Hybrid Fractional Coupled Systems with Generalized Caputo
Derivatives

Dalal Alhwikem! and Muath AwadallaZ*

1 Department of Mathematics, College of Science, Qassim University, Burydah, Saudi
Arabia.
2 Department of Mathematics, College of Science, King Faisal University, Al-Ahsa, Saudi
Arabia.
Corresponding Author: Muath Awadalla. Email: mawadalla@kfu.edu.sa
Received: 02 January 2026; Accepted: 15 April 2026

Abstract

This paper establishes a comprehensive theoretical framework for a novel coupled
system of nonlinear hybrid fractional differential equations involving generalized Ca-
puto derivatives. The system’s hybrid nature, coupled with the generality of the frac-
tional operators, allows for modeling complex interdependent processes with memory
effects that cannot be adequately captured by existing models.

Using Krasnoselskii’s fixed point theorem, we prove the existence of at least one so-
lution under explicit coupling conditions. Under appropriate Lipschitz conditions, we
establish uniqueness via Banach’s contraction principle, deriving a quantitative condi-
tion involving the fractional orders, generalization parameters, and Lipschitz constants.
We also conduct a rigorous analysis of Ulam-Hyers and Ulam-Hyers-Rassias stability,
obtaining explicit stability constants that provide quantitative bounds on how pertur-
bations in the input affect the solution.

The theoretical results are validated through three carefully constructed numeri-
cal examples with explicit parameter values demonstrating existence, uniqueness, and
Ulam-Hyers stability. A parameter sensitivity analysis confirms the robustness of the
uniqueness condition across variations in fractional orders, generalization parameters,
and interval lengths. The paper concludes with a discussion of limitations and direc-
tions for future research, including extensions to higher fractional orders, delay and
impulsive effects, and numerical methods.

Keywords: Hybrid fractional differential equations, Generalized Caputo derivative, Cou-
pled system, Fixed point theorems, Ulam-Hyers stability
MSC 2020: 34A08, 34A12, 26A33, 34D10, 47H10.

1 Introduction

Fractional calculus, the branch of mathematical analysis that generalizes integer-order deriva-
tives and integrals to arbitrary real or complex orders, has transcended its purely theo-
retical origins to become an indispensable tool for modeling complex phenomena across
science and engineering [1-5]. Unlike their classical counterparts, fractional-order opera-
tors are inherently non-local, endowing them with a powerful “memory effect” that makes
them exceptionally well-suited for describing systems with long-range temporal depen-
dencies and spatial interactions. This property has led to groundbreaking applications in
viscoelasticity [6], bioengineering [7], control theory [8], signal processing [9], and financial
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modeling [10]. Recent advances have further extended these applications to autonomous
systems, where fractional-order type-3 fuzzy control has demonstrated remarkable perfor-
mance in path-tracking tasks for driverless cars, leveraging the memory-dependent nature
of fractional operators to handle parametric uncertainties and unknown disturbances [11].

Within this expansive field, the study of fractional differential equations (FDEs) consti-
tutes a central and rapidly evolving area of research. A significant advancement has been
the introduction of generalized fractional operators, which incorporate an additional pa-
rameter that offers greater flexibility and a more nuanced description of complex processes.
Among these, the generalized Caputo derivative, as defined by Katugampola [12], has
garnered considerable attention. It generalizes both the classical Caputo and the Caputo-
Hadamard derivatives, providing a unified framework that can be tailored to specific ap-
plications by adjusting its parameters [13,14]. The versatility of this operator has recently
been demonstrated in various contexts, including fractional iterative differential equations
with boundary conditions via the u-Caputo fractional derivative [15], and numerical in-
vestigations of coupled modified Korteweg-de Vries systems [16]. Furthermore, the ©-
Caputo framework has proven particularly effective in modeling biological phenomena,
such as cholera dynamics, where memory effects and environmental feedback play crucial
roles [17].

Parallel to the development of generalized operators, the investigation of coupled sys-
tems of FDEs has emerged as a critical frontier. Many real-world processes are not iso-
lated but are interdependent—think of predator-prey dynamics in ecology, the interaction
of diseases in epidemiology, or synchronized oscillators in physics. Coupled systems of
FDEs provide the mathematical language to model such intricate interactions where the
evolution of one state variable is intrinsically linked to the others, and where memory ef-
fects play a crucial role in the system’s collective behavior [18,19]. The analysis of such
systems continues to evolve, with recent studies addressing weakly coupled systems of
subdiffusion equations that reveal fundamentally distinct decay behaviors compared to
single equations [20], and coupled fractional stochastic differential equations that capture
randomness and sudden fluctuations in real-world phenomena [21,22]. The stabilization
of coupled PDE-ODE systems with input saturation has also been investigated, providing
insights into controllability and semi-global stabilization under constraints [23].

A further layer of complexity and practical relevance is added by the concept of hybrid
fractional differential equations. A hybrid system is characterized by the perturbation of
the differential equation by a function of the unknown solution, often separated into linear
and nonlinear components. These systems, particularly those with perturbations of the
tirst type (where the function of the solution is added to the unknown function inside the
derivative), can model phenomena where a system’s state is subject to abrupt changes or is
influenced by an external force that depends on its current state [24,25]. The hybrid struc-
ture introduces significant analytical challenges, as the standard theory for standard FDEs
often cannot be directly applied. Recent developments have addressed these challenges
through various approaches, including the analysis of fractional hybrid systems with im-
pulsive effects, where Dhage’s fixed point theorem is extended to establish existence and
Ulam-Hyers stability under explicit conditions [26-29]. Hybrid stochastic fractional differ-
ential equations incorporating neutral effects and switching mechanisms have also been
investigated within the Atangana-Baleanu-Caputo framework, capturing the joint influ-
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ence of randomness, history, and abrupt transitions [30]. Variable-order fractional delay
differential equations with integral boundary conditions further extend the modeling ca-
pabilities for systems with evolving memory [31, 32].

The stability analysis of differential equations is paramount for understanding the long-
term behavior of dynamical systems under perturbations. In this context, Ulam-Hyers (U-
H) stability and its generalizations have become a focal point of modern analysis. This
form of stability guarantees that an approximate solution of an equation is always close
to an exact solution, a property of immense value in numerical analysis and applications
where models are inherently approximate [33-37]. Establishing U-H stability for nonlinear
fractional systems, especially coupled and hybrid ones, requires sophisticated techniques,
often involving Gronwall-type inequalities and careful fixed-point arguments. The recent
literature has witnessed significant progress in this direction, with studies on Ulam-type
stability for fractional integro-delay differential equations via the y-Hilfer operator [38,39],
and comprehensive stability analyses for variable-order fractional systems with multiple
delays [31]. These developments provide a rich foundation for extending stability theory
to more complex coupled hybrid configurations.

While significant progress has been made on each of these fronts individually—generalized
operators, coupled systems, hybrid equations, and stability theory—their intersection re-
mains a largely underexplored territory. The existing literature is rich with studies on stan-
dard coupled FDEs [40-42] and hybrid FDEs in the Riemann-Liouville or Caputo sense
[43,44]. However, the analysis of coupled systems of nonlinear hybrid FDEs within the
framework of generalized Caputo derivatives presents a formidable and novel challenge.
This gap in the literature represents a significant opportunity to develop a more unified
and powerful theoretical framework. Recent works have begun to address related aspects,
such as fractional iterative differential equations with p-Caputo derivatives [15] and cou-
pled fractional stochastic systems [21], but a comprehensive treatment of coupled hybrid
systems with generalized Caputo derivatives remains absent.

