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ABSTRACT

This study addresses the containment control challenge in heterogeneous,
nonlinear fractional-order multi-agent systems (MASs) operating under
uncertainties, actuator faults, unknown nonlinearities, and mixed time-
varying delays, with the aim of ensuring stability and robust performance
in realistic environments. A fully distributed adaptive observer is devel-
oped for each follower to estimate leader state information using only local
neighbor data, and an interval type-2 fuzzy logic system is integrated into
the adaptive control law to approximate unknown dynamics and com-
pensate for actuator faults. Stability is established via a newly formulated
fractional-order Lyapunov Krasovskii functional combined with inequal-
ity analysis, and the method’s effectiveness is verified through simulations
on a fractional-order Lorenz-based MAS. Results show that the proposed
approach achieves precise containment control despite actuator efficiency
loss and bias faults, with an root-mean-square error (RMSE) of 0.028, a
settling time of 1.2 s, and disturbance rejection within 0.8 s, outperforming
classical Proportion, Integral, Differential (PID) and Type-1 fuzzy con-
trollers. These findings demonstrate that the proposed framework not only
enhances fault tolerance and tracking accuracy but is also computationally
efficient, making it suitable for real-time applications such as UAV swarms,
autonomous vehicles, and cooperative robotics.
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1 Introduction

Multi-agent systems (MASs) have become a paramount research topic due to their wide-ranging
applications across engineering and technology, spanning from transportation and logistics to defense
and space exploration. The core goal in many of these applications, such as autonomous vehicles
and drone swarms, is to achieve complex collective behaviors, including consensus, formation control,
and containment [1]. For instance, sophisticated control strategies are essential for handling complex
scenarios like curvilinear multilane merging [2] or maintaining distributed formation of fixed-wing
UAV swarms under performance constraints [3]. The ability of MASs to perform tasks that are beyond
the capability of a single agent has motivated extensive research into their control, coordination,
and reliability [4]. Addressing the inherent complexities of coupled dynamics and communication
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topologies remains a central challenge, requiring robust and intelligent control architectures for
effective deployment [5].

The coordination of multiple agents often necessitates advanced planning and control mechanisms
to guarantee precise and collision-free movement in dynamic environments. Path planning strategies
must account for various factors, including the physical constraints of the agents and external
environmental changes [6]. In dynamic settings, online optimization strategies, such as those used
for planetary rover escape entrapment [7], and advanced techniques like Multi-Agent Reinforcement
Learning (MARL) for network-wide traffic signal control [8], are crucial for real-time decision-
making. Furthermore, achieving high-performance real-time dynamic obstacle avoidance for robotic
manipulators requires complex parallel control techniques and cost-function modulation [9], while
human-machine shared steering control demands efficient deep reinforcement learning with expert
demonstrations [10]. Such precision is vital for autonomous vehicles, where event-triggered collabo-
rative control is needed for systems like four-wheel independent steering [11]. Classical control theory
predominantly relies on integer-order models. However, fractional-order (FO) calculus provides a
powerful framework for modeling systems with inherent memory effects and non-local properties,
offering increased accuracy for describing complex physical processes. Incorporating FO dynamics
into MAS models allows for a more realistic representation of various real-world phenomena. To
ensure timely and high-quality transient performance, control methods have increasingly focused
on guaranteeing convergence within a fixed or predefined time. This has led to the development of
techniques like predefined-time stabilization for high-order systems [12] and fixed-time equivalent-
input-disturbance approaches for robust disturbance rejection [13]. Such time-based controls are
also critical in fields like aerospace, exemplified by the quantized predefined-time control for heavy-
lift launch vehicles [14] and event-triggered predefined-time anti-unwinding attitude tracking for
spacecraft [15].

Real-world operational environments invariably expose MASs to unmodeled dynamics, unknown
nonlinearities, and external disturbances. The presence of time-varying delays, both in communi-
cation and system dynamics, further complicates control design, as demonstrated by studies on
the consensus of second-order multi-agent systems with intentional delays [16]. Ensuring robust
performance requires control strategies that can effectively compensate for these imperfections. This
includes PDE-based observation for systems with distributed infinite input and output delays [17] and
transient frequency-voltage support strategies based on perturbation observers and funnel control
for power systems [18]. Furthermore, in complex interconnected systems, such as those subject to
faults, decentralized optimal control methods based on dynamic high-gain techniques are necessary
to maintain stability and performance [19], alongside robust control techniques that utilize tools like
Nash Equilibrium Theory for complex manipulation tasks [20].

Given the critical nature of many MAS applications, such as autonomous transportation and
power systems, system reliability is paramount. A single component failure can lead to catastrophic
mission failure or safety hazards. Therefore, Fault-Tolerant Control (FTC) systems are essential for
maintaining stability and acceptable performance even when component faults (e.g., actuator bias or
partial effectiveness loss) occur [21]. Research in this area focuses on both active and passive FTC
strategies. Active FTC, which relies on fault detection and isolation (FDI) mechanisms, is crucial
for systems like fault-tolerant multiparallel converters and for detecting abnormal states of aero-
engines during maneuvering flight [22]. Furthermore, safety-critical systems, including the Intelligent
Event Triggered Lane Keeping Security Control for Autonomous Vehicles under Denial-of-Service
(DoS) attacks, underscore the need for resilient control architectures [23]. In a broader context, the
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overall reliability of a system, measured by importance based on performance loss, is a foundational
consideration in system design [24] and is tied closely to the life cycle of the system [25].

Before a system can implement FTC, the fault must be accurately detected and identified. Fault
diagnosis and prognosis are specialized fields dedicated to this task, with growing relevance across
various engineering domains. Modern techniques leverage advanced signal processing and data-driven
methods for high-speed analysis, such as the ParallelGraphNet-driven multi-sensor optimization for
elevator fault diagnosis [26] and weak time-varying fault indicator detection for complex gearboxes
[27]. Industrial equipment, such as Permanent Magnet Synchronous Motors (PMSMs), requires
robust diagnosis of faults like partial demagnetization under complex working conditions [28].
Furthermore, condition monitoring is being advanced through techniques like mechanism-guided
intelligent enhancement for early aging information in winding insulation [29], digital twin modeling
for elevators [30], degradation twin modeling for rolling bearings [31], and even novel hardware like
hybrid triboelectric generators for wireless monitoring of aero-engine bearings [32].

In distributed MASs, agents often lack direct access to the full state information of the leader or
all neighbors, relying only on local measurements. This necessitates the design of robust, distributed
state observers to estimate unknown states. The adaptive nature of these observers allows them to track
the leader’s dynamics or estimate unknown parameters and fault magnitude in real time. For instance,
the use of neurodynamics-based visual servo predictive control improves the smooth movement of
logistics omnidirectional robots [33]. Control input is often optimized by mechanisms like event-
triggered control to conserve communication bandwidth, a strategy employed in systems like neural
learning tracking control for pneumatic muscle joints [34] and for securing autonomous vehicles.
The combination of adaptive estimation, as seen in RBFNN-based parameter adaptive sliding mode
control for uncertain TQUAVs [35] and recurrent neural network-based sliding mode control for
uncertain tilting quadrotors [36], and robust control is key to dealing with state-space limitations.

To cope with system nonlinearities that cannot be precisely modeled, researchers have increasingly
turned to intelligent control techniques, particularly fuzzy logic and neural networks. These approxi-
mators can reconstruct complex functions and compensate for unknown dynamics within the control
law [37]. Interval Type-2 Fuzzy Logic Systems (IT2FLS), in particular, offer enhanced robustness over
their Type-1 counterparts by modeling linguistic and numerical uncertainties in membership functions,
making them superior for handling highly uncertain environments. Furthermore, integrating machine
learning, such as dynamic graph meta-learning for cross-category fault diagnosis [38], and sensor
fusion technologies for intelligent auxiliary systems in power wheelchairs [39], has broadened the scope
of intelligent control, allowing systems to learn from experience and adapt to new scenarios.

