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Abstract

In this paper a stabilized finite element method to deal with incom-
pressibility in solid mechanics is presented. Both elastic and J2-plastic
constitutive behaviour have been considered. A mixed formulation
involving pressure and displacement fields is used and a continuous
linear interpolation is considered for both fields. To circumvent the
Babuska-Brezzi condition a stabilization technique based on the or-
thogonal sub-scale method is introduced. The main advantage of the
method is the possibility of using linear triangular or tetrahedral finite
elements, which are easy to generate for real industrial applications.
Results are compared with standard Galerkin and Q1P0 mixed for-
mulations in either elastic or elasto-plastic incompressible problems.



1 Introduction

This paper proposes a possible solution to the problem of incompressibility
observed in solid mechanics in case of either elastic incompressibility or J2
plasticity. The objective is to avoid the so called volumetric locking, an un-
desirable effect exhibited by all low order elements based on the standard
Galerkin formulation. Many successful strategies to avoid volumetric locking
based on both mixed and enhanced formulations can be found in the litera-
ture, Miehe (1994), Simo et al. (1990), Simo et al. (1985), but they generally
fail in the case of linear triangular or tetrahedral elements due to the lack
of satisfaction of the Babuska-Brezzi condition (Brezzi (1991)). Other for-
mulations have been proposed by Zienkiewicz et al. (1998), Taylor (1999),
Onate et al. (2002), Klass et al. (1999a-1999b), etc. to deal with such ele-
ments, mainly motivated by the fact that nowadays, for real life geometries,
tetrahedral meshes are relatively easy to generate. Techniques based on the
sub-grid scale approach proposed by Hughes (1995), have been applied in the
context of solid mechanics in strain localization problems by Garikipati et
al. (1998) and Garikipati et al. (2000). In Garikipati et al. (2000) the fine
scale is represented by additional ad-hoc variables, which are introduced in
the same fashion than in the assumed enhanced method. Recently a method
based on the orthogonal sub-scales method, introduced by Codina (2000),
has been applied to incompressible elasticity by the authors, see Chiumenti
et al. (2002). Effectiveness and robustness of the technique have encouraged
the authors to extend the approach to non-linear problems. An equal order
interpolation of the mixed pressure and displacements fields is introduced
followed by a decomposition of the unknowns into resolvable and sub-grid
scales orthogonal to the finite element space. The basic idea is to approx-
imate the effect of the component of the continuous solution which cannot
be captured by the finite element solution and is the cause of the volumetric
locking.

In the next section the equations that define the mechanical problem
including the condition of incompressibility will be presented. Later on,
the stabilization model using the orthogonal sub-grid scale approach will be
presented taking into account the non-linear behavior induced by the plas-
tic model. Finally, some numerical benchmarks will compare the standard
Galerkin formulation as well as the mixed Q1P0 approach with the present
formulation.



2 Mixed formulation for J2 plasticity model

It is well known that elements coming from standard displacement formula-
tion often lock in constrained media problems, such as incompressible prob-
lems. A possible alternative can be stated introducing a mized variational
formulation. Within this framework it is possible to design more robust
and flexible elements such as the assumed stress elements where pressure is
interpolated independently of the displacement field.

In this section a mixed formulation to deal with an elasto-plastic behav-
ior is introduced. The finite element discretization is presented to point out
the restrictions of this formulation coming from the Babuska-Brezzi stabil-
ity condition. Furthermore, the sub-grid scale approach is presented as an
alternative to circumvent this condition to be able to use continuous lin-
ear interpolations for both displacements and pressure fields. Finally, the
stabilized system of equations that solve the problem of incompressibility is
presented, assuming as a particular choice the orthogonal sub-grid scales.

2.1 Continuum formulation

The formulation of the mechanical problem to deal with the quasi-incompress-
ible behavior can be written in a mixed format considering the hydrostatic
pressure p as an independent unknown, additional to the displacement field,
u. The stress tensor o can be expressed in terms of these two independent
variables such as:

o =pi+ s {2250 )

where p and s(u) are the volumetric and the deviatoric parts of the stress
tensor, respectively.

