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a b s t r a c t

Matheron and de Marsily [Matheron M, de Marsily G. Is the transport in porous media always diffusive? A

counter-example. Water Resour Res 1980;16:901–17] studied transport in a perfectly stratified infinite

medium as an idealized aquifer model. They observed superdiffusive solute spreading quantified by

anomalous increase of the apparent longitudinal dispersion coefficient with the square root of time. Here,

we investigate solute transport in a vertically bounded stratified random medium. Unlike for the infinite

medium at asymptotically long times, disorder-induced mixing and spreading is uniquely quantified by a

constant Taylor dispersion coefficient. Using a stochastic modeling approach we study the effective mix-

ing and spreading dynamics at pre-asymptotic times in terms of effective average transport coefficients.

The latter are defined on the basis of local moments, i.e., moments of the transport Green function. We

investigate the impact of the position of the initial plume and the initial plume size on the (highly anom-

alous) pre-asymptotic effective spreading and mixing dynamics for single realizations and in average.

Effectively, the system ‘‘remembers” its initial state, the effective transport coefficients show so-called

memory effects, which disappear after the solute has sampled the full vertical extent of the medium.

We study the impact of the intrinsic non-ergodicity of the confined medium on the validity of the sto-

chastic modeling approach and study in this context the transition from the finite to the infinite medium.

� 2008 Elsevier Ltd. All rights reserved.

1. Introduction

Transport in stratified media has been frequently studied in the

groundwater literature as amodel for transport in geologicalmedia.

Natural sandy aquifers often exhibit geological and geostatistical

stratification characterized by a much larger horizontal than verti-

cal correlation length (see, e.g. [2] and literature therein). In the lim-

iting case of infinite correlation length in the horizontal direction,

the hydraulic conductivity varies only along the vertical. Following

the deterministic work of Marle et al. [3], Matheron and de Marsily

[1] studied this perfectly stratified medium as an idealized aquifer

model. They found that the apparent longitudinal dispersion coeffi-

cient grows superdiffusively with the square root of time and used

this result to demonstrate that transport in porous media is not al-

ways diffusive. Transport in an infinite perfectly stratified random

medium has been investigated extensively (e.g. [4–11]) using sto-

chastic modeling as a systematic means to quantify the impact of

spatial heterogeneity on large scale transport. The latter has been

studied in terms of the average solute distribution density and its

moments, its spatial and temporal moments as well as in terms of

(apparent) longitudinal dispersion coefficients.

The superdiffusive growth of the apparent longitudinal disper-

sion coefficient is caused by strong spatial correlation as quantified

by the Lagrangian velocity correlation (e.g. [12,13]). These aspects

of transport in stratified flows have been extensively studied in the

physics literature (e.g. [14–17]).

In contrast to the unbounded stratified medium, for which

transport is superdiffusive for all times, for a vertically (i.e., trans-

verse to the direction of stratification) bounded medium, transport

becomes eventually Gaussian and can be completely characterized

by a constant macrodispersion or ‘‘Taylor dispersion-type” coeffi-

cient. Several authors have addressed the issue of enhanced disper-

sion and effective transport dynamics for bounded stratified

random media and shear flows in general (e.g. [2,18–21]). Taylor

[22] was the first to quantify enhanced solute dispersion in the

parabolic (stratified) Hagen–Poiseuille flow through a tube by the

well known Taylor dispersion coefficient

D� / a2U2

DT

; ð1Þ

where a is a measure for the vertical extent of the flow do-

main, U the average flow velocity and DT the transverse local

dispersion coefficient, i.e. the transverse component of the (con-

stant) dispersion tensor at local scale. The Taylor dispersion

coefficient (1) reflects the mechanism that leads to enhanced

spreading and mixing in stratified flows, namely, the solute’s

sampling of the vertical velocity contrast ðU2Þ by local trans-

verse dispersion ðDTÞ. The process is controlled by the disper-

sion time scale sD
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sD ¼ a2

DT

; ð2Þ

which measures the time for the solute to sample the whole vertical

velocity contrast. For times large compared to the dispersion time

scale, t � sD, the Taylor dispersion coefficient D� quantifies both

large scale spreading and mixing as well as the evolution of the sol-

ute concentration.

In hydrological applications, however, this dispersion time

scale can be large (of the order of 103 years). At the relevant

pre-asymptotic times, the constant Taylor or macrodispersion

coefficient overestimates actual solute spreading and mixing.

For risk assessment studies that focus on the maximum extent

of a contaminant plume, macrodispersion gives simulates a

worst case scenario and maybe the observable of choice. If one

is interested in remediation strategies relying on the mixing of

contaminated water with an injected reactant, the correct quan-

tification of the pre-asymptotic mixing mechnisms is mandatory

in order to be able to realistically assess the efficiency of the

remediation strategy. Macrodispersion simulates to high a mix-

ing efficiency and can significantly overestimate the performance

of a remediation strategy.

At pre-asymptotic times, i.e., for times smaller than sD, solute
spreading and mixing is controlled by local transverse dispersion,

which activates the vertical velocity contrast as a macroscopic

spreading and mixing mechanisms. As outlined in [23], transverse

dispersion mixes the solute vertically. The velocity contrast expe-

rienced by the solute through vertical mixing stretches the plume

and increases the plume surface but not the volume occupied by

the solute, which is termed spreading [23]. Transverse dispersion

then again leads to vertical mass exchange between the solute lay-

ers and smoothes concentration contrasts out, which leads to large

scale mixing.

Here we investigate these mechanisms for a stratified random

medium in terms of suitably defined second centered moments

of the solute plume. This analysis is based on the moments of

the transport Green function, i.e., the solute distribution that

evolves from a point-like initial distribution. The latter allows for

the construction of observables that measure spreading and/or

mixing of the solute. Many studies of solute dispersion in single

realization focus on the vertically averaged (over the directions

perpendicular to the direction of stratification) solute concentra-

tion and in stochastic frameworks on ensemble averaged concen-

trations. The vertically averaged solute concentration quantifies

(advective) solute spreading within the initial plume [24], the

ensemble averaged concentration quantifies an artificial spreading

effect due to sample to sample fluctuations of the plume’s center of

mass from realization to realization [25]. While for transport in

heterogeneous media these fluctuations vanish in average for time

large compared to the dispersion scale [26], for an infinite stratifies

random medium they persist [10]. Furthermore, averaging over a

large initial plume or stochastic averaging wipes out possible

memory effects that account for the impact of the initial position

or initial plume size on the effective transport behavior. We study

these mechanisms systematically for single realizations and in sto-

chastic average for confined stratified media using explicit analyt-

ical expressions and numerical random walk simulations. We

discuss the stochastic approach for such confined scenarios and

the impact of finite size effects on the ergodicity of transport.

In Section 2, we present the specific aquifer model under con-

sideration, which is characterized by a linear covariance function

for the conductivity in vertical direction. Section 3 introduces the

concepts and defines the transport coefficients used to investigate

the different mechanisms described above. This section presents

analytical and numerical solution methods axial moment equa-

tions and random walk simulations, respectively. We derive expli-

cite analytical solutions for the ensemble averaged transport

coefficients. Section 4 applies these concepts and methods for the

systematic analysis of mixing and spreading, Section 5 concludes

the paper.

2. Model

We study transport of a conservative solute in a confined hori-

zontally stratified medium. The d-dimensional flow and transport

domain, denoted by Xd, is assumed to be of infinite extension at

least in the one-direction and finite only in one of the transverse

directions.

2.1. Flow and transport in stratified media

Flow through a stratified porous medium is characterized by

the Darcy equation (e.g. [27])

uðxÞ ¼ �KðyÞ
/

rhðxÞ; ð3Þ

where uðxÞ is the pore velocity, / is the constant porosity, x is the

position vector in Xd and y ¼ ðx2; . . . ; xdÞT is the position vector in

the ðd� 1Þ-dimensional subdomain X, with Xd ¼ X� R. In the fol-

lowing, for simplicity constant porosity is set to 1. The hydraulic

conductivity is denoted by KðyÞ and varies only in X, hðxÞ is the

hydraulic head. The flow is driven by a constant head gradient J,

which is aligned with the direction of stratification, J ¼ �Je1, where

e1 is the unit vector in one-direction. Together with the incompress-

ibility condition r � uðxÞ ¼ 0, this boundary condition leads to the

exact solution (e.g. [11])

uðxÞ ¼ uðyÞe1 ¼ KðyÞJe1: ð4Þ

Advective–dispersive transport of a conservative solute in the

stratified flow field (4) is given by

ocðx; tÞ
ot

þ uðyÞ ocðx; tÞ
ox1

�rDrcðx; tÞ ¼ 0: ð5Þ

The (constant) local dispersion tensor D is assumed to be diag-

onal, Dij ¼ dijDij with D11 ¼ DL and Dii ¼ DT for i > 1.

