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Abstract.We develop a fully coupled finite element solution for elastoplastic indentations of 
unsaturated granular soils by a rigid cylinder by using a mortar-type contact algorithm. In the 
presented solution, we have employed an advanced constitutive model that allows the 
inclusion of the effect of matric suction and induced anisotropy in the problem. Several 
numerical examples in both static and dynamic scenarios are provided for validation and 
demonstrating the capabilities of the presented framework.  

 
 
1 INTRODUCTION 

Modelling the interaction between a rigid cylinder and multiphase porous media has 
several applications such as enhancement of the pipe installation methods and the compaction 
processes by using static, vibratory, and oscillatory drums[23, 19].  

These problems can be modelled by the finite element solution where a constitutive model 
is employed to describe plasticity inside the soil domain. A more comprehensive model 
includes computational contact algorithms which allow a more accurate representation of the 
interface physics. Models of such interactions that involve the use of computational contact 
algorithmsare limited to single-phase [19] and two-phase (saturated) soils[26]. These models 
cannot describe the response of unsaturated soils realistically. Due to the prevalence of 
unsaturated soils in engineering projects associated with compaction and onshore structures, 
novel finite element solutions to model interactions involving unsaturated soils are highly 
demanded [20, 14, 13]. 

This paper presents the details of such asolution by employing the framework of 
unsaturated soil dynamics. The plasticity of unsaturated soils is assumed to be affected by 
stress-induced anisotropy [6]. A mortar-type contact algorithm is also used to simulate the 
interaction between a cylinder and a half-space (soil) . The paper also provides a brief 
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discussion of the finite element framework. Moreover, the paper presents the results of several 
simulations with the proposed framework fordemonstrating the capabilities of the proposed 
formulations. 

2 GENERAL SPECIFICATIONS 

By assuming solid (s), liquid (w), and gas (g), are continuously distributed throughout the 
unsaturated soil, the average density, 𝜌, is obtained from: 

 𝜌 = (1 − 𝑛)𝜌 + 𝑛𝑆 𝜌 + 𝑛(1 − 𝑆 )𝜌  (1) 

where 𝑛 and 𝑆 are porosity and the degree of saturation. Additionally, 𝜌 , 𝜌 , and 𝜌  are 
the density of the solid, water, and air, respectively. We consider the Bishop’s parameter 
equal to the degree of saturation [25, 11]. Hence, by taking 𝛔and𝛔  respectivelyas the total 
and effective stress matrix, the following equation can be written 

𝛔 = 𝛔 + 𝑝 𝐦 + (1 − 𝑆 )𝑝 𝐦 (2) 

where 𝑝  is the water pressure and 𝑝  is suction defined as  

𝑝 = 𝑝 − 𝑝  (3) 

where 𝑝  is the air pressure.We use the Voigt notation and define 
𝐦 = {1 1 1 0 0 0} for a general three-dimensional space. 

By defining equation(4) as a setof equationsarising from displacements, pore water 
pressure, and suction as primary variables, the dynamic response of unsaturated soil can be 
described as [9, 8] 

𝐌𝐮�̈� + 𝐂�̇� + 𝐁 𝛔 d𝛺 − 𝐐𝐰𝐏𝐰 − 𝐐 𝐏𝐜 = 𝐅𝐮 (4) 

𝐌𝐰�̈� + 𝐐𝐰�̇� + 𝐂𝐰𝐰�̇�𝐰 + 𝐂𝐰𝐜�̇�𝐜 + 𝐇𝐰𝐰𝐏𝐰 + 𝐇𝐰𝐜𝐏𝐜 = 𝐅𝐰  

𝐌𝐜�̈� + 𝐑𝐜
𝐓�̇� + 𝐂𝐜𝐰�̇�𝐰 + 𝐂𝐜𝐜�̇�𝐜 + 𝐇𝐰𝐜𝐏𝐰 + 𝐇𝐜𝐜𝐏𝐜 = 𝐅𝐜  

where the superimposed dot denotes the time derivative of a quantity. The primary nodal 
variables and are defined by: 

