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Abstract. We study unsteady elastic diffusion vibrations of a freely supported rectangular isotropic
Kirchhoff-Love plate on an elastic foundation, which is under the action of a distributed transverse load.
A model that describes coupled elastic diffusion processes in multicomponent continuum is used for the
mathematical problem formulation. The longitudinal and transverse vibrations equations of a rectangu-
lar isotropic Kirchhoff-Love plate with diffusion were obtained from the model using the d’Alembert
variational principle.

The problem solution of unsteady elastic diffusion plate vibrations is sought in integral form. The bulk
Green’s functions are the kernels of the integral representations. To find the Green’s functions, we
used the Laplace transform in time and the expansion into double trigonometric Fourier series in spatial
coordinates. Green’s functions in the image domain are represented in the form of rational functions
depends on the Laplace transform parameter. The transition to the original domain is done analytically
through residues and tables of operational calculus. The bulk Green’s functions analytical expressions
are obtained.

Using a two-component continuum, a numerical study of unsteady mechanical and diffusion fields in-
teraction is done for an isotropic plate. The solution is presented in analytical form, as well as in the
form of three-dimensional graphs of the displacement fields and concentration increments on time and
coordinates.

1 INTRODUCTION

A review of modern publications shows that the issues related to the study of the interaction of different
physical nature fields is relevant. In particular, the load-carrying capacity of individual structural ele-
ments such as beams, plates and shells can be influenced by diffusion processes arising from mechanical
loads. These issues are discussed in the articles [1, 2], where the influence of diffusion processes on
the bearing capacity of a shallow transversally isotropic shell is investigated. The publications [3, 4, 5]
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Figure 1: Forces and moments acting upon the plate

are devoted to the study of mechanodiffusion processes in plates. The calculation of an elastic spherical
shells with diffusion is considered in [6].

It should be noted that all these problems are solved in a stationary formulation. The problems statements
of unsteady elastic diffusion vibrations of beams and plates and methods for their solution are absent in
the publications known to date.

This article considers the effects of the interaction of mechanical and diffusion fields in a Kirchhoff-Love
plate on an elastic foundation. A mathematical model of plate elastic diffusion vibrations is obtained
based on variational principles as well as the well-known plate theory relations presented in the works
[7,8,9, 10].

2 GENERAL ESPECIFICATIONS

The problem of unsteady elastic diffusion vibrations of a rectangular Kirchhoff-Love plate on an elas-
tic foundation is considered. A diagram of the applied forces and bending moments, as well as the
orientation of the axes of a rectangular Cartesian coordinate system is shown in the figure 1.

Here n = {n;,n,} is a longitudinal load density; m = {m;,m,} is a moment density (bending moment
per unit surface); g is a transverse load density; y,, z, are linear distribution of diffusion volume source.

For the problem formulation, we use the coupled N-component elastic diffusion continuum model in a
rectangular Cartesian coordinate system, which has the next form [11, 12, 13]:
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where 6;; and Jl.(q) are the stress tensor and the diffusion flux vector components respectively, which are

defined as follows (anindexq = 1,7N)
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Here, the dots denote are time derivatives. All quantities in (1) and (2) are dimensionless. For them the
following notation is used
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where ¢ is time; x are the rectangular Cartesian coordinates; u; are the displacement vector components;
[ is the characteristic linear size of the problem; /], /] are the dimensions of the plate; 4* is the thickness
of the plate; n(q) =nl9) — n(()q) is the concentration increment of g-th component in the multicomponent

(9)

continuum; n(%) and ny’ are the actual and initial concentrations; C, .*.,d are elastic constant tensor compo-

: (q)

nents; p is the medium density; o ;"' are coefficients characterizing the medium volumetric changes due

to diffusion; D, j( 9) are the self—dlffusmn coefficients; R is the universal gas constant; 7p is the medium

temperature; m@ is the molar mass of g-th component; F* and Y (@) are the mechanical and diffusive
bulk perturbations; g(?") is the Darken thermodynamical factor; 1) is the relaxation time of diffusion
perturbations.

To construct equations for the bending of the plate, we turn to the variational formulation of the problem.
According to the d’ Alembert variational principle, the relations (1) — (3) can be written in the form [10]

(9)

30, N d aJ!
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Here du; and dn(%) are virtual displacements and concentration increments; P; and I are surface dis-
turbances; G is the problem solution domain; n; are components of the outer normal unit vector to G,
J0G =11, JII,.

Further, we assume that:

4

1. The problem solution domain is rectangular parallelepiped G = D x [—h/2,h/2], where D =
[0,11] x [0,] is a rectangular domain in the plate middle surface x3 = 0, I' = dD is boundary
domain (fig. 1).