As initial condition, we consider an instantaneous solute injec-

tion at time t ¼ 0

cðx; t ¼ 0Þ ¼ qðxÞ; ð6Þ

where the initial distribution qðxÞ is normalized to one. As the strat-

ified flow velocity is divergence-free, this normalization is con-

served for all times. We study transport of a solute evolving from

a point-like injection and from an extended source perpendicular

to stratification. Both initial conditions will be described in the fol-

lowing. The boundary conditions for cðx; tÞ are

lim
x1!�1

cðx; tÞ ¼ 0; n �rcðx; tÞj
x2oXd ¼ 0; ð7Þ

where oXd is the boundary of the transport domain Xd, and n is the

outward pointing unit vector perpendicular to the domain

boundaries.

According to the Duhamel principle, the concentration distribu-

tion cðx; tÞ can be written as

cðx; tÞ ¼
Z

Xd
dx0qðx0Þgðx; tjx0;0Þ; ð8Þ

where theGreen functiongðx; tjx0; t0Þ solves theadvection–dispersion
equation (5) for qðxÞ ¼ dðx� x0Þ and the boundary conditions (7).

2.2. Stochastic model

We use a stochastic modeling approach to account for the im-

pact of spatial heterogeneity on the effective large scale transport
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behavior. In this approach, a given medium is seen as a typical real-

ization of an ensemble of aquifers.

The hydraulic conductivity KðyÞ here is modeled as a stationary

spatial random field. It can be decomposed into its (constant) mean

value KðyÞ ¼ K and fluctuations about it

KðyÞ ¼ K½1� kðyÞ�: ð9Þ

where kðyÞ are the normalized conductivity fluctuations, whose

mean is zero by definition. The overbar denotes the ensemble aver-

age. The translation invariant autocorrelation function of kðyÞ is

given by

kðyÞkðy0Þ 	 r2Cðy � y0Þ: ð10Þ

where the variance r2 ¼ kðyÞ2. In the following, the correlation

function is assumed to be of short-range, i.e., to decay quickly on

the correlation scale l.

The stochastic approach to quantify the impact of heterogeneity

on effective transport in single realizations is certainly meaningful

for infinite media, where ergodicity holds, i.e., the statistical char-

acteristics of the ensemble are reflected in a single medium reali-

zation. Thus, here we assume here that the lateral halfwidth a of

the medium domain is assumed much larger than the correlation

scale l. Note, however that the correlation function for the confined

medium is not translation invariant, i.e.,

kðyÞkðy0Þ ¼ r2CXðy � y0jy0Þ; ð11Þ

with y; y0 2 X. The CXðn j y0Þ is given by

CXðnjy0Þ ¼ CðnÞ ð12Þ

for y0 þ n 2 X and zero elsewhere.

2.2.1. Model medium

We consider here a d ¼ 2-dimensional aquifer scenario. As out-

lined above the lateral halfwidth a of the domain is much larger

than the correlation scale l. Thus, the conductivities in the different

strata can be considered uncorrelated. On this scale the 2n-point

joint distribution of the conductivity fluctuation kðyÞ is given by

(e.g. [28])

Pnðfk0ðyiÞgni¼�nÞ ¼ expf� lnP1½k0ðyiÞ�g; ð13Þ

where P1ðk0Þ is the single variable distribution.

The model medium consists of strata of constant thickness l, see

Fig. 1. One particular realization of kðyÞ is given by

kðyÞ ¼
X

a=l

n¼�a=l

knH½yþ b� nl�f1�H½yþ b� ðnþ 1Þl�g; ð14Þ

where the kn are distributed according to P1ðkÞ, b is uniformly dis-

tributed in the interval ½�l; l�, with H½yþ b� the Heaviside step func-

tion defined in [29]; the position vector is x ¼ ðx; yÞT.
This kind of medium is characterized by a linear correlation

function (e.g. [30])

Cðy� y0Þ ¼ l
1

2l
1� jy� y0j

l

� �� �

ð15Þ

for jy� y0j < l and 0 elsewhere. It is translation invariant every-

where in the medium except for positions in the strata at the do-

main boundaries.

If the width l of the strata is small compared to the observation

length L, i.e. l=L 
 1, (15) can be identified with the delta

distribution

Cðy� y0Þ ¼ ldðy� y0Þ: ð16Þ

In this limit boundary effects on the correlation function can be

disregarded.

2.2.2. Finite size effects

Nevertheless, note that the confined stratified medium under

consideration here has only a finite number of strata. As such, spa-

tial averages are not necessarily identical to the ensemble averages

and are random functions by themselves due to the finiteness of

the sample. This can be illustrated for the spatial mean of kðyÞ
for the confined stratified medium

hkðyÞi ¼ 1

2a

Z a

�a

dykðyÞ; ð17Þ

where the angular brackets denote the vertical average. The fluctu-

ations of the spatial average about the ensemble mean value is

quantified by the variance of the spatial average hkðyÞi

hkðyÞi2 ¼ r2l

2a
; ð18Þ

where we used representation (14) for kðyÞ. As expected the vari-

ance decreases with increasing vertical extent of the medium.

The conductivity field KðyÞ here is lognormally distributed so

that the kn in (14) are given by

kn ¼ 1� exp fn �
r2

ff

2

� �

; ð19Þ

where the fn are normally distributed random variables with zero

mean and variance r2
ff .

In the following, we use the stochastic approach as a systematic

tool to quantify the heterogeneity impact on large scale mixing and

spreading.

2.3. Dimensionless form of the governing equations

According to (4), the stratified flow field uðyÞ can be decom-

posed into its constant mean value and fluctuations about it

uðyÞ ¼ u� u0ðyÞ; ð20Þ

where mean and fluctuations are given by

�u ¼ JK; u0ðyÞ ¼ �ukðy0Þ: ð21Þ

The velocity autocorrelation function is given in terms of CðyÞ
by

u0ðyÞu0ðy0Þ ¼ �u2r2Cðy � y0Þ: ð22Þ

Using decomposition (20) in (5), we obtain

ocðx; tÞ
ot

þ �u
ocðx; tÞ
ox1

�rDrcðx; tÞ ¼ u0ðyÞ o

ox1
cðx; tÞ; ð23Þ

which is the governing transport equation.

Fig. 1. One realization of a confined stratified medium with 100 strata. Hydraulic

conductivity is lognormally distributed; different greyscales denote different values

of hydraulic conductivity.
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The observation length L, and the flow velocity �u, define the

advection time scale su

su ¼ L

�u
; ð24Þ

which denotes the mean transport time over the distance L along

the direction of stratification by mean advection.

We define now non-dimensional time t̂ and distance x̂ by

t ¼ t̂su; x ¼ x̂L; ð25Þ

respectively. Thus, (23) can be rewritten in non-dimensional terms

as

oĉðx̂; t̂Þ
ot̂

þ oĉðx̂; t̂Þ
ox̂1

� r̂D̂r̂ĉðx̂; t̂Þ ¼ ^kðŷÞ o

ox̂1
ĉðx̂; t̂Þ; ð26Þ

where r̂ denotes the nabla operator in dimensionless coordinates.

The non-dimensional solute concentration ĉðx̂; t̂Þ, dispersion tensor

D̂, and conductivity fluctuations ^kðŷÞ are defined by

cðx; tÞ ¼ Ldĉðx̂L; t̂suÞ; D ¼ D̂�uL; kðyÞ ¼ ^kðŷLÞ: ð27Þ

The initial and boundary conditions (6) and (7) are non-dimen-

sionalized accordingly. The non-dimensional correlation length is

given by ^l ¼ l=L.

