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ABSTRACT

This paper explores the dynamic behavior of optical soliton solutions
for the modified Kawahara (mK) equation and the modified Benjamin-
Bona-Mahony (mBBM) equation, two significant nonlinear evolution
equations. Using an advanced analytical approach, a diverse set of soliton
solutions is derived, including bell-shaped, anti-bell-shaped, W-shaped,
M-shaped, and periodic waveforms. These solutions unveil the intricate
nonlinear dynamics underlying the equations. The robustness of the
method is demonstrated through comprehensive 2D, 3D, and contour
visualizations, offering clear insights into the physical significance of the
solitons. The study enhances the existing catalog of soliton solutions,
contributing to a deeper understanding of nonlinear wave propagation
and its potential applications in fields such as optical communication and
fluid dynamics.
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1 Introduction

Nonlinear equations involve variables interacting in non-proportional ways, often through powers
or products. These equations, common in fields like physics and biology, model complex phenomena
such as chaos and solitons, producing intricate and diverse solutions [1,2]. Optical solitons are
particularly notable for their ability to propagate through a medium while maintaining a stable,
localized form in nonlinear optics [3]. This stability arises from the medium’s nonlinear refractive
index, which counteracts dispersion, allowing the soliton to maintain its shape during propagation
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[4,5]. The study of such nonlinear dynamics extends beyond optics to include space mission design,
where nonlinear equations govern trajectory transfers influenced by perturbations, as seen in Earth–
Moon libration point studies [6]. Due to the complexity of nonlinear variables, obtaining analytical
solutions can be challenging [7], prompting scientists to rely on computational methods as essential
tools for analysis and problem-solving [8]. Numerical methods and algorithms have been widely
employed in the study of nonlinear evolution equations (NLEEs) to facilitate effective investigation
using advanced technical tools [9]. These approaches have been developed to explore nonlinear
systems, offering scholars valuable insights into their properties [10].

Soliton solutions play a vital role in understanding nonlinear Partial Differential Equations
(PDEs) due to their stability and localization properties. Various forms have been explored, including
hyperbolic-sine-Gaussian [11] and complex-valued hyperbolic-cosine-Gaussian solitons [12], high-
lighting structured light propagation in nonlinear media. Boomerons in coupled NLS systems [13] and
butterfly-shaped nonautonomous solitons [14] illustrate dynamic behaviors influenced by dispersion
and external controls. Exact soliton solutions have also been found under anti-cubic [15] and quartic
Rosenau-Kawahara-type nonlinearities [16]. Recent work extends this analysis to solitons governed
by fractional derivatives in the CGL equation [17] and high-dimensional models like the (2+1)-
dimensional Jaulent-Miodek equation [18], showing the broad applicability of soliton theory in
complex physical systems.

Researchers use mathematical techniques to analyze the stability, solution structures, and dynamic
behaviors of these equations, aiming to understand fundamental physical phenomena [19]. Among
various NLEEs, the modified Kawahara equation has attracted significant attention from researchers
[20]. Its analytical solutions find applications in technical and mechanical fields such as fluid dynamics,
plasma physics, and nonlinear optics [21]. The study of wave phenomena in diverse physical systems is
essential for understanding dispersive and nonlinear effects, making the mK equation a valuable tool
for exploring nonlinear wave propagation [22–24]. Its unique properties have generated widespread
interest [25], particularly the soliton-like solutions that preserve their characteristics during propa-
gation, crucial for understanding nonlinear wave phenomena [26]. Solitary wave solutions are vital
for interpreting complex waveforms and motion [27]. Additionally, the mK equation is employed to
investigate wave interactions involving both dispersive and nonlinear effects, contributing to the study
of wave dynamics and complex behaviors [28]. Finally, the mK equation has significant implications
across various scientific and engineering fields, underscoring its importance in the study of nonlinear
optics, plasma waves, and water waves [29]. The mK equation can be defined numerically as [30–33]:

