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SUMMARY

Various non-linear equation solvers are adapted to handle linear constraints via the Lagrange-multiplier tech-
nique. This adaptation process turns out to be quite straightforward for Newton—Raphson methods and rank-
two Quasi-Newton methods (BFGS and DFP), but rather more involved for Broyden method. In fact, two
Broyden methods can be obtained: the standard one and a modified one, better adapted to the Lagrange-
multiplier environment. Some numerical examples are used to assess the relative performance of the various
adapted solvers. These tests illustrate the superiority of the modified Broyden method over the standard one.
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1. INTRODUCTION

In finite element non-linear analysis, linear constraints are often employed to represent the boundary
conditions. They range from the simple case of restrained or prescribed displacements, to more
complex situations like skewed supports, symmetric or cyclic boundary conditions, rigid inclusions
within a deformable body,... .

The non-linear system of equations is solved iteratively by using, for instance, the Newton—
Raphson method. Prior to the imposition of boundary conditions, the tangent stifiness matrix is
singular, because rigid motions are not precluded. To get a regular matrix, the linear constraints
must be imposed at each iteration. Two strategies are commonly used: Transformation Methods
and the Lagrange-multiplier technique.

The basic idea of Transformation Methods is to employ the m linear constraints to transform
the singular matrix of order » into a regular matrix. The order of this regular matrix is 7 (i.e.
same as the original matrix) for some Transformation Methods [1-3], and #» — m (i.e. reduced
by the number of constraints) for other Transformation Methods [4, 5]. This strategy has three
clear advantages: (1) the dimension of the original problem is either maintained or decreased,
(2) the regular matrix is symmetric positive definite (SPD) for elliptic self-adjoint problems often
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encountered in engineering analysis and (3) it is very simple for the usual situation of prescribed
degrees of freedom (dof). In such a case, the Transformation Method reduces to the row-and-
column adjustment typical of finite element analysis. However, it has an important drawback: it
becomes very involved for the general case of multiple multipoint constraints, especially if some
dof are affected by more than one constraint [2].

If the Lagrange-multiplier technique is chosen, on the other hand, the original non-linear system
is enlarged by adding m equations (the linear constraints) and m unknowns (m Lagrange multipliers
A, one per constraint) [6, 7]. This method has two widely known drawbacks: (1) the dimension of
the original problem is increased by the number of constraints and (2) the enlarged matrix is not
SPD. However, it has two clear advantages: (1) general linear constraints can be handled in a very
straightforward manner and (2) it is a technique naturally adapted to object-oriented programming
[8-11], because the internal stiffness of the physical system and the boundary conditions are
represented by two separate and distinct objects, the tangent stiffness matrix and the constraint
matrix, respectively [12-14]. This independency between objects is a crucial concept in object-
oriented programming.

Quasi-Newton non-linear solvers are employed to avoid the full recomputation of the tangent
stiffness matrix associated with the Newton—Raphson method [15-17]. Easy-to-compute secant
approximations to the tangent stiffness matrix are obtained according to some specifications.

The Lagrange-multiplier technique and Quasi-Newton solvers are nowadays classical numer-
ical tools, and very clear presentations can be found at the textbook level (see for instance
[6, 7, 15, 17]). However, to the authors’ knowledge, the algorithmic issues related to the com-
bination of Lagrange multipliers and Quasi-Newton methods have not been addressed in detail.
The following questions arise: (1) how should Quasi-Newton methods be adapted to Lagrange mul-
tipliers? (2) is the structure of the enlarged matrix properly exploited by Quasi-Newton methods?
The basic objective of this paper is to show how the most widely used Quasi-Newton methods
(DFP, BFGS, Broyden) can be adapted to the Lagrange-multiplier technique. It is shown that
this adaptation is straightforward for the rank-two methods (DFP and BFGS), but rather more in-
volved for the Broyden method. The adaptation process leads to a modified Broyden method which
preserves the structure of the problem more efficiently than the standard Broyden method. This
modified Broyden method can be regarded as a least-change secant method in the sense of [18].