Gradient-based time-delay optimization methods for fractional optimal control problems with
Caputo–Fabrizio derivatives have been developed to efficiently handle discretized fractional sys-
tems using Adams–Bashforth and trapezoidal schemes [40], and have been successfully applied to
fractional-order infectious disease models to optimize intervention strategies under realistic cost
structures [41]. These developments establish a solid methodological foundation for further research
on time-delay optimization in fractional-order dynamical systems. However, most existing studies
focus primarily on optimization and modeling accuracy, while paying limited attention to robustness
and fault tolerance in complex dynamical environments. Moreover, existing solutions often neglect
either the fractional-order characteristics or the robustness enhancement offered by higher-order
fuzzy logic systems. Motivated by this gap, our motivation is to bridge it by proposing a unified
framework. This framework must combine a distributed adaptive observer for leader state estimation
with an Interval Type-2 Fuzzy Logic System to robustly approximate all unknown terms and actively
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compensate for actuator faults, ensuring reliability in dynamic and safety-critical applications like
multi-asteroid exploration missions [42], and energy regenerative suspension systems [43]. This level
of integrated fault tolerance is crucial for modern engineering systems, including novel actuators that
require sophisticated control [44].

From a control-theoretic perspective, adaptive and intelligent control strategies have been exten-
sively studied for nonlinear and chaotic systems, particularly when uncertainties and fractional-order
dynamics are present. Financial and economic systems modeled as fractional-order chaotic systems
have served as important benchmarks for developing robust control methodologies, due to their strong
nonlinearities, uncertainties, and sensitivity to disturbances. Adaptive neural–fuzzy control schemes
have been shown to effectively approximate unknown nonlinear dynamics and guarantee stability
for hyperchaotic systems with complex nonlinear structures [45]. In addition, adaptive finite-time
sliding mode control has been successfully applied to fractional-order chaotic systems, providing fast
convergence and strong robustness against uncertainties and disturbances [46]. These studies provide
valuable theoretical foundations and practical insights for the development of adaptive, fault-tolerant,
and fuzzy-based control strategies for complex fractional-order multi-agent systems.

In this paper, we propose a novel Interval Type-2 Fuzzy Logic System-based Fault-Tolerant
Containment Control approach for heterogeneous, nonlinear Fractional-Order Multi-Agent Systems
subject to actuator faults, unknown nonlinearities, and mixed time-varying delays. The primary
contributions of this work are threefold: First, we develop a fully distributed adaptive observer
to estimate the leader’s state using only local neighbor information, which is a necessity in real-
world distributed control systems [6]. Second, we integrate the IT2FLS into the adaptive control
law to achieve robust approximation of system uncertainties and provide dynamic compensation for
actuator faults, thereby guaranteeing control stability and tracking performance. Third, we establish
the stability of the entire closed-loop system using a newly formulated fractional-order Lyapunov-
Krasovskii functional, demonstrating guaranteed convergence of the containment error.

The remainder of this paper is organized as follows: Section 2 presents preliminaries and relevant
lemmas; Section 3 describes the problem formulation and proposed design; Section 4 provides stability
analysis and theoretical results; Section 5 reports simulation results and comparisons; Section 6
concludes the paper and discusses future work [4,9,11].

2 Preliminaries

This research focuses on a MAS made up of Q follower agents and R leader agents. The interaction
between the MASs can be represented using a directed communication topology G = {V , E}, where
V = {v1, . . . , vN} denotes the set of nodes, and E ⊆ V × V indicates the set of edges. Additionally, the
distance from a point y ∈ N

n to a set D ⊆ N
n, denoted as dist(y, D), is measured using the Euclidean

norm and is defined as

dist(y, D) = inf
z∈D

‖y − z‖2.

2.1 Definitions and Lemmas
Definition 1: [47]. The Riemann-Liouville fractional integral of order α, for an integrable function g(t) :
[0, ∞) → R defined as

Iαg(t) = 1
�(α)

∫ t

0

g(τ )

(t − τ)1−α
dτ , 0 < α < 1,
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where Γ(α) is the Gamma function given by Γ(α) = ∫ ∞
0

e−ttα−1 dt.

Definition 2: [47]. The Caputo derivative of fractional order α of a function g ∈ C1([t0, +∞),R) is
defined by

t0Dα

t g(t) = 1
�(1 − α)

∫ t

t0

g′(τ )

(t − τ)α
dτ ,

where 0 < α < 1, 0 ≤ t0 ≤ t. When t0 = 0, t0Dα

t f (t) becomes Dα

t f (t).

Lemma 1: [47]. Let x(t) ∈ R
n be a differentiable time-dependent function. Then, for any time instant

t ≥ 0, we have

DαxT(t)Px(t) ≤ 2xT(t)P(Dαx(t)),

where P ∈ R
n×n is a symmetric positive definite matrix. The fractional order α satisfies the condition

0 < α < 1.

Lemma 2: [48]. Let ζ : [ξ − ν(ξ), ξ] → R
n be a vector function. Then, the following inequality holds:

−
∫ ξ

ξ−ν(ξ)

ζ T(σ )Pζ(σ )dσ ≤ − 1
ν(ξ)

(∫ ξ

ξ−ν(ξ)

ζ(σ )dσ

)T

P
(∫ ξ

ξ−ν(ξ)

ζ(σ )dσ

)
,

where ν(ξ) > 0 and P > 0 is a matrix.

Lemma 3: [35,40]. If x(t) ∈ C1([t0, +∞),R) and 0 < β < 1, then

Iβ(Dβx(t)) = x(t) − x(0).

Lemma 4: Let g(s) is a continuous function, then

I γ1(I γ2g(s)) = I γ2(I γ1g(s)) = I γ1+γ2(g(s)),

where 0 < γp ≤ 1, p = 1, 2.

Lemma 5 (Barbalat Lemma): Let ϕ : R → R be a uniformly continuous function on the interval [0, ∞).
If

lim
t→∞

∫ t

0

ϕ(s) ds

exists and is bounded, then

lim
t→∞

ϕ(t) = 0.

2.2 Introduction to Interval Type-II Fuzzy Logic Systems
This section offers a brief introduction to the descriptive method for IT-II FLSs as discussed in

[22]. The k1k2 . . . kn-th rule in an IT-II FLS can be structured as given by:

Ri1 i2...in : IF ς1 is F̃ i1
1 , . . . , ςn is F̃ in

n , THEN z is
[
θ i1 i2 ...in

, θ i1 i2...in

]
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where ij = 1, 2, . . . , rj, j = 1, 2, . . . , n. In the IT-II FLS, ς = [ς1, ς2, . . . , ςn]T is the input variable, and
z is the output variable. An IT-II fuzzy set F̃ ij

j belongs to the antecedent part, and output interval of

the system is given by
[
θ i1 i2...in

, θ i1 i2 ...in

]
.

This article employs the model reduction approach to determine the system’s final output:

z = ς

∑r1
i1=1 · · ·∑rn

in=1 θ i1 i2...in

∏n

j=1 μ
F

ij
j
(ςj)∑r1

i1=1 · · ·∑rn
in=1

∏n

j=1 μ
F

ij
j
(ςj)

+ (1 − ς)

∑r1
i1=1 · · ·∑rn

in=1 θ i1 i2...in

∏n

j=1 μ
F

ij
j
(ςj)∑r1

i1=1 · · ·∑rn
in=1

∏n

j=1 μ
F

ij
j
(ςj)

(1)

where μ
F

ij
j
(ςj) and μ

F
ij
j
(ςj) denote the lower and upper membership functions, respectively. The 0 ≤

ς ≤ 1 represents the regulating factor.

