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Abstract

This paper exploits the concept of stabilization techniques to im-
prove the behaviour of mixed linear/linear simplicial elements (trian-
gles and tetrahedra) in incompressible or nearly incompressible situa-
tions. Elasto-J2-plastic constitutive behaviour has been considered
with linear and exponential softening. Two different stabilization
methods are used to attain global stability of the corresponding dis-
crete finite element formulation. Implementation and computational
aspects are also discussed, showing that a robust application of the
proposed formulation is feasible. Numerical examples show that the
formulation derived is free of volumetric locking and spurious oscilla-
tions of the pressure, and also that the results obtained are practically
mesh independent, comparing very favourably with those obtained
with the standard, non-stabilized, approaches.



1 Introduction

Softening materials subjected to monotonic straining exhibit strain localiza-
tion. The nature of this localization depends on the particular behaviour of
the material. In the so-called J2 materials, shear (or slip) strains concentrate;
in Rankine-type materials, only normal elongations localize. This phenom-
enon leads to the formation of localization bands inside the solid where, once
the peak stress is reached, the deformation concentrates while the material
outside the band unloads elastically. This induces the formation of weak dis-
continuities, with continuous fields of displacements but discontinuous fields
of strain inside and outside the bands (see Figure 1a).

Upon continuing straining, the width of the localization band diminishes
and, unless there is a physical limitation, it tends to zero. Ultimately, this
process may lead to strong discontinuities, with discontinuous fields of dis-
placements across the discontinuity line, and unbounded strains (see Figure
1b). In J2 materials, these are called slip lines. It is generally accepted
that the amount of energy released during the formation of a unit length of
discontinuity line is a material property, called the fracture energy.
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Figure 1: Strain localization: (a) weak discontinuity; (b) strong discontinuity



In the last two decades, many different finite element strategies have
been devised to model discontinuities and the references in the bibliography
are innumerable. Two comprehensive and up-to-date overviews are given
in references [1] and [2]. The possibilities are several, and both the weak
and the strong discontinuity approaches have been followed. In the first, the
objective is to capture the localization band as precisely as possible, with
standard continuous elements (see, for instance, reference [3]). In the second,
the displacement field is enhanced with discontinuous functions so that the
true discontinuity line can be captured (see, for instance, reference [4]). It
is always possible to interpret a weak discontinuity as a regularization of a
strong one, with the discontinuity “smeared” across the maximum possible
resolution of the mesh, that is, one element.

Remarkably, most of the studies about localization with J2 plasticity have
been carried out using the irreducible formulation, with the displacement
field as only unknown variable. Unfortunately, J2 plastic flow is isochoric,
and the irreducible formulation is not well suited to cope with the correspond-
ing incompressibility constraint. Even for compressible elastic materials, for
localization to take place, the plastic regime has to be well developed and,
then, the (incompressible) plastic part of the deformation is dominant over
the (compressible) elastic part. The unsuitability of the irreductible formula-
tion is more evident if low order finite elements are used and, very especially,
for simplicial elements (triangles and tetrahedra). The need to solve this dif-
ficulty is still today the drive for active research, see, for instance, reference
[5].

On the other hand, the mixed displacement/pressure (u/p) formulation is
the appropriate framework to tackle (quasi)-incompressible problems [6]. In
fact, very promising results have been obtained in localization problems with
J2 plasticity using this formulation together with remeshing techniques in [7]
and [8] and in coupled dynamic problems in [9] and [10]. Nevertheless, it is
very difficult to construct stable low order elements and, again, particularly,
low order simplicial elements. This is another very attractive area of on-
going research, see references [11], [12], [13], [14], [15], [16], [17], [18], [19],
[20], among others.

Recently, the authors have applied stabilization methods, originated in
the fluid dynamics community ([21], [22], [23] and [24]), to the solution of
incompressible elasto-plastic problems with mixed linear/linear simplicial el-
ements, see [25], [26] and [27]. In this paper, we extent the applicability of
these stabilization procedures to the softening plastic regime, to show that
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results can be obtained which are free of pressure oscillations and volumetric
locking and, also, which are practically mesh independent. This translates
in the achievement of two important goals: (a) the position and orienta-
tion of the localization band is independent of the directional bias of the
finite element mesh and (b) the global post-peak load-deflection curves are
independent of the size of the elements in the localization band.