Eq. (26) constitutes our working equation in the following. For

convenience, we drop the hats, which indicate non-dimensional

quantities, in the following.

3. Transport coefficients

Spreading and mixing can be quantified in terms of the evolu-

tion of the first and second centered moments of the solute distri-

bution cðx; tÞ (e.g. [23]). The first moment represents the center of

mass of the solute distribution while the second centered moment

describes its width. A Gaussian distribution is completely defined

by its first and second moments. Solute distributions in heteroge-

neous media, however, are in general non-Gaussian. Depending

on the focus of interest, different definitions for the centered mo-

ments and the quantities derived can apply. For risk assessment

studies, for example, it may be sufficient to have a rough estimate

of the possible extent of a contaminant plume. For reactive trans-

port modeling, in contrast, it is important to have an accurate esti-

mate on the actual spatial distribution of the reactant. Dentz and

Carrera [24] suggest and discuss several measures for solute

spreading and mixing based on the first and second moments of

the transport Green function gðx; tjx0; t0Þ, see (8). In the following

we summarize these measures and generalize them for transport

in stratified random media within a stochastic modeling approach.

3.1. Concepts

Lateral solute transport is completely determined by lateral lo-

cal dispersion and not affected by spatial heterogeneity. This can

be easily seen by projection of transport in the stratified medium

onto the plane perpendicular to the direction of stratification by

integration of (26) over x1, see below. Thus, in the following we fo-

cus on transport along the direction of stratification. Local mo-

ments are defined in terms of the transport Green function

gðx; tjx0; t0Þ and are given by

lðnÞðtjx0Þ ¼
Z

Xd
dxxn1gðx; tjx0; 0Þ: ð28Þ

The width of the distribution gðx; tjx0; 0Þ is given by the local

second centered moment

jeðtjx0Þ ¼ lð2Þðtjx0Þ � lð1Þðtjx0Þ2: ð29Þ

The moments of the concentration distribution cðx; tÞ given by

(26) for the initial condition (6) are defined by

mðnÞðtÞ ¼
Z

Xd
dxxn1cðx; tÞ: ð30Þ

These ‘‘global moments” can be expressed in terms of the local

moments as

mðnÞðtÞ ¼
Z

Xd
dxqðxÞlðnÞðtjxÞ; ð31Þ

which follows directly from (8). The apparent second centered mo-

ment of cðx; tÞ is defined by

jaðtÞ ¼ mð2ÞðtÞ �mð1ÞðtÞ2: ð32Þ

in analogy to (29).

3.1.1. Single realization

For a point-like injection, the temporal rate of change of the

width of the solute distribution is quantified by the local effective

dispersion coefficient (e.g. [24])

Deðtjx0Þ ¼ 1

2

d

dt
jeðtjx0Þ: ð33Þ

The local center of mass velocity is given by the time derivative

of the first local moment

mðtjx0Þ ¼ d

dt
lð1Þðtjx0Þ: ð34Þ

For an extended source distribution, the center of mass velocity

is given by

vðtÞ ¼
Z

Xd
dx0qðx0Þmðtjx0Þ ð35Þ

according to (31). The global effective dispersion coefficient can be

defined analogously by integration of (33) over the initial distribu-

tion as

DeðtÞ ¼
Z

Xd
dx0qðx0ÞDeðtjx0Þ: ð36Þ

The rate of change of the apparent second centered moment de-

fines the apparent dispersion coefficient

DaðtÞ ¼ 1

2

d

dt
jaðtÞ: ð37Þ

As discussed in [24], for pre-asymptotic times, the apparent dis-

persion coefficient quantifies purely advective spreading of the sol-

ute due to velocity contrast within the initial plume. The global

effective dispersion coefficient DeðtÞ, in contrast, does not take into

account such spreading effects as it is defined as the weighted sum

over the local effective dispersion coefficients, which measure sol-

ute dispersion originating from the point sources that constitute

the initial plume. Thus, advective spreading due to the velocity

contrast inside the initial plume can be quantified by the difference

between the apparent and the global effective dispersion

coefficients

DaðtÞ � DeðtÞ ¼ 1

2

d

dt

Z

Xd
dx0qðx0Þ½lð1Þðtjx0Þ �mð1ÞðtÞ�2: ð38Þ

The latter describes the temporal rate of change of the mean

squared deviation of the local from the global center of mass

positions.

3.1.2. Ensemble average

In a stochastic modeling framework, transport coefficients are

defined as averages of the single realization coefficients over all

realizations of the ensemble of stratified media. As pointed out

638 V. Zavala-Sanchez et al. / Advances in Water Resources 32 (2009) 635–648



in, e.g. [25], the definition of average dispersion coefficients is not

unique and depends on the way the average is taken. This is anal-

ogous to the definition of the global effective and apparent disper-

sion coefficients in the previous section. The two quantities differ

in the order, by which the ‘‘average” over the initial distribution

is taken, see (36) and (37).

In a straightforward manner, we define the average center of

mass velocity and local effective dispersion coefficients as the

ensemble averages over (34) and (33)

mðtjx0Þ ¼ mðtjx0Þ; Deðtjx0Þ ¼ Deðtjx0Þ: ð39Þ

For an extended solute distribution, the average global center of

mass velocity and effective dispersion coefficient are given by

vðtÞ ¼
Z

Xd
dx0qðx0Þmðtjx0Þ; DeðtÞ ¼

Z

Xd
dx0qðx0ÞDeðtjx0Þ: ð40Þ

The average apparent dispersion coefficient is defined by the

ensemble average over (37)

DaðtÞ ¼ DaðtÞ: ð41Þ

For early times, the apparent dispersion coefficient quantifies

spreading due to the velocity contrast within the initial solute dis-

tribution, compare (38).

In addition, we will consider the so-called ensemble dispersion

coefficient, which describes the temporal rate of change of the lon-

gitudinal width of the ensemble averaged Green function

gðx; tjx0; t0Þ

Densðtjx0Þ ¼ 1

2

d

dt
lð2Þðtjx0Þ � lð1Þðtjx0Þ2
h i

: ð42Þ

As outlined by Dentz and Carrera [31] the difference between

the effective and the ensemble dispersion coefficients, quantifies

an artificial dispersion effect caused by sample to sample fluctua-

tions of the local center of mass positions from realization to real-

ization of the stratified medium. This unphysical ensemble

spreading mechanism is suppressed in the definition of the average

effective and apparent dispersion coefficients (39) and (41),

respectively.

The difference between the ensemble and average effective dis-

persion coefficients, is given by

Densðtjx0Þ � Deðtjx0Þ ¼ 1

2

d

dt
lð1Þðtjx0Þ2 � lð1Þðtjx0Þ2
h i

; ð43Þ

i.e., the two coefficients differ in the fluctuations of the center of

mass from realization to realization.

For an extended solute distribution, the ensemble dispersion

coefficient is given by

DensðtÞ ¼
Z

Xd
dx0qðx0ÞDensðtjx0Þ: ð44Þ

The difference between the ensemble and average apparent dis-

persion coefficients is given by

DensðtÞ � DaðtÞ ¼ 1

2

d

dt

Z

Xd
dx0qðx0Þlð1Þðtjx0Þ mð1ÞðtÞ � lð1Þðtjx0Þ

h i

:

ð45Þ
The dispersion concepts for single realizations and the ensem-

ble of realizations of the stratified medium are summarized in

Table 1.

