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SUMMARY

The consistent tangent matrix for density-dependent plastic models within the theory of isotropic multiplica-
tive hyperelastoplasticity is presented here. Plastic equations expressed as general functions of the Kirchhoff
stresses and density are considered. They include the Cauchy-based plastic models as a particular case. The
standard exponential return-mapping algorithm is applied, with the density playing the role of a fixed
parameter during the nonlinear plastic corrector problem. The consistent tangent matrix has the same
structure as in the usual density-independent plastic models. A simple additional term takes into account the
influence of the density on the plastic corrector problem. Quadratic convergence results are shown for
several representative examples involving geomaterial and powder constitutive models.

KEY WORDS: finite strain multiplicative plasticity; Cauchy stresses; consistent tangent operators;
geomaterial plastic models; powder compaction; arbitrary Lagrangian-Eulerian (ALE)
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1. INTRODUCTION

Consistent tangent matrices [1,2] are an essential ingredient for the efficient solution via implicit
methods of complex problems in non-linear computational mechanics. Consistent tangent
matrices are needed to solve the elastoplastic boundary value problem with quadratic conver-
gence, via a full Newton—-Raphson linearization. They are computed from the consistent tangent
moduli at Gauss-point level.

The expression of the consistent tangent moduli for a wide variety of material models can be
found in the literature. Consistent tangent moduli for different small-strain elastoplastic models
and time-integration rules can be found in References [1-5] among many others.
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In the context of finite-strain modelling of isotropic materials, both multiplicative hyperelasto-
plasticity theory with logarithmic strain measures and time-integration based on the exponential
mapping are a standard approach [6-9]. From a computational point of view, its attractiveness
stems from the fact that it leads to the same return-mapping algorithm of the infinitesimal theory,
and, therefore, the same linearization of the plastic corrector nonlinear equations. This approach
was developed initially for plastic incompressible materials in terms of the Kirchhoff stresses
[6,9]. Extensions to include thermal coupling [10], damage effects [11,12], and specific
geomaterial plastic models [13-16] have been presented. Applications to consolidation problems
have also been developed [17-19]. In all these cases, the consistent linearization of the numerical
time-integration algorithm is included.

A key issue in the application of the multiplicative hyperelastoplasticity theory to geomaterials
is the choice of the stress measure for the constitutive equations. This affects directly how to
model the influence of the density, or, equivalently, the volumetric deformation, on the plastic
behaviour. Recently, Meschke and Liu [20] have presented a re-formulation of the return-
mapping algorithm in terms of the Cauchy stresses. They present a discussion on the role of the
stress measure that needs to be chosen as the argument of the plastic model and comparative
examples. The corresponding consistent tangent moduli are also included.

A more general way to model the influence of the volumetric deformation on the plastic
behaviour is to consider density-dependent plastic equations, this is, yield function and
flow rules expressed in terms of the density and the Kirchhoff stresses. Here, it is shown that the
standard exponential return-mapping algorithm applies to this type of models. Moreover, the
consistent tangent moduli are presented. Note that the Cauchy-based models presented in
Reference [20] are, implicitly, density-dependent plastic models due to the relationship between
Cauchy and Kirchhoff stresses. Therefore, the approach presented here also applies to this type of
models.

On the other hand, in powder compaction simulations, plasticity models expressed as a func-
tion of the stresses and the density are usual. In this context, some of these models are
formulated within the multiplicative hyperelastoplasticity theory, with the Kirchhoff stresses as
a reference measure, see for instance References [21-24]. However, in all these cases the elastic
deformation is assumed to be small with respect to the total deformation, and neglected. Specific
return-mapping algorithms are devised, and, in some cases the corresponding consistent tangent
moduli are presented [21,22,247]. The approach presented here, without simplifications of the
general kinematic framework, has been applied successfully to powder compaction modelling in
Reference [25]. In this reference it is shown that considering the influence of large elastic
deformations in this type of problems does not represent any drawback from a modelling
point of view.

An outline of the paper follows. The problem is stated in Section 2. The constitutive model and
the standard numerical time-integration algorithm are briefly reviewed. The consistent lineariz-
ation of the algorithm is presented in Section 3. First, the expression for density-independent
models is shown. After that, the extension to the density-dependent case is devised. In Section 4,
representative examples are discussed in detail and the convergence results are highlighted. Three
elastoplastic models with different degree of computational difficulty are used: a Drucker—-Prager
model [20], an elliptic model [21,22,26,27] and a cone—cap model [23,24,28-31]. The arbitrary
Lagrangian—Fulerian formulation for multiplicative elastoplasticity presented in Reference [32]
is used in some of the examples to avoid mesh distortion. The main conclusions are summarized
in Section 5.
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Remark 2. The relative density affects the plastic constitutive equations, but not in the
hyperelastic relationship. Therefore, following standard arguments [6], the local rate of dissipa-
tion per unit of reference volume, 2, can be expressed as

2 = j(v:m,(r,q, %) + q'my(z, q, 7)) =0 (14)

where ‘:” means double contraction.
The maximum plastic dissipation principle leads to the associative flow rules

d 3
M0 = 2(e.q.1) and my(eq1) = (cq.1) (15)
ot oq
where f(z, q, %) is assumed to be convex on 7 and q.