�t + �2�r + κ�rrr + ��rrrrr = 0, (1)

where � = �(r, t) indicates an optical wave’s complex electric field amplitude as a consequence of
its location r along with the time t. The parameter κ specifies the extent of the third-order dispersion
factor, affecting dispersion in geographical areas where waves with various frequencies flow at different
velocity levels [34]. The greater level of κ enhances the dispersive result, which modifies the wave’s
form and characteristics of propagation [35]. Furthermore, � modulates the elevation of the fifth-
order dispersion form, adjusting dispersive impacts on a higher order. Similar to κ, � affects the wave’s
stability form and interaction behavior, implementing difficulties concerning the propagation of waves
[36]. Eq. (1) is significant in nonlinear wave science as it models the interplay between nonlinearity
and higher-order dispersion, enabling the description of stable nonlinear waves such as solitons. This
balance is crucial for understanding wave propagation, stability, and interactions in various physical
and engineering contexts.
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The equation �t + �r + �n�r + θ�rrt=0, known as BBM, is the most well-known framework
for practical production. Long waves in a nonlinear dispersive system have been represented by this
equation. There is evident soliton-like behavior in the outcome of the BBM equation, which is unable
to be explained by any existing theory [37]. The study of surface waves in liquids, acoustic-gravity waves
in compressible fluids, hydromagnetic waves in cold plasma, and acoustic waves in harmonic crystals
are among the uses of the BBM equation. For n = 2, the BBM equation is known as the mBBM [38].
The soliton-like behavior of the mBBM equation conflicts with established hypotheses. This paper
analyzes the exact traveling wave solutions of the mBBM problem utilizing the Ansatze strategy [39]:

�t + �r + �2�r + θ�rrt = 0, (2)

where �(r, t) is an undefined function in terms of the positional variable r and the time dimension t,
where θ represents insufficient constants. Khan and Akbar [40] utilized the (−φ(ξ)) expansion method
for the exact solitary wave solutions to the mBBM problem. These solutions include solutions through
hyperbolic functions, trigonometric functions, and rational functions. Khan et al. [41] have established
traveling wave solutions for the mBBM problem by using the modified simple equation methodology.
The solitonary periodic and exact traveling wave solutions of this equation have been examined with
a number of efficient techniques, such as the homogeneous balance method by Rady et al. [42], an
algebraic method by Tang et al. [43], the variable-coefficient balancing-act method by Chen et al. [44],
and the Jacobi elliptic function expansion method by An and Zhang [45], the factorization technique
by Estévez et al. [46]. Using a modification, Mammeri [47] discovered some long time limitations
for the periodic BBM equation. The generalized BBM and Burgers-BBM equations feature some
novel periodic and soliton solutions that have been found by Gomez et al. [48] using the tanh–coth
approach. Gomez and Salas [49] have recently combined the variational iteration approach and the
exp-function method to create traveling wave solutions for this problem. In this paper, we employ the
Sardar sub-equation approach [50–53] to derive a range of novel optical soliton solutions for the mK
equation and the mBBM equation. By applying this innovative method, we obtain several new soliton
solutions that have not been reported previously in the literature. Additionally, we identify the specific
criteria that must be met for these solutions, offering a comprehensive analysis of their properties and
implications. The choice of the mmK and the mBBM equations is motivated by their significance in
describing nonlinear wave phenomena in dispersive media, such as optical fibers and shallow water
surfaces. These models account for higher-order dispersion and nonlinear effects, making them ideal
for investigating complex soliton dynamics. The application of the Sardar sub-equation method to
these equations offers a direct and effective way to derive diverse soliton structures, highlighting
the method’s strength in capturing rich nonlinear behaviors not previously reported in the literature.
Moreover, this method provides advantages such as reduced computational complexity, the ability to
handle a wide range of nonlinearities, and the generation of more general exact solutions compared
to traditional analytical techniques. The following summarizes the paper’s thorough and extensive
structure: We go into further detail about the SSE method for figuring out the exact solution of NLEEs
in Section 2. The method are utilized to obtain the precise solution for the mK equation and mBBM
equation in Section 3. Graphical illustrations and physical meaning of the graphs are presented in
Section 4 and Section 5. At last, conclusion is provided in Section 6.

2 Description of Sardar Sub-Equation Method

This section explains the SSE method, used to determine traveling wave solutions of NLEEs. The
method simplifies the equations, allowing for the extraction of exact soliton solutions that reveal the
underlying dynamics of the system.” In this study, we progress by following the below key steps:
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• Step 1:

F(φ, φr, φt, φrr, φtt, ...) = 0, (3)

where F represents the polynomial of �(r, t) and �(ζ) = �(r, t) is the representation of the
unknown function. Suppose the wave transformation

ζ = r − τ t,

where the orbitrary constant is denoted by τ . Eq. (3) is a general nonlinear evolution equation
in terms of the unknown function φ(r, t), involving its partial derivatives. The operator F
represents a nonlinear combination of φ and its derivatives, modeling a wide range of physical
systems. This form sets the stage for reduction via the traveling wave transformation.
Taking advantage of the transformation, Eq. (3) is transformed into the subsequent Ordinary
Differential Equations (ODE).

