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Abstract. Driven by the challenging task of finding robust discretization methods for Gal-
brun’s equation, we investigate conditions for stability and different aspects of robustness for
different finite element schemes on a simplified version of the equations. The considered PDE is
a second order indefinite vector-PDE which remains if only the highest order terms of Galbrun’s
equation are taken into account. A key property for stability is a Helmholtz-type decomposition
which results in a strong connection between stable discretizations for Galbrun’s equation and
Stokes and nearly incompressible linear elasticity problems.

1 Introduction

In this work we consider the numerical discretization of a model problem motivated by time-
harmonic Galbrun-type equations as arising in aeroacoustics 7] and helioseismology [8]. Dis-
cretization of Galbrun’s equation poses significant challenges, especially in the presence of non-
uniform flow standard finite element methods will not be robust, see [5].

Galbrun’s equation is a second order partial differential equation, that describes wave propa-
gation in the presence of a steady background flow in a Newtonian fluid, see [12] for an overview.
The wave propagation is described in terms of a Lagrangian perturbations u, that is the dis-
placement of individual fluid particles. With additional rotational and gravitational terms these
equations are used to model stellar oscillations.

Instead of these much more complex problems we restrict to a model PDE problem that only
keeps their highest order derivatives and introduces a simple zeroth order term:

—V(pc? divu) + d(pdpu) — |b|ipu=Ff inQ, n-u=0 ondQ. (1)

where dpu = (b - V)u and p,cs, b are density, sound speed, and background flow with n -
b = 0 on 9Q2. We assume that the conservation of mass div(pb) = 0 holds. Here we treat
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(homogeneous) boundary conditions for the normal component. The coupling with transparent
boundary conditions, while physically relevant, is outside the scope of this article.

The challenging aspect that remains from the more complex Galbrun-type equations men-
tioned above is the interplay between two second order differential operators with different sign.
Both have a large non-trivial kernel: The grad-div-type operator vanishes for all curl fields, the
streamline diffusion operator for all functions that are constant along the trajectories of the
background flow b.

Structure of the manuscript. In the remainder of this work we proceed in the following
steps: First, to expose the structure of the PDE problem we show the well-posedness of a
proper weak formulation in Section [2] The crucial tool here is a Helmholtz-type decomposition.
Second, the corresponding structure can be exploited to find suitable discretizations. To this
end, in Section [3| we formulate conditions on proper discretization schemes which are sufficient
to obtain stability and quasi best approximation results in a suitable discrete energy norms.
The derived framework allows for several compatible discretization schemes, we introduce four
different schemes in Section [4l In Section [5| we examine major aspects of robustness for these
methods in more detail. The analysis of the methods is continued in Section [6] based on the
sufficient conditions for stability, which we prepared in Section [3| for a generic finite element
method. We conclude the manuscript with numerical examples in Section [7}

2 Weak formulation and well-posedness

Our assumptions follow [8]. Let 2 C R? be a bounded Lipschitz domain. Let cg,p, : @ — R
be continuous and such that with constants cs, s, p,p > 0 and b € L*>(12, R?) there holds

cs < ¢s < G, p<p<p, div(pb) =0in Q, and b-n =0 on 0, (A1)

where n denotes the outward pointing normal vector on 9€). This ensures that the distributional
derivative operator dpu = (b - V)u is well-defined for u € L?(£2). Depending on the application
p and ¢ may vary significantly (helioseismology) or not (aeroacoustics).
In the following we will denote inner products (and corresponding norms) on a domain S by
(+,+)s respectively || - ||s. For S = Q we skip the index in inner products, i.e. (-,-) = (-, ")q-
Next, we want to consider a proper weak formulation of the problem . To this end we
introduce a proper Hilbert space for the solution

X ={uec L?(Q,R?: divu € L*(Q), dpu € L*(Q,R?), u-n =0 on 9N}

We note that X this is the same space that is used in the well-posedness analysis in [8] for the
equations of stellar oscillations. A straight-forward weak formulation for f € L?(2,R?) of
reads as: Find u € X s.t.

