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Abstract. Randomness widely exists in engineering systems, and it is a great challenge to
precisely analyze the stochastic response and dynamic reliability of engineering structures.
Some methods based on the high-efficacy global point sets have been proved to be effective.
Reasonably measuring and improving the efficacy of the global point sets are of great
importance in order to further improve the accuracy of these methods. To measure the efficacy
of a point set with an acceptable computational cost even for high-dimensional cases, a new
MF-discrepancy is introduced in the present paper. An extended Koksma-Hlawka inequality
for error estimation in terms of the MF-discrepancy is established first, providing theoretical
basis for the proposal of both the MF-discrepancy and the MF-discrepancy based point-
selection strategy. Then the analytic expression of the MF-discrepancy is presented, giving
deeper insights into its quantitative properties, and the lowest bound of the MF-discrepancy is
rigorously derived and proven as a result. A unified theoretical framework for the MF-
discrepancy-based point-selection strategy, which can greatly reflect the physical properties of
the system, is established. The widely applied GF-discrepancy-based point-selection method is
included in the framework as a method focusing on the local minimization of the MF-
discrepancy, and a novel point-selection method focusing on the global minimization of the
MF-discrepancy is introduced. In the global point-selection method, the composition and the
correlation rank of a point set are separated: the composition of each dimension is first
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determined based on the lowest bound of MF-discrepancy, then the correlation rank is
determined according to some certain rules and the final representative point set can be
obtained. Several numerical examples are studied to verify the high efficacy of the MF-
discrepancy-based point-selection strategy.

1 INTRODUCTION

It is necessary to take into account the widespread randomness in the engineering system
during the evaluation of the performance for structures under disastrous actions. The stochastic
response analysis of dynamic systems is a challenging problem [1]. Great endeavor has been
made to cope with this challenge, and many classical methods were developed including the
random simulation method [2-3], the random perturbation approach [4] and the orthogonal
expansion theory [5-6]. However, it is still a difficult barrier to analyze the stochastic response
of high-dimensional nonlinear systems.

To address the great challenge, some methods based on low-discrepancy point sets have
been developed, such as some numerical solution methods in the point evolution path for the
probability density evolution method (PDEM) [1]. The efficacy of the representative point set
is of great significance for this kind of methods. To measure the uniformity and the efficacy of
a given point set, the discrepancy [7-8], the F-discrepancy [9] and the extended F-discrepancy
(EF-discrepancy) [10] were proposed. To bound the worst error of a representative point set in
numerical integral, the Koksma-Hlawka inequality was first established in the discrepancy [7]
and extended to the F-discrepancy and the EF-discrepancy with rigorous proof [10]. However,
the computational efforts of these three discrepancies grow exponentially as the increase of the
dimension, which is a NP-hard problem [8]. To reduce the computational efforts, the
generalized F-discrepancy (GF-discrepancy) [10] was further proposed for point sets with
assigned probabilities. The Koksma-Hlawka inequality was further extended to the GF-
discrepancy according to the relationship between the EF-discrepancy and the GF-discrepancy
[11].

A series of strategies for optimal point-selection were proposed based on the GF-
discrepancy, e.g., the rearrangement approach aiming at reducing the GF-discrepancy, the two-
step point-selection method based on the minimization of the GF-discrepancy [12] and the
iterative screening-rearrangement method [13]. However, the application of the GF-
discrepancy is only limited to the point sets with assigned probabilities, which is a great barrier
to the application of the GF-discrepancy to optimal point-selection.

