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This work presents the results of a study carried out to characterize the mechanical response of a
high damping rubber to be used in designing and constructing energy dissipating devices and base
isolators for controling strong vibrations in civil engineering structures. A new parametric model of
the elastomer is proposed to be employed in the design procedure and structural analysis of passive
controlled structures. The parameters of the model are calibrated using experimental data obtained
from tests on rubber specimens under different loading paths. The main dissipating energy mecha-
nisms of the rubber are identified. The proposed model is able to reproduce those main mechanisms
as well as geometric second order effects such as tension stiffening due to the effect of axial strains
in the response. The response predicted by the proposed model is compared with that obtained from
experimental tests and from the Kelvin and plasticity models.

Keywords Rubber; Energy Dissipation; Numerical Model

1. Introduction

Rubber is one of the most frequently used materials in the construction of base isolation
systems [Barbat and Bozzo, 1997; Calvi and Pavese, 1997; Bixio et al., 2001,] and energy
dissipating devices for controling vibrations induced by earthquakes, machineries, pedes-
trian loads, and wind. The mechanical characteristics of rubber, as well as its energy dissi-
pating capacity, depends strongly on the composition of the mixture used and on the
thermo chemical processes followed in the fabrication of the material. In general, its
mechanical behavior is complex showing an elastic modulus strongly dependent on the
strain level, temperature and loading frequency [Kojima and Yoshihide, 1990; AASHTO,
1991; Ahmadi and Muhr, 1997]. Due to these characteristics, rubber shows different types
of energy dissipating mechanisms, which can go from purely hysteretic to viscous or others
[Hwang et al., 1997]. Additionally, when rubber undergoes large strains, and depending on
the boundary conditions, a noticeable hardening phenomenon can appears in the strain-stress
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232 P. Mata et al.

response [Kelly, 1988; Mata and Boroschek, 2001]. Because of these reasons, it is not
usual to find numerical models describing in a suitable way the response of this kind of
materials when subjected to displacements involving large strains.

An appropriated constitutive description for high damping rubbers should consider
large displacements, nonlinear strain-displacement relationship, incompressibility of the
material, and its dissipative characteristics [Asano et al., 2000; Soong and Dargush, 1997].
Nowadays, it is possible to find numerical models of the problem based on the principles
of the continuous solid mechanics with appropriate constitutive laws for the components
of the rubber, but normally they require a large amount of computer time and the conver-
gence of the problem is not ensured [Salomon et al., 1999; Belytschko et al., 2000].

Other kind of models can be obtained by fitting the parameters of equations or algorithms
to the curves obtained experimentally [Sues et al., 1988; Dusi et al., 1999; Naeim and
Kelly, 1999], providing a description of the material behavior. This last choice has the
advantage of being much less demanding in computational time and it is possible to calibrate
the model directly from loading tests carried out on specimens, although the provided model
is able only to describe the behavior of the specimen for the boundary conditions of the tests.

Frequently, the practical design of structures with rubber based control systems
employs equivalent linear models for the material of the controlling devices [Kelly, 1988;
Moroni et al., 1988]. One example of these are the specifications given by the American
Association of State Highway and Transportation Officials, [AASHTO, 1991]. The use of
equivalent linear models can induce significant errors [Ahmadi and Muhr, 1997; Dusi
et al., 1999; Mata et al., 2004] in the estimation of the energy dissipated by the devices
even when some times the peak structural response, i.e., displacements, velocities, etc.,
can be estimated with a reasonably level of accuracy for practical engineering designs
employing equivalent linear models and an iterative checking procedure [Soong and Dargush,
1997]. On the contrary, if we are interested in a more detailed response of the structure, we
have to consider that equivalent linear models represent a source of error probably in each
time step due to the fact that the values for the elastic modulus and damping coefficient
employed in the calculations are constants for all strain levels and loading frequencies.

This work develops an analytical model for the strain-stress relationship of a high
damping rubber employed in energy dissipating devices. The proposed model is an exten-
sion of the plasticity model proposed by Wilson [1998], and implemented in the software
package SAP2000 [SAP, 2004]. The proposed extension shows ability in simulating the
axial hardening phenomenon in large strains as well as a variable shear modulus. The
model depends on a set of parameters that are calibrated from data obtained with experi-
mental tests. Even when the number of employed parameters is greater than in other models
[see, e.g., Dusi et al., 1999], the proposed model avoids the necessity of work with parallel
elements for simulating variable shear modulus and, additionally, it takes into account non
linear viscosity, what allows to simulate a wide variety of rubber types [Kojima and
Yoshihide, 1990]. The response of the model for arbitrary loading paths is compared with
experimental data and with the responses obtained from Kelvin’s and plasticity models.