=:a(u,u’) =:b(u,u’)
— [(pObu, 1) + ||b]|% (pu, )] + (pc? divu, divy’) = (f,u’) Vu' € X. (2)

The bilinear forms a(-, -) and b(-, -) allow to define a suitable norm on X with ||-|% := a(-, -)+b(:, ).
We note that a(-, ) alone already defines an inner product on X with associated norm || - ||, and
we can therefore consider the following Helmholtz-type decomposition:

X=Va,W with V:i=kerb={veX|divv=0},W:={weX|a(w,v)=0VveV} (3
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It allows us to uniquely decompose every function u € X asu=v+w withveV, w e W and
lull% = Iv + wlk = a(v,v) + a(w, w) + b(w, w). (4)

Plugging u = v+w and u' = v/ + w' with v,v/ € V and w,w’ € W into (2)) we obtain the two
separated problems

—a(v,v') = (f,v') W ev, (ha)

—a(w,w') + b(w,w’) = (f,w) vw' e W. (5b)

The problem on the divergence-free subspace V is obviously well-posed as on V we have ||v||, =

|lvlx for all v € V and all prerequisites of the Lax-Milgram theorem are fulfilled, so that

Ivlla < |If|lxs- It remains to investigate the problem on the subspace W. The next lemma treats
this problem in a general setting that allows to generalize it to the discrete level below.

Lemma 1. Let a(-,-) and b(-,-) be continuous bilinear forms on the Hilbert space (X, | - ||x).
Assume a(-,-) to be an inner product on X, such that we can decompose X =V &, W as in .
Let a(-,-) be controlled by b(-,-) on W, i.e.

a(w,w) < ¢ 'b(w,w) VYweW. (6)
for a constant ¢, > 1. Then the problem

FindueX s.t. —a(u,u’)+b(u,u)=(f,u') v’ eX (7)

1s inf-sup stable, with inf-sup constant ¢ := i’;ﬁ there holds
Vue X, Ju' € X, s.t. —a(u,v) + b(u,u’) > ¢l|ul|x|v’||x- (8)

Proof. By definition of the norm, we have ||v||% = a(v,v) for all v in V = kerb, and thus
problem is well-posed. We turn to (5b)). For v € (0,1) we have that for all w € W

—a(w,w) +b(w,w) = —a(w,w) +vb(w,w) + (1 —v)b(w, w)

8
(vey = Da(w, w) + (1 = 7)b(w, w) > min{(ye, — 1), (1 = 7)}|w]%-

We can choose v = Cb% such that ¢ = min{(ye, — 1),(1 — )} = EZ—;% Thus problem is

well-posed. Merging the well-posedness of both subproblems we obtain the inf-sup condition:
For arbitracyu=v+w e X, ve V, w € W with u' = —v + w € X there holds

_a(ua 11/) + b(u7 u/) = (I(V, V) - (I(W7 W) + b(W7 W) > é[a(v, V) + CL(W, W) + b(W, W)] = éHu”%i
Finally, yields [Ju|lx = ||u’||x so that (8) follows. O

We now turn our attention to the crucial condition @

Theorem 2. For ) a bounded Lipschitz domain the condition @ n Lemma holds for a(-,-)
and b(-,-) as in under the assumption

les"Bl3, <7 <1, (A2)