2.2. Numerical time-integration

The evolution from time "t to time "'t = "t + At of the different magnitudes associated with

a prescribed material particle X is computed by means of the time-integration of the state
variables #°, « and #.

Let us assume that "x = x(X, "), "b°, "¢ and "y are known values referred to time "¢ and that the
incremental displacement

n+1Au :n+1x_nx (16)

with "*'x = x(X, "*'t), is given. Then, the new values "', "" '« and "'y for time "*'¢ are

computed using the corresponding values for time "¢ and the incremental deformation gradient,

an+ lx an+ lAu
=1, +—-
arxx dim aflx

n+1f: (17)

which relates the deformation gradients at times "t and "* ¢, F and "*'F, through the relation-
ship "*'F = "*'f"F. 1,,,,. denotes a identity matrix of order ngim.

The relative density, #, is integrated exactly (in the sense that no numerical time-integration
scheme is used) because of the Lagrangian expression of the mass conservation principle,
Equation (7), which leads to

n

n+1 Ho i
= = 8
i det(""'F) det(""'f) (18)

The values of ** ' and "* '« are obtained by means of the standard elastic predictor-plastic
corrector split strategy applied to Equations (8)-(10). Remarkably, the dependence of the
constitutive equations on the density does not modify the algorithm. The value of ** 15 is given by
Equation (18), and therefore it plays the role of a fixed parameter.

The result of the elastic predictor step is the so-called trial state. It is defined by

bfr _ nt lfnben+1fT a,nd T na (19)

n+1 n+1

If the trial state is admissible, f(zy, i, " %) < 0, the state at time
state. If it is not, a plastic corrector step is computed.

t is set equal to the trial
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* m is a Ay, + 1, vector defined as m™ = (m], my).
¢ And V refers to the derivatives with respect to 7 and q,

g om; Jm;
ot 0t 0q

Vf= o and Vm = om, om,| (28)
q ot Oq

3.2. Extension to the density-dependent case

In the following, the consistent linearization of the numerical-time integration scheme applied to
density-dependent plastic models is presented. Although the dependence on the density of the
plastic equations does not modify the standard integration algorithm, it affects the consistent
tangent moduli.

In a plastic step, the relative density, "* 'y, affects the plastic response and thus the value of
m+1z. It depends on the gradient of the incremental displacement through the relation

n

n
+ " Au/d"x)

n+1l, . _
= Get(n (29)

Raim
obtained substituting Equation (17) in (18). The relative density is fixed during the return-
mapping algorithm because it is integrated exactly (i.e. there is no need of a plastic correction for
"*1y). For this reason, the standard integration algorithm remains unchanged. However, the
value of "'z depends on the incremental displacement through ** 4, see Equations (21) and (29).
This influence has to be taken into account in the expression of the consistent tangent moduli to
solve the boundary value problem with quadratic convergence.

The general expression of ** !¢, Equation (23), is valid for density-dependent plastic models.
The dependence on the density does not affect the application of the chain rule nor the
eigenvectors of b, {nl}i— 1, e and, therefore, neither the expression of {&}}i— 1, . Conse-
quently, the influence of the density is restricted to the value of **'7 and the matrix **'a. The
value of "* 7 is obtained directly from the numerical time-integration scheme, Equation (21). On
the other hand, "*'a only depends on the trial state for elastic steps. In summary, only the new
expression of "*'a for plastic steps must be obtained to extend Equation (23) to density-
dependent plastic models.

In the following, the consistent linearization of the plastic corrector step is presented. It is
shown that the new, more general, expression of the moduli "*'a is composed of two terms, one
equal to the expression for density-independent models, Equation (26), and another one which
adds the influence of the density. In order to do that it is useful to rephrase the dependence of
"*1y on "*1f, Equation (18), as

"y =" exp(— tr(g}) (30)
with " = "p/det("h°) a known value from the previous time step and where tr(*) means trace of

* (that is, Y 1¥= [+];). Equation (30) is found by applying the determinant function to both sides of
Equation (19) and substituting Equation (20a) into it.
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The expression of ** 'a is found substituting Equation (37) into Equation (31). It has two parts,
one for each term on the right-hand side of Equation (37),

n+1 _ntlge n+l,e
a= AP indep T a;P (38)

The first part, "*'ag® ;. 4., is equal to the standard one for density-independent plastic models,
Equation (26). The second part, "* 'agP, takes into account the influence of the density. After some
manipulations it can be expressed as

(39)

S R L .