In the present paper, a new maximal marginal EF-discrepancy (MF-discrepancy for short) is
outlined [14]. The quantitative properties of the MF-discrepancy are studied, and thereby a
point-selection strategy based on the global minimization of the MF-discrepancy is introduced.
The present paper is organized as follows. In Section 2, the definitions and error-estimate
properties of the classical discrepancies, including the discrepancy, the F-discrepancy, the EF-
discrepancy and the GF-discrepancy are reviewed first, then the MF-discrepancy is defined,
and the Koksma-Hlawka inequality is extended to the MF-discrepancy. In Section 3, the
analytical expression of the MF-discrepancy is given, and as a result, the lowest bound of the
MF-discrepancy is revealed. In Section 4, an enhanced point-selection strategy for globally
minimizing the MF-discrepancy with a unified theoretical framework is outlined. The
efficiency of the method is demonstrated by several numerical examples in Section 5. Finally,
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in Section 6, concluding remarks and future work are demonstrated.

2 MAXIMAL MARGINAL EF-DISCREPANCY

The efficacy of a representative point set can be captured by the accuracy of the probability
distribution for the mapped stochastic responses. However, the selection of a representative
point set is a process operating in the random variable space without the data of the
corresponding responses. Trying to catch the efficacy of a representative point set in the random
variable space, several discrepancies was proposed successively.

The discrepancy was first proposed to measure the uniformity of a point set corresponding

to random variables with uniform distribution [7-8]. Denote the point set with 7z points as F,

and the random variables as X = {X,,X,,...,X,}", then the definition of the discrepancy can be
written as

D(R,)=sup M—V([O,x)) (M

xeC’

in which ~N(7,,[0,x)) 1s the number of points scattered in the hyper-rectangle [0,x), and
v ([0.x)) is the volume of the hyper-rectangle [0,x).

Then, considering the nonuniformly distributed random variables, the F-discrepancy was
further proposed [9]. The point sets measured by the discrepancy and the F-discrepancy all hold
equal weights. While adopting unequal weights may bring about more information and
precision, the extended F-discrepancy (EF-discrepancy) was proposed to measure the efficacy
of point sets with unequal weights [10].

Dy (Pn ) = sup

F(x7)-F(x) )

n

xeR’

of which the empirical CDF F,(x,7,) is extended to
F(xB)=) p,1(x,<x) (3)
q=1

where p,’s are the weights of the representative points satisfying 0< p, <1 and Z" P =1,
-

and /() is the indicator function. If p, =1/n holds for ¢=1,2,...,n, the EF-discrepancy is

degraded to the F-discrepancy.
If the point set P, is adopted to the numerical integral, then the celebrated Koksma-Hlawka

inequality gives an error bound for any function with bounded variation. The Koksma-Hlawka
inequality was given as [7]

cxf(x)dx-%i_]f(xq) <D(R,)-TV(/) )

where TV(f) is the total variation of the function f , proposed to measure the irregularity of

the hypersurface f'(x), written as
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The Koksma-Hlawka inequality was further extended to the form of the F-discrepancy [9] and
the form of the EF-discrepancy [10] with rigorous proof.

The discrepancy, the F-discrepancy and the EF-discrepancy can measure the efficacy of a
representative point set in the random variable space and give the worst error bound for
numerical integration. However, the computational effort of these discrepancies grows
exponentially with the increase of dimension, meaning that they are NP-hard problems [10]. To
avoid the computational complexity, the generalized F-discrepancy (GF-discrepancy), of which
the computational effort grows linearly with the increase of dimension, was proposed [10]. The
GF-discrepancy is the maximum of marginal EF-discrepancy, but it is only for representative
point sets with assigned probabilities [15] which greatly limit the application of the GF-
discrepancy in guiding optimal point-selection.

Most recently, a maximal marginal EF-discrepancy (MF-discrepancy) is proposed [14]

Dy (B) = max {sup|,, (x,B,) = F, (x| (6)

in which the empirical marginal CDF are also expressed as:
Fe,i(x)zzpq 'I(xq,t Sx) (7
q=1

It is worth to highlight that the weights of all the points, denoted by p,(¢=1,2,---,n) in Eq. (7),

are unrestricted in the definition of the MF-discrepancy.
The intrinsic relevance between the MF-discrepancy and the EF-discrepancy was studied
[14]

DMF (Pn)SDEF (R)S(4_§)DMF (Pn) (8)

As a result, the extended Koksma-Hlawka inequality in terms of the MF-discrepancy can be
given as [14]

Jo S (x)e= 3 ) < =00 (P) TV () o

<4Dy: (R)-TV(f)

which shows a similar pattern to the well-known GF-discrepancy [11]. Eq. (9) provides the
theoretical basis for the optimal point-selection based on the MF-discrepancy.