An outline of paper follows. Section 2 presents some standard non-linear solvers (Newton—
Raphson, DFP, BFGS, Broyden) in the context of Lagrange multipliers. All of them are naturally
adapted to the particular structure of the enlarged system except from the standard Broyden method.
The modified Broyden method is then presented in Section 3, and its convergence properties are
discussed in Section 4. The relative performance of the various solvers is assessed in Section 5
by means of some numerical examples. Finally, some concluding remarks are made in Section 6.

2. STANDARD NON-LINEAR SOLVERS FOR LAGRANGE MULTIPLIERS

The notation of non-linear structural analysis [15, 19] will be employed here to state the problem.
The basic ideas and the algorithms, however, can be extended to other non-linear problems. The
non-lingar system and the linear constraints are written as

l'(ll) = fint(u) - fext + freac =0 (13)
Au=bh (1b)
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where u is the vector of nodal displacements, fi(u) is the vector of internal forces, which de-
pends nonlinearly on displacements, fex¢ is the vector of applied external forces, fre.. is the vector
of reaction forces and r(u) is the vector of residual (off-balance) forces, which are null if the equi-
librium represented by equation (la) is verified. Equation (1b) represents the linear constraints,
with A an m X » rectangular constraint matrix and b a vector with the prescribed values of the
constraints. Following standard notation, X is a column vector and xT is a row vector, where T
denotes transpose.

If the Lagrange-multiplier technique is chosen, the reaction forces are written as frepe = ATA,
where 4 is a vector of m Lagrange multipliers, and the linear constraints are explicitly added to
the non-linear equations, equation (la). The enlarged system of order # + m is

rl(“» j’) = fint(u) - fext + ATl =0

rn(u) =Au—-b=190 @)

which can be written as r(x) = 0, with xT = (u’ ") and T = (T r]). This non-linear system is
partially linear, because r; is linear on 4 and r, is linear on u.
The solution x is obtained in an incremental/iterative manner, according to the scheme
nXk+l _ nxk + 5Xk+]

where the left superscript denotes time (or pseudotime load parameter for quasistatic problems)
and the right superscript is the iteration counter.

2.1. Newton—Raphson method

If the Newton—Raphson method is employed, the iterative correction §x**!

the linear system

is obtained by solving

J(nxk)6Xk+1 _ _l.(nXk)
where the Jacobian matrix J(x) = 0r/dx can be expressed, accounting for equation (2), as

ory/ou amm) _ (K(u) AT>

Jx) = <6r2/6u Oy /04 A 0 @)

with K(u) = 0r;/du the (singular) tangent stiffness matrix. It can be seen in equation (3) that this
singular matrix K(u) is not altered (as it is done in a Transformation Method), but enlarged into a
(regular) Jacobian matrix J(x) with the aid of the constraint matrix A. This means that the internal
stiffness of the physical system and the boundary conditions are represented by two independent
objects, K(u) and A, which can be merged to create a new object, J(x), without altering the
original objects K(u) and A. This process fits very naturally into object-oriented programming
[8—11], where the independency between objects is a key feature. For instance, in [12], the linear
constraints are handled in an object-oriented framework by means of a specific class, Linear
Constraint, fully independent of the stiffness matrix. It must be pointed out that K(u) is the
only variable block-matrix of J(x) in equation (3); the other three are constant, thus reflecting the
partial linearity of the problem. It can be concluded that the Newton—Raphson method is (trivially)
well adapted to the particular structure of equation (2). By replacing K(u) in equation (3) by the
appropiate stiffness matrix, the modified Newton—Raphson and initial stress methods are obtained.
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2.2, Quasi-Newton methods

The basic idea of (direct) Quasi-Newton methods is to employ secant approximations to the
Jacobian matrix which are easy to compute [16, 17]. By doing so, the Jacobian matrix is neither
recomputed at every iteration (full Newton—Raphson method) nor kept constant for several itera-
tions (modified Newton—Raphson methods), but updated in a non-expensive, simple manner. This
results in a good balance between computational cost per iteration and convergence properties:
a superlinear rate of convergence is obtained [16]. For implementation purposes, inverse Quasi—
Newton methods are often preferred [20, 21]. In this case, secant approximations to the inverse of
the Jacobian matrix are employed.