 𝐮 = 𝐍𝐮𝐔 (5) 

 𝑝 = 𝐍𝐩𝐰𝐏𝐰  

 𝑝 = 𝐍𝐩𝐜𝐏𝐜  

where 𝐍𝐮, 𝐍𝐩𝐰 and 𝐍𝐩𝐜 are the shape functions for the displacement, pore water pressure, 
and suction, respectively. 
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In Equation (4) to ¡Error! No se encuentra el origen de la referencia., 𝐁, 𝐂 , and 𝐌 
represent the strain-displacement, damping, and mass matrices, respectively.Also,𝐐, and 𝐇 
denote the coupling, and flow matrices associated with permeability [9] (see Appendix A). 

2.1. Elasoplasticity 

The constitutive model that is used here (MUD-B) [6] is formulated within the framework 
of the bounding surface plasticityand has the following key features: 

 

 

Figure 1: A schematic representation of the constitutive model in the multi-axial space.Note thatη  is the 
sterss ratio component defined by the deviatoric stress divided by the mean effective stress. 

 The concept of the Limiting Compression Curve (LCC) is used in the model [24]. LCC 
is considered as an asymptotic line for all isotropic compression lines at higher stress 
levels. 

 The bi-logarithmic space (ln 𝑒 − ln 𝑝′ where 𝑒 and 𝑝  are void ratio ad the mean 
effective stress, respectively) is used for describing the critical state line and volumetric 
hardening. The model also considers the effect of stress-induced anisotropy on 
volumetric hardening. 

 Hardening/softening due to suction variations by using a combination of Bishop’s 
effective stress and the “bonding variable” [4]. 

 A combination of isotropic and kinematic is used for simulating the behaviour of 
granular soil response to diverse and complex stress paths (e.g., cyclic loading). 

 Two mapping rules are used for constructing “loading surfaces” from a reference 
bounding surface [6]. It is notable that loading surfaces are defined as auxiliary surfaces 
to describe the plasticity mechanism inside the bounding surface. 

 The model is also formulated within the critical state theory by using the concept of the 
“state parameter” [1]. 

η  

η  η  
Virtual peak 

 

Critical state 

Dilatancy 
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 The Soil Water Characteristics (SWCC) is a function of both matric suction and the 
void ratio by using a modified suction, 𝑝∗ defined as follows 𝑝∗ = 𝑝 𝑒 , where 𝛺′ is a 
material parameter [9, 7].  

It should be noted that we ignored the small hysteresis of the SWCC in granular soils to 
avoid over-complication. A brief description of the key elements of the constitutive model 
and the SWCC is given inAppendix C. A schematic representation of the model in a multi-
axial space is shown in Figure 1. The figure depicts three conceptual surfaces that are based 
on the presented equations for dilatancy, virtual peak, and the critical state and by using a 
Lode angle. It may be noted that changes in saturation degree or suction can result in the 
isotropic expansion of the surfaces of dilatancy and virtual peak. 

3 Treatment of interaction 

We assumed a plane strain condition in the problem for which quadratic six-node plane-
strain elements for displacement fields are used. These elements are coupled with two linear 
three-node elements developed for pore water pressure and suction. Due to the presence of 
quadratic elements, the so-called “node-to-segment” discretisation method will lead tothe loss 
of accuracy in calculating contact stresses. To enhance the accuracy, we have employed a 
mortar-type discretization[2]. 

The segments on one side of the contact surface are projected onto the segments of the 
other body involved in the interaction in the mortar approach. The terms “mortar” and “non-
mortar” are respectivelyequivalentto master and slave in the master-slave definition [18]. A 
brief explanation of the method is given here. For a complete description of the approach refer 
to[27, 21].  