1

for a constant C' > 1 that is only dependent on the ratios R, = Bflﬁ, R., = cs~'¢s and the

domain €.
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Proof. First, we note that there holds [[v]la < v/7l|bllo|| VIl g1 (o) for v € Hj(2,R?) C X. Now

making use of classical inf-sup stability results for the divergence operator in H& / L%—settings
such as they appear in Stokes-like problems, cf. e.g. [4, Ch. IIL.6], we can deduce an inf-sup

condition for l;(v, q) = (divv,q) w.r.t. the || - ||4-norm :
b v,q It _ divv,q 1 _
ap el > ot s DV gl Ve 3©@) ()
vex [Vlla vEHL(Q,R?) HVHHl(Q)

where cgiy is the corresponding inf-sup constant of the divergence operator in the H& /L?-setting.
From the inf-sup condition it directly follows, cf. e.g. |4, Lemma I11.4.2], that b: W — L2, w —

divw is an isomorphism and there holds || divwl||q > ﬁ_% b2t cdiv]|Wlle YW € W and hence

a(w,w) < cgiQRgstHc;legob(w,w) vw e W. O

v

Remark 3. We note that the smallness assumption on cs_lb in the previous theorem depends
also on the fluctuations of the parameter fields p and ¢s. This dependency could also be hidden
in the inf-sup constant for a corresponding inf-sup condition with properly weighted norms.
However, in view of the discrete setting, where we will also rely on an inf-sup constants of
discretizations in the usual H& / L(Q)—setting, we will stick with this more explicit though potentially
less sharp estimate.

3 Generic FEM discretizations and sufficient conditions for stability

A generic finite element discretization of , respectively , replaces X with a finite dimen-
sional space Xj, and replaces a(-,-) and b(-,) by discrete counter parts:

Find u;, € Xj, s.t. — ap(up, uf) + by (up, uy) = (£,u),) Vuj, € X. (M)

We assume that a(+,-) defines an inner product on X, to that we can apply discrete Helmholtz-
type decomposition similar to which takes the form X, =V, ®,, W, with

Vh = {Vh S Xh]bh(vh,wh) =0 VWh S Xh},Wh = {wh € Xh\ah(wh,vh) =0 VVh S Vh}. (10)

Every function u, € Xj, can again be written as u, = vj + wy with unique vy, € V; and
wy, € Wy,. Plugging uj, = vy, + wy, and v}, = v}, + w), with v, v), € V,, and wy,, w; € W), into
(M)) we obtain the corresponding two separated discrete problems

—ap(vp,vy) = (£,v}) Vv}, € Vp, (11a)
—ah(wh, W;I) + bh(Wh, W%) = (f, W;L) VW;I e Wp. (11b)
We are hence in a setting that allows to apply Lemma [1| to show discrete stability.

Lemma 4. Let ay(+,-) and by(-,-) be continuous bilinear forms w.r.t. the norm ||- ||§§h =ap(-, )+
br(+,+) on Xy. Further, let ap(-,-) define an inner product on Xp, and ap(-,-) be controlled by
bn(-,-) on the subspace Wy, as in @, i.e.

ah(wh,wh) < cghlbh(wh,wh) VWh S Wh (12)
for a constant ¢, > 1. Then is inf-sup stable, i.e. with ¢, = (cp,—1)/(cp,+1) there is

Vuh S Xh, Hu% € Xy, s.t. — ah(uh, u;l) + bh(uh, u%) > éhHuhHXhHu?zHXh' (13)
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Proof. Follows by application of Lemma O

Additional assumptions on consistency and continuity in stronger norms yields quasi best
approximation results.

Lemma 5. Let the assumptions of Lemma hold. Furthermore, let u € X,y C X be the unique
solution to where X,oq is a subspace of X with additional regularity, especially a bounded

norm || - |x,,, stronger than |- ||x and || - |x,. If an(:,-) and bp(-,-) are also continuous in the
first argument w.r.t. || - ||x,,, for functions in Xp, + Xy, i.e.
—ap(u+uy,up) +bp(u+uy,uy) < coflu+wlx,,, |, YV up, uy, € Xy, Vu € Xy

and a Galerkin orthogonality holds, i.e. there is
—ap(u,vp) + bp(u,vy) = (£, vp,) YV vy, € Xp,
then there additionally holds