3.2. Transport coefficients: single realization

Having found expressions for the local moments using axial

moment equations, see Appendix A, we can write down the expres-

sions for the local center of mass velocity and effective dispersion

coefficients. They are given by

mðtjx0Þ ¼ 1�
Z

X

dy00kðy00Þc0ðy00; tjy0Þ; ð46Þ

Deðtjx0Þ ¼ DL þ
Z

X

dy00
Z

X

dy

Z t

0

dt0kðy00ÞkðyÞ

� ½c0ðy00; t � t0jyÞ � c0ðy00; tjy0Þ�c0ðy; t0jy0Þ: ð47Þ

The global center of mass velocity and effective dispersion coef-

ficient are obtained by integration of (46) and (47) over the initial

distribution. The apparent dispersion coefficient is given by

DaðtÞ ¼ DL þ
Z

X

dy00
Z

X

dy

Z t

0

dt0kðy00ÞkðyÞ �
Z

X

dy0qðy0Þ

� c0ðy00; t � t0jyÞ �
Z

X

dy000qðy000Þc0ðy00; tjy000Þ
� �

c0ðy; t0jy0Þ:

ð48Þ

As detailed in [24], the center of mass fluctuations within the

initial extended source given by the difference between DaðtÞ and
DeðtÞ, see (38), tends to zero for t ! 1, hence

lim
t!1

DeðtÞ ¼ lim
t!1

DaðtÞ; ð49Þ

i.e., in the limit t ! 1 the effective and apparent dispersion coeffi-

cients converge to same asymptotic Taylor dispersion-type coeffi-

cient, which is independent of the initial plume

D� ¼ DL þ
1

DTVX

Z

X

dy

Z

X

dy0kðyÞkðy0Þuðyjy0Þ: ð50Þ

The uðy j y0Þ solves the steady state diffusion equation

1

VX

�r2
yuðyjy0Þ ¼ dðy � y0Þ; ð51Þ

for Neumann boundary conditions.

3.3. Transport coefficients: ensemble

By performing the ensemble average over (46), we straightfor-

wardly obtain for the center of mass velocity

mðtjx0Þ ¼ 1; ð52Þ

i.e., there is no disorder-induced contribution to the ensemble aver-

aged center of mass velocity. This is different for the average disper-

sion coefficients.

Inserting (A.11) and (A.12) for the local moments in (42) and

(39) for the ensemble and effective dispersion coefficients, we

obtain

Densðtjy0Þ ¼ DL þ r2

Z

X

dy00
Z

X

dy

Z t

0

dt0Cðy � y00Þ

� c0ðy00; t � t0jyÞc0ðy; t0jy0Þ; ð53Þ

Deðtjy0Þ ¼ Densðtjy0Þ � r2

Z

X

dy

Z

X

dy00Cðy � y00Þ � c0ðy00; tjy0Þ
Z t

0

dt0c0ðy; t0jy0Þ: ð54Þ

Table 1

Dispersion concepts

Single realization Eq. Ensemble average Eq. Concept

DaðtÞ (37) DaðtÞ (41) Apparent dispersion

Deðtjx0Þ (33) Deðtjx0Þ (39) Local effective dispersion

DeðtÞ (36) DeðtÞ (40) Global effective dispersion

DL , DT (5) N/A – Local dispersion

D� (1) D� (56) Taylor dispersion

N/A – Densðtjx0Þ (42) Local ensemble dispersion

N/A – DensðtÞ (44) Global ensemble dispersion
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The corresponding expressions for extended initial plumes are

obtained by integration over the source distribution according to

(40) and (44).

For the average apparent dispersion coefficient (41), we obtain

DaðtÞ ¼ DensðtÞ � r2

Z

X

dy00
Z

X

dyCðy � y00Þ
Z

X

dy000qðy000Þc0ðy00; tjy000Þ
Z t

0

dt0
Z

X

dy0qðy0Þc0ðy; t0jy0Þ:

ð55Þ

The average asymptotic Taylor dispersion-type coefficient is

given by

D� ¼ DL þ
r2

DTVX

Z

X

dy

Z

X

dy0Cðy � y0Þuðyjy0Þ: ð56Þ

3.4. Explicit analytical solutions for d ¼ 2-dimensions

Having defined the d ¼ 2-dimensional model medium in Sec-

tion 2, and in particular the conductivity correlation function

(16), we can explicitly evaluate the expressions for the average dis-

persion coefficients. We consider two initial conditions; point-like

injection at the position ð0; y0ÞT, i.e.,
qðxÞ ¼ dðxÞdðy� y0Þ; ð57Þ
and a line source that extends over the whole medium cross-section

at x ¼ 0

qðxÞ ¼ 1

2a
dðxÞ: ð58Þ

The position vector in the following is given by x ¼ ðx; yÞT.
The explicit solution of the effective and the ensemble disper-

sion coefficients depends on the form of the Green function

c0ðy; tjy0Þ, which solves the diffusion problem (A.3) for the initial

and boundary conditions defined in (A.6) and (A.7). It is given by

[24]

c0ðy; tjy0Þ ¼
1

2a
þ 1

a

X

1

n¼1

exp �ðnpÞ2
4

t

sD

 !

� cos
npðyþ aÞ

2a

� �

cos
npðy0 þ aÞ

2a

� �

: ð59Þ

The dispersion time scale sD, given by (2), measures the time for

transport by local dispersion over the medium cross-section.

Inserting the spatial correlation function (16) and Green func-

tion (59) into the general expressions (53) and (54), we obtain

for the ensemble and average effective dispersion coefficients

Densðtjy0Þ ¼ DL þ
r2l

2a
t þ 2r2l

a
sD
X

1

n¼1

1

ðnpÞ2

� 1� exp �ðnpÞ2
4

t

sD

 !" #

þ 2

3a
r2lsD

X

m

ð�1Þm

ðmpÞ2

� exp �ðmpÞ2
4

t

sD

 !

� exp �ðmpÞ2 t

sD

� �

" #

� cos
mpy0

a

� �

; ð60Þ

Deðtjy0Þ ¼ Densðtjy0Þ � r2l

2a
t � 2r2l

a
sD
X

1

n¼1

1

ðnpÞ2

� exp �ðnpÞ2
4

t

sD

 !

� exp �ðnpÞ2
2

t

sD

 !" #

� 1þ ð�1Þn cos npy0

a

� �� �

: ð61Þ

Explicit expressions for the instantaneous line source are ob-

tained by integration of (60) and (61) over the vertical cross-sec-

tion of the two-dimensional medium. This yields

DensðtÞ ¼ DL þ
r2l

2a
t þ 2r2l

a
sD

X

1

n¼1

1

ðnpÞ2
1� exp �ðnpÞ2

4

t

sD

 !" #

; ð62Þ

DeðtÞ ¼ DL þ
2r2l

a
sD
X

1

n¼1

1

ðnpÞ2
1� exp �ðnpÞ2

4

t

sD

 !" #2

ð63Þ

for the ensemble and average global effective dispersion coeffi-

cients, respectively. For the average apparent dispersion coefficients

we obtain by inserting (16) into (55)

DaðtÞ ¼ DL þ
2r2l

a
sD
X

1

n¼1

1

ðnpÞ2
1� exp �ðnpÞ2

4

t

sD

 !" #

: ð64Þ

The average Taylor dispersion-type coefficient (56) can be ob-

tained as the asymptotic long time value of the average effective

dispersion coefficient

D� ¼ DL þ
r2lsD
3a

: ð65Þ

The transverse dimension clearly determines the asymptotic

long time behavior of the dispersion coefficients. In the limit of

a ! 1, we obtain from (60) and (61) (see Appendix B)

lim
a!1

Densðtjy0Þ 	 DL þ
r2

ffiffiffiffiffiffi

smD
p

ffiffiffiffi

p
p

ffiffi

t
p

; ð66Þ

lim
a!1

Deðtjy0Þ 	 DL þ
r2

ffiffiffiffiffiffi

smD
p

ffiffiffiffi

p
p 2�

ffiffiffi

2
p	 


ffiffi

t
p

; ð67Þ

where the microscopic dispersion scale, smD , is defined as follows:

smD ¼ l
2

DT

; ð68Þ

and quantifies the time for the vertical solute spreading over a

stratum.

Note that neither the average local effective nor the ensemble

dispersion coefficients depend on the source location anymore.

As a consequence, the global effective dispersion coefficient does

not depend on the source and is identical to the local effective dis-

persion coefficient. Furthermore, in this limit the average apparent

dispersion coefficient (64) for the line source (now infinitely ex-

tended) is identical to the ensemble dispersion coefficient

lim
a!1

DensðtÞ 	 lim
a!1

DaðtÞ: ð69Þ

Note that in contrast to the behavior observed in a confined

medium where in the limit of t ! 1, or strictly speaking when

the solute has sampled the hole medium by local transverse disper-

sion for times t � sD, DaðtÞ and DeðtÞ converge to the same asymp-

totic Taylor dispersion coefficient, (49), here for a infinitely

extended initial plume the apparent and the global effective disper-

sion coefficients do not converge at large times because sD ! 1.