The novelty and originality of this article is multi-faceted. First, we investigate, for
the first time, a coupled system of nonlinear hybrid FDEs involving generalized Caputo
derivatives. The system’s hybrid nature, characterized by linear perturbations of the first
type, coupled with the generality of the fractional operators (parameters «, 8, p, o), allows
for modeling a vast array of complex, interdependent processes with memory effects that
cannot be adequately captured by existing models. Second, we provide a simultaneous
and rigorous investigation of three fundamental properties—existence, uniqueness, and
Ulam-Hyers stability—for this complex system. Many studies focus on one or two of these
aspects; our work delivers a complete theoretical treatment. Third, the proofs are construc-
tive, leveraging a combination of advanced fixed-point theorems. We employ Krasnosel-
skii’s fixed point theorem to establish existence, which is particularly adept at handling
the hybrid structure’s decomposition into contractive and compact parts. We then use Ba-
nach’s contraction principle to prove uniqueness under appropriate Lipschitz conditions.
This dual approach allows us to obtain strong results under different sets of assumptions.
Finally, our stability analysis is not merely qualitative but quantitative. We derive explicit
formulas for the Ulam-Hyers stability constants, which is a significant strength for prac-
tical applications and numerical error estimation. It is important to emphasize that this
work concerns fractional dynamical systems in the context of differential equations and
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their stability analysis, and does not involve guided wave propagation, surface waves, or
any related physical wave phenomena.

In [45], the existence and uniqueness of solutions to nonlinear hybrid fractional differ-
ential equations within the Atangana-Baleanu-Caputo framework were investigated. Their
analysis incorporates both linear and nonlinear perturbations.

{ABCD;"P[xa) P(t,x(5), y() — n(t,x(D), y(D)] = 0(t,x(8),y(B),t € = [0,T], T >0,

x(0)9(0,x(0),y(0)) + px(T)p(T, x(T),y(T)) = 1(0,x(0),y(0)) + p1y(T, x(T), y(T)) + B,
(1)
where * denotes the Atangana-Baleanu—Caputo fractional derivative of order a and
type p, ¥, 1,0 € C(J] x R,R) are given functions, and y, § € R with u # 1.
In [46], the authors focused on establishing the existence and uniqueness of solutions for
a specific set of Caputo-Fabrizio fractional differential equations under periodic boundary
conditions (PBCs).

ABCD’X
a

CFDju(t) + SFD§u(t) — Au(t) = f(t,u(t)), @

where
re=a+1 0<a<1, A>0,te]0,T],

with
u(0) =u(T),  u'(0) =u'(T). (3)

Specifically, we consider the following coupled system of nonlinear hybrid fractional
differential equations with generalized Caputo derivatives. For t € | = [a, T], with initial
conditions x(a) = xo, y(a) = yo, the system is defined as:

{CDZ"" [x(8) = ha (8, x(8), y(8))] = Fa(t, x(8), (1)),
DL [y(8) = It x(8), y(1)] = Falt, x(8), (1)),

where «, f € (0,1] are the fractional orders, p,c > 0 are the generalization parameters,
CDy* denotes the generalized Caputo derivative, and Fy, F, hy, hy : | X R? — R are given
continuous functions.

The primary objectives of this paper are to establish an equivalent system of nonlinear
integral equations, which serves as the foundation for our fixed-point analysis; to prove
the existence of at least one solution for the system using Krasnoselskii’s fixed point the-
orem; to establish sufficient conditions for the existence of a unique solution via Banach’s
contraction mapping principle; to conduct a rigorous analysis of Ulam-Hyers and Ulam-
Hyers-Rassias stability for the proposed system, providing explicit stability constants; and
to validate the theoretical findings through carefully constructed numerical examples that
demonstrate the applicability of each main result.

The remainder of this paper is structured as follows: Section 2 revisits essential pre-
liminaries and definitions, including a dedicated subsection on modelling assumptions
and a comprehensive notation table. Section 3 contains an auxiliary lemma converting
the differential system into an integral form, accompanied by a schematic workflow dia-
gram. Our main results on existence, uniqueness, and stability are presented in Section 4,
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with remarks on coupling effects and comparisons with existing literature. Section 5 pro-
vides illustrative examples with detailed parameter justification, sensitivity analysis, and
graphical summaries. Section 6 concludes the paper with final remarks, explicit quanti-
tative contributions, limitations of the theoretical framework, and suggestions for future
research.

2 Preliminaries

This section is devoted to presenting the fundamental definitions, notations, and prelim-
inary results that will be essential for establishing our main theorems. Throughout this
work, leta > 0and | = [a, T] be a closed interval with T > a. We denote by C = C(J,R)
the Banach space of all continuous functions defined on | endowed with the supremum
norm |[|x||e = sup,¢; |x(t)|. For our coupled system, the appropriate Banach space will be

the product space B = C x C equipped with the norm || (x, y)||5g = [|*]|ec + ||¥/||co-

2.1 Functional Framework

The analysis of the coupled system (2) is conducted within the Banach space B = C x C
with the norm defined above. The nonlinear functions F;, F>, hy,hy @ ] x R> — R are
assumed to satisfy certain conditions (continuity, Lipschitz, or boundedness) which will be
stated explicitly in Section 4 where they are employed in the fixed-point arguments. These
assumptions are standard in the literature on fractional differential systems and ensure the
applicability of Krasnoselskii’s fixed point theorem, Banach’s contraction principle, and
the Ulam-Hyers stability analysis presented in Section 4.
We now recall the definitions of the generalized fractional operators.

Definition 1. .[Generalized Fractional Integral [12]] Let &« > 0, p > 0, and f € C. The
generalized fractional integral of order a of the function f is defined by

1—a ot
Itx,p — P / o—1ro _ oya—1 .
S f(t) T (a) 8 (tF —sP)* " f(s)ds, t>a
Definition 2. .[Generalized Caputo Fractional Derivative [12]] Let « € (0,1}, p > 0, and f
be a differentiable function on J. The generalized Caputo fractional derivative of order a
of the function f is defined by

Cp (t):r(lpi“) /at (tp_lsp)af’(s)ds, t> a.

Remark 1. It is crucial to note that for a constant function ¢, the generalized Caputo deriva-
tive satisfies CDZ’f ¢ = 0, a property that aligns with its physical interpretation and simpli-
fies the analysis of hybrid systems.

Remark 2. .[Comparison with Other Fractional Operators] The generalized Caputo deriva-

tive employed in this work offers several advantages and limitations compared to other
fractional operators:



¢ Compared to Riemann-Liouville: The Caputo formulation (including its general-
ization) allows for initial conditions expressed in terms of integer-order derivatives,
which have clear physical interpretations. This makes it more suitable for modeling
real-world phenomena where initial states are measured directly [1].

* Compared to Hadamard: The generalized Caputo derivative is related to Caputo-
Hadamard-type operators through logarithmic-type kernels, providing a unified frame-
work that encompasses both power-law and logarithmic memory structures [13].