M(�, � ′, � ′′, ...) = 0. (4)

• Step 2: M is determined by F . In relation to ζ , prime articulate the derivaties. We regards Eq. (4)
to have a formal solution.

�(ζ) =
L∑

s=0

vs

s(ζ ), vs �= 0, (5)

where vs(0 ≤ s ≤ L) are constants that will be found out later, and 
(ζ) fulfilling the ODE as
follows:

′(ζ ) = √

ρ + ϑ
2(ζ ) + 
4(ζ ), (6)

where ρ and ϑ are constants and Eq. (6) gives the solution as follows:
Case I: When ϑ > 0 and ρ = 0, then


±
1 = ±√−mnϑ sechmn

(√
ϑζ

)
,


±
2 = ±√

mnϑ cschmn

(√
ϑζ

)
,

where

sechmn(ζ ) = 2
meζ + ne−ζ

, cschmn(ζ ) = 2
meζ − ne−ζ

.

Case II: When ϑ < 0 and ρ = 0, then


±
3 = ±√−mnϑ secmn

(√−ϑζ
)

,


±
4 = ±√−mnϑ cscmn

(√−ϑζ
)

,

where

secmn(ζ ) = 2
meιζ + ne−ιζ

, cscmn(ζ ) = 2
meιζ − ne−ιζ

.
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Case III: When ϑ < 0 and ρ = ϑ 2

4
, then


±
5 = ±

√−ϑ

2
tanhmn

(√−ϑ

2
ζ

)
,


±
6 = ±

√−ϑ

2
cothmn

(√−ϑ

2
ζ

)
,


±
7 = ±

√−ϑ

2

(
tanhmn

(√−2ϑζ
)

± ι
√

mn sechmn

(√−2ϑζ
))

,


±
8 = ±

√−ϑ

2

(
cothmn

(√−2ϑζ
)

± √
mn cschmn

(√−2ϑζ
))

,


±
9 = ±

√−ϑ

8

(
tanhmn

(√−ϑ

8
ζ

)
+ cothmn

(√−ϑ

8
ζ

))
,

where

tanhmn(ζ ) = meζ − ne−ζ

meζ + ne−ζ
, cothmn(ζ ) = meζ + ne−ζ

meζ − ne−ζ
.

Case IV: When ϑ > 0 and ρ = ϑ 2

4
, then


±
10 = ±

√
ϑ

2
tanmn

(√
ϑ

2
ζ

)
,


±
11 = ±

√
ϑ

2
cotmn

(√
ϑ

2
ζ

)
,


±
12 = ±

√
ϑ

2

(
tanmn

(√
2ϑζ

)
± √

mn secmn

(√
2ϑζ

))
,


±
13 = ±

√
ϑ

2

(
cotmn

(√
2ϑζ

)
± √

mn cscmn

(√
2ϑζ

))
,


±
14 = ±

√
ϑ

8

(
tanmn

(√
ϑ

8
ζ

)
± cotmn

(√
ϑ

8
ζ

))
,

where

tanmn(ζ ) = −ι
meζ − ne−ζ

meζ + ne−ζ
, cotmn(ζ ) = ι

meζ + ne−ζ

meζ − ne−ζ
.

These functions, with parameters m and n, are hyperbolic and generalized trignometric func-
tions. The trignometric and hyperbolic functions are known if we choose m = n = 1.

• Step 3: We use the numeric balances to get the integer L. We derive an algebric equation in the
form of 
s(ζ ) by inserting Eq. (5) into Eq. (4). This equation balances by equating the powers
of 
s(ζ ) s = (0, 1, 2, ...) to zero, yielding a set of algebric equations.