This means first that the limits a ! 1, and t ! 1, are not commu-

tative. Furthermore, as sD ! 1 the complete transverse mixing is

never reached for a infinite medium, which in turns leads to the

non-Fickian behavior of the effective dispersion coefficients.

3.5. Numerical random walk simulations

The numerical solution of the transport problem using random

walk simulations are based on the Langevin equation which is

640 V. Zavala-Sanchez et al. / Advances in Water Resources 32 (2009) 635–648



associated with the transport equation (26), see, e.g. [32]. In dis-

crete time, the equation of a solute particle starting at

xð0Þ ¼ ð0; y0Þ is given by

xði;rÞðt þ Dtjy0Þ ¼ xði;rÞðtÞ þ 1� k
ðrÞ

yði;rÞðtjy0Þ
� �

h i

Dt þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2DLDt
p

n
ðiÞ
N ;

ð70Þ

yði;rÞðt þ Dtjy0Þ ¼ yði;rÞðtjy0Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2DTDt
p

g
ðiÞ
N ; ð71Þ

where n
ðiÞ
N and g

ðiÞ
N are mutually independent Gaussian random vec-

tors with zero mean and unit variance; k
ðrÞðyÞ is the rth realization

of kðyÞ; xði;rÞðtjy0Þ and yði;rÞðtjy0Þ denote the particle trajectory starting

from xð0Þ in the ith noise and rth disorder realization. The imperme-

able horizontal walls are modeled as reflecting boundaries. The ran-

dom fluctuations of the conductivity field are modeled by (14).

The local moments lðn;rÞðtjy0Þ in the rth disorder realization are

derived from averages of the particle trajectories over all noise

realizations as (e.g., [24])

lðn;rÞðtjy0Þ ¼ 1

N

X

N

i¼1

½xði;rÞðtjy0Þ�; ð72Þ

where N is the total number of noise realizations. The initial posi-

tions y0ðjÞ, which are distributed uniformly over the medium

cross-section according to y0ðjÞ ¼ jDy0, where j ¼ �M; . . . ;M with

MDy0 ¼ a. The global moments in the r-th disorder realization then

are obtained by summation of (72) over all initial positions as

mðn;rÞðtÞ ¼ 1

M

X

M

j¼�M

lðn;rÞðtjy0ðjÞÞ: ð73Þ

Ensemble averages then are taken accordingly by summation of

the respective observables over all realizations k
ðrÞðyÞ of the ran-

dom conductivity field. Thus, the ensemble average is numerically

approximated by

ufkðyÞg ¼ 1

R

X

R

r¼1

ufkðrÞðyÞg ð74Þ

with ufkðyÞg an arbitrary functional of kðyÞ and R the total number

of disorder realizations.

The d ¼ 2-dimensional medium under consideration, see Sec-

tion 2, consists of 100 strata of equal thickness l ¼ 1, the halfwidth

of the medium is given by a ¼ 50. The time discretization for the

random walk simulations is Dt ¼ 10�1, the transverse and longitu-

dinal local dispersion coefficients are given by DT ¼ DL ¼ 1. The

line source consists of M ¼ 200 points that are uniformly distrib-

uted over the medium cross-section, the number of injected parti-

cles at each point is 50. The ensemble average is taken over R ¼ 103

realizations of the random conductivity field.

4. Effective mixing and spreading

Here, we study the effective mixing and spreading in terms of

the observables defined in the previous section using the numeri-

cal randomwalk simulations and explicit analytical expressions for

the transport coefficients.

4.1. Point-like initial distribution

We investigate the temporal behavior of the dispersion coeffi-

cients Deðtjy0Þ and Densðtjy0Þ, for different dispersion time scales

sD, and for different vertical initial positions y0.

Fig. 2 illustrates a particle distribution evolving from an instan-

taneous injection at y0 ¼ 0 in one given realization of the stratified

medium. The snap shots of the spatial distribution are taken after

t ¼ 10�3sD, t ¼ 10�2sD, t ¼ 10�1sD, and t ¼ sD.
We distinguish two relevant dispersion time scales; the disper-

sion scale sD, (2), which quantifies solute mixing over a vertical

medium cross-section, and the microscopic dispersion scale smD ,
(68), which quantifies the time for the vertical solute mixing over

a stratum. Thus, smD sets the relevant scale for the activation of the

transverse conductivity contrast as a macroscopic longitudinal

spreading mechanism. For the parameter values chosen here,

smD ¼ 10�3sD. These mechanisms are illustrated in Fig. 2, which

shows snapshots of particle distributions evolving at four different

times.

These mechanisms can be studied quantitatively in terms of the

temporal evolution of the local effective and ensemble dispersion

coefficients. Fig. 3 shows the temporal evolution of Deðtj0Þ and

Densðtj0Þ for sD ¼ 2500 and sD ¼ 625 given by (60) and (61) and de-

rived from numerical random walk simulations. For times smaller

than smD , t < smD , the solute has only seen one single strata with con-

stant conductivity and spreading is due to local dispersion only. At

times of the order of the microscopic dispersion time scale smD the

solute starts sampling the vertical conductivity contrast. In

the time regime smD 
 t 
 sD, the dispersion coefficients display

the characteristic
ffiffi

t
p

behavior [1] because the medium looks infi-

nite for the solute. In the asymptotic long time limit of times

t � sD, the effective dispersion coefficient converges to its constant

long time value given by the constant Taylor dispersion coefficient

(65). The ensemble dispersion coefficient Densðtj0Þ is consistently
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Fig. 2. Distribution of solute particles evolving from a point source located at y0 ¼ 0 for one given realization of a vertically stratified randommediumwith a halfwidth a ¼ 50,

strata thickness l ¼ 1, and DL ¼ DT ¼ 1, after (a) t ¼ 10�3sD , (b) t ¼ 10�2sD , (c) t ¼ 10�1sD , and (d) t ¼ sD .
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larger than the effective coefficients. As outlined in Section 3.1.2,

takes into account an artificial spreading effect due to the variabil-

ity of the center of mass position of the concentration distribution

in different realizations of the stratified medium. In the intermedi-

ate regime smD 
 t 
 sD, D
ensðtj0Þ increases with the square root of

time as given by (66). In the asymptotic long time limit of t � sD,
the ensemble dispersion coefficient increases linearly with time

Densðtjy0Þjt!1 ¼ D� þ r2l

2a
t: ð75Þ

This linear increase is due to persistent center of mass fluctua-

tions, which increase quadratically with time. This can be seen as

follows: the center of mass position in a given realization is given

by (A.11). Thus, the center of mass fluctuation is given by

dlð1Þðtjy0Þ ¼ lð1Þðtjy0Þ � lð1Þðtjy0Þ

¼
Z a

�a

dy00
Z t

0

dt0kðy00Þc0ðy00; t0jy0Þ: ð76Þ

In the limit t � sD, the Green function c0ðy00; t0jy0Þ tends to

1=ð2aÞ, as in this limit the solute is uniformly distributed over

the medium cross-section. Thus, dlð1Þðtjy0Þ is given by

dlð1Þðtjy0Þ ¼ hkðy0Þit; ð77Þ

where the angular brackets denote the spatial average over the

medium cross-section, see Section 2.2. Thus, the variance of the

center of mass position is given in terms of the variance (18) of

the spatial average conductivity as

dlð1Þðtjy0Þ2 ¼ r2l

2a
t2: ð78Þ

The difference between the effective and ensemble coefficients,

see (43), is given by half the temporal rate of change of the latter

and explains the linear increase of Densðtjy0Þ for t � sD.
Note that the center of mass fluctuations decrease with increas-

ing vertical extent, or vertical sampling volume. This mechanism is

illustrated in Fig. 4. The difference between the global ensemble

and the apparent dispersion coefficients obtained by numerical

random walk simulations for three different vertically extended

source distributions of 10 l, 102 l and a line source that extends over

the whole medium cross-section of 103 l are shown. For an ex-

tended source distribution, the difference between the global

ensemble and apparent dispersion coefficients quantifies the fluc-

tuations of the center of mass position from realization to realiza-

tion and inside the plume, (45). As given by (78), at asymptotic

times, the difference between ensemble and apparent dispersion

coefficients increases linearly with time. At pre-asymptotic times,

Fig. 4 shows that the difference between the center of mass posi-

tion is increasing for decreasing source size or vertical extent of

the medium.