To solve the fuzzy system (1) we define the following parameters and fuzzy basis functions:

ϑ i1 i2...in
= ςθ i1 i2...in

, ϑ i1 i2...in = (1 − ς)θ i1 i2...in ,

Li1 i2...in(ς) =
∑r1

i1=1

∑r2
i2=1 · · ·∑rn

in=1

∏n

j=1 μij
Fj

(ςj)∑r1
i1=1

∑r2
i2=1 · · ·∑rn

in=1

∏n

j=1 μij
Fj

(ςj)
,

Ri1 i2...in(ς) =
∑r1

i1=1

∑r2
i2=1 · · ·∑rn

in=1

∏n

j=1 μ
ij
Fj

(ςj)∑r1
i1=1

∑r2
i2=1 · · ·∑rn

in=1

∏n

j=1 μ
ij
Fj

(ςj)
, (2)

where Li1 i2...in(ς) is left fuzzy base and Ri1 i2...in(ς) is the right fuzzy base function. The output z is the
weighted sum of these fundamental basis functions, represented as:

z =
r1∑

i1=1

r2∑
i2=1

· · ·
rn∑

in=1

(
ϑ i1 i2...in

Li1 i2 ...in(ς) + ϑ i1 i2...inRi1 i2...in(ς)
)

. (3)

We can rewrite Eq. (3) in a more compact vector form as follows:

z = �T
l Ll(ς) + �T

r Rr(ς),

where �T
l and �T

r are the coefficients associated with the basis functions.

Table 1 shows a representative subset of the fuzzy inference rules employed in the IT-II FLS. Each
rule Ri1 i2

is defined based on a combination of the input variables (ς1, ς2), typically representing the
tracking error and its derivative, and the corresponding fuzzy sets (F̃ i1

1 , F̃ i2
2 ). The output of each rule is

an interval
[
ϑ i1 i2

, ϑ i1 i2

]
, capturing the uncertainty and flexibility in the control response. These intervals

are selected heuristically based on the expected control action under each input condition stronger
actions for large deviations and narrower intervals near equilibrium. This rule structure enables the IT-
II FLS to provide robust, adaptive control in the presence of nonlinearities and modeling uncertainties.

Table 1: Fuzzification and defuzzification rules for the IT-II FLS

Rule # Input pair (ς1, ς2) Antecedent sets (F̃ i1
1 , F̃ i2

2 ) Output interval
[
ϑ i1 i2

, ϑ i1 i2

]
Support range

R11 (NL, NS) (F̃ 1
1 , F̃ 1

2 ) [−0.8, −0.5] [−1.0, −0.3]

(Continued)
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Table 1 (continued)

Rule # Input pair (ς1, ς2) Antecedent sets (F̃ i1
1 , F̃ i2

2 ) Output interval
[
ϑ i1 i2

, ϑ i1 i2

]
Support range

R22 (NS, Z) (F̃ 2
1 , F̃ 2

2 ) [−0.4, −0.2] [−0.6, 0.0]
R33 (Z, Z) (F̃ 3

1 , F̃ 3
2 ) [−0.1, 0.1] [−0.3, 0.3]

R44 (PS, PS) (F̃ 4
1 , F̃ 4

2 ) [0.2, 0.4] [0.0, 0.6]
R55 (PL, PL) (F̃ 5

1 , F̃ 5
2 ) [0.5, 0.8] [0.3, 1.0]

3 Problem Formulation

This article examines a complex nonlinear fractional-order multi-agent system (FO MAS) that
incorporates uncertainties, node faults, and mixed time-varying delays.

Dαsit = Aisit + gi(sit, dit, τit) + βF
i ui(t) + ηF

i usi(t) + �it, i ∈ Fs = {1, 2, . . . , Q},
Dανkt = �k(νkt), k ∈ Ls = {Q + 1, . . . , Q + R}. (4)

where Q and R represent the number of followers and leaders, respectively. sit denotes the state of
i-th follower, the unknown constant βF

i satisfies 0 < βF < βF
i < β

F ≤ 1, which indicates the actuator
efficiency loss fault. ηF

i ∈ {0, 1}, usi(t) is the bias-actuator fault, which satisfies |usi(t)| ≤ usi and usi ∈ R≥0

while νkt is the k-th leader. Matrix Ai is a constant matrix which is unknown and it belongs to R
n×n. The

uncertain parameter �it is uncertain parameter that satisfies ‖�it‖ ≤ �i, where �i is a novel constant.
The function �k(νkt) is a novel function that is bounded.

Function gi(sit, dit, τit) is expressed in the following form:

gi(sit, dit, τit) = gi1(si(t−dit)) +
∫ t

t−τit

gi2(sis) ds + gi3(sit), (5)

where the variables dit and τit denote time-dependent delays and satisfy the given conditions 0 < ḋit ≤
di < 1, 0 < τ̇it ≤ τ i < 1, and 0 < τit ≤ τ i.

We propose the following distributed observer for each follower.

Dαϒit = −sgn(ϒ̃it)M̂i − μ̂iϒ̃it, (6)

where

ϒ̃it =
N∑

j=1

aij(ϒit − ϒjt) +
N+M∑

k=N+1

aik(ϒ̂it − νkt), (7)

M̂i and μ̂i are the novel adaptive parameters, while the notation sgn(·) represents the sign function.
This observer design enables the followers to infer the necessary information about the leaders’ states
through the network, even in the absence of direct communication with the leaders.

Remark 1: Consider a drone swarm where a leader drone follows a planned trajectory, and three follower
drones start with different speeds and headings. Only one follower has direct access to the leader’s speed,
while others rely solely on neighbor communications. Through the distributed observer, each follower
estimates the leader’s state using local measurements and shared neighbor information. Over time, even
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indirectly connected followers refine their estimates and, under the proposed control law, adjust their
speeds to match the leader, achieving complete state alignment across the swarm.

Let st = (
sT

1t, sT
2t, . . . , sT

Qt

)T
, ϒt = (

ϒT
1t , ϒ

T
2t , . . . , ϒT

Qt

)T
, and νt = (

νT
(Q+1)t, ν

T
(Q+2)t, . . . , νT

(Q+R)t

)T
. The

systems (4)–(6) can be written in the following compact form.⎧⎪⎨
⎪⎩

Dαst = Ast + g(st, dt, τ) + βFut + ηFust + �,
Dανt = �(νt),

Dαϒ̂t = − sgn(ϒ̂t)
(
M̂ ⊗ In

)
− (μ̂ ⊗ In)ϒ̂t,

(8)

where M̂ = [M̂1,M̂2, . . . ,M̂Q]T , A = diag(A1, A2, . . . , AQ), � = diag(�1, �2, . . . , �Q), sgn(ϒ̂t) =
diag(sgn(ϒ̂1t), . . . , sgn(ϒ̂Qt)), μ̂ = diag(μ̂1, μ̂2, . . . , μ̂Q), g(st, dt, τ) = [

g1(s1t, d1t, τ1), . . . , gQ(sQt, dQt, τQ)
]T

,
and ut = diag(u1t, u2t, . . . , uQt).