The accomplishment of these objectives is attained by ensuring both
global and local stability of the problem. Global stability is necessary to pre-
clude global wild oscillations of the pressure induced by the incompressible
behaviour inside the localization band. In this work, this is secured by the
modification of the standard Galerkin variational formulation, making use
of the concept of sub-grid approximation. On the other hand, local sta-
bility is necessary to eliminate local oscillations in the vicinity of the band.
Here, this is fulfilled by a slight modification of the global stabilization proce-
dure, namely, making the stabilization parameter depending on the amount
of plastic deformation accumulated inside the localization band. This re-
sults in a suitable stabilization technique, virtually free of spurious pressure
oscillations.

The outline of the paper is as follows. In the next section the mixed
displacement /pressure (u/p) finite element formulation for incompressible
elasto-plastic behavior is summarized. The necessary regularization of the
softening modulus according to the size of the elements inside the localization
band is discussed. Later, the corresponding boundary value problem is for-
mulated. Strong and weak forms are presented and globally stabilized with
the Orthogonal SubGrid Scale (OSGS) and Galerkin Least Square (GLS)
methods. Also, a nonlinear modification of the stabilization parameter is in-
troduced to get rid of the local oscillations in the neighbourhood of the local-
ization band. The possibility of enhancing the convergence of the numerical
procedure by the inclusion of artificial viscosity, in a consistent fashion, is also
considered. Implementation and computational aspects are discussed next.
Finally, some numerical benchmarks and examples are presented to assess
the present formulation and to compare its performance with the standard
irreductible and mixed Galerkin triangular and tetrahedral elements.



2 Mixed formulation for J2 plasticity and vis-
coplasticity

2.1 J2 plasticity and viscoplasticity

The formulation of the incompressible elasto-plastic mechanical problem can
be written considering the hydrostatic pressure p as an independent unknown,
additional to the primary displacement field. The stress tensor o is then
expressed as:

oc=pl+ s (1)

where p = 1tr (o) and s =dev (o) are the volumetric and the deviatoric
parts of the stress tensor, respectively. Correspondingly, the strain tensor
e =V’u, where u are the displacements, is expressed as:

1
e(u) = §5v1 + e (2)
where ¢, = tre = V - u and e =dev € are the volumetric and the deviatoric
parts of the strain tensor, respectively. On the other hand, the constitutive
equations are expressed as:
p = Kgj (3)
s = 2Gdeve® = 2Ge° (4)

where € and e® are the elastic volumetric and the deviatoric parts of the
strain tensor, respectively; K is the bulk modulus, also referred to as modulus
of volumetric compressibility, and G is the shear modulus. In incompressible
elasticity, K tends to infinity and, thus, £ vanishes. Additionally, in incom-
pressible (J2) plasticity, the volumetric part of plastic deformation is zero,
so that €, = ¢ = V- u =0. On the other hand, the elastic deviatoric strain

tensor e is defined as:
e=e—¢€’ (5)

where €? is the plastic strain tensor, which in J2 plasticity is purely deviatoric.
Box 1 summarizes the elasto-plastic model used in this work, accounting
for isotropic softening. As usual, the equivalent plastic strain is defined as £ =

(\/2/3) fot ||€P|| dt, and the equivalent von Mises stress is 5 = ( 3/2) ||s]| -
With these definitions, the rate of plastic work is WP = s : é° = 5¢.



Notice in Box 1 that the isotropic softening variable r = r(£) defines the
current size of the yield surface, as it controls the value of the radius of the
von Mises cylinder. Initially, when the equivalent plastic strain £ = 0,r is
equal to the initial flow stress o,. Along the softening regime, r diminishes
and, for large value of the equivalent plastic strain, it vanishes.

The plastic multiplier 7 is determined from the Kuhn-Tucker and consis-
tency conditions:

4 >0 ®(s,r) <0 AP (s,r) =0 (6a)
if ®(s,7) =0 then ¥® (s,r) =0 (6b)

Box-1: J2-plastic constitutive model

Von Mises yield function, ®:

=il —r=5-r

Isotropic softening variable, 7:
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where £ is the equivalent plastic strain, o, is the flow stress
and Hg > 0 is the softening coefficient.