The condition of secant approximation is expressed in the Quasi-Newton equation [16, 17],
which reads

Bfoxf =1 — ! )

and states that a secant approximation B* to J¥ must ‘pass through’ the points (x*~! r*~1) and
(x*,1*). Left superscripts denoting time are dropped to ease the notation. This Quasi-Newton
equation does not uniquely determine the secant approximation, and additional condition on BF
are required. These additional conditions are specific of each particular Quasi-Newton method.

In the Lagrange-multiplier context of this work, a key issue is whether the secant approximation
B* has the same structure as the Jacobian matrix (three constant block-matrices and only one
variable block-matrix, see equation (3)) or not. In other words, whether the Quasi-Newton methods
are naturally adapted to the partial linearity of the problem or not. This issue is addressed for some
of the most widely used Quasi-Newton methods in the rest of this Section.

2.2.1. Rank-two methods. The BFGS method is an inverse Quasi-Newton method [17, 20],
so secant approximations H* to the inverse of the Jacobian matrix, (J¥)~!, are employed. The
additional conditions for the BFGS method [17], are hereditary symmetry and positive definiteness
of the secant approximation (i.e. if H*~! is SPD then HF is also SPD). Together with an inverse
version of the Quasi-Newton equation, equation (4), this requirement leads to the update formula

P k1 F o pph—1
Hgpgs = Hppgs + N° = Hpggg

(Hgras X" + ox (Hipser)T  (CHipdar")'y*

(dxF)TyF [(8xF)Ty* ]2
where y¥ = ¥ —r*~1, and N* is a rank-two modification matrix that allows to compute Hjpg as
a simple update of Hizls.

Since the BFGS is an inverse Quasi-Newton method, it is difficult to check if the pattern of the
Jacobian matrix is respected directly from equation (5). To do that, equation (5) must be inverted
to produce the so-called direct version of the BFGS method [16]

F (kT TN
P k-1 ko pk—1 ¥y ) r(r')
Beras = Bppas + M" = Bpggs + (oxF)TyF + (oxF)T1*

n ax* (6x")T (5)

k

(6)

The modification matrix M¥, see the previous equation, can be written, in block-matrix format, as

M — M5, ML MG 0 ;
CAME ME SOV 00 7
21 22
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The modified Broyden method just presented is a particular case of a ‘least-change secant
method’, as defined in [17]. Least-change secant methods are designed for non-linear systems with
Jacobian matrices of the form

J(x) = Ji(x) + Ja(x) (15)

where Jy(x) must be secantly approximated but J,(x) can be easily computed. To build secant
approximations B(x) to J;(x), least-change secant methods proceed in three steps [17]:

(1) Decide the secant condition (i.e. the modified Quasi-Newton equation) that matrices B;(x)
must verify.

(2) Choose an affing subspace .« defined by properties such as symmetry or sparsity that all the
approximants B;(x) should have.

(3) Select BY to be the matrix closest to B’{ ~! that simultaneously (i) verifies the secant condition
of step 1 and (ii) belongs to the affine subspace o/ selected in step 2. In this manner, BY is
the least-change update to Bﬁ‘ ~1 with the desired properties.

It can be checked that the modified Broyden method fits into this framework. Recalling the
expression of the Jacobian matrix, equation (3), it can be seen that the matrices J;(x) and Ju(x)
for the non-linear system under consideration, equation (2), are

T
o= (50 0} rw-n- (1 ) (16)

where J,(x) is, in fact, a constant matrix J,.
By combining equations (15) and (16), it can be verified that the modified Quasi-Newton
equation for the modified Broyden method, equation (13), can be put as

Biox =1rF — 1 — I,5x* (17)

which is the secant condition for matrix B,

Regarding the choice of the affine subspace 7, all the approximations B} are required to have
the sparsity pattern of J;(x) (i.e. the three null block-matrices, see equation (16)). This requirement
defines .«

Finally, the additional condition of the Broyden method, equation (8), can be interpreted as
requiring B} to be the matrix closest to Bf ~! (measured with the Frobenius norm) which verifies
equation (17) and has the sparsity pattern of Jy(x).

From an algorithmic viewpoint, the inverse Broyden method is preferred to the direct Broyden
method just discussed [16, 21]. The basic idea is to employ the Sherman and Morrison lemma
[16, 17] to invert the direct update formula. Assuming that B is a regular matrix, this lemma gives
an explicit expression for the inverse of B + afp’.