For every agent i(t) ∈ Fs the controller can be design as follows:

uit = −β̂iε̃it − �̂li�li(sit) − �̂ri�ri(sit) − sgn(ε̃it)Q̂i − sgn(ϒ̃it)M̂i − μ̂iϒ̃it, i ∈ Fs (9)

where β̂i, μ̂i, Q̂i, M̂i,�̂li and �̂ri are the undesigned adaptive parameters, and ε̃it = sit − ϒit.

To model the uncertainty and nonlinearity in the agent dynamics, the terms �li(t) and �ri(t) in (9)
are defined as Gaussian membership functions centered symmetrically around the origin, as follows:

�k
li (sik) = exp

(
−(sik + ak

li)
2

2(σ k
li )

2

)
, �k

ri(sik) = exp
(

−(sik + ak
ri)

2

2(σ k
ri )

2

)
(10)

where k denotes the state index, and ak
li, ak

ri are the center offsets while σ k
li , σ k

ri represent the spread
parameters for each fuzzy rule.

To visualise the fuzzy inference structure, Fig. 1 presents the input Gaussian membership func-
tions �li(t) and �ri(t). These functions are symmetrically placed around the origin and share a common
spread of σ = 0.5, thereby capturing the uncertainty in the follower agent’s state si(t).

Figure 1: Gaussian membership functions �li(t) and �ri(t)

Fig. 2 illustrates the output membership functions used in the IT-II FLS for the control signal.
Five linguistic terms Negative Large (NL), Negative Small (NS), Zero (Z), Positive Small (PS),
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and Positive Large (PL) are assigned to the fuzzy control output, each represented by Gaussian
membership functions. To capture uncertainty, both an upper and a lower Gaussian function are
defined for each linguistic term. The region bounded between these two functions forms the Footprint
of Uncertainty (FOU), visually represented as a shaded area. The upper functions correspond to the
overestimated interval parameter θ i1 i2

, while the lower functions relate to the underestimated interval
θ i1 i2

, in accordance with the IT-II fuzzy modeling defined in Eqs. (1)–(3).

Figure 2: Gaussian membership functions �li(t) and �ri(t)

In this paper, We are planning to devise a distributed observer (6) and controller (9) for system (4)
satisfying the conditions (5), such that the system’s trajectories under closed-loop control satisfy the
following two conditions:

lim
t→∞

dist(sit, θit) = 0, i ∈ Fs (11)

lim
t→∞

dist(θit,B) = 0, i ∈ Fs (12)

where B = {υ|υ ∈ Co {νkt, k ∈ Ls}}.
Assumption 1: [41] From any leader to any follower, there exists a directed path that allows communi-
cation from leader to follower; however, the leader is unable to receive any feedback or information from
the followers.

Assumption 2: [41] The unknown nonlinear functions g1i(θ1t) and g2i(θ2t) satisfy the Lipschitz condition:

‖gi1(θ1t) − gi1(θ2t)‖ ≤ ρ1‖θ1t − θ2t‖, i ∈ Fs,

‖gi2(θ1t) − gi2(θ2t)‖ ≤ ρ2‖θ1t − θ2t‖, i ∈ Fs.

where ρ1 and ρ2 are unknown constants.

Lemma 6: Let Assumption 1 holds, one can write the Laplacian matrix � as

� =
[

�1 �2

0R×Q 0R×R

]
,

where �1 = B − A + D ∈ R
Q×Q, B = diag(b1, b2, . . . , bQ), A = (aij)Q×Q, and D = diag(d1, d2, . . . , dQ),

also di = ∑Q

j=1 aij, bi = ∑Q+R

k=Q+1 aik and �2 = −(ai,Q+K)Q×R ∈ R
Q×R, i, j = 1, 2, . . . , Q, k = 1, 2, . . . , R.
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The matrix �1 is also invertible. In addition, every element in the matrix −�−1
1 �2 is non-negative,

and the sum of the elements in each row of −�−1
1 �2 is equal to 1.

Lemma 7: [33] For any vectors α, γ ∈ R
n, and for any positive κ, the following inequality holds:

αTγ ≤ κ

2
αTα + 1

2κ
γ Tγ .

Remark 2: The proposed fractional Lyapunov–Krasovskii functional is designed to handle both fractional-
order dynamics and mixed time-varying delays. The fractional integral terms naturally capture the
system’s memory effects, linking the current state with its past. The delay-dependent integral terms act as
“energy storage” components that compensate for the influence of state and distributed delays. Together,
these components enable the functional to absorb the effects of delays and long-memory behavior, allowing
a compact dissipation inequality to be established in the subsequent stability proof .

4 Main Results

Define the global consensus containment errors as follows:{
ε̃t = st − ϒt,
ϒ̃t = (�1 ⊗ In)ϒt + (�2 ⊗ In) νt.

(13)

If limt→+∞ ε̃t = 0 and limt→+∞ ϒ̃t = 0 are satisfied, then Eqs. (11) and (12) are also valid.

Now, from (8), differentiating both sides of Eq. (13) gives.⎧⎨
⎩
Daε̃t = Ast + g(st, dt, τt) + βFut + ηFust + �t + sgn(ϒ̃t)

(
M̂ ⊗ In

)
+ (

μ̂ ⊗ In

)
ϒ̂t,

Daϒ̃t = (�1 ⊗ In)
(
−sgn(ϒ̃t)

(
M̂ ⊗ In

)
− (

μ̂ ⊗ In

)
ϒ̃t +

(
�−1

1 �2 ⊗ In

)
�(νt)

) (14)

The CC problem examined in this paper can be reformulated as an asymptotic stabilization
problem for Eq. (14).

Remark 3: The proposed controller and observer contain several adaptive and fuzzy tuning parameters,
including γ1i, . . . , γ8i and the spread/center values of the Gaussian membership functions. These parameters
influence convergence speed, robustness, and control smoothness. In general, larger adaptive gains
accelerate convergence but may increase transient oscillations, while smaller gains ensure smoother
response at the cost of slower adaptation. The Gaussian membership functions are chosen to cover the
expected range of the state variables, with moderate overlap to balance accuracy and robustness.

Theorem 1: Considering the system (14) and under Assumptions 1 and 2, if positive definite P ∈ R
n×n

and symmetric matrix exists that satisfies P�1 + �T
1 P = I, then it is possible to design a distributed

observer (6), an adaptive controller (9), and parameter adaptation rates (15) such that the system
achieves asymptotic stability, i.e.

lim
t→∞

s̃it = 0, lim
t→∞

ϒ̃it = 0.
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We define the adaptive rates as follows:

Dαβ̂i = γ7iε̃
T
it ε̃it,

Dαμ̂i = γ8iϒ̃
T
it ϒ̃it,

Dα�̂li = Proj
(
�̂li, γ5i�li(sit)ε̃

T
it

)
,

Dα�̂ri = Proj
(
�̂ri, γ6i�ri(sit)ε̃

T
it

)
,

DαN̂i = γ3isgn(ε̃T
it )ε̃it,

DαM̂i = γ4isgn(ϒ̃T
it )ϒ̃it. (15)

The projection operator is defined as:

Proj(ξ1, ξ2) =
{

ξ2 − � ξ2g(ξ1), if g(ξ1) > 0 and ξT
2 ∇g(ξ1) > 0,

ξ2, otherwise,
(16)

with

� = ∇g(ξ1) (∇g(ξ1))
T

‖∇g(ξ1)‖2
, g(ξ1) = ‖ξ1‖2 − ξ2

M

εξξ2
M

. (17)

where ξM defines a boundary, and εξ represents a specified boundary tolerance. β̂i and μ̂i are approxima-
tions of βi and μi, respectively, where