2. Experimental Characterization of High Damping Rubber Specimens

The force-displacement response of the high damping rubber was obtained for different
loading paths, which include sinusoidal cycles of imposed displacements with different
amplitudes and frequencies. Sequences of arbitrary imposed displacements were also
employed. The variations of the mechanical properties of the rubber with temperature,
aging, or environmental effects were not studied in this part of the work. However, depen-
dency between dissipated energy and loading frequency or maximum strain level was
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High Damping Rubber Model for Energy Dissipating Devices 233

studied. An identification of two dissipating mechanisms is proposed, classifying them in
non viscous and viscous according to their dependency on displacements or velocities
respectively, together with a method to set out an equivalent viscous damping coefficient
[Sarrazín et al., 1993; Ponce León et al., 1997].

2.1 Description of the Experimental Setup and Test Program

Three specimens were tested for obtaining the mechanical characterization of the rubber.
Each test specimen is composed of five segments: both extreme segments and the central
one are made of steel with circular perforations for providing the fixation of the specimen
to the test machine, while the other two are rubber plates of 900 mm2 of area and 6 mm of
thickness. The faces of the rubber plates were adhered to the contiguous steel bodies. Dur-
ing the tests, the specimens were restricted to maintain zero relative movement in the
direction perpendicular to the imposed displacement, as it can be seen in Fig. 1a. By this
way, fixing the extreme segments and forcing a displacement in the intermediate one, it is
possible to develop different loading paths of imposed displacement. The central embolus
is connected to the hydraulic actuator of the test machine which is servo mechanically
controlled by means of a computer program. For each applied displacement, it is possible
to determine the average shear strain, e, and the average shear stress, s, in a rubber plate by
means of the formulas [Naeim and Kelly, 1999],

FIGURE 1 (a) Test specimen description. 1: Fixed steel segments. 2: Movable steel
segment. 3: Position of the movable steel segments when a displacement is imposed on the
specimen. 4: Fixing bolts. 5: Movable embolus. 6: Rubber plate in original configuration.
7: Deformed rubber specimen. (b) Detail of the rubber plate in deformed position.

a b

e =
D

h
(2.1)

s =
F

A
(2.2)
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234 P. Mata et al.

where D is the applied displacement, h is the plate thickness, A is the plate area, and F is
the force necessary to obtain D. In Fig. 1b it is possible to see a diagram where appears
these quantities. The sequence of loading tests was the following:

• Symmetric cycles. The three specimens were subjected to sinusoidal cycles of
imposed displacements with frequencies 1/30, 0,5, 1,0, and 2,0 Hz, producing
the following maximum shear strains: +/− 10, 20, 50, 100, 150, 170, and 200%.
By means of this set of tests, hysteretic cycles in the rubber specimens were
obtained.

• Asymmetric cycles. Sinusoidal cycles of imposed displacement with different
maximum and minimum shear strains were studied. The tests were carried out for
loading frequency of 0,5 Hz. In Table 1, detailed values of the applied maximum
and minimum shear strains are given. As an example, it can be seen in the cyclic
test 1 of Table 1, the specimen is deformed to reach a maximum strain level of
200% and then unloaded until a strain level of 170%.

• Arbitrary imposed displacements. In this case, the specimens were subjected to
two sequences of arbitrary imposed displacements, with loading velocity of 133
and 400 loading steps per second, respectively. Figs. 2a and 2b show the shape of
the employed records. The first one corresponds to a sequence of ramps applied for
inducing controlled hysteretic cycles, and the second one corresponds to the scaled
displacement response of a single degree of freedom system with a period of 1.0 s
and 5% of critical damping subjected to the N-S component of the El Centro, 1940,
earthquake. The scale limits the imposed displacement to obtain a maximum shear
strain of 200% in the specimens. The purpose of using this last record is to study
the rubber response when subjected to similar conditions to those expected in a
seismic case. Two examples of the results obtained from those tests are shown in
Figs. 2c and 2d.

2.2 General Behavior of the Rubber

The general behavior of the rubber can be described as hysteretic, showing a nonlinear
strain-stress relationship, with energy dissipation for any maximum strain level and loading
frequency.

When a test specimen is subjected for the first time to sinusoidal cycles of imposed
displacements, it is possible to observe that the material suffers progressive stiffness deg-
radation, as it can be seen in Fig. 3a. The degrading process progresses until a stable shape
of the hysteretic cycle is obtained. Approximately five cycles are required to stabilize the
degrading process. This progressive lack of stiffness could be explained as a transient process
of rearrangement of the particles, which compose the material. The rubber carries out this
process to withstand a new state of loadings given by the shear strain associated with de
imposed displacements [Salomon et al., 1999]. When a new internal configuration,
compatible with the environment is reached, the degrading process stops and the material
reaches a stable hysteretic state as it is shown in Fig. 3b. In this work, only stabilized hys-
teretic cycles are characterized.

One of the main characteristics of the rubber noticeable from the tests is a strongly
variable shear modulus in any range of strain level and loading frequency of the experi-
ments. It is possible to see in Fig. 4 that, for any point of a loading or unloading branch,
the slope of the tangent to the curve is different. However, when the response of the material
to symmetric loading cycles are represented in the same graphic, it is possible to identify
the following three different zones:
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236 P. Mata et al.