• Step 4: The set of equations provides the travelling wave solution for the given problem as well
as the parameters that are needed.

https://www.scipedia.com/public/Mehmood_et_al_2025 5

https://www.scipedia.com/public/Mehmood_et_al_2025


H. K. Mehmood, D. Baleanu, M. Abbas, M. A. Yousif, P. O. Mohammed, F. A. Abdullah and I. S. Ibrahim,

Optical soliton dynamics in nonlinear evolution equations:

modified kawahara and modified benjamin bona mahony models,

Rev. int. métodos numér. cálc. diseño ing. (2025). Vol.41, (3), 45

The SSE method offers a structured algebraic framework that efficiently reduces nonlinear
evolution equations to solvable forms, yielding exact traveling wave solutions. Its major strengths
include simplicity, flexibility in handling various parameterized forms, and the ability to produce
a wide range of soliton solutions. However, the method assumes the existence of a suitable ansatz
structure and relies heavily on balancing procedures, which may limit its applicability to certain classes
of equations where such structures are not easily identifiable or lead to overly complex algebraic
systems.

3 Execution of Sardar Sub-Equation Method

This section is divided into two parts: the first applies the SSE method to the mK equation,
detailing the process of deriving traveling wave solutions and analyzing their characteristics. The
second part extends the same SSE method to the mBBM equation, demonstrating its versatility and
effectiveness in extracting soliton solutions for this equation as well.

3.1 Modified Kawahara Equation
In this section, we utilize the SSE method to mK equation. Employing the wave transformation

ζ = r − τ t and �(r, t) = �(ζ) holds Eq. (1) into ODE

− τ� + �2�ζ + κ�ζζζ − ��ζζζζζ = 0. (7)

Eq. (7) is derived by applying the traveling wave transformation ζ = r − τ t to reduce the
modified Kawahara equation from a PDE to an ODE. The terms represent the wave speed effect,
nonlinear convection, and higher-order dispersion, which together govern the structure of traveling
wave solutions.

After integrating Eq. (7) twice, we get

− τ� + 1
3
�3 + κ� ′′ − ��(4) + C� + D = 0, (8)

where C and D are constants. Following the highest order derivative term �(4) and the highest order
nonlinear term �3 being balanced, L = 2 are achieved. Therefore, employing the SSE approach, the
solution to Eq. (8) has the following form:

�(ζ) = v0 + v1
(ζ) + v2
(ζ)2, (9)

where v0, v1, v2 are constants. Substitute Eqs. (8), (9) into Eq. (6), using the resulting algebraic equation,
we take a polynomial in the form of 
s(ζ ) and equal its powers to zero. We get⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
(ζ ))0 : D − τv0 + Cv0 + v3
0
3

+ 2κv2ρ − 8�v2ρϑ = 0,
(
(ζ ))1 : −τv1 + Cv1 + v2

0v1 − 12�v1ρ + κv1ϑ − �v1ϑ
2 = 0,

(
(ζ ))2 : v0v2
1 − τv2 + Cv2 + v2

0v2 − 72�v2ρ + 4κv2ϑ − 16�v2ϑ
2 = 0,

(
(ζ ))3 : 2κv1 + a3
1
3

+ 2v0v1v2 − 20�v1ϑ = 0,
(
(ζ ))4 : 6κv2 + v2

1v2 + v0v2
2 − 120�v2ϑ = 0,

(
(ζ ))5 : −24�v1 + v1v2
2 = 0,

(
(ζ ))6 : −120�v2 + v3
2
3

= 0.

The analytical solution of purposed parameters is shown by �1,i,j. The equation itself will be
presented by the first subscript [1], the family by the second subscript [i], and the method’s solution by
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the third subscript [j]. Using Mathematica software, the algebraic equation explained above yields the
following families:

Family 1: when the parameters are taken as:

v0 =
√

κ − 20
√

10�ϑ

10
√

�
, v1 = 0, v2 = ±6

√
10�, C = −κ2 + 10τ� + 720�2ρ − 240�2ϑ 2

10�
,

D =
√

10κ3 + 720
√

10κ�2ρ + 14400
√

10�3ρϑ − 240
√

10κ�2ϑ 2 − 3200
√

10�3ϑ 3

150�
2
3

.

Using Eqs. (9), (6) and v0, v1, v2 with ζ = r − τ t, the solutions listed below are constructed:

Case I: When ϑ > 0 and ρ = 0, then

�±
1,1,1(r, t) =

√
κ − 20

√
10�ϑ

10
√

�
± 6

√
10�

(√−mnϑ sechmn

(√
ϑζ

))2

,

�±
1,1,2(r, t) =

√
κ − 20

√
10�ϑ

10
√

�
± 6

√
10�

(√
mnϑ cschmn

(√
ϑζ

))2

.