[u—wllx, < inf [Ju—ulx, +éncellu—us|x,,
uIGXh

Proof. After decomposing the discretization error into [[u —up||x, < [Ju—usl|x, + |lur — us|x,
for any u; € X, we derive a bound for ||u; — u||x,. Let u}, be the supremizer to u; — uy, in
. Then, we apply inf-sup stability, consistency and boundedness yielding

A

én hap — urllx, [y llx, < —an(uy —uag,uy,) + by(u, —ug,uy,)

= —ap(u—up,w,) +bp(u—upw,) < coflu—uglx,,lulx, 4

4 A set of finite element discretizations

We introduce four different finite element based discretizations of problem . Starting from
the generic finite element discretization stated in , we choose ap(+, ), bp(+, ), and X}, for each
method.

The domain €2 is subdivided in a non-overlapping shape regular simplicial mesh 7,. We define
the following dis- and continuous piecewise polynomial spaces with polynomials up to degree p

QP(Tp) = {un, € L*(Q): uh‘Te PP(T)VT € Ty}, PP(Th) = QP(Tn) NC(Q) (14)

We use the following notation for the mesh skeleton Fj, := Urpc7;, 0T. On interior facets, i.e.
Fn \ 092, we define the following DG averages and jumps for a function u € X,

(ut+u”) [up=u(b-nt)+u(b-n) [up=u"-nt+u -n.

ful =

N —

Note that [-], measures only the jump in normal direction while [-]p measures the jump in all
directions but is weighted with the normal velocity. Especially on facets with b-n = 0 (locally)
the jump [-]p vanishes (locally). On facets that coincide with the boundary, i.e. Fp, N OS2, the
averages and jumps are defined as {u} = u and [u], = u-n. Finally, we introduce two discrete
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bilinear forms that contain standard symmetric interior penalty DG terms and Nitsche terms to
enforce the boundary condition posed on the normal component of the discrete solution, while
recalling that by assumptions n-b = 0 on the boundary,

Rt = 3 [ v+ ol i o+ [

TETh 7l

- / plowun} - [ ods = | plOnui ) - [anluds,
]:h
bEG (up, u},) Z /pc divuy, divuj, dx—i—/

TeTh Fh

P53 [unlb - [, Jds

An
pes [unlnuiln ds

—/ pc2{divuy, }[u),]n ds—/ pc2{divu}, }[up]n ds.
Fh Fh

with Ay > 0 and Ap > 0. To exclude errors stemming from boundary approximation, we use
high order parametric mesh deformation techniques in the implementation.

Before we discuss four different discretizations, let us recall that the well-posedness of is
closely linked to the inf-sup stability for the divergence operator, as we have seen in the proof
of Theorem [2| This carries over to the discrete setting: Crucial for a successful discretization
will be to find a discrete counterpart to the inf-sup stability argument in @]) This is again
closely linked to the difficulties appearing in the discretization of Stokes-like problems, so we
can think of it this way: For a chosen discrete space X, the problem is to find a stable Stokes
pair (X, Qp) that fulfills a discrete version of @, with a proper choice of a discrete divergence
operator and pressure space Q. This motivates the following selection of methods.

M1: An H'-conforming method is achieved by choosing finite elements that are continuous
across element interfaces and the bilinear forms from problem are left unaltered, yielding a
consistent method. Furthermore, it is conforming so that X; C X. Summing up:

Xy, = [PP(To)]4,  an(up,u}) = a(up,w}),  bu(up,w)) = by (up, uf)

M1
with a(-,-) as in (2)) of the continuous setting. (M1)

Note that for H!'-conforming finite elements the interior penalty terms in the bilinear form
bEG(-, -) vanish and only the Nitsche terms remain. The method corresponds to the Stokes
discretization with Scott-Vogelius elements given by the pressure space Q, = QP~1(73). This
Stokes-pair is stable only for sufficiently large p.