—= | e T —_— nay
VfTGm 677 1.R4im 1767] VfTGm 1.n3im

In the density-independent case, symmetric tangent moduli are obtained for associative material
models, m = Vf, see Equation (15). On the contrary, unsymmetric moduli are found with all
density-dependent material models because "*'aiP is unsymmetric except for very particular
problems (see Section 4). For this reason, in density-dependent plasticity, unsymmetric linear
solvers have to be used in order to keep the characteristic quadratic convergence of the
Newton-Raphson method.

On the other hand, it is important to remark that the expression of " 'a for density-dependent
plastic models can be computed with just a few more matrix-vector products than the standard
one for density-independent plastic models (cf. Equations (39) and (26)), and, as expected, the
additional information

amf, % and 8—f
an - an

(40)

4. EXAMPLES

In this section, quadratic convergence is shown for some representative boundary value problems
with density-dependent plastic models. The consistent tangent moduli presented in the previous
section are used.

Examples with three elastoplastic models are presented: a Drucker—Prager model, an elliptic
model and a cone-cap model. The three models have no internal variables, n, = 0, a usual feature
in the density-dependent models found in the literature. This fact simplifies some equations
presented in the previous section. However, the structure and the dependence on the density of
the consistent tangent moduli remain unchanged, see Equations (26) and (39), and, therefore, the
examples are fully representative.

The three plastic models are complemented with Hencky’s hyperelastic law, which leads to
a linear relationship between 7 and &° equal to that of linear elasticity between stresses and small
strains. The use of other hyperelastic laws is straightforward. The main features of the three
models are described in this section. A more detailed presentation is included in the appendix.
Two invariants of the stresses are used to show some results. They are also defined in the
appendix.

The examples with the Drucker—Prager model show that the proposed approach (numerical
time-integration and consistent tangent moduli) is valid for Cauchy-based elastoplastic models.
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The examples with the elliptic and the cone—cap models show that the consistent tangent moduli
also give quadratic convergence for general density-dependent constitutive laws. The yield
function and the flow vector of the three models are expressed as functions of the Kirchhoff
stresses and the relative density, as presented in Section 2.

Elliptic models are widely used in porous material modelling, see Reference [27] and references
therein, and specifically in powder compaction simulations, see References [21,22,26]. The
formulation used in this work is based on that presented by Oliver er al. [21,22]. In these
references, the elastic strains are assumed small and the kinematic description of the model is
simplified. A specific return mapping algorithm and the corresponding consistent tangent moduli
are presented. In this work, the general finite hyperelastoplasticity framework is used. The results
of both approaches are compared in some introductory examples. After that, a more demanding
example is solved using the arbitrary Lagrangian—-Eulerian formulation for multiplicative elas-
toplasticity [32]. Quadratic converge is obtained in all cases.

The cone—cap model is an extension of the elliptic model. It is defined by a density-dependent
Drucker-Prager yield surface and a non-centred ellipse. The yield function and the flow rule are
similar to other cone-cap models used recently in powder compaction simulations, see for
instance References [23,24,28-317. However, the cone—cap model used here is defined, like the
elliptic model, in the general finite hyperelastoplasticity framework presented in Section 2,
without kinematic simplifying assumptions. The results obtained in a particular example are
compared with those of the elliptic model. Quadratic convergence results are also shown.

Remark 3. In the examples involving the elliptic and the cone—cap models, the derivatives of the
yield function and the flow vector, Equations (40), are computed with a first-order numerical
approximation, as proposed in Reference [35] for flow vector derivatives in a small strain context.
Also in the present application, numerical differentiation does not disturb the quadratic conver-
gence of the Newton-Raphson method. Convergence is checked with the relative error in energy
norm. A strict tolerance of 10~ '° has been used in all the examples in order to show clearly the
quadratic convergence. Quite larger values may be chosen in practice.

4.1. Drucker—Prager model simulations

The following examples involve a Cauchy-based Drucker-Prager model (CDP). They illustrate
that the proposed approach for the numerical time-integration, standard return-mapping algo-
rithm, and the new consistent tangent moduli, equation (38), are valid for Cauchy-based
elastoplastic models. The model is presented in the appendix, Equation (A6).

Simulations with the standard density-independent Kirchhoff-based Drucker-Prager model
(KDP), Equation (A4), are also included for comparative purposes. The flow vectors of both
models, CDP and KDP, are, respectively, equal to the partial derivative of the corresponding
yield function with respect to the Kirchhoff stresses. The two models are completely different from
a modelling point of view, because different stress measures are used, so qualitatively different
results are expected. With the KDP model, the plastic material behaviour is assumed to be
density-independent. With the CDP model, on the other hand, density dependence is accounted
for in an indirect fashion, because & depends both on # and z, see Equation 12. See Reference [20]
for a discussion on the role of the stress measure in the plastic equations.