Note, however, that the center of mass fluctuations do not tend

to zero in the limit of the infinite medium. Eq. (78) is based on the

assumption of complete transverse mixing, i.e., implicitly we as-

sume that the medium is finite. As discussed at the end of Section

3.4 the limits a ! 1 and t ! 1 do not commute. Thus, the fact

that expression (78) tends to zero for a ! 1 does not mean that

the center of mass fluctuations die out in this limit because

sD ! 1, and the transverse mixing condition can never be fulfilled.

The center of mass fluctuations in the limit of the infinite medium

are manifested in the difference between DensðtÞ and DeðtÞ for the

infinite medium given in (66) and (67), respectively, for which

lim
a!1

dlð1ÞðtÞ2 ¼ 2

3

r2
ffiffiffiffiffiffi

smD
p

ffiffiffiffi

p
p ð1�

ffiffiffi

2
p

Þt3=2: ð79Þ

The center of mass fluctuations are not vanishing, but their

growth rate is smaller; for the confined medium, the growth rate

increases linearly, for the infinite medium it increases only with

the square root of time.

In the following, we study the effect of the position of the solute

injection point on effective transport. Fig. 5 illustrates the temporal

behavior of a distribution of solute particles evolving from a point

source located at y0 ¼ 0:9a for a given realization of the stratified

medium. The medium analyzed here, is the same as in Fig. 2. For

point sources starting in the vicinity of the horizontal boundaries,

at early times, t P smD , the solute particles experience the layer to

layer permeability variations by transverse local dispersion in a

non-symmetrical way due to reflection at the medium boundaries.

Hence, the time needed for a solute particle to sample the trans-

verse variability of the velocity field is larger than when starting

at y0 ¼ 0. This difference for the distribution starting at different

vertical locations is clearly shown in Figs. 2c and 5c, for

t ¼ 10�1sD. The particle distribution for y0 ¼ 0, is more uniform
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Fig. 3. Temporal behavior of the local effective and ensemble dispersion coeffi-

cients evolving from a point source at y0 ¼ 0, for two different dispersion time

scales, sD1
¼ 625, and sD2

¼ 2500 in a vertically stratified random media with

a ¼ 25, a ¼ 50, respectively, l ¼ 1, and DL ¼ DT ¼ 1. The solid lines describe the

Densðtjy0Þ and Deðtjy0Þ behavior given by (60) and (61), respectively. For the

intermediate time regime smD 
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behavior given by (66) and (67) is

showed in dashed lines. The doted lines describe the long time behavior, given by

(75) and (65). Numerical random walk simulation for sD1
in unfilled dots, for sD2
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crossed lines.
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than for y0 ¼ 0:9a, and it occupies almost the entire medium cross-

section. For times of the order of or larger than the dispersion time

scale t P sD, the solute particles are distributed uniformly over the

medium cross-section in both cases; the memory of the initial dis-

tribution is wiped out.

This behavior is again reflected in the temporal evolution of the

effective dispersion coefficients shown in Fig. 6. The effective diffu-

sion coefficient Deðtjy0Þ evolves slower for y0 ¼ 0:9a, than for y0 ¼ 0,

and for times large compared to sD, the local effective dispersion

coefficients converge to the same asymptotic long time value.

The slower sampling of the conductivity contrast by particles

close to the boundaries compared to solute particles originating

from y0 ¼ 0 is also reflected by the ensemble dispersion coefficient.

Due to the slower sampling for y0 ¼ 0:9, there is a bigger contrast

between the mean flow velocity in each realization and the ensem-

ble mean velocity for t < sD, which in turn causes a faster increase

of Densðtjy0Þ, see Fig. 6. For t > sD both ensemble dispersion coeffi-

cients evolve linearly to (75), independently of the source location.

4.2. Vertical line source

Here, we investigate mixing and spreading for a solute that

evolves from the instantaneous uniform line source (58). For one

given realization of the stratified medium, solute spreading and

mixing are quantified by the effective and apparent dispersion

coefficients (33) and (37), respectively. The time behavior of DeðtÞ
and DaðtÞ is evaluated numerically using random walk simulations.

Fig. 7 shows DeðtÞ and DaðtÞ normalized by their respective asymp-

totic long time values. The apparent and effective coefficients

evolve in a qualitatively and quantitatively different way. As out-

lined in Section 3.1.1, the apparent dispersion coefficient quantifies

the center of mass fluctuations within the extended source, which

are suppressed by the definition of the effective dispersion coeffi-

cient, see (38). Hence, for t < sD, the conductivity contrast along

the extended source leads to a faster increase of DaðtÞ. The effective

dispersion coefficient measures the average mixing along the

source distribution caused by the interaction of transverse local

dispersion and the vertical conductivity contrast. At times t P sD
both DaðtÞ and DeðtÞ evolve towards their common asymptotic long

time value given by D�, (50).

The behavior of the average coefficients DeðtÞ and DaðtÞ, given by

(63) and (64), respectively, reflects well the behavior observed in a

single realization. Fig. 7 shows DeðtÞ and DaðtÞ normalized by their

asymptotic long time value compared to their single realization

counterparts for vertical line source of 102 l.

Due to the finiteness of the medium, the asymptotic Taylor dis-

persion-type coefficient D�, (50), varies from realization to realiza-

tion of the stratified medium. The quantification of uncertainty due

to sample to sample fluctuations as well as the self-averaging

behavior of the effective dispersion coefficient is work in progress.

4.3. Extended source distributions

In the previous sections, we focused on effective mixing and

spreading for point-like injections and for solute sources distrib-

uted over the full medium cross-section. Here, we study the influ-

ence of source size smaller than the medium cross-section on

effective mixing and spreading in a confined stratified medium

using systematic numerical random walk simulations.

The d ¼ 2-dimensional model under consideration here consists

of 103 strata of equal thickness l ¼ 1. The time discretization is

Dt ¼ 1, the transverse and longitudinal local dispersion are given

by DT ¼ DL ¼ 1. We investigate in the following sources of vertical

extensions of 10 l, 102 l and a line source that extends over the

whole medium cross-section of 103l. The total number of injected
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Fig. 5. Distribution of solute particles evolving from a point source located at y0 ¼ 0:9a for one given realization of a vertically stratified random medium with a halfwidth

a ¼ 50, equal strata thickness l ¼ 1, and DL ¼ DT ¼ 1, after (a) t ¼ 10�3sD , (b) t ¼ 10�2sD , (c) t ¼ 10�1sD , and (d) t ¼ sD.
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are denoted by crosses (y0 ¼ 0:9a) and circles (y0 ¼ 0).
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particles in each case was 104. The ensemble average was taken

over R ¼ 102 realizations of the random conductivity field.

For sources whose extension is smaller than the domain size,

the impact of the boundaries on the evolution of the solute distri-

bution is similar to the one observed for the point sources dis-

cussed in Section 4.1. Thus, the results are not shown here.

We now investigate the impact of the source size on the tempo-

ral behavior of DensðtÞ, DeðtÞ and DaðtÞ.
For one given realization of the stratified medium the temporal

evolution of particle distributions starting from the three sources

under consideration are illustrated in Figs. 8 and 9. The extended

sources were instantaneously and symmetrically injected about

y0 ¼ 0. The snap shots of the spatial distribution are taken after

t ¼ 10�4sD, t ¼ 10�2sD, t ¼ 10�1sD and t ¼ sD.
At times of the order of the microscopic dispersion scale smD , the

small vertical extended sources experience the conductivity con-

trast along its vertical sampling extension. It is clear that the con-

ductivity contrast experienced by the initial extended source of

100 l is greater than the one experienced by the 10 l source. This

is illustrated in Figs. 8a and 9. With increasing time the concentra-

tion distributions becomes more spread out in the horizontal direc-

tion, see Figs. 8b and 9b. For the solute distribution for the line

source of 100l the memory of the source extension is wiped out

with increasing time, even for times smaller than the time for com-

plete vertical mixing. The solute distributions are practically iden-

tical for both source distributions already for t ¼ 10�1sD, see Figs.