Plastic evolution laws:

.p .
€ = 9n

:7\/5

where 7 is the plastic multiplier and

0P
-5 is the normal to the yield surface.
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The elasto-plastic model described so far can be considered as the limit-
ing inviscid case of a rate-dependent J2 elasto-viscoplastic model. The only
formal difference between viscoplasticity and inviscid plasticity is that in the
viscous case the Kuhn-Tucker and consistency conditions are replaced by an
explicit evolution law for the plastic multiplier 4, for instance in the form:

-

where 7 is the viscosity and m is a viscosity exponent. Notice that for very
low values of the viscosity, n — 0, or very small relaxation times, 7 := 1/G,
the inviscid plastic model is recovered.

Details on how to integrate along time both the elasto-plastic and the
elasto-viscoplastic constitutive models can be found in [28]. As it will be
explained later, it is often advantageous to use a consistent viscous regular-
1zation of the plastic case to be able to obtain solutions for the inviscid case
in a robust and efficient way.

2.2 Softening behaviour

Either considering linear or exponential softening, the elasto-plastic model
described above is able to reproduce the softening branch that occurs in a test
under monotonic straining after the peak stress is reached, with the stress
decreasing asymptotically to the strain axis. With such behaviour, a finite
area is retained between the stress-strain curve and the strain axis. This area
defines the available energy to be dissipated in the control volume. When
modeling weak discontinuities (or regularized strong discontinuities) with fi-
nite elements, this energy has to be appropriately related to the fracture
energy of the material, G, to satisfy the requisites of mesh-size objectivity.
This is accomplished by the introduction of a geometrical factor, [, called
characteristic length, which depends on the spatial discretization and ensures
conservation of the energy dissipated by the material upon mesh-size refine-
ments [3]. Accordingly, the determination of the softening parameter Hg
is made by equating the material fracture energy per unit of characteristic
length to the total dissipation along the deformation process.

For the elasto-plastic model, the rate of plastic work can be computed as:

WP =5:8" =5E=1(£) ¢ (8)



Thus, the total plastic work along a process with softening is

t=oco =00 . 0.2
P _ Pt — =29
14% . Wrdt /520 r(€) & S 9)

It has to be remarked that the total plastic work is equal to the “area”
below the r — ¢ curve, that defines the softening response. Note also that the
result in Eq. (9) holds both for linear and exponential softening, due to the
appropriate definition of these in Box 1.

Equating the total plastic work to the energy (per unit volume) to be
dissipated in the localization band, WP = G /I, it yields:

0.2

Hg=—2"1, = Hgly 10
s 3G, 1 sla (10)

where Hg only depends on the material properties. This is consistent with
the results obtained in the strong discontinuity approach [4]. For linear
elements, the characteristic length can be taken as the representative size of
the element, [, = h.. In this work, the size of the element will be computed
as h? = 2A, for triangular elements and h? = A, for quadrilateral elements,
A, being the area of the element. In 3D applications, h2 = 6V, for tetrahedral
elements and hi’ =V, for hexahedral elements, where V, is the volume of the
element.

3 Boundary value problem

3.1 Strong and weak forms

The strong form of the continuum mechanical problem can be stated as: find
the displacement field u and the pressure field p, for given prescribed body
forces f, such that:

Vs+Vp+f =0 inQ (11)
V~u—%p =0 in Q2 (12)

where () is the open and bounded domain of R™i= occupied by the elasto-
plastic solid in a space of ng;, dimensions. Eqgs. (11)-(12) are subjected to
appropriate Diritchlet and Neumann boundary conditions. In the following,
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we will assume these in the form of prescribed displacements u = u on 0€2,,
and prescribed tractions t on 92, respectively. In the mixed formulation the
value of the pressure is defined by the Neumann conditions or, alternatively,
by prescribing its value at some point.

The associated weak form of the problem (11)+(12) can be stated as:

(v,V-8)+ (v,Vp)+ (v,f) = 0 Vv (13)
(¢, V-u)— (q, %p> = 0 Vq (14)

where v € V and ¢ € Q are the variations of the displacements and pressure
fields, respectively, and (-, -) denotes the inner product in L? (€2), the space of
square integrable functions in €. Integrating Eq. (13) by parts, the problem
can be rewritten in the standard form as:

(Vv,s)+(V-v, p)— (v,f) — (V,f)aQ =0 Vv (15)
@Vw-(agr) =0 v a9

3.2 Discrete form. Global stabilization techniques

The discrete finite element form of the problem is obtained from Egs. (15)-
(16), substituting the displacement and pressure fields and their variations
by their standard finite element interpolations:

(VoVh,8p) + (V- v, o) — (Vi £) = (Vi) = 0 Vv (17)