M2: An H'-conforming method in pseudo-pressure formulation. One way to obtain
inf-stable Stokes elements for H'-conforming velocities it to change the pressure space, e.g. as it is
done in Taylor-Hood discretizations. The Taylor-Hood pair is given by choosing Q;, = PP~1(Ty,)
and is known to be stable for p > 2. This translates to the pseudo-pressure formulation:

X = [PP(T)]%  an(up, u)) = a(up,u)),  bu(up,uj) = b (us, uj,)
An
with b5 (up, uj,) = (pe2Ildiv uy, ITdivuy,)o + (pcgf(uh -n), (1}, - n))sn (M2)

— (pctldivuy, (u), - n))aq — (pc2ldivu), (uy - n))aq.
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Here I1 is the weighted L2-projection operator onto the space PP~1(7}), with the weight (pc2-,-).
To implement the projection the problem can be reformulated using an auxiliary field, the
pseudo-pressure py, by computing (ug,pp) € Xp, x PP71(T;,) such that

. An
—an(up, up) + (pcs div wy, pp)a + (Pci(f(uh ‘n) —pp), (W, - n))og = (f,u;) Vuj, € X,
(pcz divup, qn)a — (pcipn, qn)a — (pc3 (up - 1), g)aq = 0 Vagn € PP (Th).

M3: An H(div)-conforming discontinuous Galerkin method. For this method we choose
X}, to be piecewise polynomials that are normal (but not tangential) continuous across inter-
element boundaries. The approximation space has less regularity than X, making the method
non-conforming. Possible choices for the basis of X}, are the Raviart—Thomas or Brezzi-Douglas-
Marini finite element, which are known to provide inf-sup stable Stokes discretizations if com-
bined with proper pressure spaces and DG bilinear forms and norms. To account for the missing
regularity we use a symmetric interior penalty formulation for the streamline diffusion.

Xp, = {w, € [Q°(Ti)]%, [up]a =0 on all F e F} = [QP(Th)]¢ N H(div)

(M3)
an(up, w)) = apC(up,up),  by(up, up) = b(up, w))

Note that the jumps [-]p, are effectively only jumps in the tangential direction as the discrete
functions are all normal-continuous.

Ma4: A discontinuous Galerkin method. We can further reduce regularity across elements
considering a fully discontinuous scheme. Compared to , this requires additional penalty
terms for the divergence. A symmetric interior penalty discontinuous Galerkin discretization is
then given by

Xy, = {u, € L*(Q,RY) : w|, € PP(T,RY) VT € Tp,}

(M4)
an(up,uy) = apC(up,u}), by (g, u)) = bp% (up, uj,)

This method is again inf-sup stable, however, it requires more degrees of freedom then the
H (div)-conforming scheme.

5 Aspects of robustness

In this section we want to focus on two additional aspects of robustness which are related to
corresponding concepts in linear elasticity problems [6]: volume-locking and gradient-robustness.
We will introduce these concepts and illustrate them on two comparably simple numerical ex-
amples for the method — H

Let us start with the definition of a volume-locking free discretization which addresses the
case cg — 00, i.e. the case where the solution ends up in the divergence-free subspace V.

!The numerical examples can be reproduced with the source code and reproduction instructions published
at |2].
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Definition 6. We call a discretization volume-locking free if for a divergence-free solution
v € V the discretely divergence-free space V;, provides optimal approximation properties, i.e.

inf - vy <C inf —u; 15
it v = Vil <€ inf v = i, (15)

for a constant C' that is independent of h and cs.
(MI)

10° E

1071 E >

L>?-error

1072 ¢

1073 ¢

. ! L AN T N
107! 10715 107! 10715 1071 10715
h h h

Wl =1-0-c2 =102 =100 =% = 1000———'0(17/’“/2)
Figure 1: Study of volume-locking. We consider different values of ¢, under mesh refinement with fixed
polynomial degree p = 2.