Case II: When ϑ < 0 and ρ = 0, then

�±
1,1,3(r, t) =

√
κ − 20

√
10�ϑ

10
√

�
± 6

√
10�

(√−mnϑ secmn

(√−ϑζ
))2

,

�±
1,1,4(r, t) =

√
κ − 20

√
10�ϑ

10
√

�
± 6

√
10�

(√−mnϑ cscmn

(√−ϑzeta
))2

.

Case III: When ϑ < 0 and ρ = ϑ 2

4
, then

�±
1,1,5(r, t) =

√
κ − 20

√
10�ϑ

10
√

�
± 6

√
10�

(√−ϑ

2
tanhmn

(√−ϑ

2
ζ

))2

,

�±
1,1,6(r, t) =

√
κ − 20

√
10�ϑ

10
√

�
± 6

√
10�

(√−ϑ

2
cothmn

(√−ϑ

2
ζ

))2

,

�±
1,1,7(r, t) =

√
κ − 20

√
10�ϑ

10
√

�
± 6

√
10�

(√−ϑ

2

(
tanhmn

(√−2ϑζ
)

± ι
√

mn sechmn

(√−2ϑζ
)))2

,

�±
1,1,8(r, t) =

√
κ − 20

√
10�ϑ

10
√

�
± 6

√
10�

(√−ϑ

2

(
cothmn

(√−2ϑζ
)

± ι
√

mn cschmn

(√−2ϑζ
)))2

,

�±
1,1,9(r, t) =

√
κ − 20

√
10�ϑ

10
√

�
± 6

√
10�

(√−ϑ

8

(
tanhmn

(√−ϑ

8
ζ

)
+ cothmn

(√−ϑ

8
ζ

)))2

.
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Case IV: When ϑ > 0 and ρ = ϑ 2

4
, then

�±
1,1,10(r, t) =

√
κ − 20

√
10�ϑ

10
√

�
± 6

√
10�

(√
ϑ

2
tanmn

(√
ϑ

2
ζ

))2

,

�±
1,1,11(r, t) =

√
κ − 20

√
10�ϑ

10
√

�
± 6

√
10�

(√
ϑ

2
cotmn

(√−ϑ

2
ζ

))2

,

�±
1,1,12(r, t) =

√
κ − 20

√
10�ϑ

10
√

�
± 6

√
10�

(√
ϑ

2

(
tanmn

(√
2ϑζ

)
± ι

√
mn secmn

(√
2ϑζ

)))2

,

�±
1,1,13(r, t) =

√
κ − 20

√
10�ϑ

10
√

�
± 6

√
10�

(√
ϑ

2

(
cotmn

(√
2ϑζ

)
± ι

√
mn cscmn

(√
2ϑζ

)))2

,

�±
1,1,14(r, t) =

√
κ − 20

√
10�ϑ

10
√

�
± 6

√
10�

(√
ϑ

8

(
tanmn

(√
ϑ

8
ζ

)
+ cotmn

(√
ϑ

8
ζ

)))2

.

Family 2: When the parameters are taken as:

v0 = ±
√

2�

5
ϑ , v1 = ±√

6(−κ + 22�ϑ), v2 = ±6
√

10�, C = 1
5
(5τ + 60�ρ − 5κϑ + 3�ϑ 2),

D = 1
75

(900
√

10�κρ − 3780
√

10�
3
2 ρϑ + 15

√
10�κϑ 2 − 11

√
10�

3
2 ϑ 3).

Using Eq. (9), Eq. (6) and v0, v1, v2 with ζ = r − τ t, the solutions listed below are constructed:

Case I: When ϑ > 0 and ρ = 0, then

�±
1,2,1(r, t) =

√
2�

5
ϑ ± √

6(−κ + 22�ϑ)
√−mnϑ sechmn

(√
ϑζ

)
± 6

√
10�

(√−mnϑ sechmn

(√
ϑζ

))2

,

�±
1,2,2(r, t) =

√
2�

5
ϑ ± √

6(−κ + 22�ϑ)
(√

mnϑ cschmn

(√
ϑζ

))
± 6

√
10�

(√
mnϑ cschmn

(√
ϑζ

))2

.