* Compared to Atangana-Baleanu: The generalized Caputo derivative employs a power-
law kernel that is singular at the endpoint, whereas the Atangana-Baleanu operator
uses a non-singular Mittag-Leffler kernel. The singular kernel in the generalized Ca-
puto setting is advantageous for modeling phenomena with strong memory near the
origin but may be less suitable for processes requiring smooth kernel behavior [14].

* Limitations: The generalized Caputo derivative assumes differentiability of the func-
tion in the classical sense, which may be restrictive for highly irregular functions. Ad-
ditionally, the parameter p introduces an extra degree of freedom that requires careful
calibration in applications. For processes with variable memory order, variable-order
fractional operators may be more appropriate [31].

The following lemmas establish the composition properties of these operators, which
are fundamental for converting the differential problem into an integral equation.

Lemma 1 ([13]). Letw € (0,1], p > 0, and f € C. Then, the following identity holds:
D (IEf(1) = f(b).

Lemma 2 ( [13]). Let « € (0,1], p > 0, and f be a differentiable function. Then, the following
identity holds:

L (DA (D) = £~ fla)

The proofs of our main results will rely on the following celebrated fixed point theo-
rems.

Lemma 3 (Krasnoselskii’s Fixed Point Theorem [1]). Let E be a Banach space and B C E be
a nonempty, closed, convex, and bounded set. Let P, Q : B — E be two operators satisfying the
following conditions:

1. Px+ Qy € Bforall x,y € B;
2. ‘P is a contraction mapping;
3. Q is continuous and compact.
Then, there exists at least one fixed point z € B such that z = Pz + Qz.

Lemma 4 (Banach Contraction Mapping Principle [1]). Let (X, d) be a complete metric space
and T : X — X be a contraction mapping, i.e., there exists a constant k € [0,1) such that
d(Tx, Ty) < kd(x,y) forall x,y € X. Then, T has a unique fixed point in X.
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Finally, we state the core definitions related to the stability analysis of our system.

Definition 3 (Ulam-Hyers Stability [8]). The coupled system (1) is Ulam-Hyers (U-H) stable
if there exist real numbers C;,C, > 0 such that for every €;,e2 > 0 and for every pair of
functions (x,y) € B satisfying the inequalities

DY [x(t) — I, x(), y(0)] — (b, x(0) y(0)] < e,

DB (1) — ha(t, (), y()] — Bt x(8),y(1)| < e,

there exists a unique solution (x*, y*) € B of the system (1) with

1, y) = (2%, 5|8 < (Crer + Caer).

2.2 Notation Summary

To assist the reader in navigating the multiple parameters and operators used throughout
this manuscript, we provide the following notation table:

Symbol Meaning
a, b€ (0,1] Fractional orders of the generalized Caputo derivatives

p,0>0 Generalization parameters in the fractional operators

J=[a,T| Interval of interest witha >0, T > a
C=C(J,R) Banach space of continuous functions with supremum norm
B=CxC(C Product Banach space for coupled system

|(x,¥)||5 = ||x]lc + ||¥]|o | Norm on the product space
CD,* Generalized Caputo fractional derivative of order o with parameter p
" Generalized fractional integral of order & with parameter p

Hy = xo — h1(a, x0,y0) Constant arising from initial condition in the first equation
Hy = yo — ha(a,x0,y0) | Constant arising from initial condition in the second equation
Lg, LF, Ly, Ly, Lipschitz constants for the nonlinear functions (defined in (A2))

_ My, (TP-a)*

D) = Integral bound for the first equation

p"T(a+1)
Mg, (T7—a%)F .
D, = TR Integral bound for the second equation
A Contraction constant for uniqueness theorem (defined in Theorem 2)
C1, G Ulam-Hyers stability constants (defined in Theorem 3)

Mg, , MF,, My, My, Boundedness constants for the nonlinear functions (defined in (A3))

3 An Auxiliary Result

The foundation of our analysis relies on converting the coupled system of hybrid frac-
tional differential equations into an equivalent system of nonlinear integral equations. This
transformation is crucial as it allows us to reformulate the problem within the framework
of fixed point theory, enabling the use of powerful topological and analytical methods to
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establish existence, uniqueness, and stability results. The overall workflow, from the differ-
ential system to the integral system and the subsequent fixed-point analysis, is illustrated
schematically in Figure 1.

Differential System

CDZf[X — hl] = Fl

DMy —ho) = B
with x(a) = xo, y(a) = yo

1

{ Apply I::f and Iff J

to both equations

b

Use Lemma 2.5:
LF(EDYEf)(t) = f(t) — f(a)

h

{Substitute initial conditions}

x(a) = xo, y(a) = yo

~

Rearrange terms to obtain
integral formulation

|

Integral System
x=Hy+h+ Ingl

y=H+h+IF
with same initial conditions

Figure 1: Workflow for converting the differential system into an equivalent integral sys-
tem and vice versa

Lemma 5. Let a, B € (0,1}, p,0 > 0, and a > 0. Assume that Fy, Fy,hy,hy : ] X R2 — R are
continuous functions. Then, a pair of functions (x,y) € B is a solution of the coupled system of
hybrid fractional differential equations

{CD;‘f [x(t) = (6, x(1),y(£)] = Fi(t, x(2), y (1)),
DR [y(t) = ha(t, x(1),y(1))] = Fa(t, (1), y(1)),

satisfying the initial conditions

te] (4)



if and only if it satisfies the following system of coupled nonlinear integral equations:

{x(t) = Hi+hi(tx(t),y(t) + LT Rt x(t), y (1)),

te] )
y(£) = Ha + ha(t, x(), y(5) + VB, (1), y (1)),

with the same initial conditions x(a) = xo, y(a) = yo, where the constants Hy and Hy are given
by
Hy = xo — hi(a,x0,y0), Hz = yo — ha(a, x0,y0)-

Proof. We prove the equivalence in two directions.

(=) Differential — Integral: Assume (x,y) € B is a solution of the system of fractional
differential equations (4) satisfying the initial conditions x(a) = xo, y(a) = yo.
Step 1: Apply the fractional integral to the first equation. Applying the generalized frac-
tional integral operator Isf to both sides of the first equation in (4) yields:

19 (OO [x(t) — It (1), y(1)]) = LLFa(t,x(8), y(1).

Step 2: Use Lemma 2 to simplify the left-hand side. By Lemma 2, which states that
I"P (D f(t)) = f(t) — f(a) for differentiable functions f, we obtain:

[e(t) = ha(t, x(8), y(6))] = [x(a) — hn(a,x(a), y(a))] = LEF (L x(t), y(1)).

Step 3: Incorporate the initial conditions. Using the given initial conditions x(a) = xg
and y(a) = yo, this simplifies to:

x(t) = ha(t, x(t), y(t)) = x0 — h1(a, x0, yo) + LEFi(t x(8), y(1)).

Step 4: Rearrange to obtain the integral form. Rearranging terms and substituting H; =
xo — h1(a, x0,y0) yields the first integral equation in (5):

x(t) = Hy + In(t,x(0),y(0)) + PR (6, x(0), y(0)).

Step 5: Repeat for the second equation. A completely analogous process, applying I f 7 to
the second equation in (4) and using Lemma 1 with the initial conditions, leads to:

y(t) = Hy + o (t,x(8), y(1) + IPBa(t, x(8), y(1)),

where Hy = yo — ha(a, x0,y0). Thus, (x,y) satisfies the integral system (5) with the pre-
scribed initial conditions.