If we refer to J2 plasticity then the volumetric and the deviatoric con-
stitutive behavior can be split and treated independently. In particular, the
hydrostatic pressure p can be expressed as:

p= Ke, (2)

where K is the bulk modulus, also referred to as modulus of volumetric
compressibility and &, = tr(¢) = V - u is the volumetric part of the total



deformation € =V*u. On the other hand, the deviatoric part of the stress
tensor s can be introduced as:

s =2Ge° =2G (e — €F) (3)

where G is the shear modulus and e® and e are the deviatoric components of
the elastic and the total strain tensors, respectively. According to J2-plastic
model, plastic deformation, eP, is assumed to be only deviatoric and it has
been computed according to the J2-plastic constitutive model summarized
in Box-1 (see Agelet de Saracibar et al. 2001).

Box-1: J2-plastic constitutive model.

1) Von Mises yield function, ¢:

6 (5.) = lIs = all = /2 (0, + H)
where o, is the flow stress.

2)  Isotropic hardening conjugate variable, H :
H = h + (000 — 7) [1 — exp (—6¢)]
where ¢ is the isotropic hardening variable,
Ooo 18 the saturation flow stress
and h and § are the coefficient for the linear and
the saturation hardeng laws, respectively.

3)  Kinematic hardening conjugate variable, q :
q= —%K hS
where ¢ is the kinematic hardening variable
and K, is the coeff. of the linear kinematic hardening law.

4)  Plastic evolution laws:

e = ~n
§ = 7\@
¢ = —-7n
where 7 is the plastic multiplier
S J—
and n = || || is the normal to the yield surface.
S—q




Therefore, the strong form of the mixed problem that we want to solve,
can be formulated as: find the displacement field u and the pressure field p,
for given prescribed body forces f, such that:

V-s+Vp+ f = 0 in (4)
1
V-u—gp =0 inQ (5)

where €2 stands for an open and bounded domain of R™= in a space of ngjn
dimensions. Equations (4)-(5) are subjected to appropriate Diritchlet and
Neumann boundary conditions in terms of prescribed displacements, u = ua
on 9%, and prescribed tractions, t = o - n on 9¢);, respectively.

Note that the formulation is valid for both compressible and incompress-
ible cases. In particular, in case of incompressibility, that is when K — oo,
equation (5), transforms into:

V-u=0 inQ (6)

Denoting by (-,-) the inner product in the space of square integrable
functions L? (€2), the associated weak form of the problem (4)-+(5) can be
stated as:

(v,V-s)+(v.Vp) +(v,f) = 0 (7)

et o0

where v and ¢ are the variations of the displacements and pressure fields,
respectively.
Integrating by parts, problem (7-8) can be rewritten as

(Viv,s) +(V-v, p) — (v,f) — <V,E>89t = 0 (9)

(k) =0

Observe that (9-10) involve the first derivative of the displacements and
only the primal function of the pressure field. Hence, the natural spaces for
displacements and pressure continuum fields are: u €V and p € Q where
V = H'(Q) where ¥V = H'(Q) and Q = L? (), respectively. The corre-
sponding variations are defined in: veVy ={ve V| v=0 endQ,} and
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q € Q. H™ () denotes the space of functions of which its derivatives up to
order m > 0 (integer) belong to L? (2). Roughly speaking, H' (£2) involves
continuous functions with discontinuous derivatives, while L? (€2) includes
even discontinuous functions.

Using a compact notation, the above problem can be stated as the fol-
lowing bilinear form :

R(U,V)=0 'A% (11)

where U:=[u,p]' e W=V x Qand V :=[v , q]' € Wy=V, x Q are the

vector of unknowns and its variation, respectively.

2.2 Discrete formulation

Let V, C H! () and Q) C L?(Q) be the finite element spaces for displace-
ment and the pressure discrete fields u, and pj,, respectively.
It is possible to express problem (11) as

R(Ux,V,) =0 YV, (12)

where U, := [uh , ph]t EWL=V) X Qh and V,, := [Vh , qh]t < W}%o: Vh70 X
Q) are the vector of unknowns and its variation, respectively.