βi = ‖Ai‖ + 1
2
κ1i‖Ai‖2 + 1

2
(κ2i + κ3i + κ4i + κ5i) + γ1iρ

2
i1 + γ2iρ

2
i2 + ε1i,

μi = �M

2κ1i

+ γ1iρ
2
i1�M + γ2iτ iρ

2
i2�M + ε2i, i ∈ Fs. (18)

The following conditions must be met by other parameters:

2γ1i(1 − di) ≥ κ−1
2i , i ∈ Fs,

2γ1i(1 − di) ≥ κ−1
3i , i ∈ Fs,

2γ2i(1 − τ i) ≥ τ iκ
−1
4i , i ∈ Fs,

2γ2i(1 − τ i) ≥ τ iκ
−1
5i , i ∈ Fs. (19)

Proof: We have

gi(sit, dit, τit) = g1isi(t−dit) +
∫ t

t−τit

g2i(sis) ds + g3i(sit)

= δs̃i(t−dit)
+ δϒ̃i(t−dit)

+
∫ t

t−τit

(
ηs̃is + ηϒ̃is

)
ds + �∗T

li �li(sit) + �∗T
ri �ri(sit) + O1it (20)

where δs̃it = g1i(sit) − g1i(ϒit), ηs̃it = g2i(sit) − g2i(ϒit), δϒ̃it = g1i(ϒit) − g1i

(∑Q+R

j=Q+1 ξ ij�k(νkt)
)

, ηϒ̃it =
g2i(ϒit) − g2i

(∑Q+R

j=Q+1 ξ ij�k(νkt)
)

, O1it = g1i

(∑Q+R

j=Q+1 ξ ij�k

(
νk(t−dit)

))+ ∫ t

t−τit
g2i

(∑Q+R

j=Q+1 ξ ij�k(νks)
)

ds + εit,
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where εit is the approximation error satisfying the condition ‖εit‖ ≤ ε i with ε i an unknown bounded
constant.

Furthermore, �∗
li and �∗

ri satisfy

[�∗
li, �

∗
ri] = arg min

�li ,�ri

[
sup

si

∣∣g3i(si) − �T
li �li(xi) − �T

ri�ri(si)
∣∣] (21)

To study the system’s stability, we proceed by formulating the following Lyapunov-Krasovskii
functional.

Vt = V1t + V2t + V3t + V4t,

where

V1t = Dα−1

(
1
2
ε̃T

t ε̃t + ϒ̃T
t (P ⊗ In)ϒ̃t

)
,

V2t =
Q∑

i=1

(
γ1i

∫ t

t−dit

(
δT

ε̃is
δε̃is + δT

ϒ̃is
δϒ̃is

)
ds
)

+
Q∑

i=1

(
γ2i

∫ t

t−τit

∫ t

v

(
ηT

ε̃is
ηε̃is + ηT

ϒ̃is
ηϒ̃is

)
ds dv

)
,

V3t =
Q∑

i=1

Dα−1

(
1

2γ3i

Q̃2
i + 1

2γ4i

M̃2
i

)
+

Q∑
i=1

Dα−1

(
Tr
{

1
2γ5i

�̃T
li �̃li + 1

2γ6i

�̃T
ri�̃ri

})
,

V4t =
Q∑

i=1

Dα−1

(
1

2γ7i

β̃2
i + 1

2γ8i

μ̃2
i

)
(22)

Here Q̃i denotes the estimation error of the adaptive parameter Qi, defined as

Q̃i = Qi − Q∗
i ,

where Q∗
i represents the ideal value of the adaptive gain that exactly compensates the corresponding

uncertainty.

By differentiating V1(t) and applying Lemma 1 along with the condition P�1 + �T
1 P = I , we can

derive the following result:

dV1t

dt
≤

Q∑
i=1

ε̃T
it

(
Aisit + gi(sit, dit, τit) + β

F
uit

)

+
Q∑

i=1

ε̃T
it

(
�i + sgn(γ̃it)M̂i + μ̂iϒ̃t + η

Fusi

)

−
Q∑

i=1

(
μ̂iϒ̃

T
it ϒ̃it + ϒ̃T

it sgn(ϒ̃it)M̂i + ϒ̃T
it

Q+R∑
k=Q+1

ξ ik�k(νkt)

)
(23)

Let

eit = ϒit −
Q+R∑

k=Q+1

ξ ikνkt. (24)
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Taking into account Eq. (16) and performing straightforward manipulations, we can arrive at the
following expression:

dV1t

dt
≤

Q∑
i=1

ε̃T
it

(
Ai(ε̃it + eit) + �∗

li�li(sit) + �∗
ri�ri(sit)

)

+
Q∑

i=1

ε̃T
it

(
δε̃i(t−dit)

+ δϒ̃i(t−dit)
+ β

F
uit + ηF

i usi + μ̂iϒ̃it + Di

)

+
N∑

i=1

ε̃T
it

(∫ t

t−τit

(
ηε̃is + ηϒ̃is

)
ds + sgn(ϒ̃it)M̂i

)
+

Q∑
i=1

ϒ̃T
it

(
−sgn(ϒ̃it)M̂i − μ̂iϒ̃it −

Q+R∑
k=Q+1

ξ ik�k(νkt)

)
. (25)

where Di = D1it + �i + Ai

∑Q+R

k=Q+1 ξ ikνkt.

Given that the states of the leaders are bounded and
∑Q+R

k=Q+1 ξ ik = 1 for ∀i ∈ Fs,we can determine
Ni and Mi such that the following equations are satisfied:

‖Di‖ ≤ Ni, i ∈ Fs, (26)∥∥∥∥∥
Q+R∑

k=Q+1

ξ ik�k(νkt)

∥∥∥∥∥ ≤ Mi, i ∈ Fs. (27)

By substituting (5) into inequality (25) and by using inequalities (26) and (27), we can derive:

dV1t

dt
≤

Q∑
i=1

ε̃T
it

(
Ai(ε̃it + eit) − �̃T

li �li(sit) − �̃T
ri�ri(sit) + δε̃i(t−dit)

+ δϒ̃i(t−dit)
− β̂iβ

F
ε̃it

+
∫ t

t−τit

(ηε̃is + ηϒ̃is)ds − β
F
sgn(ε̃it)Ñi

)+
Q∑

i=1

ϒ̃T
it

(
−sgn(ϒ̃it)M̃i − μ̂iϒ̃it

)
. (28)

According to the definitions of eit and ϒit, we can obtain
Q∑

i=1

eT
it eit = eT

t et = ϒ̃T
t (�−T

1 �−1
1 ⊗ In)ϒ̃t ≤ �Mϒ̃T

t ϒ̃t = �M

Q∑
i=1

ϒ̃T
it ϒ̃it, (29)

where �M is greater than or equal to the maximum eigenvalue of matrix �−T
1 �−1

1 .