(<) Integral — Differential: Conversely, assume (x,y) € B satisfies the integral sys-
tem (5) together with the initial conditions x(a) = xo, y(a) = yo.
Step 1: Rewrite the first integral equation. From the first equation in (5), we have

x(t) = ha(t,x(4),y(£)) = Hi + LEF(x(8), y(1)).

9



Step 2: Apply the generalized Caputo derivative. Applying CDZ’f to both sides yields
CDM[x(t) — I (t,x(8), y(£))] = CD [Hy] + DM (I By (1, (), y(1)))

Step 3: Use the operator properties. Since Hj is constant, Remark 2.3 gives CDZ’f [H] = 0.
By Lemma 2.5,

DY (IPR() = Rt x(1),y(t)).
Therefore,
CDM[x(t) — I (t,x(8), y(1)] = Fy(t,x(8), (1)),
which is precisely the first equation in (4).
Step 4: Repeat for the second equation. Similarly, from the second equation in (5),

y(t) = ha(t,x(£),y(£)) = Ha + IPTEa(t, x(8), y(1)),

and applying CDf 7 gives

DRI Ty(t) — hat, x(8), y(1)] = Falt, x(8), y(1)).

Step 5: Initial conditions. Since x(a) = xp and y(a) = yp by assumption, the pair (x,y)
satisfies both the differential equations and the prescribed initial conditions. Hence, (x, )
is a solution of (4).

This completes the proof of the equivalence. O

4 Main Results

This section presents the core theoretical contributions of this work. We establish three
fundamental properties of the coupled system (4): the existence of at least one solution, the
uniqueness of such a solution under stronger conditions, and the Ulam-Hyers stability of
the system. The proofs are constructive and detailed, leveraging the fixed point theorems
stated in the Preliminaries and the equivalent integral formulation derived in Lemma 5.
To facilitate our analysis, we begin by stating the necessary hypotheses on the nonlinear
functions F;, 5, hy, and h.
Assumptions:

(A1) Continuity: The functions
B, B, b, by JxR2 > R
are jointly continuous.

(A2) Lipschitz conditions: There exist constants Lr,, Lf,, Ly,, Ly, > 0 such that forall t € |
and all u,v,x,y € R,

[Fi(t ) = Bt u,0)| < Lp ([x = uf + [y — o)),
B2t x,y) = Ba(t, u,0)| < Lp, (| — ul + |y — o),
B (t, x,y) = (t,u,0)| < Ly (Jx — ul + |y = o),
[ha(t,x,y) = ha(t, u,0)| < Ly, (|x — uf + |y — o])



(A3) Boundedness: There exist positive constants Mp,, Mf,, My, M}, such that for all
(t,x,y) € ] x R?,

|Fi(t,x,y)| < M, |E2(t,x,y)| < M,
[l (t,x, y)| < My, |ha(t,x,y)] < My,.

We now proceed to the first main result.

Theorem 1 (Existence). Assume that conditions (A1), (A2), and (A3) hold. If
Ly, + Ly, <1,
then the coupled system (4) has at least one solution (x*,y*) € B.

Proof. The proof employs Krasnoselskii’s fixed point theorem (Lemma 3). Based on the
equivalent integral system (5) from Lemma 5, define the operator 7 : B — B by

T(x,y) = (Ti(x,y), T2(x,y)),
where
Ti(x,y)(t) = Hi + (8, x(8), y (1) + LPE (1 x(),y (1),
Ta(x,y)(t) = Hp + ha(t, x(8), y (1)) + PO Ea(t, x(8), y(1)).

It follows from the continuity of the functions and integral operators that 7 is well defined
and maps B into itself.
We decompose 7 as

T:P+Ql

where

Pi(x,y)(t) = h(t,x(H),y(t),  Qu(xy)(t) = Hi+ LR (1), y(t)),
Pa(x,y)(8) = la(t,x(8),y(1),  Qa(x,y)(t) = Ho+ I Falt, (1), y(1)).

Intuition: The decomposition 7 = P + Q separates the hybrid contribution from the
fractional memory contribution. The operator P captures the immediate state-dependent
interaction through h; and hy, while Q contains the fractional integral terms that encode
memory. Krasnoselskii’s theorem is particularly suitable in this setting because it combines
a contractive component with a compact one.
Step 1: Define the set and show that P(x,y) + Q(u,v) € Bg.

For the Banach space B = C(J,R) x C(],R), we equip B with the norm

1Ce )l = lxlleo + [y lleo,

where ||x[|cc = sup,¢;[x(t)].
Let R > 0 be chosen later, and define the closed ball

Br = {(x,y) € B:[[(x,y)ls <R},
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which is nonempty, closed, bounded, and convex. For any (x,y), (u,v) € Bgr, we estimate
|P(x,y) + Qu,0)| 5.
For the first component,

P1(x,y) (1) + Qu(u,0)(1)]
< |ha(t,x (1), y (1) + [Hi| + [ Fi(t u(t), o(t))|

plfzx t go—1
<
< My, + |Hy| + T (a) /a (7 — )i |F1(s,u(s),v(s))|ds

MFlpl—tx t go—1
S Mh1 + ‘Hl‘ + r(“) /{; (tp _ Sp)lftx ds.

Using the substitution T = s, so that dT = ps~'ds, the integral becomes

b gl 1 [t dr (t° — af)™
/ —7 ds _— —/ — — .
Rt M s

Therefore,

P, 9) (1) + Qulw 0) ()] < My, + || 4 ol 0"

< My, + |Hi| + ¥,

p*T(a+1)
where
Mp, (TP — af)*
‘Yl =
p*T(a+1)
Hence,
[P1(x,y) + Q1(1,0) |0 < My, + |Hy| + Y1

Similarly,

MF2(tU — aU)IB

Pa(x, y)(£) + Qa(u,0)(H)| < My, + |Ha| + < My, + |Ha| + ¥,

ofT(B+1)
where
— M, (T” — a’)P
27 T GPT(B+ 1)
Thus,

1 P2(x,y) + Q2(ut,0)||0 < My, + |Ha| + ¥2.

Combining both estimates, we obtain
IP(x,y) + Qu,0) |5 < (Mp, + My,) + ([Hi| + [Hz|) + (¥1 + ¥2).
Therefore, choosing
R > (Mp, + My,) + (|Hi| + [Ha|) + (¥1 + ¥2)
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ensures that
P(x,y)+ Q(u,v) € Bg forall (x,y), (u,v) € Bg.

Hence condition (4) of Krasnoselskii’s theorem is satisfied.
Step 2: Show that P is a contraction.
For any (x1,y1), (x2,2) € Bg, we have
P11, y1) (£) — Prlx2, y2) (1)
= |ha(t, x1(8), y1(£)) = ha(t, x2(t), ya (1))
< Ly ([ (8) = 22(8) | + [y1.(£) — y2(8)])
< L || (1 = 22,51 — v2) || 8-

Taking the supremum over t € | gives

[P1(x1,y1) — Pr(x2,y2)lle0 < Ly, || (X1 — x2,y1 — y2) || 5-

Likewise,
P2(x1,y1) — P2(x2,2) |0 < L, || (X1 — x2,¥1 — ¥2) || B-

Therefore,

|P(x1,y1) — P(x2,y2) |8 < (L, + L) [ (x1 — x2, 1 — y2) || 5.