8c and 9c. For times of the order of or larger than sD, the solute par-

10
-2

10
-1

10
0

10
-1

10
0

10
1

10
2

10
3

10
4

lo
n
g
it

u
d
in

al
 d

is
p
er

si
o
n
 c

o
ef

fi
ci

en
ts

t

τD

D
—e

(t)

D
—a

(t)

D
e
(t)

D
a
(t)

Fig. 7. Comparison between the normalized average effective DeðtÞ=D� , and

apparent DaðtÞ=D� , dispersion coefficients, with their single realization normalized

counterparts, DeðtÞ=D� and DaðtÞ=D� , respectively, for a vertical line source of 102 l

The temporal behavior of DeðtÞ, and DaðtÞ given by (63) and (64), is denoted by solid

lines. Numerical random walk simulations of DeðtÞ and DaðtÞ are denoted by dots.

-500

-250

 0

 250

 500

-200 -150 -100 -50  0  50  100  150  200  250

x
2

-500

-250

 0

 250

 500

 5000  10000  15000  20000  25000  30000  35000

x
2

x 1

-500

-250

 0

 250

 500

 0  1000  2000  3000  4000  5000

x
2

-500

-250

 0

 250

 500

 250000  300000  350000  400000  450000  500000  550000  600000

x
2

x 1

a b

dc

Fig. 8. Distribution of solute particles evolving from a line source of 10 l in a single realization of a vertically stratified random medium with a halfwidth a ¼ 500, constant

strata thickness l ¼ 1, local dispersion DL ¼ DT ¼ 1, after (a) t ¼ 10�4sD , (b) t ¼ 10�2sD , (c) t ¼ 10�1sD , and (d) t ¼ sD .

-500

-250

0

 250

 500

-200 -150 -100 -50 0  50  100  150  200  250

x
2

-500

-250

0

 250

 500

 5000  10000  15000  20000  25000  30000  35000

x
2

x 1

-500

-250

0

 250

 500

0  1000  2000  3000  4000  5000

x
2

-500

-250

0

 250

 500

 250000  300000  350000  400000  450000  500000  550000  600000

x
2

x 1

a b

dc

Fig. 9. Distribution of solute particles evolving from a line source of 100 l in a single realization of a vertically stratified random medium with a halfwidth a ¼ 500, constant

strata thickness l ¼ 1, local dispersion DL ¼ DT ¼ 1, after (a) t ¼ 10�4sD , (b) t ¼ 10�2sD , (c) t ¼ 10�1sD , and (d) t ¼ sD .

644 V. Zavala-Sanchez et al. / Advances in Water Resources 32 (2009) 635–648



ticles are distributed uniformly over the medium cross-section in

both cases, Figs. 8d and 9d.

The memory of the source size is reflected in the behavior of the

apparent dispersion coefficient as outlined in the following. By def-

inition, DaðtÞ quantifies for pre-asymptotic times, purely advective

spreading of the solute due to the velocity contrast within the ini-

tial source. The apparent dispersion coefficients for the extended

sources of 10 l and 102 l and 103 l are shown in Fig. 10. With increas-

ing vertical extension of the initial source, DaðtÞ evolves faster to

the common asymptotic long time value. As observed in one given

realization, the memory of the initial source size is lost for times

smaller than the dispersion time scale, here t � 10�2sD, and the

apparent dispersion coefficients of the small extended sources

are identical. Note that as shown in Figs. 11 and 12, when the

memory of the initial source size is wiped out, the apparent and

the global effective dispersion coefficients show the same temporal

behavior.

As shown in Figs. 13 and 14 the global effective and the ensem-

ble dispersion coefficients are not impacted in a sensible manner

by the source size. For the three initial sources under consider-

ation, DensðtÞ and DeðtÞ show a similar behavior which is controlled

at long times by the dispersion time scale sD.
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Fig. 10. Numerical results of the global apparent dispersion coefficients for

extended sources of 10 l in triangles, 102 l in crosses, and 103 l in filled dots.
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Fig. 11. Numerical results of the global effective and apparent dispersion coeffi-

cients for an extended source of 10 l.
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Fig. 12. Numerical results of the global effective (triangles) and apparent dispersion

coefficients (crosses) for an extended source of 102 l.
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Fig. 13. Numerical results of the global effective dispersion coefficients for three

extended sources of 10 l, 100 l, and a line source that extends over the whole

medium cross-section of 1000 l.
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Fig. 14. Numerical results of the ensemble dispersion coefficients for three

extended sources of 10 l, 100 l, and a line source that extends over the whole

medium cross-section of 1000 l.
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5. Summary and conclusions

Even though highly idealized, stratified media present a valu-

able conceptual tool to investigate fundamental problems on

transport in random media. The presented study analyzed pre-

asymptotic non-Fickian transport features and the correct quanti-

fication of mixing and spreading by suitably defined effective dis-

persion coefficients. The correct quantification and representation

of solute mixing is of importance for a series of applications as,

e.g., bioremediation, natural attenuation, mixing limited chemical

reaction, that is, whenever the efficiency of a chemical or biological

process depends on the mixing of the participating species. We

studied the quantification of mixing and spreading in confined

media using stochastic modeling and quantified its limitations

due to the intrinsic non-ergodicity of the confined media realiza-

tions. Memory effects on the effective solute spreading and mixing

due source size and positions within the medium are quantified in

terms of suitably defined (ensemble) dispersion coefficients, as

summarized in the following.

For point-like initial distributions, the second centered moment

of the concentration distribution (identical to the transport Green

function), quantifies the interaction of vertical conductivity varia-

tions and local dispersion on the effective spreading and mixing

properties of a solute. For an extended source this is different.

For times smaller than the dispersion time for complete vertical

solute mixing sD ¼ a2=D, the width of the solute distribution re-

flects purely advective spreading effects due to velocity fluctua-

tions within the initial plume. Thus, following [24], for extended

initial conditions solute spreading and mixing is quantified in

terms of local distributions which originate from the point-sources

that constitute the extended source. We thus define global effec-

tive dispersion coefficients as the weighted average over the local

effective dispersion coefficients that characterize spreading and

mixing for the solute distributions that evolve from the point

sources that form the extended initial plume. It thus represents a

global measure for the heterogeneity impact on mixing and

spreading. Furthermore, we define the apparent dispersion coeffi-

cient as the half rate of change of the width of a distribution evolv-

ing from an extended initial plume. For early times, it reflects the

purely advective spreading effects due to velocity variations in

the extended initial distribution.

For the randomly stratified media under consideration here, the

impact of vertical conductivity fluctuations on effective transport

is quantified within a stochastic modeling framework. Effective

and apparent dispersion coefficient are defined as ensemble aver-

ages of their single realization counterparts. In addition, we define

a local ensemble dispersion coefficient, which is derived from the

average transport Green function. The global ensemble dispersion

coefficient for an extended initial plume then is given by the aver-

age of the local counterpart over the initial distribution. While the

apparent dispersion coefficient quantifies center of mass fluctua-

tions within the initial plume for a given realization, the ensemble

dispersion coefficient quantifies the artificial spreading effect of

center of mass fluctuations from realization to realization of the

stratified random medium.