A square of 1 cm of length is subjected to a plane strain uniaxial compression test [20]. The
domain is modelled by a single bilinear element. A height reduction of 75 per cent is imposed with
five increments of 1 per cet and 14 increments of 5 per cent. The material parameters are
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5. CONCLUDING REMARKS

The consistent tangent moduli for general isotropic multiplicative hyperelastic and density-
dependent plastic models have been presented. Moreover, it has been shown that the inclusion of
the density in the plastic equations does not modify the standard backward Euler return-mapping
algorithm based on the exponential map [6,7].

Both elastic and plastic large deformations are included in the formulation. The yield function
and flow rules are assumed to be expressed as general functions of the Kirchhoff stresses and the
relative density. This includes the plastic models formulated in terms of Cauchy stresses [20] as
a particular case.

As in the density-independent case, the expression of the consistent tangent moduli is com-
posed of two terms, the geometric part, which only depends on the trial state and the elastic
energy function, and the material part, which depends on the plastic model. The influence of the
density is restricted to the material part. At Gauss points under plastic loading, the material part
is found to be composed of two terms. The standard one for density-independent plastic models
[6,9] and an additional one which includes the influence of the density on the plastic equations.

The computation of the additional term only requires some vector—matrix products and the
derivatives of the plastic equations with respect to the relative density. Therefore, it does not
represent any significant increase of the computational cost. On the other hand, the consistent
tangent moduli are, in general, unsymmetric. This has to be taken into account when solving the
linear system of equations in order to obtain quadratic convergence with the Newton-Raphson
method.

Some representative examples with a Cauchy-based Drucker—Prager model, a density-depen-
dent elliptic model and a density-dependent cone—cap model have been presented. In the
examples involving the elliptic and the cone-cap models, the derivatives with respect to the
relative density have been approximated numerically [35,43]. In all the examples quadratic
convergence has been found.

The influence of neglecting the density part of the consistent tangent moduli has been analysed.
It turns out that convergence is usually lost. When it is not, only linear convergence is obtained.
The influence of symmetrizing the tangent is also assessed. Except for frictionless isostatic
compaction tests (where the elliptic and cap model leads to symmetric tangents) linear conver-
gence and, later, non-convergence are obtained.

A frictionless compaction test of an iron powder has also been simulated, as an example of
a highly demanding boundary value problem from a computational point of view. An arbitrary
Lagrangian—Fulerian formulation for multiplicative elastoplasticity [32] is used to avoid mesh
distortion. The results obtained with the elliptic and the cone—cap models have been compared.
Quadratic convergence has been found in both cases. Further analysis of compaction tests,
including friction effects, are presented in Reference [25].

APPENDIX A: DENSITY-DEPENDENT MATERIAL MODEFELS

In the following, the three material models used in the examples, Section 4, are presented.
Attention is focused in the expression of the yield functions. The corresponding flow vectors are
directly related with them. Thus, only their definition and main features are analysed here. The
complete expressions of the flow vectors can be derived in a straightforward manner.
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and a, () and a, () given by Equations (A9). Note that the maximum shear strength is reached at
cone—cap intersection, Iy (%), instead of p; = 0 as the elliptic yield function does. Although
Cante et al. [24] use fou, defined in Equation (A8) as a cap yield function, in this work the
expression of f.,, given by Equation (A12) is preferred because it simplifies the flow vector
definition, as shown in the following.

The flow vector m; is defined by parts, one expression for the cap region, I,(7) < I, (%), and
another for the cone region, I;(7) > Iiue.(#). In the cap region, it is associative, so it is equal to the
derivatives of the yield function with respect to 7,

a <a
Mieap = j;fp (A14)
In the cone region is non-associative, equal to
afCD]‘l
Mieone = A(n)?e (AlS)

with A(x) amatrix of order ng,, defined so that m;,,,, at cone—cap intersection is equal to m; (pure
deviatoric) and at cone vertex is pure hydrostatic:

Aly) = max{l, %}( L, — % 11T>

+ max {1, Limier(n) — 1, (%) }(% 11T> (A16)

Iinter (17) + 3Ccone (77) COt (d)cone (77))

With the m;.,. given by Equations (A15) and (A16) no corner return-mapping algorithm
[3,24,A1,A2] is needed in the cone—cap intersection and neither in the cone vertex. This reduces
the computational effort of the numerical time-integration algorithm. The same approach has
already been used to avoid the grey zone at cone—cap intersection in plastic models for granular
materials [40,A4]. A different technique, based on smoothing the yield function, has been used by
Brandt and Nilsson [23] with the same purpose.
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