It is noted that the MF-discrepancy can reflect the uniformity among different dimensions
only when the determination of point weights can capture the interdimensional correlation. The
measure of the MF-discrepancy for the efficacy of a point set will not be so efficient if the
weights are independent to the interdimensional correlation.



Jianbing Chen, Xin Huang and Jie Li

3 LOWEST BOUND OF MF-DISCREPANCY

The expression of the MF-discrepancy is given to further study the lowest bound of the MF-
discrepancy for an s-dimensional point set 7, ={x;,x,,...,x, } . The point-number in the point set

is n, and the weight of each point x 1,..,n) is p,. Denote the i-th dimensional marginal

,(a=
CDF of the point x, as u,,, i.e., u, E( l)(q =1,..,mi=1,..,s), and the set of marginal CDF

g:i°
values is denoted as U, = {ul’u2"“’un} . For each dimension, ordering the marginal CDF values

{ty 015 goeest, | (1=1,2,...,5) ascendingly yields {v,.v,,...v,;} (i=12,...s) . Let v, =0 and

>"'n,i

V. =1, then it holds that 0=v,;, <v; <---<v, ;<v,,;=1. The point weight corresponding to

v,, 1s denoted as p,;. The sum of the first & weights of v, from p,; to p,,, is denoted by

Sp.j» 1€, St = z p,;.Let ay;=0 (i=1,2,...,s), then the MF-discrepancy of the point set 7,

n
1< <k

yields

max[D J max[DF!, (U, )]

I<i<s I<i<s

:max[max[ up |sk[_a|J
1<i<s | 0<k<n| ., ,

Vi i <ASVisl i
Sti v i1
vk i 2

Then, the following inequality corresponding to the lowest bound of the MF-discrepancy can
be obtained [14]

= max [max (

I<i<s | 1<k<n

Sti ™ Vi | ’|sk—l,i “Vki |)} (10)

2 1<q<n 1<i<s | 1<k<n

1
=—max(p,)+ max{max[

1 1
DMF(P)>2E?<’,§(174)ZZ an

in which 1max( pq)/ 2 is the local minimum of the MF-discrepancy, and 1/(2n) is the global
<q<n

minimum of the MF-discrepancy. It can be seen in Eq. (10), when the local minimization of the

MF-discrepancy is obtained, v, —(s;; +s;,,)/2 holds for all i(1<i<s) and k(1<k<n), in

other words, the empirical marginal CDF of every dimension intersect the exact marginal CDF
at the midpoint of each probability increment. Further, if the probability increments are all equal
to 1/n, the global minimum 1/(2rn) will be obtained. The local and global minimization of the

MF-discrepancy for a point set are illustrated in Figure 1.

Based on the global minimum, two quantitative indicators are introduced to measure the
goodness of the MF-discrepancy [ 14]. The first quantitative indicator is named as the goodness
indicator, which is introduced to reduce, even almost exclude the influence of the point number
n on the MF-discrepancy with a logarithmic expression, mapping the MF-discrepancy to the
interval [0,1]

IMF(,Pn):lOgL[DMF(,’Dn):I (12)

2n
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Another indicator is named as the multiply-indicator, which is the quotient of D,,:(P,) divided
by the global minimum 1/ (2n)

Dy (F)
1/(2n)

[M,MF(R): =2n-Dy(F) (13)

The multiply-indicator Iy, s holds a clear meaning and is linearly related to the MF-
discrepancy. The above two indicators, i.e., the goodness indicator /;z and the multiply-
indicator /y; \ , both based on the global minimization of the MF-discrepancy, provides
different perspectives on measuring and observing the MF-discrepancy.