(qn, V - up) — (wa %1%) = 0 Vg o (18)

where u, , v, € V,, and pp, , ¢ € Q) are the discrete displacement and
pressure fields and their variations, defined onto the finite element spaces V),
and Qp,, respectively. As it is well known, the BB-condition [29], poses severe
restrictions on the choice of the spaces V), and Q) when using the standard
Galerkin discrete form (17)-(18). For instance, standard mixed elements
with continuous equal order linear/linear interpolation for both fields are
not stable, and the lack of stability shows as uncontrollable oscillations in
the pressure field that usually, and very particularly in non linear problems,
pollute the solution entirely. Fortunately, the strictness of the BB-condition
can be circumvented by modifying the discrete variational form appropriately,
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in order to attain the necessary global stability with the desired choice of
interpolation spaces.

One way of “expanding” the choice of interpolation spaces comes from
the sub-grid scale approach, firstly proposed in [21]. The concept was further
exploited in [24], where the concept of orthogonal sub-scales was introduced
and, thereafter, successfully applied to several fluid dynamics problems. Ap-
plication of the orthogonal sub-grid scale stabilization method (OSGS) to
the problem of incompressible elasto-plasticity has been formulated by the
authors in previous works and the interested reader is referred to them for a
detailed explanation, see [25], [26] and [27].

The basic idea is to “enhance” the approximation of the discrete displace-
ments provided from the “coarse” finite element grid with the stabilization
effect of a finer “sub-grid” scale. The displacements of the sub-scale are
thought of a perturbation of the ones resolved by the finite element scale.
By definition, this sub-grid component cannot be resolved by the computa-
tional grid, but appropriate approximations can be introduced in order to
account for their desired effects. With these approximations it is possible to
arrive to the following form of the modified stabilized discrete problem:

(sth, Sh) + (V . Vh;ph) — (Vh,f) — (V}“E)BQt =0 VVh (19)

<qh,v-uh>—(qh,iph)— 8 e (Van- [V —TL))| = 0 Vg, (20)

K e=1
(Vph ) nh) - (Hha 77h) =0 v, (21)

where the stabilization parameter 7, = ch?/2G is defined as a function of
the characteristic length of the element h, and the shear modulus G. The
constant ¢ = O (1) has to be determined through numerical testing.

It is important to point out that, when using linear/linear displacement
and pressure interpolations, with this approach no stabilization term appears
in the momentum balance equation (19), which can be solved as in a standard
mixed finite element formulation. The only stabilization term appears in the
incompressibility equation (20). Observe that in it, a third nodal variable
IT;, is involved. As can be seen in Eq. (21), this is not other that the
Ls_projection (least square fitting) of the pressure gradient, I, = P, (Vps).
The next section shows that the drawback of accounting for an extra nodal
variable can be easily overcome to achieve a robust and efficient procedure.

It is obvious in Eq. (20) that the effect of the stabilization technique is
to add a term that relaxes the strict quasi-incompressibility constraint posed
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by this equation. Note that this relaxation is very small, as 7, = O (h?) and
it depends on the difference between the discontinuous pressure gradient and
its continuous least square projection. This difference tends to vanish as the
mesh is refined.

An alternative, somewhat simpler, stabilization method is the one known
as Galerkin Least Square (GLS), originally proposed in [30] and [31], and
used in solid mechanics in [13] to solve finite strain elasticity problems. The
corresponding stabilized discrete problem reads:

(sth, Sh) + (V . Vh,ph) — (Vh, f) — (Vh’f)aﬂt =0 VVh (22)

1 Nelm
(qn, V- up) — (CJh, EZ%) —| > 7 (Var-Vpr)| = 0 Vg, (23)
e=1

which has a format very similar to the OSGS method, but does not require
the computation of any extra nodal variable. Experience shows that the
GLS method is more “diffusive” that the OSGS stabilization. This means
that GLS is somewhat more “robust” than OSGS, but sometimes less sharp
localizations are obtained.

3.3 Local stabilization

The global stabilization techniques discussed in the previous section are de-
signed to provide global stability to the incompressible elasto-plastic problem.
In the cases of elastic incompressibility or smooth widespread, non-localizing,
plastic responses, they are able to preclude the pressure oscillations that arise
if the standard Galerkin method is used (see [25] and [26]). In reference [27]
it was found that, with perfect plasticity, the stabilization parameter has to
be modified to account for the development of the plastic regime, as deforma-
tion localizes into weak discontinuities; otherwise, pressure oscillations arise
in the vicinity of the plastic areas that pollute the solution.