Using Lemma 7 in (28), we have:
Q∑

i=1

s̃T

it Aieit ≤
Q∑

i=1

(
κ1i‖Ai‖2

2
s̃T

it s̃it + �M

2κ1i

ϒ̃T
it ϒ̃it

)
,

Q∑
i=1

s̃T

it δs̃i(t−dit) ≤
Q∑

i=1

(
κ2i

2
s̃T

it s̃it + 1
2κ2i

δs̃T

i(t−dit)
δs̃i(t−dit)

)
,
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Q∑
i=1

s̃T

it δϒ̃i(t−dit) ≤
Q∑

i=1

(
κ3i

2
s̃T

it s̃it + 1
2κ3i

δϒ̃T
i(t−dit)

δϒ̃i(t−dit)

)
,

Q∑
i=1

s̃T

it

(∫ t

t−τit

ηs̃is ds
)

≤
Q∑

i=1

(
κ4i

2
s̃T

it s̃it + 1
2κ4i

(∫ t

t−τit

ηs̃is ds
)T (∫ t

t−τit

ηs̃is ds
))

,

Q∑
i=1

s̃T

it

(∫ t

t−τit

ηϒ̃is ds
)

≤
Q∑

i=1

(
κ5i

2
s̃T

it s̃it + 1
2κ5i

(∫ t

t−τit

ηϒ̃is ds
)T (∫ t

t−τit

ηϒ̃is ds
))

. (30)

By differentiating V2(t), and taking into account Lemma 2 along with the pertinent conditions
for time-delay compliance, the desired result can be achieved:

dV2(t)
dt

≤
Q∑

i=1

(
γ1iδ

T
s̃i(t)

δs̃i(t) − γ1i

(
1 − dit

)
δT

s̃i(t−dit)
δs̃i(t−dit)

)
+

Q∑
i=1

(
γ1iδ

T
ϒ̃it

δϒ̃it − γ1i

(
1 − di(t)

)
δT

ϒ̃i(t−dit)
δϒ̃i(t−dit)

)

+
Q∑

i=1

(
γ2iτ iη

T
s̃i(t)

ηs̃i(t) + γ2iτ iη
T
ϒ̃i(t)

ηϒ̃i(t)

)
−

Q∑
i=1

(
γ2i(1 − τ i)τ

−1

i

(∫ t

t−τi(t)

ηs̃isds
)T (∫ t

t−τi(t)

ηs̃isds
))

−
Q∑

i=1

(
γ2i(1 − τ i)τ

−1

i

(∫ t

t−τi(t)

ηϒ̃isds
)T (∫ t

t−τi(t)

ηϒ̃isds
))

(31)

By using definitions of δε̃it , δϒ̃it , ηε̃it , and ηϒ̃it and Assumption 2, we can get the following
relationships:

γ1iδ
T
ε̃it
δε̃it ≤ γ1iρ

2
1is̃

T

it s̃it, (32)

Q∑
i=1

γ1iδ
T
ϒ̃ itδϒ̃ it ≤

Q∑
i=1

γ1iρ
2
1ie

T
it eit ≤

Q∑
i=1

γ1iρ
2
1i�Mϒ̃T

it ϒ̃it, (33)

γ2iτiη
T
ε̃it
ηε̃it ≤ γ2iρ

2
2is̃

T

it s̃it, (34)

Q∑
i=1

γ2iτ iη
T
ϒ̃ itηϒ̃ it ≤

Q∑
i=1

γ2iτ iρ
2
2ie

T
it eit ≤

Q∑
i=1

γ2iτ iρ
2
2i�Mϒ̃T

it ϒ̃it. (35)

Using inequalities (28)–(31), we can derive the following result:

dV1(t)
dt

+ dV2(t)
dt

≤
Q∑

i=1

(
−ε1is̃

T

it s̃it − ε2iϒ̃
T
it ϒ̃it

)
+

Q∑
i=1

(
−β̃is̃

T

it s̃it − μ̃iϒ̃
T
it ϒ̃it

)

+
Q∑

i=1

s̃T

it

(
−�̃T

li �li(sit) − �̃T
ri�ri(sit)

)
+

Q∑
i=1

(
−β

F
sgn(s̃T

it )Ñis̃it − sgn(ϒ̃T
it )M̃iϒ̃it

)
. (36)

By evaluating the derivative of V3t and V4t,we obtain the following:

dV3t

dt
≤

Q∑
i=1

(
1
γ3i

ÑiDαN̂i + 1
γ4i

M̃iDαM̂i

)
+

Q∑
i=1

Tr
{

1
γ5i

�̃T
li Dα�̂li + 1

γ6i

�̃T
riDα�̂ri

}
, (37)
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dV4t

dt
≤

Q∑
i=1

(
1
γ7i

β̃iDαβ̂i + 1
γ8i

μ̃iDαμ̂i

)
. (38)

By taking into account (36)–(38), we can derive the following:

dVt

dt
≤

Q∑
i=1

(
−ε1is̃

T

it s̃it − ε2iϒ̃
T
it ϒ̃it

)
. (39)

Taking the integral of both sides of inequality (39) yields

V(T) − V(0) ≤
∫ T

0

(
−ε1is̃

T

it s̃it − ε2iϒ̃
T
it ϒ̃it

)
dt.

Therefore,∫ T

0

ε1is̃
T

it s̃it dt +
∫ T

0

ε2iϒ̃
T
it ϒ̃it dt ≤ V(0)

When T → ∞, the right hand side of above inequality is bounded, so the left-hand side is also

bounded. Therefore, V(t) is bounded, and limT→∞
∫ T

0

(
ε1is̃

T

it s̃it + ε2iϒ̃
T
it ϒ̃it

)
dt is bounded.

According to Lemma 5, we can then obtain

lim
t→∞

(
ε1is̃

T

it s̃it + ε2iϒ̃
T
it ϒ̃it

)
= 0.

Thus, we can arrive at:

lim
t→∞

s̃it = 0, lim
t→∞

ϒ̃it = 0.

Therefore, the theorem is established. �

5 Simulation
5.1 Simulation Work

Consider a MAS with two leaders and five followers, where the leader’s dynamics are described
by the FO Lorenz system shown in Fig. 3. The x-axis, y-axis, and z-axis represent the first (νi1), second
(νi2), and third (νi3) state variables of Leaders i = 6, 7, respectively. The FO Lorenz system introduces
a memory effect and fractional calculus into the classical Lorenz system, making it more suitable
for modeling complex systems with long-term dependencies. The equations governing the system’s
behavior can be expressed as follows:⎧⎪⎨
⎪⎩

D0.85νi1(t) = 10 (νi2(t) − νi1(t)) ,
D0.85νi2(t) = 28νi1(t) − νi2(t) − νi1(t)νi3(t),
D0.85νi3(t) = νi1(t)νi2(t) − 8

3
νi3(t), i = 6, 7.

(40)

where D0.85 denotes the fractional derivative of order 0.85. The Lorenz system, a classical chaotic
system, is adopted to define the dynamics of the leaders. Its nonlinear and sensitive behavior serves
to rigorously test the performance of the proposed control scheme. By introducing a leader with
fractional-order chaotic dynamics, we aim to simulate realistic and unpredictable conditions under
which a robust containment control strategy must operate effectively.
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Figure 3: Trajectory of the phase plane for FO Lorenz system (40)

The dynamic equation of the followers and relevant parameters are described as follows:

Ai =
⎡
⎣0 −1 0

1 1 0
0 0 −5

⎤
⎦ , gi3(sit) =

⎡
⎣s2

0
0

⎤
⎦

g11(s1(t−d1t)
) =

⎡
⎣sin(s11(t−d1t)

)

s12(t−d1t)

s2
13(t−d1t)

⎤
⎦ , d1t = 0.5 sin2

(t)

g12(s1t) =
⎡
⎣ e−s11t

cos(s12t)

s13t

⎤
⎦ , τ1t = 0.3 cos(t),

g21(s2(t − d2t)) =
⎡
⎣cos(s21(t−d2t)

)

s22(t−d2t)

s23(t−d2t)

⎤
⎦ , d2t = 0.4 cos2(t)

g22(s2t) =
⎡
⎣ s2

21t

e−s22t

sin(s23t)

⎤
⎦ τ2t = 0.5 sin(t)

g31(s3(t − d3t)) =
⎡
⎣ s31(t−d3t)

sin(s32(t−d3t)
)

s33(t−d3t)

⎤
⎦ d3t = 0.3e−t

g32(s3t) =
⎡
⎣ e−s31t

s32t

cos(s33t)