— 1 S
0.8 0.8t
o 0.6F w 0.6
[ A
C o4t C o4t
02+ —-— Exact CDF 1 02F —-— Exact CDF
— Empirical CDF — Empirical CDF
0b—t— : : 0t : :
0 2 4 6 8 0 2 4 6 8
0 0
(a) Local Minimization (b) Global Minimization

Figure 1: Local and global minimization of the MF-discrepancy

4 MF-DISCREPANCY-BASED STRATEGY FOR POINT SELECTION

An enhanced point-selection strategy with a unified theoretical framework for minimizing
the MF-discrepancy is outlined based on the lowest bound of the MF-discrepancy.

The well-known point-selection method based on the minimization of the GF-discrepancy
[12], i.e., two-step point-selection method, is indeed a point-selection strategy based on the
local minimization of the MF-discrepancy (L-MMF), since the MF-discrepancy of the obtained
point set is exactly max( pq)/2 .

1<g<n

Based on the global minimization of the MF-discrepancy, a new point-selection strategy (G-
MMF) is introduced [14]. It has been stated in Section 3 that two conditions should be satisfied
to obtain the global minimization of the MF-discrepancy for a point set, i.e., the weights of the
points are all 1/», and the marginal CDF of each dimension intersects with the empirical
marginal CDF at the midpoint of each probability increment. These two conditions determine
the coordinates of each component of the target point set. Then, to obtain the final point set,
combination following some certain rules should be exerted. The point-selection algorithm
contains the following steps.

First, according to the above two conditions, the components of each dimension,

T
zk:{zl,k’z2,k""’zn,k} (k=1,...,s), are determined by
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zM=PF(i—iJ (= Lomk=1s) (14)

n 2n

where F'(-) is the inverse CDF of the & -th dimension.

Then, combine the coordinates of each dimension and determine the final representative
point set according to some certain rules. The weights of the points are all set to be 1/x.

It is noted that the above two MF-discrepancy-based point-selection methods can both
greatly reflect the physical properties of the system. In detail, the L-MMF makes the physical
and probabilistic spatial partition rationally, and the G-MMF ensures uniform and not repetitive
partition of the physical space.

5 NUMERICAL EXAMPLES

A 10-story shear frame is studied to verify the efficiency of the MF-discrepancy-based point-
selection strategy, and then the point-selection strategy is adopted in the stochastic analysis of
a 10-story reinforced concrete frame structure with random parameters by using the PDEM.

5.1 Example 1: A 10-story nonlinear shear frames with random parameters

To compare the differences in efficacy for different point-selection methods, a 2-norm-based
relative error is defined as

_lro-r0l,

h = 15
“ ol (>

where f(¢) is a function or a numerical result to be compared, for example, the mean and the

standard deviation of several responses determined by a point set, and fy(f) is the

corresponding baseline.
A 10-story shear frame is studied. From the bottom story to the top story, the mean values
of masses, denoted by m, (1<i<10), are 120t, 120t, 120t, 130t, 110t, 110t, 100t, 110t, 110t,

and 80t, respectively, and the mean values of the initial lateral story stiffness, denoted by
k; (1<i<10), from the bottom to the top, are 1.8x10° kN/m, 1.8x10°kN/m, 1.8x10° kN /m,
1.8x10°kN/m , 1.7x10°kN/m , 1.7x10°kN/m , 1.7x10°kN/m , 1.7x10°kN/m

1.6x10° kN /m, and 1.6x10° kN / m, respectively. The El Centro ground acceleration is adopted

as the external excitation and the amplitude of the acceleration is 0.8 g. The Rayleigh damping
is adopted, i.e., the damping matrix is expressed by C=aM +bK , Wwhere a=0.01Hz and

b=0.005s. The Bouc-Wen model is adopted to characterize the nonlinearity of the restoring

force.

There are 3 cases with 10, 20, and 60 random variables, respectively.

Case 1. 10 random variables including the lateral stiffness parameters of all the 10 stories.