Case II: When ϑ < 0 and ρ = 0, then

�±
1,2,3(r, t) =

√
2�

5
ϑ ± √

6(−κ + 22�ϑ)
(√−mnϑsecmn

(√−ϑζ
))

± 6
√

10�
(√−mnϑsecmn

(√−ϑζ
))2

,

�±
1,2,4(r, t) =

√
2�

5
ϑ ± √

6(−κ + 22�ϑ)
(√−mnϑ cscmn

(√−ϑζ
))

± 6
√

10�
(√−mnϑ cscmn

(√−ϑζ
))2

.
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Case III: When ϑ < 0 and ρ = ϑ 2

4
, then

�±
1,2,5(r, t) =

√
2�

5
ϑ ± √

6(−κ + 22�ϑ)

(√−ϑ

2
tanhmn

(√−ϑ

2
ζ

))

± 6
√

10�

(√−ϑ

2
tanhmn

(√−ϑ

2
ζ

))2

,

�±
1,2,6(r, t) =

√
2�

5
ϑ ± √

6(−κ + 22�ϑ)

(√−ϑ

2
cothmn

(√−ϑ

2
ζ

))

± 6
√

10�

(√−ϑ

2
cothmn

(√−ϑ

2
ζ

))2

,

�±
1,2,7(r, t) =

√
2�

5
ϑ ± √

6(−κ + 22�ϑ)

(√−ϑ

2

(
tanhmn(

√−2ϑζ) ± ι
√

mn sechmn

(√−2ϑζ
)))

± 6
√

10�

(√−ϑ

2

(
tanhmn

(√−2ϑζ
)

± ι
√

mn sechmn

(√−2ϑζ
)))2

,

�±
1,2,8(r, t) =

√
2�

5
ϑ ± √

6(−κ + 22�ϑ)

(√−ϑ

2

(
cothmn

(√−2ϑζ
)

± ι
√

mn cschmn

(√−2ϑζ
)))

± 6
√

10�

(√−ϑ

2

(
cothmn

(√−2ϑζ
)

± ι
√

mn cschmn

(√−2ϑζ
)))2

,

�±
1,2,9(r, t) =

√
2�

5
ϑ ± √

6(−κ + 22�ϑ)

(√−ϑ

8

(
tanhmn

(√−ϑ

8
ζ

)
+ cothmn

(√−ϑ

8
ζ

)))

± 6
√

10�

(√−ϑ

8

(
tanhmn

(√−ϑ

8
ζ

)
+ cothmn

(√−ϑ

8
ζ

)))2

.

Case IV: When ϑ > 0 and ρ = ϑ 2

4
, then

�±
1,2,10(r, t) =

√
2�

5
ϑ ± √

6(−κ + 22�ϑ)

(√
ϑ

2
tanmn

(√
ϑ

2
ζ

))
± 6

√
10�(

√
ϑ

2
tanmn(

√
ϑ

2
ζ ))2,

�±
1,2,11(r, t) =

√
2�

5
ϑ ± √

6(−κ + 22�ϑ)

(√
ϑ

2
cotmn

(√−ϑ

2
ζ

))
± 6

√
10�

(√
ϑ

2
cotmn

(√−ϑ

2
ζ

))2

,

�±
1,2,12(r, t) =

√
2�

5
ϑ ± √

6(−κ + 22�ϑ)

(√
ϑ

2

(
tanmn

(√
2ϑζ

)
± ι

√
mn secmn

(√
2ϑζ

)))

± 6
√

10� +
(√

ϑ

2

(
tanmn

(√
2ϑζ

)
± ι

√
mn secmn

(√
2ϑζ

)))2

,
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�±
1,2,13(r, t) =

√
2�

5
ϑ ± √

6(−κ + 22�ϑ)

(√
ϑ

2

(
cotmn

(√
2ϑζ

)
± ι

√
mn cscmn

(√
2ϑζ

)))

± 6
√

10�

(√
ϑ

2

(
cotmn

(√
2ϑζ

)
± ι

√
mn cscmn

(√
2ϑζ

)))2

,

�±
1,2,14(r, t) =

√
2�

5
ϑ ± √

6(−κ + 22�ϑ)

(√
ϑ

8

(
tanmn

(√
ϑ

8
ζ

)
+ cotmn

(√
ϑ

8
ζ

)))

± 6
√

10�

(√
ϑ

8

(
tanmn

(√
ϑ

8
ζ

)
+ cotmn

(√
ϑ

8
ζ

)))2

.