Up to now, no hypotheses have been made on the interpolation functions
chosen for the displacement and pressure fields. However, the stability of
the discrete formulation depends on appropriate compatibility restrictions
on this choice, as stated by the well-known Babuska-Brezzi, BB-condition,
Brezzi et al. (1991). Also, several authors have deduced necessary but not
sufficient conditions for the stability of the pressure approximation, such as
the constraint counts (see Hughes (1987), Zienkiewicz (1994) and references
there in). According to these restrictions, standard mixed elements with
continuous equal order linear/linear interpolation for both fields are not sta-
ble, but a stable mixed finite element can be constructed using quadratic
interpolation for the displacement field and constant interpolation for the
pressure.

However, the BB-condition can be circumvented by using non-standard
mixed interpolation or, for istance, stabilization techniques. The objective
of this work is to introduce the so-called sub-grid scale approach to stabilize
the discrete formulation of the mixed problem allowing the use of linear
interpolations in both displacements and pressure.
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2.3 The sub-grid scale approach

The basic idea of the sub-grid scale approach (Hughes (1995)) is to consider
that the continuous displacement field can be approximated considering two
components, one coarse and a finer one, corresponding to different scales or
levels of resolution. The solution of the continuous problem contains compo-
nents from both scales. For the solution of the discrete problem to be stable
it is necessary to, somehow, include the effect of both scales in the approx-
imation. The coarse scale can be appropriately solved by a standard finite
element interpolation, which however cannot solve the finer scale. Neverthe-
less, the effect of this finer scale can be included, at least locally, to enhance
the stability of the pressure in the mixed formulation.
Therefore, the solution of the mixed problem will be approximated as

U=U,+U (13)

HEHEH a4

where uy, is the displacement component of the coarse scale and u is the
enhancement of the displacement field corresponding to the finer scale. It
must be pointed out that no sub-grid scale contribution has been considered
on the pressure field. B N N
Moreover, note that U, € W, while U € W,, being W, and W, the
finite element and the sub-grid scale space, respectively. It is important to

u=0 en 89}, that is
the subgrid scale displacements vanishes all over the boundary 0f). Hence,
the solution U belongs to the refined space:

that is

observe that we are considering u € Vo=1{u€evV

W = WheW, (15)

Assuming an additive split of the total deviatoric strain tensor e = e“+e”,
it is reasonable to assume the elastic and plastic components as:

e = e} +e° (16)
e = e (17)

Observe that this supposes that u is sufficiently small, compared to the
coarse solution uy, so that the deformations induced by the sub-grid dis-
placements u are purely elastic, that is € = e . This is arguable considering
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u as a perturbation of the finite element field uj, which cannot be resolved
in V. As a consequence, the deviatoric stress tensor s (u,+u) can be split
as the sum of a first contribution s, (1), coming from the elasto-plastic be-
havior induced by the coarse solution uy, and a second contribution s (u),
associated with the sub-grid scale u, in the form:

s (uptu) = sy, (up) +s(u) (18)

so that:
sp(up) = 2Ge; = 2G (e, —€l) (19)
s(u) = 2Ge® = 2Ge (20)

In this way, the continuous problem (11) transforms into finding U, and
U such that:

R(U,V,) = R (Uh + ﬁ,vh) —0  YV,eW, (21)
R(U,\N/‘) - R(Uh+fJ,\N7) —0  VYVeW (22)
where Vj, = [vp, pn)' and V := [¥ , 0]' are the vectors of variations, defined

onto W, and W), respectively.

Note that equation (21) is defined in the finite element space W, and it
solves the balance of momentum including a stabilization effect depending on
the sub-grid U. On the other hand, equation (22) is defined in the sub-grid

scale space Wg and it will be used to define the sub-scale displacement field
U.