To investigate volume-locking numerically for the discretizations f we consider the
divergence-free solution u = cos(m(2? + y?))(—y,x)’ on a disc with radius 1. Fixing \p =
An = 10p%,b = 0.1(—y, )T and p = 1 we vary ¢? = 1,10, 100, 1000. We prescribe homogeneous
boundary conditions and choose f such that u is the solution. Note that neither the solution u
nor f depend on ¢;. In Figurewe compare convergence in the L?(Q)-norm in terms of the mesh
size h for different values of ¢s. Method shows signs of volume locking, the discretization
is very semnsitive to variations in the sound speed and convergence deteriorates for increasing c;.
Methods f are free of volume locking.

Let us now turn our attention to gradient-robustness where the question of the response to
gradient forces in the limit ¢; — oo is addressed. Gradient-robustness is linked to a compatibility
of the decompositions and . If f = V¢ we obtain from partial integration (f,v') =
(Vo,v') = (—¢,divv’) = 0 for all v/ € V. Hence u = w € W and testing with w/ = w
and exploiting (6) we get ||cs\/pdivw|3 < (14¢, )7 ¢[le|l divw||q and therefore || div w||q =
O(cs™?). From (9) we know that [[ufx — 0 as ¢, — co. This motivates the following definition:

Definition 7. If f = V¢ for ¢ € H'(2), then for ¢ — oo and u the solution to there holds
|lul|x — 0. If for the discrete solution u; € X}, to there also holds |juy||x, — 0 we call the
discretization gradient-robust.

(M1) (M2) (IM3) (M4
101 E ! . E| ! 10! ?I—.‘—I—‘-E 10~ E ! . El
1072 ¢ El 1072 FO—o—0—0-: 1072 FO—o—0—@0:

S g {1072 ) 2 E F

= 1073 E E 1073 E E 1073 E 3
s s & LU ‘ o U S & R S re——
107} 1015 107} 10718 107} 10715 107} 10718

h h h h

B|-2=1-0-c2=10 ¢ =100 —*— ¢ = 1000
Figure 2: Study of gradient-robustness. We consider different values of ¢, under mesh refinement with
p = 3, for each method.
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To check numerically if the different methods exhibit gradient-robustness we take f = V¢ with
¢ = 2% + 3/® and homogeneous boundary conditions. Thus for ¢, — 0o we have u — 0. We fix
polynomial order p = 3 and take the same parameters as previously, varying cg = 1,10, 100, 1000.
Gradient-robust methods will exhibit u, — 0 as ¢; — oo independently of the mesh size.
Figure [2| shows that only the H'-conforming method with pseudo-pressure formulation is not
gradient-robust. This is no surprise — the associated help problem is based on a Taylor-Hood
velocity-pressure pair, which is known not to be gradient-robust, cf. [11].

6 Error analysis for a DG scheme

In this section we analyse the DG scheme . We will see that the analysis automatically
covers the cases of the H(div,Q)-conforming DG scheme as well as the H'-conforming
scheme in the stable Scott-Vogelius configuration, cf. Remark [11| below. We do not treat
the methods and in the general case due to their deficiencies observed before.

Theorem 8. Let Ty, be a shape regular mesh, i.e. hi /prx < c¢r. Assume that

b is Lipschitz with Lipschitz constant L. (A3)

1
Then 3ci,ca > 0 such that with || - H; nr, = kg - |7, (where hp is the diameter of a facet)

an(un, wp) > e1(lvpdsunll7, + IvVeunlly + Ilvelulsll , 5,)
bn(un, up) > ex([lesy/p divupl|7, + llesv/plunlalli ), 7,)

for Ap, An large enough. Additionally ||up ”|Xh = ap(up, up) + bp(up, up) defines a norm.