• Initial Zone 1 in Fig. 4 for strains in the range +/− 20%. This zone is characterized
by a high and approximately constant slope of the tangent to the strain-stress curve.

• Zone 2 in Fig. 4, corresponding to the range +/−[20–150] %, where the slope of the
tangent decreases.

FIGURE 2 Arbitrary records. (a) Sequence of ramps. (b) Scaled displacement response
obtained from a linear SDOF system subjected to the N-S component of the El Centro, 1940
earthquake record. (c) Hysteretic cycles obtained for the sequence of ramps. (d) Hysteretic
cycles for the displacement response of a SDOF.

FIGURE 3 (a) Progressive stiffness degradation for repeated loadings cycles. (b) Stabilized
cycles.
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High Damping Rubber Model for Energy Dissipating Devices 237

• Zone 3 in Fig. 4, for strains levels higher than 150%, where hardening occurs and
the slope of the tangent to the strain-stress curve increases. The hardening phenom-
enon can be explained by the contribution of axial strains due to the change in the
geometry of the specimens during the tests [Kelly, 1988; Naeim and Kelly, 1999],
as it can be seen in Fig. 1.

2.3 Dissipated Energy

Energy dissipation in rubber-like materials involves internal friction between the particles
of the mixture, viscous damping, and micro zones where plasticity or damage can occur,
among others physical changes [Sommer, 1989]. In this work, the total dissipated energy
in each loading cycle was calculated estimating the area of the hysteretic cycle [Barbat
et al., 1997; Chopra, 2000] independently of the nature of the micro mechanisms involved
in the dissipative process.

2.3.1 Dependency Between the Dissipated Energy and the Strain Level. Figure 5 shows
the values for the dissipated energy as a function of the maximum strain level reached dur-
ing symmetric tests for different loading frequencies. As could be expected, the dissipated
energy increases with the maximum strain level [Naeim and Kelly, 1999; Mata et al.,
2004], when higher displacements are imposed, the test specimen undergoes larger nonlinear
strains and, therefore, more energy is dissipated. However, the rate of energy dissipation
with the strain level is not constant, which would be the case if a straight line would have
been obtained in Fig. 5. The shape of the obtained curves is related with the change of shape
of the hysteretic cycles. For low strain levels, the cycles have approximately an elliptic
shape, like in Fig. 4, but when the strains are increased, hysteretic cycles are stretched
along the major axis of the ellipse, without a significant enlargement along minor axis, in
agreement with the results obtained by Ahmadi and Muhr [1997]. This behavior suggests
that Kelvin’s model would not be a good choice for modeling the rubber behavior in large
strains. Finally, for strain levels over 150%, axial hardening appears in the response.

FIGURE 4 Response to symmetric loading. It is possible to appreciate three zones cor-
responding to the average slopes of the tangent to the strain–stress curves.
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238 P. Mata et al.

2.3.2 Dependency Between Dissipated Energy and Loading Frequency. Figure 6 shows
the dependency between dissipated energy and loading frequency. Dissipation increases
with frequency. It indicates that stress increments are associated with frequency increments
and therefore, forces of viscous nature appears in the rubber response. The results of this
Figure are normalized to the value 1 for the test carried out at 1/33Hz, and for each maximum
strain level. Additionally, Fig. 5 shows that for all maximum strain levels between 5 and
200%, the bigger the loading frequency the bigger the dissipated energy. The rate of dissi-
pation is maintained approximately constant for frequency values higher than 0.5 Hz in
Fig. 6, a fact that is evidenced by the approximately constant slope of these curves. In the
range of frequencies 1/33 Hz – 0.5 Hz, a higher slope of the curve is obtained independently
of the strain level. A possible explanation for this phenomenon is given by the existence of
a component of the dissipation with non viscous nature, which is present in all tests.

A starting hypothesis of this work is that for cuasi static loadings whit 1/33 Hz, dissi-
pation is a function of only the maximum strain level; for higher frequencies and constant
strain levels, the energy dissipation would be produced by viscous mechanisms added to

FIGURE 5 Dependency between the dissipated energy and the maximum strain level.
Each curve correspond to a fixed value of loading frequency.

FIGURE 6 Dissipated energy normalized to 1 as a function of the loading frequency.
Each curve correspond to a maximum strain level.
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High Damping Rubber Model for Energy Dissipating Devices 239

the non viscous ones [Ahmadi and Muhr, 1997]. Figure 7 shows the experimental evidence
of the proposed dissipation mechanisms, for two loading tests carried out at 10% and 200%
of maximum strain level, the area of the hysteretic cycles increases with the frequency.