Since Ly, + Ly, < 1, the operator P is a contraction on Bg. Hence condition (4) of
Krasnoselskii’s theorem is satisfied.
Step 3: Show that Q is continuous and compact.

First, Q(Bg) is uniformly bounded, since for every (x,y) € Bg,

[Qi(xy) (O] < [Hi|+%1, [ Qa(xy)(0)] < [Ha| + T2,

and therefore
1Q(x,y)|ls < |Hi| + |Hz| +¥1 + Fo.

Next, we prove equicontinuity. Leta < t; < £, < T and (x,y) € Bg. Then

101 (x,)(t2) — Q1 (x, ) ()]
— |1 Fi(t2,x(t2), y (1)) — P Ra (11, x(1), y(tm\

MF pl—ﬂé t _ 1 t2 —
< ——— / s~ 1 s+/ s
- F(OC) a t tp — SP

(t —sp)1-n (tp —sP)l
As ty — t1, the first integral tends to zero by the dominated convergence theorem, since
the fractional kernel is integrable on [a, 1], while the second integral tends to zero because

— 0.

o gl (5 — )"
J =
t

— (s =
(t5 —sp)1-a pa

Thus, Q1 (Bg) is equicontinuous. The same argument applies to Q»(Bg), using M, and
the parameters §, 0. Therefore, by the Arzela—Ascoli theorem, Q is compact. Continuity

13



of Q follows from the continuity of F; and F, together with the dominated convergence
theorem. Hence condition (3) of Krasnoselskii’s theorem is satisfied.

All assumptions of Krasnoselskii’s fixed point theorem are now verified. Consequently,
the operator 7 = P + Q has a fixed point (x*,y*) € Bg C B, which is a solution of the
coupled system (4). O

Remark 3 (Role of Coupling in Existence). The condition L, + L,, < 1 reveals how the
coupling between the two equations influences solvability. This inequality shows that the
sum of the Lipschitz constants of the hybrid terms, rather than their individual values, de-
termines whether Krasnoselskii’s theorem applies. Stronger coupling makes the existence
condition more restrictive, since the contractive part P must dominate the combined sensi-
tivity of both hybrid components. In weakly coupled or uncoupled settings, this restriction
becomes less severe, reflecting the reduced interaction between the two components.

Theorem 2 (Uniqueness). Assume that conditions (A1) and (A2) hold. If
L (TP —af)®  Lp (T —a”)P _
T (a+1) ofT(B+1) ’

then the coupled system (4) has a unique solution in BB.

A= th —|-Lh2 +

Proof. We prove that the operator 7 = (77, 7,) defined above is a contraction on the com-
plete metric space (B, || - ||)-

Intuition: Banach’s contraction principle requires that one application of 7 decreases the
distance between two candidate solutions. The constant A quantifies the total contribution
of the hybrid interaction and the fractional memory terms. The condition A < 1 ensures
that these combined effects remain sufficiently controlled to force convergence to a unique
tixed point.

Step 1: Estimate for 7;.
Foreacht € |,

Ti 1, y) (6) = T (2, 2) 1)
= | (1 (0,1 (0) + 1P, x1<t>,yl<t>> It xa(8),yal1)) — IFFa (8, 12(6), ()|

< |l (t, x1(8), ya(£) = ha(t, x2(8), ya ()| + [ LF [Fu (o x1(+), (1)) = Fu (o xa(-), y2 ()] (£)] -
Using (A2) for hy,

[ (t, x1(8), ya () — I (t, x2(8), y2(8)| < Ly (Jxa(8) — x2(5) [+ [ya (t) — y2(1)1).
For the integral term,

L TRCxa(),y1()) = Fi(xa (), y2())] (1)

pl—oc t g1
= F(tx)/g (t0 _Sp)lfoc“:l(s ,x1(5),y1(s)) — Fi(s, x2(s), y2(s))| ds

<0 | s (1)~ 1)+ ()~ a(s))

14



Hence,

[T (e, y1) () = Ta(x2,y2) ()] < Ly (llx1 = x2fleo + [ly1 — v2lleo)

L (t0 — af)?
. (11 = x2l[eo + [ly1 — ¥2lleo)

DT T)
L 1(tp — aP)‘X
= (bt o)) I — Gl

Taking supremum over t € | gives

Lp, (TP — af)*

i)~ Tzl < (1 + ET =2

) lenm) = (el
Step 2: Estimate for 75.

By the same argument,

LFz(TU - aU)'B
ofT(B+1)

172(x1,51) = Ta(x2, y2) leo < <Lhz + ) 1, y1) = (22, 2) -

Step 3: Combine both components.
Therefore,

I7Cer,y1) = TG, y2) | = 1T 1) = Tl 2) oo + I T30, 51) = a2, 2) oo
< All(x1,91) — (x2,12) |-

Since A < 1, the operator 7 is a contraction on B. By Banach’s contraction principle
(Lemma 4), 7 has a unique fixed point in B, which is the unique solution of the coupled
system (4). m

Remark 4 (Coupling Effects on Uniqueness). The constant A explicitly quantifies how cou-
pling affects the contraction property. The hybrid interaction contributes through L, +
Ly,, while the memory-dependent forcing terms contribute through the fractional integral
bounds. In weakly coupled settings, the total contraction constant becomes smaller, so
the uniqueness condition is easier to satisfy. This reflects the fact that reduced interaction
weakens the cumulative effect of both the instantaneous and memory-driven couplings.

4.1 Comparison with Existing Literature

To highlight the novelty and improvements of our results, we compare the present work
with several related contributions on fractional coupled and hybrid systems.
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Table 1: Comparison with selected related works

Feature Ref. [44] | Ref. [45] | Ref. [26] | Ref. [15] | This work
Coupled system v X X X v
Hybrid structure v v v X v
Generalized Caputo-type operator X X X v v
Existence analysis v v v v v
Uniqueness analysis X v X v v
Ulam-Hyers stability analysis v X v v v
Explicit Ulam-Hyers constants X X X X v
Ilustrative examples v v v v v

As Table 1 shows, the present work combines several features that are usually studied
separately in the literature. In contrast to Ref. [44], the current formulation is developed
in a generalized Caputo-type setting. Refs. [45] and [26] address hybrid equations but
not coupled systems. Ref. [15] studies a generalized Caputo-type framework, but without
hybrid coupling. The contribution of the present work lies in bringing together a coupled
hybrid structure, a generalized fractional operator, and a quantitative stability analysis
within a unified existence-uniqueness—stability framework.

4.2 Physical Interpretation and Applications

The theoretical results obtained in this section may be related to several classes of memory-
dependent systems in which interaction and hybrid effects are both relevant.

Viscoelastic materials with interacting components

In viscoelasticity, constitutive laws frequently involve fractional derivatives in order to cap-
ture hereditary effects [6]. In layered or composite media, the deformation of one compo-
nent may influence the response of another, leading to coupled memory-dependent mod-
els. The present hybrid fractional framework can be adapted to describe such interactions,
where the functions h; and h; represent state-dependent internal couplings and the terms
F; and F, account for memory-driven forcing effects. In this context, the existence and
uniqueness results may provide a theoretical basis for well-posedness, while the stability
estimates indicate robustness with respect to perturbations.