Particularizing problem (21) together with the above assumption, it fol-
lows that:

(Vi,V - 8) + (v, Vpp) + (v, f) = 0 (23)
(o (7 ) - 1)) = 0 24

Integrating by parts, problem (23) can be rewritten as:

(Vovi,8) + (V- Vi, o) — (Vi £) = (Vit) g, = 0 (25)

<Qh> (V-(uh+ﬁ)—% ph>> =0 (26)
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where the integral over the boundary 0€); involves the prescribed traction
t. Finally, expressing the total deviatoric stress tensor s in terms of s, we
obtain:

(Vevp,s,) + (Vovp,s) + (V- vy, pp) — (v, £) — <Vh,f>89t = 0 (27)

<qh, (V-(uh—i-ﬁ)—% ph>> — 0 (28)

Note that it is possible to split these equations in the same way as for the
purely elastic case (see Chiumenti et al. (2002)), so that:

R(U,V,) = R(Uy, V,) + R (ﬁ,vh) —0  YV,eW, (29)
where R (U, V) is the standard term of the weak form of the problem

(Vovn,s,) + (V- vy, pp) — (v, ) — <Vhi>am

R (U, Vy) = { (qn,V - uy) — <Qh7 %ph>

| oo

and R (INJ, Vh) is the stabilization term, that can be expressed as

JCAORIPRY .

Integrating equation (31) by parts, and recalling that u € H} (Q) and it
vanishes all over the boundary 052, the result is

r(ow) =[OV

The pending subject for the next section is how to approximate the sub-
scale displacements u to define it properly.

2.4 Orthogonal sub-grid scales

The objective in this section is to obtain a useful expression for the sub-grid
scale displacements u to be introduced in (32). To achieve this result, let us
manipulate problem (22), introducing the split of the stress tensor (18), in
the form:

R (U,\Nf) _ { (v,V -sp) + (V,V 53 +(V,Vn) +(v.f) | _ 0 (33)



where the second equation vanishes due to the fact that p = 0 (see eq. 14).
Observe that also in this case it is possible to split the problem into:

R (Uh,\Nf) +R (ﬁ,\Nf) —0  YVeW (34)

where the first term only depends on Uy, while the second term includes the
effect of U. The above equation can be rewritten as:

where the following operator has been introduced:
rh=V~sh+Vph+f (36)

Having in mind the expression of the deviatoric part of the stress tensor
S given by eq. (20), and recalling again that u vanishes on 052, the first term
in (35) can be developed as:

(v,V:s(u)) =—(V*Vv,2G devV°u) (37)
Taking into account that for a given a function (-) the order of its gradient

isV()~0O (( )) where h is the characteristic length of the finite element

mesh, equation (36) can be approximated within each element €. by the
following linear expression:

2G (Viv,dev Viu) :~ Z <Clh—e C27— > ZT (38)

e=1
ch?
where 7, = —£ is a parameter defined as a function of the characteristic
length of the element h. and the shear modulus G; coefficient ¢ = ¢ - ¢o
is a coefficient depending on the element interpolation, to be appropriately
chosen.
Substituting the above results in (35) then:

Nelm Nelm

Zqu—ZTevrh (39)
e=1

Moreover, as a particularization of the general form of the sub-grid scale
method detailed in the previous section, let us choose as sub-grid scale space
W, the space orthogonal to the standard finite element space W}, o, that is:

Wo = Wiy (40)
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The space tho is generally referred as the space of orthogonal sub-scales.
It was introduced in Codina (2000), and applied to incompressible elasticity
by Chiumenti et al. (2002).

Imposing that u € W,io, the following approximation can be established:

Nelm Nelm

Zqu —ZTQ<V P (ry >Qe ‘V’?GW;&O (41)
e=1

where Pt is the orthogonal projection onto Wir.

It must be pointed out that f in (36) belongs to the space W, and therefore
P;- (f) = 0. On the other hand, V-sy, also in (36), involves second derivatives
of finite element functions which vanish when linear elements are used. As
a result

Nelm Nelm

ZVUQ—ZTe<VPh Vph>e YV € Wiy (42)
e=1

Thus, the sub-grid scale displacements u can be approximated within each

element )., as:
ﬁe X Te [Vph - Ph (Vph)] (43)

where the orthogonal projection P;- of a variable (-) has been computed as:
Py ()=()=Fu() (44)
where P, (+) is the projection onto the finite element space V},, computed as:

(Pu()y ) =(C) s m) VOu €V (45)

In particular, calling IT;, = P, (Vpy) the projection onto V), of the pressure
gradient, it can been computed as:

(ITn, my) = (Von , np) Vn, € Vi (46)

leading to a final expression for the approximation of the sub-grid scale,
within each element, such as:

U, > 7e [Vpy — I (47)

Observe that, according to the objective of this work, the use of element-
wise linear interpolation for the pressure, implies a discontinuous field for the
pressure gradient and, consequently, for the sub-grid scale solution u.. On
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the other hand, IT}, is defined as a continuous field, leading to an expression
for u, which cannot be condensed element by element.