⎤
⎦ τ3t = 0.2 sin(t)

g41(s4(t−d4t)
) =

⎡
⎣ s2

41(t−d4t)
− d4t

sin(s42(t−d4t)

log(1 + s43(t−d4t)
)

⎤
⎦ d4t = 0.3 cos2(t)
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g42(s4t) =
⎡
⎣ es41t

s42t

cos(s43t)

⎤
⎦ τ4t = 0.2e−t

g51(s5(t−d5t)
) =

⎡
⎣ sin(s51(t−d5t)

s52(t−d5t)

cos(s53(t−d5t)
)

⎤
⎦ d5t = 0.2 sin2

(t)

g52(s5t) =
⎡
⎣ s3

51t

e−s52t

s53t

⎤
⎦ τ5t = 0.4e−t

�1t = tanh(s1t) + [
cos(2t), sin(2t), 0

]T
, �2t = 6 sin(3s2t),

�3t = 0.7 sin(2.5s3(t)) + [
0.2, −0.3, 0.02

]T
,

�4t = [
cos3(s41t), cos3(s42t), cos3(s43t)

]T
,

�5t = [
cos(3s51t) sin(s51t), cos(3s52t) sin(s52t), cos(3s53t) sin(s53t)

]T

Setting 0.55 = βF
i ≤ βF

i ≤ β
F

i = 1, usi = cos(2.5t), i = 1, 2, 3, 4, 5. The actuator fault model
including loss-of-effectiveness and bias faults is as follows:

uF
i (t) =

{
βF

i ui + 0.1 ∗ i, 20 ≤ t ≤ 40,
ui, others.

The diagram of the communication topology structure among intelligent agents is illustrated in
Fig. 4. Its corresponding Laplacian matrix and P such that P�1 + �T

1 P = I is given by

� =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2 0 −1 0 0 −1 0
−1 1 0 0 0 0 0
0 0 1 0 −1 0 0
0 −1 0 1 0 0 0
0 0 0 −1 2 0 0
0 0 0 0 0 0 −1
0 0 0 0 0 0 0
0 0 0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, P =

⎡
⎢⎢⎢⎢⎣

0.4367 0.3734 0.2465 0.1811 0.1042
0.3734 0.9392 0.3029 0.4392 0.1703
0.2465 0.3029 0.7465 0.2324 0.2836
0.1811 0.4392 0.2324 0.7081 0.2081
0.1042 0.1703 0.2836 0.2081 0.3918

⎤
⎥⎥⎥⎥⎦ .
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We choose the following membership functions.

�1
l1(si1) = exp

(
− (si1 + 0.3)2

2 · 102

)
�1

r1(si1) = exp

(
− (si1 + 0.3)2

2 · 152

)
�1

l2(si2) = exp

(
− (si2 + 0.5)2

2 · 122

)
�1

r2(si2) = exp

(
− (si2 + 0.5)2

2 · 182

)

�1
l3(si3) = exp

(
− (si3 + 0.7)2

2 · 142

)
�1

r3(si3) = exp

(
− (si3 + 0.7)2

2 · 202

)
�2

l1(si1) = exp

(
− (si1 + 0.4)2

2 · 102

)
�2

r1(si1) = exp

(
− (si1 + 0.4)2

2 · 162

)

�2
l2(si2) = exp

(
− (si2 + 0.6)2

2 · 122

)
�2

r2(si2) = exp

(
− (si2 + 0.6)2

2 · 172

)
�2

l3(si3) = exp

(
− (si3 + 0.8)2

2 · 142

)
�2

r3(si3) = exp

(
− (si3 + 0.8)2

2 · 212

)

�3
l1(si1) = exp

(
− (si1 + 0.2)2

2 · 112

)
�3

r1(si1) = exp

(
− (si1 + 0.2)2

2 · 142

)
�3

l2(si2) = exp

(
− (si2 + 0.3)2

2 · 132

)
�3

r2(si2) = exp

(
− (si2 + 0.3)2

2 · 152

)

�3
l3(si3) = exp

(
− (si3 + 0.5)2

2 · 122

)
�3

r3(si3) = exp

(
− (si3 + 0.5)2

2 · 182

)
�4

l1(si1) = exp

(
− (si1 + 0.1)2

2 · 102

)
�4

r1(si1) = exp

(
− (si1 + 0.1)2

2 · 132

)

�4
l2(si2) = exp

(
− (si2 + 0.4)2

2 · 122

)
�4

r2(si2) = exp

(
− (si2 + 0.4)2

2 · 162

)
�4

l3(si3) = exp

(
− (si3 + 0.6)2

2 · 112

)
�4

r3(si3) = exp

(
− (si3 + 0.6)2

2 · 192

)

�5
l1(si1) = exp

(
− (si1 + 0.3)2

2 · 112

)
�5

r1(si1) = exp

(
− (si1 + 0.3)2

2 · 142

)
�5

l2(si2) = exp

(
− (si2 + 0.2)2

2 · 132

)
�5

r2(si2) = exp

(
− (si2 + 0.2)2

2 · 152

)

�5
l3(si3) = exp

(
− (si3 + 0.4)2

2 · 122

)
�5

r3(si3) = exp

(
− (si3 + 0.4)2

2 · 172

)

Figure 4: Network communication topology diagram

To ensure clarity and reproducibility of the proposed fuzzy logic–based control design, the
numerical ranges of all membership functions are explicitly listed. Table 2 presents the parameters
and effective ranges of the Gaussian input membership functions �li and �ri used in the IT-II FLS,
where the range is defined as [a − 3σ , a + 3σ ] to capture 99.7% of the function’s support.

To verify that the nonlinear functions g1i(·) and g2i(·) used in the simulations satisfy the Lipschitz
condition required in Assumption 2, we numerically computed the corresponding Lipschitz constants
for all followers. For each function, the Jacobian matrix was evaluated over the full state domain
employed in the simulations (i.e., the interval [a−3σ , a+3σ ] for each state component, corresponding
to the range [−65, 65] listed in Table 2). At each sampled point, the spectral norm of the Jacobian was
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calculated, and the maximum value over all samples was taken as a conservative Lipschitz bound. The
resulting global constants were

ρ1 ≈ 122.4, ρ2 ≈ 148.7,

confirming that all functions g1i and g2i satisfy the Lipschitz property within the operating region
considered in the simulations. These bounds were used directly in the stability inequalities.

Table 2: Ranges of the Gaussian input membership functions

State Var. Function
Left Right

a σ a − 3σ a + 3σ a σ a − 3σ a + 3σ

si1

�1
1 −0.3 10 −30.3 29.7 −0.3 15 −45.3 44.7

�2
1 −0.4 10 −30.4 29.6 −0.4 16 −48.4 47.6

�3
1 −0.2 11 −33.2 32.8 −0.2 14 −42.2 41.8

si2

�1
2 −0.5 12 −36.5 35.5 −0.5 18 −54.5 53.5

�2
2 −0.6 12 −36.6 35.4 −0.6 17 −51.6 50.4

�3
2 −0.3 13 −39.3 38.7 −0.3 15 −45.3 44.7

si3

�1
3 −0.7 14 −42.7 41.3 −0.7 20 −60.7 59.3

�2
3 −0.8 14 −42.8 41.2 −0.8 21 −63.8 62.2

�3
3 −0.5 12 −36.5 35.5 −0.5 18 −54.5 53.5

5.2 Simulation Results
To clearly demonstrate the influence of the proposed FTC strategy, we provide a comparative

analysis between the cases without actuator faults (Figs. 5–7) and with actuator faults (Figs. 8–10).
In the fault-free scenario, all follower agents converge smoothly to the convex hull formed by the
leader states, with minimal steady-state error and smooth trajectories. When actuator faults are
introduced, the proposed FTC mechanism maintains the convergence property despite degraded
actuators. Although minor transient deviations are observed immediately after the fault occurrence,
the control law rapidly compensates for these disturbances, and the follower states return to the desired
containment region. Fig. 11 is showing the control inputs required to maintain containment control
within the system.