Some care is required in the inversion procedure. The update scheme for matrix By, equation
(13), cannot be inverted because matrix Byy, which is an approximation of the tangent stiffness
matrix K, is singular (rigid modes not removed). The Sherman and Morrison lemma must be
applied to the full matrix Bf, ,, which is regular because A accounts for boundary conditions. To
that aim, it is necessary that the update formula for the block-matrix By; can be transformed into
an update formula for Byoq of the form

Bfyq = Bigi+ of (BT (18)
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Secant-Newton methods [15] were developed to remedy this problem. The basic idea is to replace
matrix H*~! with the initialization matrix H® in the update schemes. From an algorithmic stand,
this results in a constant number of scalar products and stored vectors, that is, a constant cost per
iteration [15]. The simplifying strategy is general, so a Secant-Newton method can be obtained
from every inverse Quasi—-Newton method. Thus, in a Lagrange-multiplier setting, it is possible to
devise two Secant—Broyden methods (standard and modified) and one Secant BFGS method [14].

4. CONVERGENCE OF THE MODIFIED BROYDEN METHOD

For the standard Quasi-Newton methods of Section 2 (BFGS, DFP and Broyden), the usual
convergence theorems directly apply [17, 24]: under certain regularity conditions, these methods
converge locally and superlinearly to a solution x* of the non-linear system (that is, [x**+! —
x* | <cF||x* — x*|| for some sequence {c*} that converges to 0, provided that [|x° — x*| <& and
|B® — J¥| <6).

The general theorem of Dennis and Walker [18] states the superlinear convergence of least-
change secant methods under certain conditions. In particular, under the usual regularity assump-
tions, J;(x*) belonging to the affine subspace 7 is a sufficient condition for local superlinear
convergence to a solution x* of the non-linear system.

For the modified Broyden method, this sufficient condition is trivially verified, because .« is
selected precisely by imposing the sparsity pattern of J1(x). In conclusion, the modified Broyden
method is locally superlinearly convergent.

5. NUMERICAL EXAMPLES

The algorithms just discussed have been implemented in CASTEM 2000, an object-oriented code
that employs the Lagrange-multiplier technique to handle linear constraints [8, 25, 26]. Several
numerical tests in the fields of non-linear mechanical and thermal analysis have been performed.
Three of these numerical tests are shown in this section, with the purpose of (1) showing that the
various methods can be effectively implemented in an object-oriented, Lagrange-multiplier environ-
ment, (2) assessing the relative performance of the different non-linear solvers and (3) comparing
the standard and modified Broyden methods, both for Quasi-Newton and Secant—Newton versions.

5.1. Test SHELL

The first example is a well-known benchmark test in non-linear mechanics [7, 27]. An axisym-
metrical shell, see Figure 1(a), is clamped at its border and loaded with a vertical force in its
apex (r=10). The shell is made of an elastic material but undergoes large deformations, so a
geometrically non-linear problem results.

A load-controlled incremental-iterative analysis is performed. A total load of P =80 b is applied
in 16 load steps. A relative criterion in displacements measured with the /o, (or maximum) norm,
with a tolerance of e=10"* is used as the basic convergence criterion, and convergence in forces
is also checked. Figure 1(b) shows the load P versus the deflection of the apex, v.

The test has been performed with various Quasi-Newton and Secant—Newton methods. Table I
shows their computational cost, both in terms of total number of iterations and CPU time. The



10



ADAPTING BROYDEN METHOD TO HANDLE LINEAR. CONSTRAINTS

Table I. Test SHELL. Computational cost of various methods

CPU time
Method [terations per cent
Modified Broyden (QN) 189 136
Standard Broyden (QN) — —
BFGS (QN) 130 100
Modified Secant-Broyden 225 137
Standard Secant-Broyden — —
Secant-BFGS — —

is more difficult than for the modified Broyden method. Among the Secant—Newton methods, the
only one that achieves convergence is the modified Secant-Broyden method.

5.2, Test THERMAL

The second test studies the non-linear diffusion of heat [21]. Nonlinearity is associated to a non-
constant, temperature-dependent thermal conductivity X = 14272, where T is the temperature. For
this problem, the conductivity matrices (and hence the Jacobian matrices) are non-symmetric [21].