Substituting the approximation of u, into the expression of the stabiliza-
tion term (32) then it simplifies as

0

h (ﬁ’vh) - { =20 Te AVan, (Vpr — i) )g, )

As a result of the above procedure, the stabilized system of equations
proposed by the authors to solve the problem of incompressibility in case of
elasto-plastic behavior, is the following:

(VPvi,sp) + (V- v, pp) — (v, £) — <Vh;E>BQt = 0 (49)
(qn, V- up) — <Qh, > ph,> — ithe (Van - [Vpon — L)), = 0 (50)

K
(Vpn, mp) = My, M) = 0 (51)

e=1

It is important to point out that under these hypotheses the stabilization
term (48) does not affect the momentum equation (49), which can be solved
as in a standard mixed finite element formulation. On the other hand, the
incompressibility equation (50) is stabilized element by element, using a term
that depends on the difference between the continuous (projected) and the
discontinuous (elemental) pressure gradient. This means that the finer is the
mesh, smaller is the contribution to the stabilization term to be added to
this equation to make possible a stable solution. Finally, it must be observed
that in this formulation a third nodal variable IT, has to be solved. However,
in the next section we will show that it is possible to overcome this drawback
and achieve a robust and efficient solution.

3 Implementation aspects

Many alternatives can be considered to solve the proposed system of equa-
tions (49)-(51). The strategy preferred by the authors consists of a simulta-
neous solution at time ¢ = ¢V of the balance of momentum together with
the pressure equation. The projection of the pressure gradient IT, obtained
at time ¢t = ¢t is used during the equilibrium iterations of the next time

12



Box-2: Solution algorithm

Time step n + 1:

Initialize iteration i = 0 — [U, P]" "9 = [u, p]" ™

For the (i 4+ 1)™ iteration:
Compute AUTHLAHD and AP HLIHD g

K((in-‘rl,i) G AU (n+1,i+1) R, (n+1,4)
I e

Update variables:

[, P|" () — [y, p)T ) 4 (AT, AP]T (L)
Check convergenge

If not converged: new iteration: i «— i+ 1 (go to 2)
If converged: set: [U, P]” ™™ = [u, p| (i)

Compute IT™+1):
H(n+1) — M71GP(n+1)

Next time sep: n«<—n+1 (go to 1)
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step. This strategy has proved to be effective without loss of precision nor ro-
bustness. A brief summary of the algorithm and matrix format implemented
is presented in Box-2 (more details can be found in Chiumenti et al. (2002)).

Expressions R}™ and R5™ in Box-2 are the residuals vectors associ-
ated to equations (49) and (50), respectively. Moreover, the elemental sub-
matrices corresponding to local nodes A and B that must be assembled for
the solution of the global system of equations are the following:

' (e)

K48 = / B/ Dy B dﬂ] (52)
“ 3 (e) .
@) = [ maaFan) i a=[vE NN 6y

“ ' (e)
[LA7] = |7 / (ba]" [bs] dﬁ] (54)
AB7(e) : AnB ©
(AR = | NN dQ] (55)

where Dy, is the deviatoric part of the constitutive tensor; G and G* are
the gradient and the divergence operators, respectively; L is the Laplacian
operator and M y M,, are the “mass” matrices associated to the displacement
and pressure fields, respectively.

Finally, note that using a lumped projection operator M it is possible to
transform equation 7) in Box-2 into a trivial vector operation leading to a
really efficient solution algorithm.