In [27], it was proposed to enhance the stabilization properties using a
nonlinear stabilization parameter, 7. = ch?/2G*, computed as a function
of the characteristic length of the element h. and the current secant shear
modulus G*, defined as (half) the ratio between the norms of the deviatoric
stress and total strain tensors, 2G* = ||s,|| / |lex||. For plasticity, this ratio
is obviously non-constant and it varies along the deformation process. It
is clear that, as plastic deformation evolves, the ratio G*/G decreases and,
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consequently, the value of 7, increases, further relaxing the incompressibility
constraint imposed by the isochoric nature of the plastic flow.

3.4 Consistent residual viscosity

For softening materials, strain localizes and the ratio G* /G decreases very
fast with plastic deformation and, ultimately, vanishes, yielding very large
values of the stabilization parameter. In many practical applications it is
found that this almost unbounded increase of the stabilization term causes
numerical difficulties that translate in slow or even lack of convergence of the
solution of the nonlinear process, particularly in problems involving singular
points, where the strains reach very high values in early stages of the analysis.

One obvious way to alleviate this difficulty is to define an ad hoc cut-off
for the decrease of the values of the secant modulus G* or, alternatively, on
the increase of the values of the stabilization parameter 7.. Unfortunately,
experience shows that this leads to the impossibility of the total elimination
of the local oscillations of the pressure. The greater the value of the cut-off,
the better is the convergence, but greater are the remaining local pressure
oscillations.

Therefore, a different approach is preferred to enhance the convergence of
the nonlinear equilibrium iterations. This consists in introducing a viscous
regularization of the plastic model, transforming it in (slightly) viscoplastic.
The numerical benefits of this viscous regularization are well known and doc-
umented in the literature, but it is also true that the addition of “artificial”
viscosity in an indiscriminate fashion rather changes the nature of the ob-
tained solution. It is far more elegant to devise a high order scheme where
the minimal amount of artificial viscosity is added only where it is needed
and, also, in a consistent manner, that is, with smaller values for decreasing
element sizes.

It is here proposed to regularize the elasto-plastic constitutive model with
an artificial viscosity defined in terms of the the normal proyection of the
residual of the momentum equation onto the finite element space (see [27]),
in the form

n=cheAt ||Vp, — TL| (24)

where ¢’ is a constant, h. is the characteristic length of the element and At
is the time step size. Note that this viscosity acts only in those elements
where the momentum equation is not exactly satisfied and that, for linear
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simplex, it is n = O (h2At). This means that it maintains the order of the
finite element approximation, as it vanishes upon mesh (and time increment)
refinement with the appropriate rate.

The structure of expression (24) suggests that it is also possible to define
the viscosity purely in terms of the norm of the pressure gradient, in the form

n = chAt |[Vpal| (25)

This second proposal is consistent with the definition of the stabilization
term used in the GLS method.

4 Implementation and computational aspects

Due to the nonlinear dependence of the stresses on the displacements, the
solution of the system of equations (19)-(21) requires the use of an appro-
priate incremental /iterative procedure such as the Newton-Raphson method.
Within such a procedure, the system of linear equations to be solved for the
(¢ + 1)-th equilibrium iteration of the (n + 1)-th time (or load) step is:

Koo G 0 (n+1,7) sU (n+1,i+1) R, (n+1,i)
G' —(:M+L,) GI 6P =—| Ry
0 G, —M, oIl 0
(26)

where 6U,0P and 6IT are the iterative corrections to the nodal values for the
displacements, pressure and pressure gradient, respectively, R; and R, are
the residual vectors associated to the satisfaction of the balance of momen-
tum and incompressibility equations, respectively, and the global matrices
Kiev, G, G-, M,L_ and M, come from the standard assembly procedure of
the elemental contributions, for the i-th iteration of the n + 1 step. Note
that this global matrix is symmetric, but it is not positive definite.