The Kuhn–Tucker conditionscan be used to describe contact and separation in the absence 
of adhesion as follows 

 𝑡 ≤ 0,          𝑔 ≥ 0, 𝑡 . 𝑔 = 0 (6) 

where 𝑡  is the contact stress and𝑔 is the normal gap function defined in[27]. 
For the fully coupled framework, we use the penalty method over the Lagrange multiplier 

method toavoid addingextra degrees of freedom associated with the Lagrange multipliers. By 
assuming a non-frictional contact, the general form of the governing equations after applying 
the contact constraints on the contact segments are as follows[16]. 

𝐌𝐮�̈� + 𝐂�̇� + 𝐊𝐔 + 𝐊 − 𝐐𝐰𝐏𝐰 − 𝐐𝐜
∗𝐏𝐜 = 𝐅𝐮 + 𝐅  (7) 

𝐌𝐰�̈� + 𝐐𝐰�̇� + 𝐂𝐰𝐰�̇�𝐰 + 𝐂𝐰𝐜�̇�𝐜 + 𝐇𝐰𝐰𝐏𝐰 + 𝐇𝐰𝐜𝐏𝐜 = 𝐅𝐰  

𝐌𝐜�̈� + 𝐑𝐜
𝐓�̇� + 𝐂𝐜𝐰�̇�𝐰 + 𝐂𝐜𝐜�̇�𝐜 + 𝐇𝐰𝐜𝐏𝐰 + 𝐇𝐜𝐜𝐏𝐜 = 𝐅𝐜  

 
where 𝐊 and 𝐅  are the stiffness matrix and the force vector arising from segments 

that are in contact. Also,𝑛  is the number of contact segments.To achieve additional control 
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on numerical damping, the generalised-α method is used for time integration of the global 
equations [5, 11, 10].  

4 NUMERICAL EXAMPLES 

In all simulations, the soil domain has a length and height of 3 m anda width of 3 m. Note 
that because of the symmetry, only half of the domain is modelled. The soil domain is 
discretised by 3157 elements and 6551 nodes. Also, the side boundaries are not free to move 
horizontally, and the bottom boundary cannot move vertically. In the case of dynamic 
analysis, absorbing boundaries are used [12] for the side and bottom boundaries. Furthermore, 
unless stated otherwise, the surface allows drainage, and a diameter of 1.2 m is selected for 
the rigid cylinder in all simulations. 

4.1 Static interaction 

We first validate the developed framework against the Hertzian solution developed for the 
contact of a rigid cylinder and a half-space. The theoretical solution is developed for cases 
where no excess water and air pressures can occur. To enforce this condition, a sufficiently 
large and uniform time step of 10  s is used in the analysis. The initial water pressure and 
suction of 0 kPa are prescribed to the domain. Also, the mass of the cylinder is set to 7 
𝑡𝑜𝑛𝑛𝑒𝑠/𝑚. The simulation is performed by considering an elastic modulus (𝐸) of 100 MPa 
and a Poisson’s ratio (𝜈) of 0.3. 
 

  

a) b) 
Figure 2: a) Cylinder-soil interaction with penalty coefficient being set to a)10 b)10 . 

 
Figures 2 and 3 demonstrate the influence of the penalty coefficient on the prediction. It is 

notable that to fully enforce the condition of impenetrability, the penalty coefficient should be 
infinity. In the context of numerical simulations, selecting a very large value for penalty 
coefficient generally can lead to instability and ill-conditioning [27, 21]. Nonetheless, 
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selecting a small value can also lead to a problem that is shown in Figure 2. a andFigure 2. b 
corresponding to a relatively small (10 𝑘𝑁/ 𝑚 ) and a large penalty coefficient (10 𝑘𝑁/
 𝑚 ), respectively. It is seen that when the penalty coefficient is small, the rigid cylinder can 
considerably penetrate the non-mortar domain which leads to predicting a higher contact area 
and smaller stress value as shown in Figure 3. 

The distributions of stress beneath the centre of the cylinder are shown in Figure 4. The 
numerical simulations are performed by settingthe penalty coefficient to10 𝑘𝑁/ 𝑚 . Overall, 
good agreement is obtained with the theoretical solutions. 

