [MPa)
YEPOW | =] 7.0 —
LINHR | = 100.0 [MPa]
KHARD | = | 500.0 [MPa]
NLKHD | = | 50.0 —
. 1.0E4-6 Model V1
VISU0 - { 100.0 Others [MPa]
EXPVI | =10.128 —

0,01J| ------- Loced rk|J‘|!| ------- ‘z —————— | S— Lo
i I
| o | :
| T o L
-0.01 i i i 1
0 1000 2000 3000 4000 5000

Figure 3.1: Load amplitude versus time.
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3.1 Model - P1

Model characterization:

Linear isotropic hardening OFF
Isotropic hardening saturation law OFF
Kinematic hardening OFF
Non-linear kinematic law OFF
Viscosity OFF

Non-linear viscous law OFF

Material properties to be input:

K Bulk modulus
G Shear modulus
o, Initial flow stress

Constitutive model:

Additive decomposition

e=¢e’+¢€P

Constitutive laws

s =2G dev (e — eP)

Plastic potential

© = |sll - @ao

Flastic domain

Ja (o) = @IISH

o od g
Evolution laws & =7 os T

vo=lI€”

Jo (0') < 0O,

19
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3.2 Model - H1

Model characterization:

Linear isotropic hardening ON
Isotropic hardening saturation law OFF
Kinematic hardening OFF
Non-linear kinematic law OFF
Viscosity OFF

Non-linear viscous law OFF

Material properties to be input:

K
G

To

Bulk modulus
Shear modulus
Initial flow stress

H  Linear isotropic hardening coefficient

Constitutive model:

Additive decomposition | € = ¢ + &P
= 3 —eP
Constitutive laws ® 2idey s — )
q = =H¢
. . 2
Plastic potential o =|s|| - \/; (6o — q)
el = 4 9 _ n
- % T 7
Evolution laws . .09 . ]2
£ = 45 = Fyz
dq 3
o= [I€”]
J‘_ (U') < 0, + R
Flastic domain 8
B (@) =[5 ls]
R = HE
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3.3 Model - H2

Model characterization:

Linear isotropic hardening

OFF

Isotropic hardening saturation law

ON

Kinematic hardening

OFF

Non-linear kinematic law

OFF

Viscosity

OFF

Non-linear viscous law

OFF

Material properties to be input:

K Bulk modulus

G Shear modulus

O, Initial flow stress
Ooo Isotropic hardening saturation flow stress

0  Exponent of the isotropic hardening saturation law

Constitutive model:

Additive decomposition | € = ° + &P
oo = 2G dev (e — €P)
Constitutive laws
g = —(00— Tp) {1 — €Xp (_65)]
2
Plastic potential O = ||s|| — Jg(ao -q)
e = 4 @ = 4n
=7 Js 7
Evolution laws i 0® _ 2
P a Y 3
vo= €
Jo (0’) <o,+ R
Elastic domain 3
(@)= /5l
R = (00 —0,) [l —exp(=6¢)]
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3.4 Model - H3

Model characterizati

on:

Linear isotropic har

dening ON

[sotropic hardening saturation law  ON

Kinematic hardening OFF
Non-linear kinematic law OFF
Viscosity OFF
Non-linear viscous law OFF

Material properties to be input:

K Bulk modulus
G Shear modulus
o Initial flow stress
T Isotropic hardening saturation flow stress
6  Exponent of the isotropic hardening saturation law
H Linear isotropic hardening coeflicient

Constitutive model:

Additive decomposition

e=¢e+¢?

Constitutive laws

s = 2G dev (e — €P)
= —(0—0,)[1 —exp(=06&)] — HE

Plastic potential

¢ = ls| - @(JD—Q)

e’ = 1 PE _ ; n
- Y as - Y
Evolution laws ; 092
§ = Y73- = Y3
dq 3
v = e

FElastic domain

Jy(o)<o,+R

Jy (o) = @ Is|
R = (00 — 00) [L = exp (=86)] + HE

22
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3.5 Model - K1

Model characterization:

Linear isotropic hardening

OFF

Isotropic hardening saturation

law OFF

Kinematic hardening

ON

Non-linear kinematic law

OFF

Viscosity

OFF

Non-linear viscous law

OFF

Material properties to be input:

K Bulk modulus
G Shear modulus
O Initial flow stress

Ky Linear kinematic hardening coefficient

Constitutive model:

Additive decomposition | € = €° + P
s = 2Gdev(e — €P)
Constitutive laws 2
a = _EI{H ¢
2
Plastic potential d=|s—q| - J;ao
o g% -
i Js i _
—4n
Evolution laws C = 4 a_cb _ ;1
dq _gP
Y= €7
Jo(o—q) <o,
Elastic domain
B(o—a)= 5 ls

23
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3.6 Model - K2

Model characterization:

Linear isotropic hardening OFF
Isotropic hardening saturation law OFF
Kinematic hardening ON
Non-linear kinematic law ON
Viscosity OFF

Non-linear viscous law OFF

Material properties to be input:

K
G
Oo
Ky
A

Bulk modulus
Shear modulus
Initial flow stress
Linear kinematic hardening coefficient
Non-linear kinematic hardening parameter

Constitutive model:

Additive decomposition | € = ° + P
s = 2Gdev (e — eP)
Constitutive laws 2
q = —7Ku¢
2
Plastic potential ¢ =|s—q| - \/;ao
g = 2 yn
7 (A0
= n+
Evolution laws C = 4 (g_q) _A C) ! or
4 —&" —§ A¢
¥ = €]l
Jo (0 —q) < o,
Elastic domain
3
Jo(o—q)= \/;Hs—qll

24
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3.7 Model - V1

Model characterization:

Linear isotropic hardening

OFF

Isotropic hardening saturation law

OFF

Kinematic hardening

OFF

Non-linear kinematic law

OFF

Viscosity

ON

Non-linear viscous law

OFF

Material properties to be input:

K Bulk modulus
G Shear modulus
o, Initial flow stress
Ui Viscosity

Constitutive model:

Additive decomposition

E=¢€°+¢e’?