4 Numerical results

The formulation presented in the preceding sections is illustrated below in a
number of numerical simulations. The objective is to show the performance
of the proposed algorithm when a J2-elasto-plastic constitutive behavior is
considered. Incompressibility condition are assumed in all the benchmark
proposed. Performance of the method is tested considering either 2D plane-
strain triangular meshes or 3D tetrahedral meshes. To show the behavior
of the element under extreme situations, coarse meshes are used in all the
tests. Newton-Raphson method combined with a line search optimization
procedure, is used to solve the non-linear system of equations arising from
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the spatial and temporal discretization of the weak form of the stabilized
problem. Calculations are performed with an enhanced version of the finite
element code COMET (see Cervera et al. (2002)) developed by the authors
at the International Center for Numerical Methods in Engineering (CIMNE).

4.1 2D Tension benchmark

The benchmark proposed consists of a square specimen (10x10 cm?) in
plane-strain conditions. Two rigid plates have been fixed to the top and
the bottom of the specimen. The loading condition consists of a prescribed
displacement of the top plate of 1 mm in the vertical direction. The bottom
plate is fixed. Young’s modulus is F = 2.0x10°> M Pa and the incompressibil-
ity condition is enforced by setting Poisson’s ratio to v = 0.4999. A perfect
plasticity model is assumed considering an elastic limit of o, = 150 M Pa.
The proposed formulation T1P1 is compared to the solution of the mixed
mean dilatation/pressure quadrilateral element, generally referred to as Q1P0
element (Simo et al. (1985)) and the standard Galerkin formulation for tri-
angular elements T1.

As a first result, observe in figure 1 that pressure contourfills present sim-
ilarity for the proposed T1P1 and Q1P0 formulations, even if coarse meshes
are used. Locking effects induced by the standard Galerkin formulation can
be clearly observed in the same figure. Figure 2 shows the equivalent plastic
strain contours obtained with the different formulations. Also in this case
there is good agreement between the proposed and the Q1P0 formulations.
Observe that plastic deformations for the standard Galerkin formulation are
localizing incorrectly along a fictitious shear band induced by the finite el-
ement mesh. The same phenomenon has been observed in other problems,
leading to the conclusion that the proposed formulation is able to produce
results that do not depend on the orientation of the mesh used.

Figure 3-a shows the global response of the specimen in terms of ver-
tical reaction versus vertical displacement. The proposed mixed stabilized
formulation compares very well with the results achieved using the Q1P0 for-
mulation. The standard formulation shows a very clear locking effect both
in the elastic and in the plastic regimes, with incorrect load-displacement
slopes in both situations. Finally, figure 3-b compares the same plots in case
of compressible elastic behaviour (Poisson’s ratio v = 0.3). It is possible
to appreciate how the formulation proposed by the authors is still valid in
this case. More examples showing the performance of the formulation in
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Figure 2: Comparison of the equivalent plastic strain field among the different
formulations



compressible and incompressible elasticity can be found in Chiumenti et al.
(2002).

4.2 Plane strain Cook’s membrane problem

The Cook’s membrane problem is a bending dominated example that has
been used by many authors as a reference test to check their element for-
mulations, see Simo et al. (1990), Miehe (1994) among others. Here it will
be used to compare results for incompressible J2-plasticity, showing the be-
havior of the algorithm for triangular elements. As a reference solution, the
mixed mean dilatation/pressure quadrilateral element, generally referred to
as Q1P0 (Simo et al. (1985)), is used. The problem consists of a tapered
panel, clamped on one side and subjected to a shearing load at the free end.
In order to test the convergence behavior of the different formulations, the
problem has been discretized into 2x2, 5x5, 10x10, 20x20 and 50x50 trian-
gular and quadrilateral finite element meshes. Young’s modulus is E = 70,
the elastic limit is o, = 0.243, linear isotropic and kinematic hardening are
h =0.135 and K} = 0.015, respectively, and the incompressibility condition
is enforced by setting Poisson’s ratio to v = 0.4999.