2. Plate surface is IT = I1_ UTL; UII,, where IT_ is the bottom surface corresponding to x3 = —h/2,
I1, is the top surface corresponding to x3 = h/2, IT, = IT}; UL, UTT , UTIy; is the lateral surface.
Here, lateral surfaces ITj; corresponding to x; = 0, the surfaces Il corresponding to x; = [,
k=1,2. It is assumed that the bottom/top surface is free of mechanical loads

Gij”j‘ﬂf = G,-jnj‘rh =0. (5)

We will also assume that mass transfer through the bottom/top surface is absent
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3. The plate material is a homogeneous isotropic continuum

Cijir = ;8 + p (881 + 818 k) , Ag&BB =Ny, o) = Oy, DY) = D,.

Here A and u are Lame coefficients, §;; are Kronecker symbol. Due to (3) A+2u = 1.

4. Transverse deflections are considered small. Then the linearization of the unknown quantities with
respect to the variable x3 will have the form [7, 8, 9, 10]

uy (x1,X2,X3,7) = u(x1,%2,7) —x3%1 (X1,%2,7),,
uy (xl,XQ,T) = V(xl,XQ,T) —X3X1 (xl,XQ,‘C) R
uz (x1,x2,7) = w(x1,x2,7T) + X3 (x1,X2,7T) ,
n@ =Ny (x1,%2,7) +x3H, (x1,%2,7).

(6)

5. We also consider that a straight fiber normal to the middle surface after deformation also remains
straight and normal to the middle surface (the Kirchhoff plate theory). We assume that there are
no deformations along the axis Ox3

1/[0u; OJus N ow 0
eEn==|=—4+=—1]=-
13 2 a)C3 axl X1 ax1 ow k 1.2
= — 5. =L
1w dus L = O
€ = — N - — S
23 2 aX3 axz X2 8x2
Therefore, the equalities (6) are written as follows:
B ow B ow B DR o
U =u X3ax1,u2—v X3ax2, Uz =w, '’ = Ng +X3Hg.

Then, the components of the stress tensor and the diffusion flux vector will have the form
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6. A linear transverse load-deflection relationship is presumed (Winkler Model) [14]
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where c}, is the foundation modulus.
3 The equations of elastic diffusion vibrations of the Kirchhoff-Love plate on an elastic founda-
tion

Substituting the equalities (6) — (9) into the variational equation (4), we obtain the following boundary
value problems:

- plate longitudinal deformations problem

o u u 0%y

=52 T T gas Z ”’axl
du v v N ON, n
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- plate deflections problem

Pw  %w 12 d*w  d'w o*w 12

Fw ow 12, dw dw , dw '
ax%—i_ax% n" ax‘2‘+ax‘11 8282 CW+

al o*H, dH,\ 12 amz am1

+q§1% 2 o) w\am o ) (10)

Hodl =D aqu+ 0’H, LA 84w+2 otw 84w 12
T = _— R -
TR =Pa\ e g ) T\ o Taga Tad ) T



Zemskov V. Andrei, Tarlakovskii V. Dmitry

The unsteady bending mathematical model of a simply supported plate on an elastic foundation under
a distributed load action is described by the equations (10), which are supplemented by zero initial
conditions and boundary conditions, which are also obtained from the variational equation (4)

Pw _Pw N ?*w _Pw N
(824'7\.8)%4- Zi(Xqu> =0, (az+7\«ax2+ Z(Xqu =0,
9= x1=0 x1=0 11

Fw Pw XN *w  *w . (h

kaz 32+Z°‘q =0, xaz 32+Z°°q =0;
x2=0 x=h
W|X1:0 = 07 W|X1:ll = O’ W|x2:0 = 0’ W|xz:lz = 0’ (12)
Hq’x.:o =0, Hq’)m:ll =0, Hq}xZ:O =0, Hq|x2:lz =0. (13)

4 Solution method

The solutions of the problem (10) — (13) under the action of distributed disturbances Fj (x1,x2,T) =
—12(q+divm) /h® and F41 (x1,x2,T) = 12719 /1 are sought in integral form (¢ = T,N + 1):

N+1 st ply b
W(xl,)Cz,’C):kZI/O /0 o le()C],)Q,&,C,’C—I)Fk(g,c,t)d&dCdl‘,
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where G, are the bulk Greens functions, which satisfy the equations
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and homogeneous boundary conditions
azle a2G1k N aZle azle N
( ax% Z% g1k =0, ax% Z(Xq g1k =0,
x1=0 x1=0
aZle 82G1k ' 82G1k aZle '
<7L ax2 ZOCq q+1,k =0, [A==— ax2 Z(Xq g+1,k =0,
1 x=0 x=l
Gitly,—0 =0, Gitly,—;, =0, Gikly,— =0, Guxl,,—, =0, (16)
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G‘Hl’k‘xl:o =0, Gq+1,k‘xl:11 =0, Gg1 k}

K x=0 0 Gq'i'lk‘xz I =0.