The problem domain is a hollow disc with six rectangular perforations, see Figure 2(a). The
boundary conditions, also shown in Figure 2(a), are: prescribed temperature in the inner circle
(T'=0) and in the rectangular inclusions (I = 10), and a convection condition in the outer circle.

Since the problem has a cyclic periodicity of angle 7/3, the solution must have the same period-
icity. This allows to solve the problem with only one sixth of the total domain, see Figure 2(b). The
temperature is set to be equal (pointwise) in the two straight lines, thus imposing the periodicity
in the solution. This linear constraint can be implemented in a simple and efficient manner thanks
to the combination of Lagrange multipliers and object-oriented environment: the two straight lines
are two independent objects, and the constraint matrix A is produced with an appropriate operator.
The resulting temperature field is shown in Figure 2(c).

This test allows the comparison of the Quasi-Newton methods for a problem with non-symmetric
matrices. A single increment is performed. The results can be seen in Figure 2(d), which shows
the convergence history (logarithm of the relative error versus iterations), and in Table II, which
displays the computational cost. The modified Broyden method is clearly superior to the BFGS
method (as expected, since Jacobian matrices are not symmetric) and to the standard Broyden
method. The slow convergence rate of this latter method in the first 10 iterations is caused by
the difficulties in dealing with the linear constraints imposed via Lagrange multipliers. It is also
worth mentioning that the effect of the increasing cost per iteration associated to Quasi—Newton
methods is manifest in Table II: the standard Broyden method takes 1.36 as many iterations as
the modified Broyden method, but 1.68 as much CPU time.

5.3 Test TWO HOLES
A strip with two perforations, see Figure 3(a), is subjected to uniaxial compression. This test

is ingpired in an example found in Reference 28. In this reference, the two holes are along the
longitudinal axis of symmetry, so only a quarter of the specimen is modelled. Here the position of

11
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Table III. Test TWO HOLES. Behaviour of various non-linear solvers

per cent
Method Steps [terations Iterations/step of analysis
Full Newton—Raphson 35 193 55 100
Modified Newton—-Raphson  Div. Div. Div. 25
Initial stress Div. Div. Div. 25
Modified Broyden (QN) 35 389 111 100
Standard Broyden (QN) Div. Div. Div. 63
BFGS (QN) 28 303 10-8 100
Modified Secant-Broyden Div. Div. Div. 63
Standard Secant-Broyden Div. Div. Div. 70
Secant-BFGS Div. Div. Div. 64

Table III. Only three methods succeeded in carrying out the complete computation: full Newton—
Raphson, BFGS and the modified Broyden. Note that the average number of iterations per step is
close to the prescribed value, thus reflecting the good performance of the automatic time-stepping.
The modified Newton—Raphson and the initial stress methods diverge as soon as the plastification
begins, at 25 per cent of the analysis (a maximum of 100 iterations per step is set). The standard
Broyden method, on the other hand, behaves like the Secant-Newton methods, which diverge at
6070 per cent of the total planned displacement.

6. CONCLUDING REMARKS

The most common non-linear solvers have been adapted to handle linear constraints via the
Lagrange-multiplier technique. The adaptation of the Newton—Raphson methods is straightforward:
the Jacobian matrix is formed by enlarging the appropriate stiffness matrix with the constraint
matrix, which accounts for linear constraints and reaction forces. The adaptation is also automatic
for rank-two Quasi-Newton methods (BFGS and DFP), because these methods are naturally well
adapted to the partial linearity of the problem associated to Lagrange multipliers.

The situation is quite different for the Broyden method. It has been shown that the standard
Broyden method yields secant matrices that do not have the same block-structure of the Jacobian
matrix. A modified Broyden method has been presented here, which is by construction well adapted
to the Lagrange-multiplier context. This method, which can be regarded as a least-change secant
method, has been discussed in detail: derivation, algorithmic implementation and convergence
behaviour.

The numerical performance of the various solvers has been assessed by means of some
mechanical and thermal non-linear problems. These examples illustrate the superiority of the
modified Broyden method over the standard one, both for the Quasi—Newton versions and the
Secant-Newton simplifications.
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