For an infinite stratified medium, the ensemble average leads to

vertical homogenization and makes the average medium isotropic

so that the effective and ensemble dispersion coefficients do not de-

pend on the position of the source distribution. This symmetry is

broken for the confined medium so that even in average, the mem-

ory of the initial position is preserved in the behavior of the effective

and ensemble dispersion coefficients. As themedium is confined by

impermeable horizontal boundaries (in the random walk picture

the impermeable boundaries are modeled as reflecting walls), the

vertical position of the initial injection affects the temporal behavior

of the effective dispersion coefficients. For point sources located in

the vicinity of the medium boundaries, at early times, the time

needed for the solute to sample the entire medium cross-section

is longer than for a solute that originates from an initial plume in

the center of. Thus, Deðtjy0Þ evolves slower for y0 close to the bound-

aries than for y0 located in the vicinity of the medium axis. On the

other hand, as the concentration distribution remains longer near

the boundaries, we have a bigger contrast between the center of

mass velocities in different realizations and the ensemble mean

center of mass velocity, which causes a faster increase of Densðtjy0Þ.
Due to the finite vertical extent of the medium, sample to sample

fluctuations of the center ofmass velocity persist and lead to a linear

increase of the ensemble dispersion coefficient for t > sD.
Due to the finite number of strata in each realization, the model

media cannot be ergodic. This is reflected in the variance of the

spatial average of the conductivity fluctuations, which is inversely

proportional to the lateral extent of the medium. This non-ergodic-

ity is reflected in the behavior of the ensemble dispersion coeffi-

cient, which, at asymptotic times, increases linearly with time

reflecting the finite size sample to sample fluctuations of the center

of mass position. In the limit of infinite vertical extent, the center

of mass fluctuations persist but their growth rate is weaker, as re-

flected by the difference between ensemble and effective disper-

sion coefficients.

For an initial plume that is spread over the whole medium

cross-section, the global effective dispersion coefficient quantifies

the average spreading and mixing behavior. It evolves slower than

the apparent dispersion coefficient, which, at early times, reflects

purely advective spreading due to local center of mass fluctuations

within the extended initial distribution. At asymptotic times both

coefficients converge to the Taylor dispersion coefficient. In the

limit of infinite vertical extent (and thus also infinitely extended

source distribution), the apparent and ensemble dispersion coeffi-

cients converge; the vertical (spatial) average and the ensemble

average are equivalent in this limit.

The non-Fickian transport features observed at pre-asymptotic

times together with the clear evidence of memory effects on

spreading and mixing indicate that transport is non-Markovian.

Thus, the effective mixing and spreading dynamics and thus the

effective evolution of the solute plume cannot be quantified within

a Fickian transport paradigm. An effective average transport

description to model pre-asymptotic transport is in general non-

Markovian. This needs to taken into account when modeling effec-

tive transport in disordered media.
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Appendix A. Axial moment equations

The advection dispersion equation for solute transport trough a

stratified medium can be solved explicitly by the definition of axial

moment equations. For technical convenience, we rewrite the local

moments as (e.g. [33,24])

lðnÞðtjx0Þ ¼
Z

X

dycnðy; tjx0Þ; ðA:1Þ
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where we defined the local axial moments cnðy; tjx0Þ by

cnðy; tjx0Þ ¼
Z 1

�1
dx1x

n
1gðx; tjx0;0Þ: ðA:2Þ

The c0ðy; tjx0Þ is the vertical concentration profile integrated

over the x1-direction of a solute that evolves from a point injection

at x0 at time t ¼ 0. The local axial center of mass at the vertical po-

sition y at time t is given by c1ðy; tjx0Þ, while c2ðy; tjx0Þ is a measure

for the width of the solute distribution at the vertical position y at

time t.

By multiplication of (26) with xn1 and subsequent integration

over x1, we obtain for n ¼ 0;1;2 the transport equations (e.g. [24])

oc0ðy; tjy0Þ
ot

� DTr2
yc0ðy; tjy0Þ ¼ 0; ðA:3Þ

oc1ðy; tjx0Þ
ot

� DTr2
yc1ðy; tjx0Þ ¼ 1� kðyÞ½ �c0ðy; tjy0Þ; ðA:4Þ

oc2ðy; tjx0Þ
ot

� DTr2
yc2ðy; tjx0Þ ¼ 2½1� kðyÞ�c1ðy; tjx0Þ

þ 2DLc0ðy; tjy0Þ; ðA:5Þ

wherery denotes the nabla operator in X. The initial conditions are

given by

cnðy;0jx0Þ ¼ x01
n
dðy � y0Þ; ðA:6Þ

where n ¼ 0;1;2. The boundary conditions are

n �rycnðy; tjx0Þjy2oX ¼ 0; ðA:7Þ

for n ¼ 0;1;2. The diffusion equation (A.3) is the projection of (26)

from Xd onto X. The initial and boundary conditions (A.6) and (A.7)

imply, (i) c0ðy; tjx0Þ 	 c0ðy; tjy0Þ, and (ii)
Z

X

dyc0ðy; tjy0Þ ¼ 1: ðA:8Þ

The expressions for the local axial moments and local moments

are identical to the ones given in [24]. For completeness, we give

here a brief summary. Applying Duhamel’s principle, the solutions

of (A.4) and (A.5) can be written in terms of the auxiliary function

c0ðy; tjy0Þ

c1ðy; tjx0Þ ¼ ðx01 þ tÞc0ðy; tjy0Þ �
Z t

0

dt0
Z

X

dy00

� c0ðy; t � t0jy00Þkðy00Þc0ðy00; t0jy0Þ; ðA:9Þ

c2ðy; tjx0Þ ¼ ðx01
2 þ 2DLtÞc0ðy; tjy0Þ þ 2

Z t

0

dt0
Z

X

dy00

� c0ðy; t � t0jy00Þ 1� kðy00Þ½ �c1ðy00; t0jx0Þ; ðA:10Þ

where we used the Markov property of the vertical diffusion

process.

According to (A.1), we now obtain for the first and second local

moments

lð1Þðtjy0Þ ¼ x01 þ t �
Z

X

dy00
Z t

0

dt0kðy00Þc0ðy00; t0jy0Þ; ðA:11Þ

lð2Þðtjy0Þ ¼ ðx01 þ tÞ2 þ 2DLt � 2ðx01 þ tÞ
Z

X

dy00

�
Z t

0

dt0kðy00Þc0ðy00; t0jy0Þ þ 2

Z

X

dy00

�
Z

X

dy

Z t

0

dt0
Z t0

0

dt00kðy00ÞkðyÞc0ðy00; t0 � t00jyÞc0ðy; t00jy0Þ:

ðA:12Þ

Appendix B. Average dispersion coefficients for the infinite

medium

Here, we detail the development of the expressions for the local

and global dispersion coefficients for the hypothetical case of an

infinite stratified medium. Expressions (60) and (61) can be rewrit-

ten as

Densðtjy0Þ ¼ DL þ
1

2
Djr2lt þ 2

DTp2
r2l

X

1

n¼1

Dj

ðnDjÞ2

� 1� exp �DTp2ðnDjÞ2
4

t

 !" #

þ 2

3DTp2
r2l

�
X

1

n¼1

ð�1Þn Dj

ðnDjÞ2
times exp �DTp2ðnDjÞ2

4
t

 !"

� expð�DTp2ðnDjÞ2tÞ
#

cosðpy0nDjÞ ðB:1Þ

and

Deðtjy0Þ ¼ Densðtjy0Þ � 2

DTp2
r2l
X

1

n¼1

Dj

ðnDjÞ2

� exp �DTp2ðnDjÞ2
4

t

 !

� exp �DTp2ðnDjÞ2
2

t

 !" #

� 2

DTp2
r2l

X

1

n¼1

ð�1Þn Dj

ðnDjÞ2
exp �DTp2ðnDjÞ2

4
t

 !"

� exp �DTp2ðnDjÞ2
2

t

 !#

cosðpy0nDjÞ; ðB:2Þ

where we set sD ¼ a2=DT and defined Dj 	 1=a. For a ! 1, i.e.,

Dj ! 0 we take the continuum limit. We define nDj 	 j and sub-

stitute the summations in (B.1) and (B.2) by integrations over j.
This yields

Densðtjy0Þ 	 DensðtÞ

¼ DL þ
2r2l

DTp

Z 1

0

dj
j2

1� exp �DTj2

4
t

� �� �

; ðB:3Þ

Deðtjy0Þ 	 DeðtÞ

¼ DensðtÞ � 2r2l

DTp
Z 1

0

dj
j2

exp �DTj2

4
t

� �

� exp �DTj2

2
t

� �� �

: ðB:4Þ

Note that the linear term in (B.1) as well as the terms containing

the initial position y0 in (B.1) and (B.2) cancel out in this limit. The

integrals in (B.3) and (B.4) can be performed straightforwardly and

give (66) and (67), respectively.
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