To find the Green’s functions Gy the expanding into double trigonometric Fourier series in spatial coordi-

nate and the Laplace transform in time are use. As a result, problem (15), (16) is reduced to the following
system of linear algebraic equations (s is Laplace transform parameter, A,, = nn /Iy, w,, = mm/1)

4 . .
ki (Vim, ) G%]is (Ans b, G, 5) Z OCqvnm ;isl k Ay i, €, G, 8) = Eslksmﬂmcsmknga
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GLw( Mo b, €, 6, 5) 1112/ / le (x1,x2,&,C, s) sin A,x; sin g, xadxadxy,

Gll]‘( (Xl,XZ,g,C,S) - Z Z Lss I’la“nﬂ&agﬂg) Sin}\,n)(] Sil’l,UmXZ. (18)
n=1m=1

The solution of the system (17) has the form (g,p = 1,N)

4 T1(Vym,s)
g inA
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where

N N
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j=1 r=10r#j
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The originals in equalities (19) are calculated on the base of residues and the tables of operational calculus
(prime denotes derivative with respect to parameter s) [15]

2N+2
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In the obtained equalities s; (V,m), j = 1,N +2 are zeros of the polynomial P (Vyy,s), Xi (Vam) are addi-
tional zeros of the polynomial Q, (Vim, s)

—1— /1 —474kg2 (Vium,0)
21,

— 1+ /1—474kg:2 (Vam,0)
21, '

X1 (Vnm) = SON+3 (Vnm) =

)

X2 (Vnm) = S2N+4 (Vnm) =

5 Example

Take calculating the material with the following characteristics (duralumin, A* and y* are Lame coeffi-
cients) [16]:

N N k
A =6.93- 1010 , U =2.56- 1010 5, To = 800K , p = 2700 ,h=10"m

*(1) _ (D) 7 J *(2) _ () 7 J
A =0, =1.55-100—, ;" =0,y  =6.14-10" —,

11 22 kg 11 22 kg
+(1) _ (D) m @) _ ) m’
D\’ =Dy’  =1773-1071 =D =D =6.67-10714 =

k k
nl) =095, n?) = 0.05, mV) = 0.027 m—il, m® = 0.064 nTiz‘



Zemskov V. Andrei, Tarlakovskii V. Dmitry

0 1o 05 :
x2,10 1.5 1.5 : xl’lo

Figure 2: The plate deflections w(x1,l/2,7), ¢}l =

125 10'N /m? Figure 3: The plate deflections w (x1,/2/2,7), ¢}, =0

We assume that the plate is rectangular /{ = 0.01 m, I5 = 0.01 m: thickness 2* = 0.001 m. We set the
load in the form

12

Fi (x1,x2,T) = _F(‘7+ divm) = H (t)sinmxy, Fyqq (x1,%2,7) =0. (23)

where H (7) is the Heaviside function.

Calculating the convolutions (14) we get

2 w2 ) lexp (s¢ (V1) T) — 1] [1 = (=1)"] |
w(x1,x2,T) = Esm Tr; 1:21 A} (Vat,81 (V1)) Aot (V1) sinA,x1, o0
2 mop e At ) [exp (s; (Va1)T) — 1] [1 = (=1)"]
H = —sin — A nls . inA,x.
q(xl,)Q,T) l] sin 12 n;l l:ZI q+171(V 1,87 (V 1)) }bns! (an) sinA X1

The calculation results are presented in Figures 2 — 7. Figure 2 shows the plate deflections on an elastic
foundation. Figure 3 shows deflections in the absence of an elastic foundation.

Based on the performed calculations, it can be seen that the unsteady plate bending initiates diffusion
flows in the plate. The Figure 4 shows the linear density of the aluminum concentration increment during
elastic diffusion vibrations of the plate on an elastic foundation. In the Figure 5 is the same, but in the
absence of an elastic foundation.

In Figures 6 — 9 are demonstrate the diffusion field effect on the displacement field.

The Figures 7 and 9 show the case when there is no elastic foundation. It is shown that, starting from a
certain time, the elastic-diffusion vibrations begin to lag behind the elastic vibrations. In the presence of
an elastic foundation, the influence of diffusion effects becomes negligible. The Figures 6, 8 show the
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Figure 4: The concentration increment Hj (x;,l,/2,7), Figure 5: The concentration increment H; (x1,l/2,7),
cil=1.25-10'N/m? =0

comparative results of elastic and elastic diffusion vibrations for the plate on an elastic foundation cj,/ =
1.25-10’N/m?. At a sufficiently long time interval T ~ 10'2, the effect of diffusion on the displacement
field was not found.

6 CONCLUSIONS

The unsteady vibrations mathematical model of a rectangular isotropic Kirchhoff-Love plate on an elastic
foundation is constructed. The proposed model considers the effects of the interaction of mechanical and
diffusion fields in continuum. An algorithm for bulk Green’s functions constructing is proposed based
on the use of the Laplace transform and expansions in trigonometric Fourier series.

By the example of plate bending under the action of a distributed mechanical load, the effect of interac-
tion between mechanical and diffusion fields is demonstrated. It is shown that, on the one hand, unsteady
bending initiates the process of mass transfer. On the other hand, diffusion effects the displacement field,
which manifests itself in the form of a delay in mechanodiffusion oscillations with respect to purely me-
chanical ones. However, the presence of an elastic foundation significantly reduces the effect of diffusion
on the displacement field. These results are presented in analytical and graphical forms.
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