In Figure 4 the comparison among different formulations in case of in-
compressible plasticity is shown. Q1P0 mixed mean dilatation/pressure ap-
proach, T1 standard elements and the proposed mixed formulation for tri-
angular elements are compared. The same figure shows how the proposed
formulation converges to the exact solution faster than the Q1P0 mixed ap-
proach, even if triangular meshes are used. The figure also shows the poor
performance of T1 standard elements within the context of nearly incom-
pressible plasticity, due to an extreme locking effect. Figure 5 shows the
pressure contour fills obtained with the three formulations, using the finest
50x50 quadrilateral (Q1P0) and triangular (T1 and T1P1 stabilized) meshes.
It is possible to observe the similarity between the Q1P0 pressure field and
the one obtained using the formulation proposed by the authors and on the
other hand, the terrible locking effects of a standard Galerkin formulation.

4.3 3D Compression test

The objective of this problem is to show the performance of the proposed
formulation when a tetrahedral mesh is used to solve a 3D problem. It has
been observed that the sensitivity of enhanced element formulations causes
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Figure 4: Plane strain Cook’s membrane problem: convergence of differ-
ent element formulations for quasi-incompressible J2-plasticity. T1: stan-
dard displacement model for triangular elements, Q1P0: mixed mean di-
latation/pressure approach for quadrilateral elements and T1P1: proposed
mixed formulation for triangular elements.
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a) Q1P0 Formulation

b) Mixed Stabilized
U/P Formulation

Figure 5: Plane strain Cook’s membrane problem: pressure contour fill for
dilatation/pressure
approach for quadrilateral elements, T1P1: proposed mixed formulation for
triangular elements and T1: standard displacement model for triangular el-

quasi-incompressible J2-plasticity. Q1P0: mixed mean

ements.
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Figure 6: Deformed meshes: a) Hexahedral mesh used together with the
Q1PO0 formulation; b) Tetrahedral mesh used for the proposed mixed stabi-
lized U/P formulation

difficulties in compression problems, due to numerical instabilities referred
to as hourglassing effect. The performance of the proposed formulation has
been checked also in that situation. A 0.3x0.3x0.2 m3 block is incrementally
subjected to a compression load (F' = 1.0E4 M Pa) applied on its upper sur-
face (see Figure 6). Elasto-plastic constitutive behavior has been assumed
(Young’s modulus: E = 2.0 x 10° M Pa; elastic limit: o, = 150 M Pa)
together with incompressibility condition (Poisson’s ratio: v = 0.4999). Re-
sults obtained with the Q1P0 formulation using a 15x15x10 hexahedral mesh
are compared with al5x15x10 unstructured tetrahedral mesh based on the
proposed formulation. Figure 6 shows the deformed shapes obtained mesh
while Figure 7 compares the pressure contour fill being this variable the most
sensitive to the any stabilization technique adopted. It is possible to appreci-
ate in both figure the similarity in terms of deformability and stress response
for comparable finite element discretizations.
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Figure 7: Pressure contourfill in a central section: a) Q1P0 formulation; b)
Mixed stabilixed U/P formulation

5 Conclusions

In this paper a stabilized finite element method to deal with incompress-
ibility in solid mechanics problems is presented. The method is based on
the orthogonal sub-grid scales approach and circumvents the Babuska-Brezzi
condition, allowing an accurate and robust formulation suitable for linear
triangular and tetrahedral elements. The formulation, presented in a previ-
ous work for incompressible elasticity (Chiumenti et al. (2002)) is extended
here to the context of incompressible J2-plasticity. A staggered algorithm
together with an explicit solution of the projection of the pressure gradient
lead to a competitive procedure suitable for industrial applications. Exten-
sion of this technology to the context of large-strain elasto-plasticity will be
published soon.

6 Acknowledgments
The authors are thankful for the financial support of the Spanish Ministerio

de Ciencia y Tecnologia within the project 2FD1997-0512-C0O2-02. Useful
discussions with Prof. R. Codina are gratefully acknowledged.

References

[1] Agelet de Saracibar, C., Cervera, M. and Chiumenti, M., 2001. On

22



[10]

[11]

the constitutive modelling of coupled thermo-mechanical phase-change
problems, International Journal of Plasticity, 17, 1565-1622.