 

Figure 3:The influence of the penalty coefficient on the results. 

 

 
 

a) b) 
Figure 4: a) Stress with depth obtained from the simulation b) Enlarged version ofFigure 4.a. 

In the next example, we investigate the case of elastoplastic interaction. The analysis is 
performed in two steps. First, the body force is applied,and next, the interaction is activated 
during a static step with a uniform time step of 10  s.  
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Figure 5: Ground deformations at the final step of the analysis. 

 
The set of parameters that are used for solving all elastoplastic boundary value problems is 

from Toyoura sand from[6] and the assumed SWCC parameters are given in Appendix A. The 
assumed parameters for the Soil Water Characteristic Curve are given in Appendix A.  

The ratio of horizontal to vertical stress is set to 0.4 and the penalty coefficient is 10 𝑘𝑁/
𝑚 .All the analyses are performed at the initial moisture content of 14%. In the loading step, 
the cylinder with the same weight as the previous example is statically placed on the soil with 
different initial void ratios of 0.6, 0.7, and 0.8.Figure 5.a depicts the profile of the surface at 
the end of the analysis where the static equilibrium is achieved. The figure shows that the 
indentation depth decreases as the initial void ratio increases or the sample gets looser.  

4.2 Dynamic interaction 

We use a model with a geometry similar to the previous examples.The cylinder is pushed 
into the ground with an initial velocity of 40 mm/s. The analysis is terminated when the 
velocity of the cylinder becomes zero. 

In the analysis, the top boundary allows the drainage of pore water and air unless where 
segments are in contact with the cylinder. The soil has an initial velocity of 0.6 and a suction 
of 10.8 kPa and water pressure of -10.8 kPa are applied on the domain initially. The ratio of 
horizontal to vertical stress is set to 0.4.  

Figure 6.a demonstrates the acceleration/deceleration pattern of the cylinder during the 
impact. It is seen that the cylinder first accelerates, however as the ground reaction force 
increases during the indentation process, the deceleration begins, and the cylinder velocity 
finally reaches zero. The dynamic changes in the void ratio and suction are shown in Figure 
6.b and c at 0.5 m below the surface. These figures show that suction decreases in response to 
the densification of soil. 

We also assess the overall error in the predicted stresses [15, 17, 6] using the following 
procedure 

 𝐸 =
∑ 𝛔 − 𝛔 (𝛔 − 𝛔 )

.

∑ 𝛔 (𝛔 )
.

 (8) 
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a) b) 

 
c) 

 
Figure 6: a)Acceleration patternb)Volumetric strain changes at 0.5 m below the surface b) Suction at 0.5 m 

below the surface. 
Table 1: Stress errors and Normalised CPU time with different values of STOL in the coupled isotropic 

consolidation problem. 

STOL 𝐸 Normalised CPU Time 

1.0E-3 9.31E-1 0.024 

1.0E-4 3.04E-1 0.030 

1.0E-5 7.96E-2 0.115 

1.0E-6 1.12E-3 0.201 

1.0E-7 8.624E-4 0.421 

1.0E-12 - 1 

In Table 1,𝛔 denotes the reference stress components computed by adopting a very tight stress 
tolerance, STOL, of 10 , the subscript 𝑖 represents the ith integration point in the mesh and 𝑙 is the 
total number of integration points. The results of the error assessment and the required computational 
times for the analyses with different values of STOL show that a tighter integration scheme generally 
leads to less error. Nonetheless, the analysis time can significantly increase when a value ofless than 
1.0E-4 is selected for STOL. The CPU times have been normalised by the CPU time corresponding to 
the analysis with STOL=10 .  
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Figure 7: a)Acceleration pattern b) Volumetric strain changes at 0.5 m below the surface b) Suction at 0.5 m 

below the surface. 