Biological systems with memory and interaction

Fractional models have also been used in biological and epidemiological dynamics to ac-
count for memory and nonlocal temporal effects. For interacting populations or compart-
ments, coupled hybrid terms may arise naturally through feedback between the current
state and inherited effects from the past. The present framework may therefore offer a
useful mathematical setting for studying qualitative properties of such systems, including
solvability and sensitivity to small perturbations.
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Control systems with coupled memory effects

In control engineering, fractional-order models are often employed when the system re-
sponse exhibits memory or hereditary behavior. When two subsystems are interconnected,
the resulting dynamics may involve both coupling and state-dependent perturbations. The
results obtained here suggest theoretical guarantees for the existence and uniqueness of so-
lutions in such settings and may provide a mathematical basis for further stability-oriented
analysis.

A concrete application example.

To further illustrate how the proposed coupled hybrid fractional system arises in prac-
tice, we consider a simplified model of two interacting populations with memory effects.

Let x(t) and y(t) denote the densities of two interacting species. In many biological
systems, the growth rate depends not only on the current state but also on past states due
to environmental memory and delayed responses. A fractional formulation captures this
behavior naturally.

A simplified coupled model can be written as

“DaP[x(t) — my(t)] = rix(t) — prx(t)y(1),

DLy (t) — axx(D)] = ray(t) — Pax()y (1),
where rq, 1y are intrinsic growth rates, 1, B2 represent interaction coefficients, and ay, a,
model instantaneous cross-coupling effects. The hybrid structure appears through the
presence of these coupling terms inside the fractional derivatives, representing instanta-
neous interactions superimposed on memory-driven dynamics.
This system fits directly into the abstract framework (4) by identifying

hi(t,x,y) = a1y, ha(t,x,y) = axx,

Fi(t,x,y) = rix — Bixy, F(t,x,y) = ray — Baxy.

Under standard boundedness assumptions on the populations and suitable parameter
restrictions, the functions hy, hy, F;, and F, satisfy conditions (A1)—-(A3). Consequently, the
existence and uniqueness results guarantee that the model is well-posed, ensuring that the
system admits a solution that is both mathematically consistent and uniquely determined
by the initial data. Moreover, the Ulam—Hyers stability result provides explicit bounds de-
scribing how small perturbations in the model or data affect the solution, which is particu-
larly relevant in applications where uncertainty and measurement errors are unavoidable.

This example demonstrates that the proposed theoretical framework is not merely ab-
stract, but provides a rigorous analytical tool for studying interacting dynamical systems
with memory effects arising in biological, ecological, and engineering contexts.

5 Ulam-Hyers Stability

In this section, we establish the Ulam—-Hyers stability of the coupled system (4). This type of
stability guarantees that every approximate solution satisfying the same initial conditions
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remains close to an exact solution. Such a property is particularly relevant in numerical
approximation and in applications where the governing model is subject to small pertur-
bations.

Definition 4 (Ulam-Hyers Stability [33,34]). The coupled system (4) is said to be Ulam—
Hyers (UU-H) stable if there exist constants C1, C; > 0 such that for every €1,e2 > 0 and for
every pair of functions (¢, ) € B satisfying

¢(a) =x, (@) =yo,

and

DYt — (1 ¢(D), $(D)] = R (L (1), 9(1)| < e,
DB Ty(t) — ha(t, 0(6), 9(0))] — Bt 90), 9(1) | < €2

there exists a solution (x*, y*) € B of (4) such that

te],

1@, ¢) = (2% y7)lls < Crer + Caer.

To establish the stability estimate, we use the following generalized fractional Gronwall-
type inequality.

Lemma 6 (Generalized fractional Gronwall estimate [32,34]). Let w € C(J,R4) and let
K, A,B > 0. Assume that forall t € ],

w(t) < K+ AL [w](t) + B [w]().
Then there exists a constant M > 0 such that
w(t) < MK, te],

where one may take

_ A(TP —af)* B(T" —a”)P
M_eXp( P T(a+1) ' ofT(B+1) )

Proof. The proof follows from a standard iterative argument combined with the general-

ized fractional Gronwall inequalities associated with the operators Iz’f and I 5 "7, See [32,34]
for the underlying one-kernel estimates and their application in stability arguments for
fractional systems. O

Remark 5. Lemma 6 shows that the cumulative contribution of the two fractional memory
terms is controlled by an exponential factor depending on the integral bounds of both
kernels. This is consistent with the nonlocal nature of fractional operators, where past
states influence the present behavior over the whole interval.

We now present the main stability result.
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Theorem 3 (Ulam-Hyers Stability). Assume that the conditions of Theorem 2 are satisfied. Then
the coupled system (4) is Ulam—Hyers stable with explicit constants

Co— Md, Co— Md,
1 p“(l—th _Lhz), 2 O'AB(l—th—LhZ)’
where : ) ( )/3
TP — af)* T —a”
D=, Dy=-
' T+1) 2T T(B+1)
and

L, ®q n L, ®,
pa(l_th_Lhz) Uﬁ(l_th _Lhz)

M = exp (
Proof. Let ey, e, > 0and let (¢, ) € B satisfy

¢(a) =x,  p(a) = yo,
together with

D [9(5) = I (1, 0(0), (6)] = Fi (£, p(8), 9(1) | < €1,

te].
DRI Tp(t) — I (1,9(6), $(1)] = B(L.9(1), 9(1)| < e

Step 1: Introduce the perturbation functions. There exist functions 41,42 € C(J,R) such
that

lq1(t)] < ey, 2(H)| <€, te],

and

DY [p(t) — by (t, (1), p(1))] = Fi(t, (t), (1)) + q1(1),
CDPE[p(t) — ha(,(8), $(1))] = Ea (£, (1), 9 (1)) + qa(t).

Applying the generalized fractional integral operators and using Lemma 1 together
with the initial conditions, we obtain

o(t) = (t, (1), p(t)) = Hi+ LLF (8, (), p(t) + L q1(t),
P(t) — o (t, (), (1)) = Ha + IPTB (1,9 (t), (1)) + I o ).

Step 2: Compare with the exact solution. By Theorem 2, there exists a unique solution
(x*,y*) € Bof (4). By Lemma 5, it satisfies

xX*(t) = h(t,x*(8),y*(t)) = Hy + LR (8, x5 (1), y* (1)),

y*(t) — ho(t, x*(£),y"(t)) = Ho + Ifsz(t,x*(t),y*(t)).
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Step 3: Derive the basic estimates. Subtracting the exact relation from the perturbed one
for the first component gives

(1) = () - (h1<t,¢<t>,¢<t>> < ()t >>)\
< LR (s ¢(s), 9(s)) = Fils,x™(s), 5" () [] (8) + LE | (8).
Hence, using the Lipschitz assumptions,

u(t) < |ha(t g(t), () — ha(t,x" (1), y* ()| + LE LR (u(s) +0(s))] (t) + L1 1(¢)
< Lyw(t) + Ly LE [w](t) + e LE[1](#).