3.2 Modified Benjamin-Bona-Mahony Equation
In this section, we utilize the SSE method to mBBM equation. Employing the wave transformation

ζ = ε(r − �t) and �(r, t) = �(ζ) holds Eq. (2) into ODE, where parameter ε controls the scaling of
the wave variable ζ . The resulting equation integrated twice, we get

�εθ�′′ − 1
3
�3 + (� − 1)� − γ + C� + D = 0, (10)

where C and D are constants. Following the highest order derivative term �′′ and the highest order
nonlinear term �3 being balanced, yields 3L = L + 2, L = 1 are achieved. Therefore, employing the
SSE approach, the solution to Eq. (10) has the following form:

�(ζ) = v0 + v1
(ζ), (11)

where v0, v1 are constants. Substitute Eq. (10), Eq. (11) into Eq. (6).

−γ +D−v0+Cv0+�v0− v0
3

3
−v1
+Cv1
+�v1
−v0

2v1
+θ�2v1ϑ
−v0v1
2
2+2θ�2v1


3− 1
3

v1
3
3. (12)

By taking the polynomial in the form of 
s(ζ ) and equal its powers to zero. We get⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(
(ζ ))0 : −γ + D + (C − 1)v0 + �v0 − v0
3

3
= 0,

(
(ζ ))1 : −v1 + Cv1 + �v1 − v − 02v1 + θ�2v1ϑ = 0,
(
(ζ ))2 : −v0v1

2 = 0,

(
(ζ ))3 : 2θ�2v1 − v1
3

3
= 0.

The analytical solution of purposed parameters is shown by �2,j. The equation itself will be
presented by the first subscript [2], and the method’s solution by the second subscript [j]. Using
Mathematica software, the algebraic equation explained above yields the following parameters:

v0 = 0, v1 = ±√
6θ�, C = 1 − � − θ�2ϑ , D = γ .

Using Eqs. (11), (6) and v0, v1 with ζ = ε(r − �t), the solutions listed below are constructed:
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Case I: When ϑ > 0 and ρ = 0, then

�±
2,1(r, t) = ±√

6θ�
(√−mnϑ sechmn

(√
ϑζ

))
,

�±
2,2(r, t) = ±√

6θ�
(√

mnϑ cschmn

(√
ϑζ

))
.

Case II: When ϑ < 0 and ρ = 0, then

�±
2,3(r, t) = ±√

6θ�
(√−mnϑ secmn

(√−ϑζ
))

,

�±
2,4(r, t) = ±√

6θ�
(√−mnϑ cscmn

(√−ϑζ
))

.

Case III: When ϑ < 0 and ρ = ϑ 2

4
, then

�±
2,5(r, t) = ±√

6θ�

(√−ϑ

2
tanhmn

(√−ϑ

2
ζ

))
,

�±
2,6(r, t) = ±√

6θ�

(√−ϑ

2
cothmn

(√−ϑ

2
ζ

))
,

�±
2,7(r, t) = ±√

6θ�

(√−ϑ

2

(
tanhmn(

√−2ϑζ) ± ι
√

mn sechmn

(√−2ϑζ
)))

,

�±
2,8(r, t) = ±√

6θ�

(√−ϑ

2

(
cothmn(

√−2ϑζ) ± ι
√

mn cschmn

(√−2ϑζ
)))

,

�±
2,9(r, t) = ±√

6θ�

(√−ϑ

8

(
tanhmn

(√−ϑ

8
ζ

)
+ cothmn

(√−ϑ

8
ζ

)))
.

Case IV: When ϑ > 0 and ρ = ϑ 2

4
, then

�±
2,10(r, t) = ±√

6θ�

(√
ϑ

2
tanmn

(√
ϑ

2
ζ

))
,

�±
2,11(r, t) = ±√

6θ�

(√
ϑ

2
cotmn

(√−ϑ

2
ζ

))
,

�±
2,12(r, t) = ±√

6θ�

(√
ϑ

2

(
tanmn(

√
2ϑζ) ± ι

√
mn secmn

(√
2ϑζ

)))
,

�±
2,13(r, t) = ±√

6θ�

(√
ϑ

2

(
cotmn(

√
2ϑζ) ± ι

√
mn cscmn

(√
2ϑζ

)))
,

�±
2,14(r, t) = ±√

6θ�

(√
ϑ

8

(
tanmn

(√
ϑ

8
ζ

)
+ cotmn

(√
ϑ

8
ζ

)))
.
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4 Graphical Representation