Case 2. 20 random variables including the lateral stiffness parameters and the masses of all
the 10 stories.

Case 3. 60 random variables including the lateral stiffness parameters, the masses, and the
four parameters in the Bouc-Wen model of all 10 stories.
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Figure 2: The mean, the standard deviation and the relative errors for the displacements of the top floor

(Case 1. 10 random variables)
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Figure 3: The mean, the standard deviation and the relative errors for the displacements of the top floor

(Case 2. 20 random variables)
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Figure 4: The mean, the standard deviation and the relative errors for the displacements of the top floor
(Case 3. 60 random variables)

The number of points for the three cases are 200, 300, and 500, respectively. The L-MMF
and the G-MMF are studied, and the point sets containing random points with equal weights
(denoted as RNEP) and with assigned probabilities (denoted as RNAP), and the point set
inversed from the Sobol’ sets (denoted as SBLP) are also studied as references. The

displacement of the top floor is concerned, and the results from 1x10° trials of Monte Carlo
simulation are adopted as the baselines. The mean, the standard deviation, and their relative
errors for the displacements of the top floor are shown in Figures 2-4.

It is shown that the method based on the local minimization of the MF-discrepancy is more
efficient and robust in low-dimensional cases, while the method based on the global
minimization of the MF-discrepancy performs best in high-dimensional cases.

5.2 Example 2: A 10-story reinforced concrete frame structure

The point-selection strategy G-MMF is then incorporated into the probability density
evolution method (PDEM) for the stochastic response analysis of a 10-story reinforced concrete
frame structure (as shown in Figure 5) modeled by the finite element method.
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Figure 5: 10-story reinforced concrete frame structure
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Figure 6: The probability density evolution analysis for the displacement of the first floor

The Abaqus software is adopted to establish the finite-element model and calculate the
results [16]. The beam elements are adopted in the beams and columns, while the multilayer
shell elements are used to model the floor plates. There are 8680 elements in total including
4840 beam elements and 3840 shell elements, and 28260 degrees of freedom for the whole
structure. The constitutive model in Chinese code for design of concrete [17] is adopted in

10
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beams and columns, and the elastic model for concrete is adopted in the floor plates. The
simplified bilinear model for steel is adopted in beam, columns, and plates. The El Centro
ground acceleration is applied on the base of the structure along the direction of the short side,
and the amplitude is set to 1.6g.

The elastic modulus, the compressive strength and the density of the concrete, the elastic
modulus of the steel bar, the live load and the wall load of all the ten stories, sixty physical
quantities in total, are assumed to be independent random variables.

The PDEM is adopted to analyze the concerned stochastic displacement of the first floor.
The analysis employs 500 representative points, with the probability of each point being
determined through probability space partitioning in the PDEM framework. The analysis results
are shown in Figure 6. It can be seen that adopting the point-selection method based on the
global minimization of the MF-discrepancy in high-dimensional case, desirable stochastic
response analytical results can be obtained by the PDEM.

6 CONCLUDING REMARKS

The optimal selection of the representative point set is of great importance in the methods of
the stochastic response analysis based on the low-discrepancy point sets. In the present paper,
anovel MF-discrepancy, i.e., maximal marginal EF-discrepancys, is first outlined, and as a result,
an MF-discrepancy-based point-selection method is further introduced and verified in
efficiency. The conclusions include:

(1) The MF-discrepancy is introduced, and the Koksma-Hlawka inequality gets an extended
form, which can measure the worst error of numerical integral in the MF-discrepancy.

(2) The analytical expression of the MF-discrepancy is given, as a result, the lowest bound
of the MF-discrepancy is revealed.

(3) A novel point-selection strategy is introduced based on the global minimization of the
MF-discrepancy. The point-selection strategy is verified to be very efficient especially in high-
dimensional cases by several numerical examples.

Some meaningful problems about the MF-discrepancy and the corresponding MF-
discrepancy-based optimal point selection should be studied further, including, e.g., theoretical
proof of the relationship between EF-discrepancy and the MF-discrepancy, an added screening
criterion on the G-MMF, the MF-discrepancy-based point-selection for dependent random
variables, etc.