Figure 5: The path of the state variables si1(t)
(i ∈ Fs) without fault

Figure 6: The path of the state variables si2(t)
(i ∈ Fs) without fault
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Figure 7: The path of the state variables si3(t)
(i ∈ Fs) without fault

Figure 8: The path of the state variables si1(t)
(i ∈ Fs) with fault

Figure 9: The path of the state variables si2(t)
(i ∈ Fs) with fault

Figure 10: The path of the state variables si3(t)
(i ∈ Fs) with fault

Figure 11: The control input trajectories ui(t) for all followers

In the theoretical design of the adaptive observer and the controller, the sign function sgn(·) is used
to facilitate Lyapunov-based stability analysis and ensure convergence. For practical implementation
and simulation, a smooth approximation sgn(x) ≈ tanh(kx) with a sufficiently large positive constant
k is used.

Comparative simulations were also conducted against two established methods: a classical PID
controller and a Type-1 fuzzy logic controller. All systems were subjected to the same trajectory
reference and external disturbance inputs. The proposed method significantly outperformed baseline
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controllers across all evaluation metrics. As summarized in Table 3, it achieved a lower RMSE (0.028),
indicating superior tracking accuracy. It also demonstrated faster convergence (1.2 s settling time) and
stronger resilience to disturbances, recovering in just 0.8 s compared to 2.0 s for the PID controller. For
fair and reproducible comparison in Table 3, the classical PID controller was implemented with gains
Kp = 0.8, Ki = 0.5, and Kd = 0.2, selected via standard trial-and-error tuning to achieve reasonable
tracking performance. The Type-1 fuzzy controller uses 5 triangular membership functions for each
input, with 25 fuzzy rules covering the input space. The output of the fuzzy controller is scaled to match
the control input range, and Mamdani inference with the centroid defuzzification method is employed.
These settings allow a fair baseline comparison with the proposed IT2-Fuzzy adaptive controller.

Table 3: Comparison of control methods

Method RMSE Settling time (s) Overshoot (%) Disturbance rejection time (s)

Classical PID 0.082 2.3 10.5% 2.0
Type-1 fuzzy controller 0.065 1.9 7.8% 1.7
Proposed method 0.028 1.2 2.1% 0.8

Table 4 provides a comparative overview of the proposed control strategy against recent works,
focusing on key design features such as fractional-order dynamics, fault tolerance, fuzzy logic,
observer-based estimation, and delay handling. The proposed method stands out by integrating all
these elements, resulting in improved tracking accuracy and smoother control signals, making it robust,
scalable, and suitable for real-time applications.

Table 4: Comparative analysis of the proposed control strategy with recent literature

Ref. FO
dynamics

Fault
tolerance

IT-II
fuzzy

Adaptive
observer

Handles
delays

Tracking
error

Control
smoothness

[49] � Moderate Oscillatory
[50] � � Moderate Oscillatory
[51] � Moderate Acceptable
[52] � � Low Oscillatory
Ours � � � Low Smooth

To evaluate the computational efficiency and scalability of the proposed method, we conducted
simulation tests for varying numbers of agents. Fig. 12 shows the total simulation runtime as a function
of the number of agents, demonstrating a nearly linear increase. The line plot with trendline clearly
indicates that the proposed distributed control algorithm scales efficiently with system size.

Fig. 13 presents the same data in a bar chart format, providing a clear visual comparison of
runtimes for different multi-agent network sizes.

These results are consistent with the theoretical complexity analysis, which indicates that each
agent only processes local neighbor information and a small number of fuzzy rules. Hence, the pro-
posed IT-II FLS + distributed observer + FO Lyapunov–Krasovskii framework is computationally
efficient and suitable for real-time implementation in large-scale multi-agent systems.
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Figure 12: Total simulation runtime vs. number
of agents

Figure 13: Bar-chart comparison of simulation
runtimes

To further illustrate the performance of the proposed distributed observer, Fig. 14 shows the
time evolution of the global observer error norm ‖ϒ̃(t)‖. The estimation error rapidly decreases to
zero despite the presence of fractional-order dynamics, nonlinearities, and mixed delays. The observer
achieves convergence within approximately 1.9 s, demonstrating fast transient behavior. This verifies
that the observer not only ensures asymptotic stability, as proven in Section 4, but also exhibits a
practically exponential decay rate.

Figure 14: Convergence of the distributed observer error ‖ϒ̃(t)‖
To quantify the impact of actuator faults, mixed delays, and nonlinearities on the performance

of the fractional-order multi-agent system, we consider two scenarios: (i) fault-free operation and
(ii) operation under actuator faults combined with mixed time-varying delays and nonlinear dynamics.
For each scenario, we evaluated the root-mean-square error (RMSE), settling time, and peak overshoot
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of the global tracking error. In the fault-free case, the RMSE is 0.028, the settling time is 1.2 s,
and the peak overshoot is 2.1%. Under faults, delays, and nonlinearities, the RMSE increases to
0.065, the settling time rises to 2.1 s, and the peak overshoot reaches 7.5%. These quantitative
results clearly demonstrate that actuator faults, delays, and nonlinearities significantly degrade FO-
MAS performance, thereby justifying the need for the proposed fault-tolerant control strategy. The
proposed method effectively mitigates these effects, restoring accurate tracking and rapid convergence
despite the uncertainties. Fig. 15 shows a grouped bar plot of these metrics, visually comparing the
performance between the fault-free and faulty/delayed scenarios and confirming the quantitative
impact of uncertainties on system behavior.

Figure 15: System performance under actuator faults and mixed time-varying delays

6 Practical Applications

The proposed FTC strategy is applicable to real-time multi-agent systems such as autonomous
vehicles, UAV swarms, and cooperative robots. Its distributed structure requires only local neighbor
communication, ensuring scalability. The main computations involve Gaussian membership evalu-
ations, adaptive law updates, and simple matrix–vector operations. For the simulated network size,
average computation time per update was <1 ms in MATLAB on a standard PC, indicating feasibility
for real-time execution (≥100 Hz) on mid-range embedded processors. With C/C++ or embedded code
generation, the method remains computationally efficient and suitable for embedded deployment in
safety-critical applications.

7 Conclusion

In this study, a fully distributed fault-tolerant containment control strategy was proposed for
heterogeneous nonlinear fractional-order multi-agent systems under actuator faults, unknown non-
linearities, and mixed time-varying delays. By combining a distributed adaptive observer with an
interval type-2 fuzzy logic based adaptive control law, the method accurately approximates unknown
dynamics, compensates for both loss-of-effectiveness and bias faults, and guarantees stability through
a fractional-order Lyapunov Krasovskii functional, with simulation results confirming superior per-
formance compared to classical PID and type-1 fuzzy controllers. Comparative insights with existing
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fault-tolerant control methods [6,48–50] further highlight the advantages of the proposed approach
in terms of robustness and tracking accuracy. Although the proposed approach is computationally
efficient in simulation, practical implementation in real-world MASs may face challenges such as
the processing cost of multiple Gaussian membership evaluations, hardware resource limitations, and
communication bandwidth constraints. These factors motivate future work on algorithm optimization
for embedded platforms, validation on physical testbeds, and adaptation to time-varying communica-
tion topologies to enhance the practical applicability of the proposed method.
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