Since o _ gy ®
AU R UL P
pT(a+1) = p
we obtain o
’ €191
u(t) < Lyw(t) + L I [w] () + o
£) < Ly w(t) + Ly, I [w] (£) + S0 6
u(t) < Lyw(t) + F1a+[w]()+p—a~ (6)
Similarly,
ed
0(t) < Lipwo(t) + L 15 w)(1) + 252,
€dP
o(t) < Liyw(t) + L I Tl (1) + = 52, )
Step 4: Combine the estimates. Adding (6) and (7) gives
€1P ed
w0(t) < (L, + LigJo(0) + L [ [0](8) + L [ [w] (1) + =2+ =22,
Therefore,
1P ed
(1= Ly = L Jw(t) < Ln [ [w)(8) + Ll (6) + =22 + =252
Since 1 — Ly, — Ly, > 0 by the uniqueness condition, we obtain
L @ Lp, B0 1 1P | P
< 1 P c .
w(t) < 1-L, L, [l (8) + 1-L, L, « )t )Jr1—th—L,12 o T g
Set
1 €1CI)1 €, P, LF LE
K= A=——"H ~p=_ =B
1_Lh1_Lh (pzx + Uﬁ) 1_Lh1_Lh2 1_Lh1_Lh2
Then

w(t) < K+ AL [w](t) + BIP[w]().
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Step 5: Apply the generalized fractional Gronwall estimate. By Lemma 6,

w(t) < MK,
where
Lp, P4 L, P,
M = ex ! + . :
p(pa(l_th _Lhz) Uﬁ(l—th _Lh2)>
Therefore,
(@, ) — (x", y")||5 = sup u(t) + sup v(t)
te] te]
< supw(t)
te]
M 1P | P
<
N 1_Lh1_Lhz ( p* * of )
= Cie1 + Coer.
This proves the Ulam-Hyers stability of (4). O

Remark 6 (Coupling Effects on Stability). The Ulam—Hyers stability constants C; and C;
depend on the coupling through the exponential factor M and through the denominator
1 — Ly, — Ly,. Stronger coupling leads to larger stability constants and therefore weaker
perturbation bounds. This reflects the intuitive fact that errors in one component propagate
more strongly when the interaction between the two components is more pronounced.

Corollary 1 (Ulam-Hyers—Rassias Stability). Under the assumptions of Theorem 3, let (¢, P) €
B satisfy

¢(a) =x0,  ¥(a) =vyo,
and

DY [9() = (L p(1), (1) = Fu(t,6(8), (1) | < 1(),
DE[p(t) ~ ha(t,0(8), $(1)] = Falt, 6(1), 9 (D) | < 92(0),

where @1, 92 € C(J,R4) are nonnegative continuous functions. Then there exists a solution
(x*,y*) of (4) such that

14, ) — (x*, y")IB < Cill@1lleo + Call@2]lo,
where Cy and C, are the constants from Theorem 3.

te],

Proof. The proof follows the same argument as in Theorem 3. The only difference is that
the bounds €; and e, are replaced by the nonconstant perturbation functions ¢; and ¢,.
Estimating their fractional integrals by means of the supremum norms yields

, P , P2
L) < Sleille, L lg2l() < Zllgales
1Y o
and the conclusion follows exactly as before. O

Remark 7. Corollary 1 extends Ulam-Hyers stability to the Ulam-Hyers—Rassias setting,
where the perturbation bounds may vary with time. Such a formulation is useful in appli-
cations where errors are nonuniform and may depend on the time variable.
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6 Illustrative Examples

This section provides concrete examples to validate the theoretical results established in
Section 4. We present three distinct examples: the first demonstrates the application of the
Existence Theorem (Theorem 1), the second satisfies the stronger conditions of the Unique-
ness Theorem (Theorem 2), and the third is constructed to exhibit Ulam-Hyers Stability
(Theorem 3).

6.1 Methodology for Parameter Selection

The parameters in the following examples are selected to satisfy the theoretical assump-
tions while reflecting meaningful modeling scenarios. The fractional orders a, f € (0,1]
represent subdiffusive dynamics with slowly decaying memory, a common assumption in
viscoelastic and biological systems [6]. The generalization parameters p,o > 0 provide
additional flexibility: values near 1 correspond to classical Caputo behavior, while larger
values emphasize power-law kernels with modified scaling properties [13].

The time intervals | = [0, T] are chosen sufficiently short to ensure the contraction con-
dition A < 1, which is standard in fixed-point frameworks where local well-posedness is
established before extension to larger domains. Nonlinearities are selected among bounded
smooth functions (e.g., arctan, tanh, sin) to guarantee the boundedness assumptions.

6.2 Existence of a Solution

Example 1. Consider the coupled system on | = [0,1] witha = 0, « = § = 0.7, and
p=0c=12

CD8‘7’1'2 {x(t) _ tsinx(#) arctany(t)] _ arctan x(t) siny(t)

12 8+ 12 ’
tcos x(t) siny(t tanh x(t)e~t
CD8.7,1.2 {y(t) _ (1)0 y( )} _ 7( ) )

with x(0) =0, y(0) = 0.

Verification of assumptions.

(Al) All nonlinearities are continuous compositions of elementary functions.

(A3) Boundedness:
T T
< — =01 Fi| < —==~0.19
|hl\_24 0.1309, ‘1’_16 0.1963,
1

Iy < 0.1, B2 < 2~ 0.1429.

(A2) Lipschitz bounds:
Ly, <0.2142, Ly, <02

hence Ly, + Ly, = 0.4142 < 1.

All hypotheses of Theorem 1 hold. The system admits at least one solution.
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6.3 Uniqueness of Solution

Example 2. Consider the system on | = [0,0.5] witha =0,a = =08,p=0 =15

C0.8,15 _ ttanhx(f)]  sinf arctany(t)
D, [x(t) 0 — = ,
C 08,15 _ tsiny(t)] _ e 'tanhx(t)

with x(0) =1, y(0) = —1.

Lipschitz constants
Ly, =0.025, Lp =0.0667, Ly, =0.02, Lg =0.05.

Uniqueness condition.
Since « = B and p = 7, we have ®; = ®, = O where

(Tp _ap)tx _ (0'51.5)0.8
pT(a+1)  1.5087(1.8)

~ 0.355.

Then
N =1Ly + Ly, + L®+ L, P = 0.045 + 0.0667(0.355) + 0.05(0.355) ~ 0.0749 < 1.

Hence the system has a unique solution.

6.4 Ulam-Hyers Stability
Example 3. Consider the linear systemon | = [0,1] witha = =0.5,p =0 = 1:

{CDS-“ (1) = hx(1)] = (1),
DY y(t) - Hy(t)| = (),
with x(0) = 0, y(0) = 0.

Constants
th =0.1, Lhz = 0.0833, Ly, = 0.0667, L, = 0.05.

Sincea = Band p = o = 1, we have

(1 o 0)0.5

2
1050(1.5) /@ 5

D =P, =

Uniqueness condition

A = 0.1+ 0.0833 + 0.0667P1 + 0.05P; ~ 0.3149 < 1.
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Stability constants

B 0.0667®; + 0.05®, 01316\ _
M = ex < 1—0.1— 0.0833 )’_ : (08167)"V1175
B M, _1175x 1128 _
G =101 0083 "~ osler L%
B M, N
C2 =101 00833 ~ 6%

Error bound For any approximate solution (¢, i) satisfying the perturbed inequalities with
bounds €1, €3, the exact solution (x*, y*) satisfies

(@, 9) = (", y") |l < 1.623(e1 + €2).