(16)

Proof. Let x7 denote the center of an element 7' € 75 and b = b(x7). Thanks to , we have
that ||b — bz < Lh. We will use this to reduce the convection operator to a discrete setting so
we can apply the discrete trace inequality ||[up|lax < ceeph™"/?||up ||k that holds for any discrete
uy, € PP(K). Using additionally the inverse inequality ||Vup||x < cinvh ™! |lupl|x we get that for
u;, € PP(K) we have

BV Eowunllor < /5 (h211((b = B) - V)wllor + B (B - V)wlor )
< cupy/ (LB Vunllr + (b - V)us )
< cupy/p (e Llunllz + [1((B = B) - V)uallr + | (b V)us )
< cupv/ Ry (e L|lvpunllr + [ve(b - V)ul7) -

And therefore

h Ab
ap % (wp,up) > ||v/pOpun|7, + [[bl2lIv/punl 7, — —H\fp{@buh}}!&h +(1— a)WH\/ﬁ[[uh]]berh
2

4ci L crp b
=)/ pOoun |7, + (!\b\\é—+)11ﬁuh\\n (1 a);\lx/ﬁ[[uh]]berh

for 0.5 < a < 1. With h'/?||csy/pdivus|lor < cerpRe,\/Rpllcsy/pdivuy |7 the result for b2¢(-, )
follows analogously. O

> (1 ctrp2R
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Theorem 9. For Q2 being a polygonal domain or a domain with smooth boundary the condition
[12) in Lemmal[{ holds for (M4) under assumption ([A2)) (for a new constant C).

Proof. The proof follows along the lines of its counterpart in the continuous setting. The dis-
crete subspaces of the Helmholtz-type decomposition are V, = kerb, and W), = {w}, € X}, |
an(Wp,vp) = 0 Vv, € Vi}. Next, we rewrite V, = kerb, as V, = kerdivy, Nkertry), =
ker by, whereat divy, : X — L?(Q) is the broken, i.e. element-wise, divergence operator and
I, X, — Lz(fh) the trace jump operator on the skeleton. We introduce I~)h as the bilinear
form corresponding to these operators with

bp: Xp, % (Qp x Fy) — R, br(p, (qh, 1)) = dn(an, @) + 7 (U, )

d(up,an) = Y (divup,an)r,  fnun, pn) = ([nln, )1, 7, -
TeTh
Here, the spaces Qp, and F), are taken as the range of X, under divy, and trpp,, respectively:
Qn := QP YTp), Fr,:={u € L2(Fp), p € PP(F),VF € Fp,}. Here, Qy is naturally equipped with
the L?(2)-norm while F, is equipped with the || - ||1 n.F,-norm. Now, by construction we see
290

ker b, = ker by. Next, we want to obtain inf-sup stability of by, in order to control the || || a)-norm
on Wy, by the (scaled) element-wise divergence-terms and the normal jumps.

For two-fold saddle point problems, see [10, Thm. 3.1], it is known that in order to show
inf-sup stability for by(-,-) it suffices to show inf-sup stability of 74 (-,-) and inf-sup stability of
dp(-,-) on the kernel of 7y,(-,-) (in corresponding norms).

1. Inf-sup stability of ny: Given uy € Fj, we construct an element-wise BDM interpolation uy, €

Xp, cf. |3], where on each facet with aligned elements T and T_ we prescribe up |7, -ng = i% hh
so that [up]n = pn on Fp,. Additionally we demand (up, @) = 0 for all ¢ € N*2(T) =
[PP=2(T)]4 4 [PP~2(T)]? x x yielding a unique interpolant u;, € X;,. By standard scaling argu-
ments, |1, Proposition 4.3.5], there holds

__1 _ —
72 bl unlla, < ™ lpnllypr, = (D g
TeT

Dl
VI

,LLhH%T)

so that V up € Fp, 3 up € X, with

_ T

() = ([onl ), = Il sy 2 ()7 731Dl el 1,
2. Inf-sup stability of dj, on ker7ij, : Now we need to show inf-sup stability for dp(-,-) on the
kernel of 1 (-, ). The kernel is precisely given by the BDM finite element kerny = {uy, € X, |
fin(Wn, pn) = 0, Yup € Fr} = [QP(T,)]% N H(div). Similar to the continuous level we have