2.4 Characterization of the Non-viscous Component of the Response

As mentioned previously, it is possible to appreciate non-viscous hysteresis in low
frequency tests (1/33 Hz). Additionally, it can be observed from the hysteretic cycles
obtained from asymmetric loadings that the material follows a reloading or unloading
path, which is dependent on the point where the velocity change of sign. It is possible to
see in Fig. 4 that the loading branches (velocity of deformation >0) converge to the envel-
oping curve of all strain-stress curves. Additionally, it is possible to distinguish that, inde-
pendently on the unloading path, all curves converge tangentially to a common point
located on the lower enveloping curve corresponding to the 10% of strain level.

2.4.1 Rubber Behavior to Asymmetric Loading Cycles. In Fig 8a, pointed lines show all
the hysteretic cycles for different minimum strain levels and maximum strain of 200%. In
Figs. 8b and 8d, the maximum strains are 150% and 100%, respectively. In all of the
cases, the cycle corresponding to the symmetrical sinusoidal test carried out at the corre-
sponding maximum strain level has been drawn with bold line. All the hysteretic cycles
always converge to the enveloping curve obtained for the test carried out at maximum
strain of 200%. Moreover, the curves produced by asymmetrical tests with maximum
strain of 100% follow the curves obtained for the same tests at 150%. In Fig. 8c, it is pos-
sible to see that all reloading paths are coincident, independently of the maximum strain
reached during the tests, and converge to the enveloping curve. It is possible to conclude
from the results of asymmetric loading tests that the loading or unloading paths are inde-
pendent on the previews strain history and that they only are function of the stress-strain
state existing when the sign of the velocity changes.

FIGURE 7 Hysteretic cycles for the following loading frequencies: 1/33, 0.5, 1.0, 2.0
Hz. (a) Maximum strain level 20 %. (b) Maximum strain level 200%.
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240 P. Mata et al.

2.4.2 Rubber Behavior to Arbitrary Loading Paths. The response of the test specimens
subjected to arbitrary loading paths shows the followings characteristics:

• The imposed sequence of ramps induces in the rubber an initial shear strain of
200% following the upper enveloping curve. After that, several asymmetric cycles
are imposed at different strain levels. All these cycles are attached to the lower
branch of the enveloping curve of Fig. 2c. In all cases, energy dissipation is
obtained for the secondary cycles. This results allow to affirm that inelastic hyster-
etic behavior occurs for any strain level, confirming that the instantaneous shear
modulus changes from point to point in the strain-stress space.

• In the case when the sequence of displacements obtained from a SDF system is
applied, the rubber dissipates energy according with the previously described
behavior. For low strain levels (<50%), the material shows the stiffest behavior. For
medium strain levels (50–150%), the average elastic modulus decreases with
respect to the low strain level, but the area of the hysteretic cycles increases. For
high strain levels (>150%), axial hardening becomes noticeable, contributing to
increase stiffness again, as can be seen in Fig. 2b. This behavior allows to justify
that the material is a good candidate for developing energy dissipating devices. For
seismic applications in base isolation and energy dissipating devices, it is desirable
to have a stiff response in low strain levels, aiming to limit lateral movements of the
structures during small loadings. If high strain levels are induced during strong
earthquakes, it would be desirable to stiffen the structure to avoid second order
effects or impacts with adjacent structures. In the medium strain ranges, high
energy dissipation is required [Kelly, 1988; Soong and Dargush, 1997].

FIGURE 8 Loading cycles for different maximum strain levels. All the loading or
reloading branches, v>0, converge to the enveloping curve of the strain–stress curves.
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High Damping Rubber Model for Energy Dissipating Devices 241

3. Proposed Numerical Model for the Strain-Stress Relationship 
of the Rubber

The proposed approach for describing the strain-stress relationship of the rubber subjected
to imposed displacements is based on parametric curves, which fit to the experimental
data. This numerical model does not require defining constitutive laws for the material or
its components in a general stress state, what is generally complicated and computer time
consuming [Hwang and Ku, 1997; Salomon et al., 1999]. A simple model for high damp-
ing rubbers is described in this section to be incorporated in an efficient software package
for the analysis of passively controlled structures [Valles et al., 1996].

The traditional way to treat rubber and other visco elastic materials employed in
energy dissipating devices used in earthquake engineering has assumed an equivalent vis-
cous damping added to the structure [AASHTO, 1991; Soong and Dargush, 1997]. The
development of special structural elements with dissipating characteristics similar to those
given by the rubber usually is a complex problem due to the necessity of incorporating fre-
quency dependency, variable stiffness or axial hardening in the model. However, if a rela-
tively simple mathematical model is available for rubber-like materials, the traditional
design procedures, based on equivalent added damping, can be improved and it is possible
to apply more sophisticated techniques such as Fast Nonlinear Analysis (FNA), which
allows simulating the structural response with material nolinearities concentrated in spe-
cific dissipating devices [Wilson, 1998].