The monolithic solution of system (26) can be avoided by using a stag-
gered procedure, in which the pressure projection II™+4+1 is solved inde-
pendently and explicitly. To this end, from the third equation, it is possible
to express II(" 1+ in terms of P11 ag:

TI(n+Li+l) — (M;1)(n+1,i) G. (nt1,0) p(ntlitl) o MilG pvtLitl) (27)

The computation of the projections IT can be transformed in a straight-
forward operation by neglecting the difference in the 7. coefficient in adjacent
elements and considering an approximate lumped mass matrix M.
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One further approximation can be introduced to make the solution of
the mixed system of equations more efficient from the computational point
of view. This consists in keeping the projected pressure gradient constant
during the equilibrium iterations within each time increment, taking it equal
to the corresponding value at the end of the previous time step, that is
I1(»+Li+1) = TI(™) | This strategy has proved effective without loss of precision
nor robustness.

From the above, the implementation of the GLS method is straight-
forward; it is enough to delete the third equation in (26), together with
the corresponding third column of the global matrix, to yield:

Ko, G (n+1,7) sU (n+1,i+1) R, (n+1,5)
& gy L] R e

where the effect of the stabilization matrix L, is evident. For the OSGS, the
stabilization matrix can be formally expressed as L, = L, — GIM_'G,.

5 Numerical results

The formulation presented in the preceding sections is illustrated below in
a number of benchmark problems. Performance of the global and local sta-
bilization method is tested considering 2D plane-strain triangular meshes
and 3D tetrahedral meshes. The examples involve both compressible and
incompressible elasticity and J2-plasticity with exponential softening. The
following material properties are assumed: Young’s modulus £ = 10 MPa,
different Poisson’s ratios (recall that G = E/2(1+v), K = E/3(1 —2v)),
yield stress o, = E/1000 = 10 KPa and different fracture energies. A value
¢ =1 is taken for the evaluation of 7.. Values in the range ¢’ = 10 <+ 100 are
used for the evaluation of the viscous regularization.

The Newton-Raphson method, combined with a line search procedure is
used to solve the non-linear system of equations arising from the spatial and
temporal discretization of the weak form of the stabilized problem. In all
cases 200 equal time steps are performed to complete the analyses. Calcula-
tions are performed with an enhanced version of the finite element program
COMET [32], developed by the authors at the International Center for Nu-
merical Methods in Engineering (CIMNE). Pre and post-processing is done
with GiD, also developed at CIMNE [33].
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5.1 2D Perforated strip

The first example is a plane-strain perforated strip loaded through a rigid
platen which sustains an axial central point load. Because of the double
symmetry, only one quarter of the domain (the top right quarter) needs to
be discretized. Figure 2a depicts the geometry of the problem; dimensions are
related to length » = 1 m. Figure 2 also shows two of the three unstructured
meshes used in the analyses: (b) a coarse mesh of 438 linear triangles (251
nodes), (c) a medium mesh of 1,903 linear triangles (1,020 nodes), and (not
shown) a fine mesh of 7,489 linear triangles (3,880 nodes). Notice that in all
the unstructured meshes the pre-processor used tends to introduce patches
or equilateral triangles with predominant directions at —30°, +30° and +90°.
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Figure 2: Geometry and meshes for the 2D perforated strip: (a) geometry,
(b) coarse mesh, (c) medium mesh

For this example, a Poisson’s ratio v = 0.3 is used and, therefore, com-
pressible elasticity is assumed; fracture energy is G; = 200 J/m? (which
corresponds to a softening parameter Hg = 0.25 MPa/m). The value ¢’ = 10
is used for the evaluation of the viscous regularization.

Figure 3 shows (half)-load vs ((half)-imposed point of application)-displacement

curves (1 m thickness is assumed) obtained with different formulations: (a)
standard irreductible, (b) standard mixed, (¢) mixed with global OSGS sta-
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Figure 3: (Half)-Load vs (half)-imposed displacement curve for 2D perfo-
rated strip using different formulations

bilization, (d) mixed with global and local OSGS stabilization, and (e) mixed
with global and local GLS stabilization. The corresponding analyses are run
using the medium mesh depicted in Figure 2c. Several remarks are in order.
First, all the mixed formulations capture reasonably well both the limit load
and the general softening trend of the curve, while the irreductible formula-
tion fails to do so almost completely. Second, the effect of the stabilization
techniques adopted is obvious in the global softening response, with clear
advantage for the global and local method over the purely global one. Third,
the difference between the OSGS and the GLS methods is small. As it will
be seen below, the differences in the responses are due to the different degrees
of success of the formulations in removing the volumetric locking induced by
the development of the plastic behaviour.

Figures 4 and 5 depict the deformed shape and contours of the effec-
tive plastic strain once the plastic flow is fully developed and the collapse
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completely influenced by the directional bias of the mesh.