Vo a2z, < S0 IVl (T, 5, =l for s € kerd,
TeTh
where [-] is the standard DG jump operator, i.e. similar to [-], but without the b-weighting.
Then using inf-sup condition results in discrete H' norms based on a BDM interpolation uy =
ypu* of the div-supremizer u* in H}(Q,RY), see e.g. |9, Proposition 10], we obtain Vg € Qj,

dn(upn, qn) dn(an, qn) _ (divu},gp) S (divu*, gs)

Tupckersy, Unllip T [uf]

1
72| bpllec sup > cdiv,hllan o

uy Eker Ny, ||uhHah

1,h 2 [u* || 1 (0

10
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with cgiv p = 5™ cdiv, where 5™ is the inverse of the continuity constant of Ilyn, in || - ||1,4-

3. Inf-sup stability of b,: We are now able to apply [10, Thm. 3.1] to deduce

b
sup n(Wn, (qn, itn))

_ 1 _
> cp 2 bl (lanlle + leallspnr) Vo€ Qn
up€Xy HuhHah 2

which allows to control ||wp,||q, by divy; and normal jump terms using [4, Ch. III, Lemma 4.2]
Wil < CRZ Rylles bl (lea/piv wills + lea/Plwalul? , 5,) Yo € Wi,
We obtain the desired result by applying . O

Remark 10. The previous two results can be combined with even more obvious properties,
such as consistency and continuity of ap(-,-) and bp(-,-) and interpolation estimates to apply
Lemma [5| and obtain the following error bound for the discretization error

lu —wpllx, < Ch7ull g (17)

with [ = min{p + 1,m} with u € H™(Q,R%), m > 2, the exact solution.

Remark 11. The previous remark as well as the previous two results for directly carry over
for (M3)). In the case of the proofs simplify as the normal jump terms vanish. Furthermore
for H'-conforming finite element spaces X}, that in combination with Qj, = div X}, correspond
to inf-sup stable Stokes elements, both statements remain true with even further simplifications
in the proofs.

Remark 12 (Robustness). (M3) and (M4) are locking-free and gradient-robust in the sense of
Definitions |§| and Applying an element-wise BDM interpolator II0S | cf. 3], yields for any

BDM?
v* € V that II)S v* € Vp, and ||II}5,v¥|lx, < chaullv*lx, and the locking-free property follows
with

BDM — “BDM

Jnf v = vallx, < IV = vilx, < v = vills, + 1o (v = vi)llz, < 0+ an)lv = villx,
for any v € V. With divy, v), = 0 and [v}]n = 0 for all v} € V}, for (M3]) and (M4) we have
by partial integration (V¢,v}) = 0 for any ¢ € H'(Q)) which implies u;, € W), and finally
gradient-robustness.

7 Numerical examples

We choose f such that the exact solution of is given by ug, = sin(mz) cos(my)(—y, z)T
and solve on a disc with radius 1. The background flow is chosen as b = 0.1(—y,z)! and
p=cs =1 = 10p?, Ay = 100p?. The results are shown in Figure [3| for varying mesh sizes
and polynomial degree p = 1,2,3,4. The methods and show convergence of order
O(hP*1/2) in the L*norm. Effects of the different aspects of robustness discussed in Section
can also be observed. The method is not volume-locking free for low order which we
observe here for p = 1,2. The method shows the same rates, however shows worse error
than the other methods, since it lacks gradient-robustness.

11



Tilman Aleman, Martin Halla, Christoph Lehrenfeld and Paul Stocker

L?-error
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Figure 3: Convergence study in terms of mesh size h for polynomial degrees p = 1,2, 3,4.
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