Based on the experimental results of Sec. 2, the following form of the shear strain-
stress relationship of the material is proposed:

where  is the average shear stress in the rubber specimen during a test, e is the shear
strain level, t is the time,  is the strain rate, s1 is the component of the shear stress
depending on the strain level, and s2 is the viscous component depending only on the
strain rate. The proposed model uncouples the total stress in viscous and nonviscous com-
ponents. The stress s is a phenomenological description depending on a set of parameters,
which have to be calibrated from experimental data. This model is able to describe the
average shear stress which appears in the material when it is subjected to shear strains,
being this the predominant tensional state in energy dissipating devices based on rubber-
like materials [Naeim and Kelly, 1999].

The proposed model consists of viscous dashpot device, simulating the component s2
of the stress, acting in parallel with a nonlinear hysteretic spring for the s1 component. In
general, the purely viscous component, s2, does not require to be a linear function of the
strain rate level. From the experimental results, it is possible to deduce that the function s1
should have the following characteristics:

• Axial hardening for strains over 150%.
• Variable shear modulus for fitting the strain-stress curves obtained during the tests.
• The initial slope of a loading or unloading branch is only a function of the point in

the strain-stress space where the velocity changes of sign, according to Fig. 8.

3.1 Proposed Method to Estimate the Viscous Component

An explicit form for the viscous component s2 of Eq. (3.1) is proposed herein. The dissi-
pated energy increment, ΔE, corresponding to two tests carried out at the same maximum

s e e s e s e( , , ) ( , ) ( , ).1 2& &t t t= + (3.1)

s e e( , , )& t
&e



D
ow

nl
oa

de
d 

B
y:

 [A
lm

on
ac

id
, P

ab
lo

 M
at

a]
 A

t: 
15

:0
1 

26
 J

un
e 

20
07

 

242 P. Mata et al.

displacement, u, but for different consecutive frequencies wi + 1 and wi, (i is the frequency
index), it is given by

where A and h are the area and thickness of the test specimen and the term (s1 + s2) is the
average shear stress according to Eq. (3.1).  is the viscous component of the average
shear stress for the cycles applied with loading frequency wi. An additional working
hypothesis is the following expression for the viscous component of the force:

To obtain a numerical estimation for the function s2, it is possible to suppose that, for a
test carried out with a loading frequency wi and maximum displacement uj, dissipation is
related to velocity through the damping coefficient, cij. Considering only symmetric tests,
Eq. (3.2) can be rewritten as

If the values of the two loading frequencies are close, we can suppose that the coefficients
cij are approximately the same, i.e, c(i + 1),j = cij, and calculate them as follows:

It is possible to fit a polynomial to the values of all the coefficient cij obtained from sinu-
soidal tests for two different consecutive frequencies and fixed displacement level. This
polynomial is a function of the frequency and describes the damping coefficient of Eq. (3.5).
For the case of the studied material, the bigger dispersion is obtained for values of the
damping coefficient in the range 0.033–0.5 Hz, because in this set of tests a non viscous
part of the dissipated energy is involved. For higher frequency values, this effect disap-
pears according to Eq. (3.2). If the values for the first range of the tests are omitted, it is
possible to consider for this high damping rubber an average value for C of 1.20 Ns/m.
Thus, Eq. (3.1) takes the form
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1 2 2
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3.2 Proposed Model for the Non-viscous Component

3.2.1 Axial Strain Hardening. The capacity of the model to simulate axial hardening for
strain levels over 150% is given by an appropriated nonlinear elastic backbone added to
the non viscous hysteretic cycles, as it can be seen in the scheme of Fig. 9 [Naeim and
Kelly, 1999]. The proposed backbone is defined numerically by means of a polynomial,
whose coefficients are fitted to experimental data. Details about the fitting method are
given by Mata et al. [2005]. The following hardening function is obtained:

The sign and absolute value functions in Eq. (3.7) allow to develop axial hardening in both
quadrants of the strain-stress plane.

3.2.2 Non Viscous Hysteretic Cycles. The proposed model for the non viscous part of the
hysteretic cycles modifies the plasticity model proposed by Wilson, [1998]. The restoring
force model employed in this reference is obtained by solving the following system of dif-
ferential equations by means of the finite difference method

FIGURE 9 Schematic representation of the method employed for including axial hardening
into the model. An non linear elastic backbone is added to a hysteretic cycle.
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where s is the stress, Ky is the post yielding stiffness, Ke the elastic stiffness, e the real
strain of the system, ey is the yielding strain of the material, and e represents an internal
variable of plastic (hysteretic) strain, which takes a values in the range [-ey, ey]. The param-
eter n in the associated flow rule of Eq. (3.8) describes the degree of smoothness exhibited
by the transition zone between the pre- and the post-yielding branches of the hysteretic
cycle [see SAP, 2004]. A low value of n implies a smoother transition and, as n increases,
the model approximates a bilinear curve, as it can be seen in Fig. 10.