ACKNOWLEDGEMENT

Financial supports from the National Natural Science Foundation of China (Grant Nos.
52494962 and 12472019) and the Chinesisch-Deutsches Zentrum fiir Wissenschaftsforderung
(Grant No. M-0737), and the Fundamental Research Funds for the Central Universities (Grant
No0.22120230524) are highly appreciated.

REFERENCES

[1] Li, J. and Chen, J.B. Stochastic Dynamics of Structures. John Wiley & Sons (Asia) Pte Ltd,
Singapore, (2009).

[2] Shinozuka, M. Monte Carlo solution of structural dynamics. Comput Struct. (1972) 2: 855—
874.

11



Jianbing Chen, Xin Huang and Jie Li

[3] Yuan, X.K., Liu, S.L., Faes, M., et al. An efficient importance sampling approach for
reliability analysis of time-variant structures subject to time-dependent stochastic load.
Mech Syst Signal Process. (2021) 159: 107699.

[4] Kleiber, M. and Hien, T.D. The Stochastic Finite Element Method: Basic Perturbation
Technique and Computer Implementation. Wiley, New York, (1992).

[5] Xiu, D.B. Fast numerical methods for stochastic computations: a review. Commun Comput
Phys. (2009) 5: 242-272.

[6] Liithen, N., Marelli, S. and Sudret, B. Sparse polynomial chaos expansions: literature survey
and benchmark. SIAMASA J Uncertain Quantif (2021) 9:593—649.

[7] Hua, L. K. and Wang, Y. Applications of Number Theory to Numerical Analysis. Springer-
Verlag, Berlin, (1981).

[8] Niederreiter, H. Random Number Generation and Quasi-Monte Carlo Methods. Society for
Industrial and Applied Mathematics, Philadelphia, (1992).

[9] Fang, K.T. and Wang Y. Number-Theoretic Methods in Statistics. CRC Press, Florida,
(1993).

[10] Chen, J.B. and Zhang S.H. Improving Point Selection in Cubature by a New Discrepancy.
SIAM Journal on Scientific Computing. (2013) 35 (5): A2121-49.

[11] Chen, J.B., and Chan, J.P. Error Estimate of Point Selection in Uncertainty Quantification
of Nonlinear Structures Involving Multiple Nonuniformly Distributed Parameters.
International Journal for Numerical Methods in Engineering. (2019) 118 (9): 536-60.

[12] Chen, J.B., Yang J.Y., and Li, J. A GF-Discrepancy for Point Selection in Stochastic
Seismic Response Analysis of Structures with Uncertain Parameters. Structural Safety.
(2016) 59: 20-31.

[13] Yang, J.Y., Tao, J.J., Sudret, B., and Chen, J.B. Generalized F - discrepancy - based point
selection strategy for dependent random variables in uncertainty quantification of nonlinear
structures. Int J Numer Methods Eng. (2020) 121: 1507-1529.

[14] Chen, J.B., Huang, X., and Li, J. Quantitative property of MF-discrepancy and efficient
point-selection strategy for the nonlinear stochastic response analysis of structures with
random parameters. Probabilistic Engineering Mechanics. (2024) 78: 103708.

[15] Chen, J.B., Ghanem, R., and Li, J. Partition of the probability-assigned space in probability
density evolution analysis of nonlinear stochastic structures. Probabilistic Engineering
Mechanics. (2009) 24: 27-42.

[16] Abaqus G. Abaqus 6.11. Dassault Systemes Simulia Corp., Providence, RI, USA, (2011).

[17] Ministry of Housing and Urban-Rural Development of the People’s Republic of China.
General Administration of Quality Supervision, Inspection and Quarantine of the People’s
Republic of China. GB 50010-2010 Code for Design of Concrete Structures, 2015 edn.
China Architecture & Building Press, Beijing, (2010).

12