Constitutive laws s =2G dev (e — e"P)
(i) 2
Plastic potential 0="1 —>
2 \n
25 9] < 0} > 0P .
g = 0— = — g = Y n
Evolution laws S "

. o .
= (2) = gen
n
JQ (0’) < gt O
: : : 3
Visco-elastic domain Jo (o) = 5 IIs]]
3.
oy =M=
] 27
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3.8 Model - V2

Model characterization:

Linear isotropic hardening OFF
Isotropic hardening saturation law OFF
Kinematic hardening OFF
Non-linear kinematic law OFF
Viscosity ON

Non-linear viscous law ON

Material properties to be input:

K Bulk modulus

G Shear modulus

O Initial flow stress

n Viscosity

m  Exponent of the non-linear viscous law

Constitutive model:

Additive decomposition | € = € + &P

Constitutive laws s =2G dev (e — €'P)
" q) m+1
Plastic potential fl= <—>
m+1 \n

o _ o2 B <<I>>"L 0P -
Evolution laws g W g s

s (8 - e

n

Jo (o) < 0y + 0y

Visco-elastic domain

26
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3.9 Model - HK

Model characterization:

Linear isotropic hardening ON
Isotropic hardening saturation law ~ ON
Kinematic hardening ON
Non-linear kinematic law ON
Viscosity OFF

Non-linear viscous law OFF

Material properties to be input:

K Bulk modulus

G Shear modulus

O, Initial flow stress

O Isotropic hardening saturation flow stress

6  Exponent of the isotropic hardening saturation law
H Linear isotropic hardening coefficient
Ky Linear kinematic hardening coefficient

A Non-linear kinematic hardening parameter

27



Constitutive model:

Additive decomposition | € = € + P
§ = 2G dev (e — €P)
Constitutive laws = —gK u€
¢ = —(00—0,)[1—exp(=6§)] — HE
2
Plastic potential ®=|s—ql - \/; (00— q)
el = e = yn
B 7 s B _ o
. ob ~¥ (n+A¢)
| Coa(2ag - [T
Evolution laws q _&P— K AC
i = . 0P B . ]2
B i Jq B T\3
v o= €7

FElastic domain

Jo(o—q)<o,+ R

{ Jg(a—q)z\/gﬂs—q\l
R= (00w —0,) [l —exp(—6&)] + HE
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3.10 Model - VH

Model characterization:

Linear isotropic hardening ON
I[sotropic hardening saturation law  ON
Kinematic hardening OFF
Non-linear kinematic law OFF
Viscosity ON

Non-linear viscous law ON

Material properties to be input:

K Bulk modulus

G Shear modulus

O, Initial flow stress

s Isotropic hardening saturation flow stress
)
H
Ui

Exponent of the isotropic hardening saturation law
Linear isotropic hardening coefficient
Viscosity
m Exponent of the non-linear viscous law

29




Constitutive model:

Additive decomposition

e=¢e*+¢€"?

S 8§ = 2G dev (e — €"P)
Constitutive laws L = (0w —0u)[1—exp(—8€)] — HE
77 (p m—+1
Plastic potential Q= <—>
m+1 \n
o _ 0 _ Ja\Toe
; Os o\ s !
Evolution laws 5 = @ = ? a_cb = 4 2
dq n dq 3
. o\"
o= (3 = e
n

Visco-elastic domain

Jo (o) < oo+ R+ 0y

JQ (0’)
R

oy

3
2 el
(0o — 00) [1 —exp (=06 &)] + HE
1 %7#
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3.11 Model - VHK

Model characterization:

Linear isotropic hardening ON
Isotropic hardening saturation law ON
Kinematic hardening ON
Non-linear kinematic law ON
Viscosity ON

Non-linear viscous law ON

Material properties to be input:

K Bulk modulus

G Shear modulus

o Initial flow stress

Oss Isotropic hardening saturation flow stress

6  Exponent of the isotropic hardening saturation law
H Linear isotropic hardening coefficient
Ky Linear kinematic hardening coefficient

A Non-linear kinematic hardening parameter

n Viscosity

m Exponent of the non-linear viscous law
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Constitutive model:

Additive decomposition

Constitutive laws

5 = 2G dev (e — €"P)
2
q = —=Kpgg
q = - (Uoo Uo) [1 — €Xp (_65)] — H&

Plastic potential

f=—2 <?>m+1
m+1\n

O of2 _ <?>'" id o1
0s B n Js 4
, — (n+-A ()
c = or
Evolution laws —&¥ —qA¢
. ) _/o\" o (2
7 <7> 3~ V3
= (2 = e
n
JQ(O’) <o,+ R+ o,
| o Tl — o} = > Jls —
Visco-elastic domain ® 4 2 a
R = (000 — o) [1 —exp (=6 &)] + HE
5 L
o = U ﬁvm
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