The proposed model for the component s1 solves the system of Eqs. (3.8) taking into
account that the parameters of the model, Ke, Ky, dy, and n, are function of the point in the
strain-stress space where the last change of sign of the strain rate,  has occurred, that is,
when the system goes from loading to unloading or vice versa. Therefore, the proposed
algorithm updates the parameters of the model for each change of sign of the strain rate. If
there is no change in the sign of  the parameters of the model are maintained constants.
Thus, the system of equations to solve is

FIGURE 10 Plasticity model. Smooth transition between pre- and post-yielding stiffness.
As the factor n is increased, the behaviour approximates to a bilinear one.
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where ev is the yielding strain and  are the strain and stress levels existing in the point
when the sign of  changes. In Eqs. (3.9) and (3.10), it has been emphasized the dependence
between the parameters of the model and the point where  changes the sign. Explicit forms
for the functions f1, f2, f3, and f4 have to be determined from experimental data.

A scheme of the updating procedure is shown in Fig. 11. The flow chart of the algo-
rithm that integrates the system of Eqs. (3.9) and (3.10) is shown in Fig. 12. The algorithm
starts by assigning initial values to the parameters of the model. For each strain level ei the
algorithm verifies if the strain rate,  changes of sign. If this is the case an updating pro-
cedure for the parameters f1, f2, f3, and f4 is carried out. On the contrary, the parameters
are maintained. The plastic strain and stress are then estimated.

3.2.3 Determination of Functions f1, f2, f3, f4. The function f1 defines the pre-yielding
stiffness of the strain-stress curve. An additional simplification is made in this article con-
sist in supposing that f1 is a function only of ecv, which is the strain level existing when 
changes the sign. Applying the methods proposed by Mata et al. [2004], it is possible to
develop a polynomial function describing the instantaneous stiffness after the change in
the sign of  The values of the coefficients of the polynomial for the case of the studied
material are given by

The precision of the obtained function is dependent on the quality of the experimental
data.

The post-yielding stiffness function, f2, is maintained constant and equal to the value
of the slope of the tangent to the enveloping curve of the test carried out for a strain level
of 200%, due to the fact that the tests show that all the loading or unloading branches
finally converges to the enveloping curve. Therefore, f2 is calculated as follows

( , )cve scv

&e
&e

FIGURE 11 Proposed model. The initial curve is obtained integrating the plastic model
for the initial values of the parameters Ke1,Ky1,n1, and dy1. After the loading–unloading
transition have occurred, the parameters of the model are updated to Ke2,Ky2,n2, and dy2.
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The yield strain function f3 is obtained intersecting the line with slope f1 and the enveloping
line with slope f2. The yield strain is measured from the point where  changes of sign to
the intersecting point. The analytical expression for f3 is

where scv is the stress level existing when  changes the sign and s0 is a parameter calcu-
lated evaluating the line with slope f2 at zero strain level.

The function f4 has to take values within the range [1, ∞]. Simulations considering
increasing values for f4 where carried out to approximate each curve obtained from sym-
metric tests. For each value of f4, the differences between the predicted values for the
stresses and the experimental data were computed. The square root of the absolute value
of the sum of those differences was chosen as function to be minimized. The obtained
results allow to conclude that the best value for f4 was

FIGURE 12 Flow chart for the integration algorithm for the Eqs. (3.9) and (3.10).
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3.3 Proposed Model

Having determined the functions f1, f2, f3, and f4, the corresponding form for the model
of Eq. (3.6) is now given by

This model is able to simulate: energy dissipation for cuasi static loading, variable shear
modulus, axial hardening for strains over 150%, energy dissipation due to viscous mecha-
nisms, and history independent behavior. Ten parameters are needed to characterize the
proposed model, which can be considered a large number comparing with the number of
parameters required by other models in literature [see, e.g., Wen, 1976; Soon and
Dargush, 1997]. But, on other hand, relatively simple procedures are required for their cal-
ibration from experimental data and this fact and the versatility showed by the model com-
pensate the higher number of variables.

4. Validation of the Proposed Model

The response predicted by the proposed model is compared with experimental data for
symmetric and arbitrary loading cases to validate its capacity to simulate the rubber
behavior. Additionally, the responses obtained from Kelvin and Plasticity models are
compared with the model response and the experimental data.

4.1 General Behavior of the Model

For highlighting the ability of the proposed model in simulating the general behavior
of rubbers, fictitious values for the parameters f1, f2, f3, and f4 are employed when sub-
jecting the model to a sinusoidal record of imposed displacements with an increasing
strain level up to 200% and a loading frequency of 0.5 Hz. A damping coefficient value of
1.20 Ns/m determined from experimental data and other two other fictitious values of
0.50 Ns/m and 3.0 Ns/m, were employed to compare their influence in the response. It
is possible to see from Fig. 13b that energy dissipation is increased when the viscous
damping coefficient is increased. The model shows variable shear modulus and it is possi-
ble to distinguish three zones:

• Low strain level, <50%, which corresponds to the highest values of the shear
modulus.