Brezzi, F. and Fortin, M., 1991. Mixed and Hybrid Finite Element Meth-
ods, Spinger, New York.

Cervera, M., Agelet de Saracibar, C. and Chiumenti, M., 2002. COMET:
Coupled Mechanical and Thermal Analysis. Data Input Manual, Version
5.0, Technical report IT-308, htpp://www.cimne.upc.es.

Chiumenti, M., Valverde, Q., Agelet de Saracibar, C. and Cervera, M.,
2002. A stabilized formulation for elasticity using linear displacement
and pressure interpolations, Comp. Meth. in Appl. Mech. and Eng. 191,
5253-5264.

Codina, R., 2000. Stabilization of incompressibility and convection
through orthogonal sub-scales in finite element methods, Comp. Meth.
in Appl. Mech. and Eng. 190, 1579-1599.

Codina, R., 2002. Stabilized finite element approximation of transient
incompressible flows using orthogonal subscales, Comp. Meth. in Appl.
Mech. and Eng. 191, 4295-4321.

Codina, R. and Blasco, J., 2000. Stabilized finite element method for
transient Navier-Stokes equations based on pressure gradient projection,
Comp. Meth. in Appl. Mech. and Eng. 182, 287-300.

Garikipati, K. and Hughes, T.J.R., 1998. A study of strain localization
in a mulitiple scale framework -the one dimensional problem, Comp.
Meth. in Appl. Mech. and Eng. 159, 193-222.

Garikipati, K. and Hughes, T.J.R., 2000. A variational multiscale ap-
proach to strain localization - formulation for multidimensional problem,

Comp. Meth. in Appl. Mech. and Eng. 188, 39-60.

Hughes, T.J.R., 1987. The finite element method: linear static and dy-
namic finite element analysis, Prentice-Hall, Inc. Englewood Cliffs, New
Jersey.

Hughes, T.J.R., 1995. Multiscale phenomena: Green’s function,
Dirichlet-to Neumann formulation, subgrid scale models, bubbles and

23



[12]

[14]

[15]

the origins of stabilized formulations, Comp. Meth. in Appl. Mech. and
Eng. 127, 387-401.

Klass, O., Maniatty, A. and Shephard, M.S., 1999a. A stabilized mixed
finite element method for finite elasticity. Formulation for linear dis-
placement and pressure interpolation, Comp. Meth. in Appl. Mech. and
Eng. 180, 65-79.

Klass, O., Maniatty, A. and Shephard, M.S., 1999b. Three dimensional
stabilized finite element model for finite deformation process. Proceed-
ings 7th International Symposium on Plasticity and its Current appli-
cations, Cancun, Mexico.

Miehe, C., 1994. Aspects of the formulation and finite element imple-
mentation of large strain isotropic elasticity, Int. Jour. for Num Methods
in Eng. 37, 1981-2004.

Onate, E., Rojek, J., Taylor, R.L. and Zienkiewicz, O.C., 2002. Finite
calculus formulation for incompressible solids using linear triangles and
tetrahedra, Submitted to Int. Jour. for Numerical Meth. in Eng.

Simo, J.C. and Rifai, M.S., 1990. A class of mixed assumed strain meth-
ods and the method of incompatible modes, Int. Jour. for Num Methods
in Eng. 29, 1595-1638.

Simo, J.C., Taylor, R.L. and Pister, K.S., 1985. Variational and pro-
jection methods for the volume constraint in finite deformation elasto-
plasticity, Comp. Meth. in Appl. Mech. and Eng. 51, 177-208

Taylor, R.L., 1999. A mixed formulation for triangular and tetrahedral
finite elements, In Conference proceedings, Metodos Numericos en la
Ingenieria, SEMNI, Barcelona, Spain.

Zienkiewicz, O.C. and Taylor, R.L., 1994. Finite element method,
Volume-1, 4th ed., McGraw-Hill.

Zienkiewicz, O.C., Rojek, J., Taylor, R.L. and Pastor, M., 1998. Trian-
gles and tetrahedra in explicit dynamic codes for solids, Int. Jour. for
Num Methods in Eng. 43, 565-583

24