Figure 7 demonstrates the model prediction of void ratio changes beneath the centre of the impact 
when the moisture content of the soil changes. The results from using two extreme values of water 
content (22% and 13% corresponding to very dry and nearly saturated states)are compared with that 
with a water content of 13%. For the case with the water content of 2%, the graph shows that the level 
of densification is lower than the case with the water content of 13%. It also suggests that the 
densification level is lower in the case with the highest water content compared to the case with the 
water content of 13%. A zone of dilation is also seen in the graph of the case with a water content of 
22%. Such an observation is in line with the commonly observed trends in the so-called “compaction 
curves” that suggest generally, compaction at higher levels of water content is not useful because of 
the generated excess water pressure. Also, at very low water content suction prevents compaction. 

5 CONCLUSIONS 

- The formulations of a mortar-type contact algorithm for unsaturated soil dynamics 
have been presented.  

- The model is validated against theoretical solution and its performance are assessed 
by conducting different analyses in static and dynamic condition. 

- A sensitivity analysis is performed on the stress integration tolerance. The results 
have demonstrated an increase in the analysis time when tighter stress integration 
tolerances are selected. 

Appendix A –Global matrices  

The definitions of the finite element matrices in the global equations of motion are as 

follows 
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𝐌𝐰 = 𝛁𝐍𝐩𝐰 ( 𝐤 𝜌 + 𝐤 ρ )𝐍𝐮𝑑𝛺 

(10) 

 
𝐐𝐜 = 𝐁 (1 − 𝑆 )𝐦𝐍𝐩𝐜𝑑𝛺 

(11) 

 
𝐐𝐰 = 𝐁 𝐦𝐍𝐩𝐰𝑑𝛺 

(12) 

 
𝐌𝐂 = (𝛁𝐍𝐩𝐜) 𝐤 𝜌 𝐍𝐮𝑑𝛺 

(13) 

 
𝐇𝐰𝐰 = 𝛁𝐍𝐩𝐰 ( 𝐤 + 𝐤 ) 𝛁𝐍𝐩𝐰 d𝛺 

(14) 

 
𝐇𝐜𝐜 = 𝛁𝐍𝐩𝐜 ( 𝐤 ) 𝛁𝐍𝐩𝐜 𝑑𝛺 

(15) 

 
𝐇𝐰𝐜 = 𝛁𝐍𝐩𝐰 ( 𝐤 ) 𝛁𝐍𝐩𝐜 𝑑𝛺 

(16) 

 
𝐂𝐰𝐰 = 𝐍𝐩𝐰𝐶∗𝐍𝐩𝐰𝑑𝛺 

(17) 

 
𝐂𝐜𝐜 = 𝐍𝐩𝐜𝐶∗𝐍𝐩𝐜𝑑𝛺 

(18) 

 
𝐂𝐰𝐜 = 𝐍𝐩𝐰𝐶∗𝐍𝐩𝐜𝑑𝛺 

(19) 

 
𝐂𝐜𝐰 = 𝐍𝐩𝐜𝐶∗𝐍𝐩𝐰𝑑𝛺 

(20) 

 
𝐑𝐜 = 𝐁 𝐶 𝐦𝐍𝐩𝐜𝑑𝛺 

(21) 

with𝑆  as the degrees of saturation of the air phases.𝐶∗ , 𝐶 , the vectors, and the imposed 
Dirichlet boundary conditions are given in [9]. The equation of the SWCC is obtained from 
[3, 22] as 

 𝑆 = 𝑆 + (𝑆 − 𝑆 ) ∗ ln exp(1) +
𝑝∗

𝑃
(𝛼 = 𝑤, 𝑑) (22) 
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where 𝑃  denotes the air-entry value. 𝑛  and 𝑚  are the model parameters that control the 
slope of the SWCC. Also, 𝑆  and 𝑆  denote the maximum and minimum values of the 
residual degree of saturations. Table 2 shows the SWCC parameters used in the analyses. 

Table 2: The SWCC parameters. 

𝑛  𝑚  𝑃  (kPa) 𝑏  𝛺  𝑆  𝑆  

10 1.0 15.0 5 3.0 1 0 
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