• Medium strain level, 50–150%, which corresponds to moderate values of the shear
modulus.

• Large strain values, >150%, for which instantaneous stiffness is increased again
and axial hardening becomes apparent, allowing to simulate the configuration
changes of the test specimens during the experiments.

The hysteretic cycles show an elliptical shape for small strains, but when they are
increased, the cycles approximate to a rectangle.

A second set of simulations was carried out to evaluate the ability of the model to dis-
sipate energy for the same record of imposed displacements of Fig. 13a, but different load-
ing frequencies. Results for a damping coefficient of 1.20 Ns/m are shown in Fig. 14a. In
this case, the loading frequencies were 1/33, 1.00, and 2.00 Hz. It is possible to see the non
viscous part of the dissipated energy for loading frequency of 1/33 Hz. The bigger the

s f e s f e f e e e1 2 1 2= + − + ( ) +d ecv
NLcv

cv( , ) ( ( ) ) .sgn 5.0 1.5 0 12( ) -
1.5

&.. (3.15)
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loading frequency the bigger the dissipated energy. In Fig. 14b, there is a detail of the low
strain zone where it is possible to appreciate the shape of the hysteretic cycles initially
elliptic but, when the strain level is increased, the ellipse is enlarged along its major axis
approximating its shape to a rectangle.

FIGURE 13 (a) Applied record of imposed displacements. (b) Hysteretic cycles obtained
for three values of the damping coefficient.

FIGURE 14 Hysteretic cycles. (a) Results for different loading frequencies. (b) Detail of
the zone corresponding to low strain level.
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4.2 Comparison with Experimental Data Subjected to Symmetric Loading Tests

The response of the model calibrated from experimental data was compared with results
from tests for a loading frequency of 0.5 Hz. Figure 15 shows the predicted and experi-
mental responses. A good agreement is obtained for all strain levels, but the fitting is
better for strain levels over 50%. The results shown in this figure allow to confirm the
capacity of the model to reproduce the rubber behavior including variable shear modulus,
axial hardening and the global change in the shape of the hysteretic cycle, going from
approximately elliptic to rectangular.

4.3 Comparison with Experimental Data Subjected to Arbitrary Loading Tests

Figures 16a, 16b, 17a, and 17b show the numerical results for the simulation of the rubber
response for arbitrary loading records. For the case of an arbitrary sequence of ramps, it is
possible to see a general good agreement between the predicted stress and experimental
data. The differences can be explained by the fact that the initial stiffness is taken as func-
tion only of the strain level existing when the strain rate change of sign and, therefore, it
does not take into account the stress level. From Fig. 16a it is possible to appreciate that
energy dissipation occurs during the cycles induced by the ramps; however, the agreement
between model and experimental data shows more significant differences for medium
strain levels. On the other hand, the model is able to reproduce the enveloping cycle with a
remarkable precision. The general behavior of the rubber is well fitted by the model
including variable stiffness, energy dissipation in asymmetric loading cycles, and axial
hardening.

For the case of the displacement record obtained from the seismic record, the comparison
between numerical and experimental data is shown in Fig. 17. In Fig. 17a, it is possible to
see a good agreement between the hysteretic cycles obtained through numerical simula-
tion and experimental data. The model is able to reproduce variable stiffness and axial
hardening. The good agreement is confirmed by Fig. 17b, where the predicted stress time
history fits the experimental values with an error of 5%.

Finally, it is possible to say that the proposed numerical model is able to describe the
rubber behavior for an arbitrary loading case with remarkable precision. The differences
between numerical and experimental data can be explained by the fact that the initial stiff-
ness function only depends on the strain level.

4.4 Comparison with Other Models

The numerical response of the model is now compared with those obtained by means of
Kelvin’s model and the plasticity model. Kelvin’s model is frequently used in case of elas-
tomers with a high content in visco elastic rubber, because the most of the dissipated
energy is due to viscous mechanisms [Sommer, 1989]. When the content of black hums in
the rubber is increased, the non viscous hysteresis became predominant in the response
[Salomon et al., 1999; Ponce León et al., 1997]. In this case, the plasticity model is able to
simulate the mechanical response more realistically than Kelvin’s. The two models are
probably not able to simulate realistically the rubber behavior in a general case, because
the major part of the high damping rubber dissipates energy by mean of a set of phenom-
ena including viscous, displacement dependent and frictional mechanisms among others.

Kevin’s model is based on a linear spring acting in parallel with a linear dashpot.
Therefore, the elastic modulus, E, and the viscous damping coefficient, C, of the material
are maintained constants for any strain level [Ahmadi and Muhr, 1997]. However, the
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rubber frequently shows a higher stiffness for low strain levels leading to a softer behavior
for medium strain levels.