Correspondingly, Figure 5 shows results for the stabilized mixed formula-
tion. Here, the localization band forms a correct angle of approximately +45°
with the horizontal axis and it is virtually free on any directional bias from

17



(a) (b) () (d)

Figure 6: Pressure contour fills for the 2D perforated strip with different
formulations: (a) irreductible, (b) standard mixed, (¢) OSGS with global
stabilization, (d) OSGS with global and local stabilization

the mesh. It has to be remarked that the deformation pattern and collapse
mechanism predicted by all the mixed formulations are practically identical,
independently of the stabilization method used, or even if no stabilization is
introduced. Therefore, the ability of the mixed formulation to capture the
correct plastic localization pattern is demonstrated.

Figure 6 presents pressure contours at the same time (final) of the defor-
mation process. Lack of stability and severe oscillations of the pressure field
can be identified in both the irreductible (a) and mixed (b) standard formula-
tions. This is enough to completely destabilize the irreductible formulation,
although for this example it seems to have little influence in the deforma-
tion pattern of the mixed formulation, as the plastic deformation does not
depend on the actual values of the pressure. Obviously, this is not always
necessarily the case, and especially in nonlinear analyses. Also, the improved
performance of the stabilized formulations is easily perceptible. Note that if
a linear stabilization term is used, (c), only global stability is achieved and
pressure oscillations are still visible in the vicinity of the localization band,
both along and across the direction of the slip. This oscillations are com-
pletely removed from figure (d), where the nonlinear stabilization parameter
is used, achieving both global and local stabilization of the pressure field.
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Figure 7: (Half)-Load vs (half)-imposed displacement curve for 2D perfo-
rated strip using different meshes

Finally, Figure 7 shows (half)-load vs ((half)-imposed point of application)-
displacement curves (1m thickness is assumed) obtained with different un-
structured meshes: (a) coarse, (b) medium, and (c) fine. Note that the over-
all global response is satisfactorily convergent upon mesh refinement, with
the total area under the load-displacement curve converging to the correct
amount of plastic work dissipated to create the localization band. No spuri-
ous brittleness is observed when the size of the elements is reduced. This is
achieved by the regularization procedure explained in Section 2.2.

5.2 2D Prandtl’s punch test

The second example is the Prandtl’s punch test, a well-known plane-strain
2D problem often used in the literature to test the ability of J2-plastic models
to capture collapse loads and mechanisms. Figure 8a depicts the geometry of
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Figure 8: Geometry (a) and mesh (b) used for the 2D Prandtl’s punch test

the problem, a rigid footing with a central point load; dimensions are related
to length b = 1 m.

The elastic behaviour is assumed to be incompressible and, therefore, a
Poisson’s ratio v = 0.5 is used in the analyses. Nevertheless, when using the
irreductible formulation a reduced value v = 0.45 had to be used to obtain
results, even if they were very inaccurate. Fracture energy is Gy = 50 J/m?
(which corresponds to a softening parameter Hg = 1 MPa/m). The value
¢’ =100 is used for the evaluation of the viscous regularization.

Because of the symmetry, only half of the domain (the right half) needs to
be discretized. The mesh used in the computations is shown in Figure 8b, un-
structured with 3,624 linear triangles and 1,893 nodes. It has to be remarked
that experience, and the previous example, show that localization problems
require the use of much finer meshes than those necessary for problems were
displacements and strains do not localize.

Figure 9 shows (half)-load vs (point of application)-displacement curves
(1 m thickness is assumed) obtained with different formulations: (a) standard
irreductible, (b) standard mixed, (c¢) mixed with global OSGS stabilization,
(d) mixed with global and local OSGS stabilization, and (e) mixed with
global and local GLS stabilization. The results confirm the observations of
the previous example: the irreductible formulation locks almost completely,
while the other three formulations yield meaningful softening curves. Again,
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Figure 9: (Half)-load-displacement curve for 2D Prandtl’s punch test

as it will be seen below, the differences in the mixed responses are due to
the variable degrees of success of the various formulations in removing the
volumetric locking induced by the plastic behaviour.

Figures 10 and 11 depict the deformed shape and contours of the effec-
tive plastic strain once the plastic flow is fully developed and the collapse
mechanism can be appreciated (vertical displacement of the load § = 0.05
m), both for the irreductible and the stabilized mixed formulations. On one
hand, Figure 10 shows results for the irreductible formulation. Note how the
collapse mechanism is completely influenced by the directional bias of the
mesh, with slip bands that follow exactly the predominant mesh orientations
at —30°, +30° and 4+90°. Also spurious localization branches appear.