This provides a theoretical accuracy guarantee for numerical approximations. A full
numerical simulation study is left for future work.

6.5 Parameter Sensitivity Analysis

Using Example 2 as a baseline, we examine how the uniqueness constant A varies with the
fractional orders, generalization parameters, and interval length.

Table 2: Sensitivity of the uniqueness constant A to parameter variations

x=p|p=0c| T A
0.8 1.5 | 0.5 | 0.0749 (baseline)
0.7 1.5 |05 0.0823
0.9 1.5 |05 0.0687
0.8 1.2 105 0.0791
0.8 1.8 |0.5 0.0712
0.8 1.5 |0.6 0.0984
0.8 1.5 |04 0.0583

Table 2 shows that A increases with larger intervals T and smaller generalization pa-
rameters p, 0, indicating that uniqueness is more restrictive for longer memory horizons
and stronger power-law scaling. The fractional orders «, § have a milder influence. All
tested values remain below 1, confirming the robustness of the uniqueness condition across
a reasonable parameter range.

6.6 Summary of Examples

Table 3: Summary of illustrative examples and theoretical validation

Example Theorem «, B | p,o | Interval Key Constant Conclusion
Example 1 | Existence (Thm4.1) | 0.7 | 1.2 [0,1] Ly, + Ly, = 0.4142 | At least one solution
Example 2 | Uniqueness (Thm 4.2) | 0.8 | 1.5 | [0,0.5] A =0.0749 Unique solution
Example 3 | Stability (Thm5.3) | 0.5 | 1.0 | [0,1] C; = C; =1.623 | U-H stable
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Replace this highlighted paragraph by: These examples collectively validate the theoretical
framework and illustrate the applicability of the existence, uniqueness, and stability results
under realistic parameter settings. A summary of the three examples and the correspond-
ing theorems they validate is provided in Table 3. The sensitivity analysis confirms that
the theoretical conditions are robust to reasonable parameter variations, and the explicit
stability constants provide quantitative error bounds for approximate solutions.

7 Conclusion

In this work, we developed a rigorous theoretical framework for a coupled system of non-
linear hybrid fractional differential equations involving generalized Caputo-type deriva-
tives. The study provides explicit quantitative conditions ensuring well-posedness and
stability of the system.

7.1 Summary of Main Results

* Existence. Using Krasnosel’skii’s fixed-point theorem, we proved that under as-
sumptions (A1)—(A3), the existence of at least one solution is guaranteed whenever
the coupling condition

th + Lh2 <1

is satisfied. Moreover, the existence ball is explicitly characterized by
R > (My, + My,) + (|Hi| + [Hz|) + (¥1 + ¥2),

where
_ Mp (TP —af)® _ Mpg,(T7 —a")F

Y, = , =
' T (a+ 1) 2T ofT(p+1)

¢ Uniqueness. Under assumptions (A1) and (A2), uniqueness was established via Ba-
nach’s contraction principle whenever

Lg (TP —af)®  Lp, (T —a”)P
p*T(a+1) oPT(B+1)

A:th—f—LhZ—F <1

This condition quantitatively characterizes how coupling intensity and fractional mem-
ory effects jointly determine the contraction property.

¢ Ulam-Hyers Stability. We proved that the system is Ulam-Hyers stable with explicit

constants
MDq MP,

C = , C = ,
' (U= Ly, — Ly,) 2T oP(1— Ly — Lny)

where
(TP —af)® (T"—aa)ﬁ

R ICES VA RS
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and

Lp (131 LF CDZ
M = ex ! + 2 .
p(p“(l—th—LhZ) O'ﬁ(l—th—Lhz)>

These constants provide quantitative bounds describing how perturbations influence
the solution.

¢ Illustrative validation. Three representative examples were presented with explicit
parameter values:

— Example 1: Ly, + Ly, = 0.4142 confirming existence,
- Example 2: A = 0.0749 confirming uniqueness,

— Example 3: C; = C; = 1.623 confirming Ulam-Hyers stability with explicit error
bounds.

In addition, the parameter sensitivity analysis (Table 2) showed that the uniqueness
condition A < 1 remains robust across a range of fractional orders, generalization
parameters, and interval lengths, with A varying between 0.0583 and 0.0984 for the
tested configurations.

7.2 Limitations of the Present Work

Despite the generality of the developed framework, several limitations should be noted:

* Global Lipschitz conditions. The existence and uniqueness results established in
this work rely on the global Lipschitz assumption (A2), which ensures the contractive
structure required for the application of Krasnoselskii’s and Banach’s fixed point the-
orems. While mathematically convenient, this assumption can be restrictive in prac-
tice, as many nonlinear models arising in applications (e.g., polynomial growth or
saturation-type dynamics) satisfy only local Lipschitz conditions. As a consequence,
the direct applicability of the present results may be limited to systems where global
bounds can be verified.

e Fractional orders. The analysis is restricted to a, B € (0, 1]. Systems involving higher-
order derivatives (« > 1) or variable-order operators are beyond the present scope.

¢ Problem setting. Only initial-value problems are considered. Multi-point, integral,
or nonlocal boundary conditions require separate investigation.

* Numerical realization. Although theoretical error bounds are derived through Ulam-
Hyers stability constants, no dedicated numerical scheme is implemented. The exam-
ples remain illustrative rather than computationally validated.

* Empirical validation. The models are not calibrated using experimental or observa-
tional data and primarily serve to demonstrate the mathematical framework.
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7.3

Directions for Future Research

The present results open several directions for further study:

Relaxing Lipschitz assumptions. An important direction for future research is the
extension of the present framework to locally Lipschitz or Carathéodory-type non-
linearities. This would require replacing the contraction-based approach with more
flexible techniques such as Schauder’s fixed point theorem, Leray-Schauder contin-
uation methods, or the use of measures of noncompactness. Such approaches would
allow the analysis of systems where global Lipschitz bounds fail, thereby signifi-
cantly broadening the applicability of the theoretical results to more realistic nonlin-
ear models. These extensions would bridge the gap between the current theoretical
framework and practical models exhibiting nonlinear growth beyond global Lips-
chitz regimes.

Higher-order extensions. Extending the framework to fractional orders «,f > 1
would enable modeling systems with richer memory structures, such as those arising
in wave propagation and higher-order viscoelasticity.

Delay and impulsive dynamics. Incorporating time delays and impulsive perturba-
tions would allow modeling feedback delays and abrupt changes in hybrid systems,
which are common in biological and control applications.

Variable-order operators. Replacing constant fractional orders with variable-order
functions «(t), B(t) would capture evolving memory effects in adaptive systems, such
as aging materials or time-dependent biological processes.

Numerical methods. Designing and analyzing numerical schemes tailored to cou-
pled hybrid fractional systems would complement the theoretical analysis. The de-
rived Ulam-Hyers constants may serve as benchmarks for numerical error control
and convergence analysis.

Applications to concrete problems. Adapting the framework to specific problems
in viscoelasticity, epidemiology, and control engineering would demonstrate practi-
cal relevance. Parameter identification and model validation using real-world data
constitute natural next steps.

Alternative stability notions. Investigating Mittag-Leffler stability, finite-time sta-
bility, and exponential stability would provide deeper insight into the long-term dy-
namics of the coupled system.
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