Thus, if the parameters of Kelvin’s model are calibrated for the simulation of the rubber
behavior, two set of parameters are required. The first one is valid only for describing the
rubber behavior in the medium strain range and the second one in the low strain level.
Axial hardening cannot be simulated by using the this model. Good fittings in the low strain
range will produce poor results in the medium range and vice versa [Mata and Boroschek,
2001]. It is possible to see in Fig. 18b the comparison between the responses obtained with
the proposed model for an arbitrary record and the experimental data. The employed

FIGURE 16 (a) Comparison between numerical simulation and experimental data for the
sequence of ramps. (b) Stress time history.

FIGURE 17 (a) Comparison between numerical simulation and experimental data for the
seismic case. (b) Stress time history.
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record is shown in Fig. 18a. It is possible to see the good agreement between predicted and
experimental data, (error = ⏐ predicted value – experimental value ⏐ / ⏐exp. value⏐ < 2%).

The same record was used to study the response of Kelvin’s model. Figure 19a shows
the response of Kelvin’s model calibrated for the set of parameters that produce a good
fitting in the medium strain range. It is possible to appreciate a bad agreement for stresses
in the strain range: 70–200%. In Fig. 19b, the experimental data is compared with the
response of Kelvin’s model calibrated in the low strain level. It is possible to see the bad
agreement of Kelvin’s model for strain levels over 50%. It is possible to conclude from
Figs. 18 and 19 that the performance of the proposed model is clearly better than Kelvin’s
model in the case of the employed record.

The same test was applied to the case of the bilinear plasticity model. This model is
defined by means of three parameters: pre-yielding elastic modulus Ke, yielding strain fy,
and post-yielding modulus Ky. The model is able to dissipate energy by non viscous
mechanisms. Two sets of parameters were calibrated to fit the experimental response in
the low and medium strain ranges.

Figure 20a shows the comparison between experimental data, the response from the
proposed model and the plasticity model calibrated for medium strain levels. It is con-
cluded that a better fitting is obtained for the proposed model, whereas the plasticity
model shows remarkable differences (error > 8%) for the strain range: < 70% and >150%.
Figure 20b shows the same comparisons as Fig. 20a but the plasticity model was cali-
brated for the low strain level. In this case, the differences between the plasticity model
and the experimental data can reach a maximum error of 27% for stresses in the strain
range: 50–200%.

FIGURE 18 (a) Imposed displacement record. (b) Comparison between experimental
data and the proposed model response.
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FIGURE 19 Comparison between the results predicted by the Kelvin model and the
experimental data. (a) Kelvin model employing the first set of parameters: K = 3.30.105 Pa;
C = 2.20 N/s. (b) Second set of parameters K = 18.00.105 Pa; C = 3.50 N/s.

FIGURE 20 Comparison between experimental data and the responses obtained from the
plasticity and the proposed models. (a) Plasticity calibrated for medium strain levels.
Parameters: Ke = 7.00.105 Pa; Ky = 3.70.105 Pa; fy = 0.042 cm/cm. (b) Plasticity calibrated
for low strain levels. Parameters: Ke = 12.00.105 Pa; Ky = 6.50.105 Pa; fy = 0.031 cm/cm.
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5. Conclusions

The mechanical characteristics of a high damping rubber to be used to develop passive
control devices were studied in this work. A set of tests on rubber specimens was carried
out to know the mechanical response of the rubber when it is subjected to symmetrical,
asymmetrical and arbitrary records of imposed displacements. The dependency of the
response with frequency and strain level was studied. The main dissipative mechanisms
were identified and classified in non viscous and viscous, according to the dependency of
dissipation on displacement or velocity. A method to estimate a viscous damping coeffi-
cient characterizing the velocity dependent part of the response is proposed. The displace-
ment dependent part of the dissipation was studied, concluding that the response of
material do not depend on the previous strain history. Among the more remarkable charac-
teristics of the non viscous hysteresis are the following: strongly variable shear modulus,
axial hardening for strain levels over 150%, and appreciable changes in shape of the hys-
teretic cycles when the strain level is increased. Additionally, a new model for the rubber
behavior was proposed as an extension of the plasticity model proposed in reference
[Wilson, 1998]. The new model is developed adding the effects of three components: a
nonlinear viscous dashpot acting in parallel with a nonlinear elastic backbone and a hys-
teretic spring.

All the parameters of the proposed model were calibrated from experimental data.
The hysteretic spring response is obtained by solving the system of differential equations
describing the relationship between the average stress and the average strain by using the
finite differences method. The proposed model is validated with the data obtained from
symmetrical and arbitrary tests. Moreover, the response is compared with those obtained
from Kelvin’s model and plasticity model. In both cases, the proposed model reproduces
the rubber response with a higher precision. Several limitations for simulating rubber
behavior associated with Kelvin’s and the plasticity models are related with the fact that
they are defined by a set of constant parameters. In the case of the proposed model, most
of the parameters are defined by functions, what allows simulating more complex material
behaviors.
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