Correspondingly, Figure 11 shows results for the stabilized mixed formula-
tion. Note how here, the localization bands form according to the well-known
classical solution (for rigid-perfectly plastic behaviour) and it is virtually free
on any directional bias from the mesh. It is particularly remarkable how
the expected logarithmic spiral branch, with no spurious branching, is ob-
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Figure 10: Deformed shape and equivalent plastic strain contour fills for the

2D perforated strip with irreductible formulation
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Figure 11: Deformed shape and equivalent plastic strain contour fills for the
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2D perforated strip with stabilized mixed formulation
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tained. Again, the deformation pattern and collapse mechanism predicted

independently of the

stabilization method used, which demonstrates the superiority of the mixed

formulation for capturing the correct plastic localization pattern.
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Finally, Figure 12 presents pressure contour

formulations and the huge improvement achieved with a proper stabilization

stabilization technique in able to

are evident. Note again how the proposed
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Figure 12: Pressure contour fills for the 2D perforated strip with different
formulations: (a) irreductible, (b) standard mixed, (¢) OSGS with global
stabilization, (d) OSGS with global and local stabilization

eliminate completely the pressure oscillations, including those in the vicinity
of the slip bands.
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5.3 3D Prandt!l’s punch test

Figure 13: Unstructured mesh used for 3D Prandtl’s punch test

A 3D version of the previous problem is presented next; Figure 13 shows
the unstructured mesh of linear tetrahedra used in the computations (56,514
elements, 10,969 nodes). The thickness discretized is b =0,5 m. Note that the
element sizes in the mesh are non-uniform, but the size of the element used in
the part where the localization bands are expected to form is approximately
the same used in the 2D mesh in the previous section. Roller supports are
prescribed in the nodes on the frontal and rear faces to simulate plane strain
conditions.

Figure 14 shows the (half)-load vs (point of application)-displacement
curves obtained for the 2D and 3D cases, using the GLS method with global
and local stabilization. It is remarkable that both cases yield such comparable
results. The difference is attributed to the unstructured nature of the mesh
in the transverse direction; this produces slip surfaces which are “rough”
(and not perfectly cylindrical) in the transverse direction and, therefore, the
plastic work developed is greater than in the 2D case.

Figure 15a displays contours of the effective plastic strain once the plastic
flow is fully developed (vertical displacement of the load § = 0.05 m). This
figure matches closely the results obtained in the 2D case, depicted in Figure
11. It is therefore demonstrated that the proposed formulation can capture
correctly the displacement and strain localization leading to the collapse
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Figure 14: (Half)-Load-displacement curve for 2D and 3D Prandtl’s punch
test.

mechanism even in a 3D setting.

Finally, Figure 15b shows the pressure contours at the same time (final) of
the deformation process. Again, it is remarkable that completely satisfactory
results are obtained with the proposed formulation in an unstructured mesh
of tetrahedra, very similar to those obtained in the 2D simulation.

6 Conclusions

This paper presents the application of stabilized mixed linear simplicial el-
ements (triangles and tetrahedra) to the solution of problems involving the
capture of discontinuous solutions in J2 plasticity. The proposed stabiliza-
tion is based on the orthogonal sub-grid scales approach and it is designed
to allow equal order interpolation of the displacement and pressure fields. A
consistent viscous regularization is also proposed and successfully applied,
which allows to overcome the convergence difficulties often encountered in
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Figure 15: Equivalent plastic strain and pressure contour fills for 3D Prandtl’s
punch test with OSGS mixed formulations

applications involving softening behaviour and strain localization. The de-
rived method yields a robust scheme, suitable for engineering applications
in 2D and 3D. The proposed stabilization scheme is shown to be enough to
attain control on the pressure field, completely removing global and local
oscillations induced by the incompressibility constraints induced by J2 plas-
tic low. Numerical examples show, on one hand, the tremendous advantage
of the mixed formulation over the irreductible one to predict correct failure
mechanisms with localized patterns of plastic deformation, which are prac-
tically free from any dependence of the mesh directional bias; on the other,
stabilization techniques are shown to alleviate the volumetric locking exhib-
ited by non-stable formulations, yielding an improved global response in the
softening regime.
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