To further support the validity and reliability of the obtained solutions, we have verified each
by direct substitution into the original equations, ensuring they satisfy the required conditions. The
graphical representations not only illustrate the physical behavior of the solutions but also provide
qualitative confirmation of their accuracy. Moreover, the SSE method demonstrates computational
efficiency by yielding diverse soliton structures such as bell-shaped, and periodic forms through
a relatively straightforward analytical process. This highlights the method’s strength in exploring
complex nonlinear dynamics in modified evolution equations. These varied soliton profiles reflect
the rich dynamical behavior of the system, where the interplay of nonlinearity and dispersion governs
wave stability, shape, and evolution. By examining these graphical illustrations, one can observe how
different soliton types propagate, interact, and maintain their form, offering deeper insight into the
underlying physics. Such visualizations emphasize the dynamical system’s capability to model complex
wave phenomena in nonlinear media, thus reinforcing the importance of the analytical solutions
presented. These profiles include bell-shaped, anti-bell-shaped, M-W periodic-shaped, W-periodic
shaped, V-shaped, periodic-shaped solitons, and compactons. A description of the physical properties
and behaviors of each figure is given, representing an optical soliton solution. These profiles include
bell-shaped, anti-bell-shaped, M-W periodic-shaped, W-periodic shaped, V-shaped, periodic-shaped
solitons, and compactons. A description of the physical properties and behaviors of each figure is
given, representing an optical soliton solution. The detailed parameter values used to generate each
soliton profile are summarized in Table 1. Fig. 1 depicts 3D and 2D graphs of �1,1,2(r, t) by using these
value ϑ = 0.1, τ = 0.5, κ = −1, � = 0.1, m = −1, n = 0.1 between the range −10 ≤ r ≤ 10,
−10 ≤ t ≤ 10 that is dark shape soliton, its soliton has an elevated peak, but this is a restricted
wave with a negative peak and also referred to as “anti-bell” solitons. Fig. 2 depicts 3D and 2D graphs
of �1,1,4(r, t) by using these values ϑ = −0.3, τ = 0.5, κ = 1, � = 0.2, m = 0.5, n = 0.1 between
the range −5 ≤ r ≤ 5, −5 ≤ t ≤ 5 that is periodic shape soliton, that can maintan their pattern
regularly and transfer energy through the medium. Fig. 3 depicts 3D and 2D graphs of �1,1,5(r, t)
by using these values ϑ = −0.1, τ = 0.3, κ = 0.1, � = 0.2, m = 0.1, n = 0.1 between the range
−5 ≤ r ≤ 5, −10 ≤ t ≤ 10 that is compacton shape soliton, since they behave like particles, it
can be used to simulate atoms in systems that are not linear. Fig. 4 depicts 3D and 2D graphs of
�1,1,10(r, t) by using these values ϑ = 0.3, τ = 0.5, κ = 0.1, � = 0.2, m = 0.1, n = 0.4 between the
range −5 ≤ r ≤ 5, 0 ≤ t ≤ 4 that is bright-dark soliton, helpful for studying nonlinear behavior
since, according to the system, it can be either stable or unstable. Fig. 5 depicts 3D and 2D graphs of
�1,2,1(r, t) by using these values ϑ = 0.1, τ = 0.3, κ = 0.5, � = 0.3, m = 0.5, n = 0.1 between the
range −5 ≤ r ≤ 5, −10 ≤ t ≤ 10 that is bright shape soliton. Fig. 6 depicts 3D and 2D graphs of
�1,2,3(r, t) by using these values ϑ = −0.1, τ = 1, κ = 0.05, � = 0.1, m = 2, n = 1 between the range
−10 ≤ r ≤ 10, −10 ≤ t ≤ 10 that is W-periodic shape soliton, it shows periodic wave that repeat their
pattern in the specific W form. Fig. 7 depicts 3D and 2D graphs of �1,2,6(r, t) by using these values
ϑ = −0.01, τ = −0.5, κ = 0.2, � = 0.3, m = 0.2, n = 0.3 between the range −2 ≤ r ≤ 2,−2 ≤ t ≤ 1
that is anti-compacton soliton. Fig. 8 depicts 3D and 2D graphs of �1,2,12(r, t) by using these values
ϑ = 0.3, τ = 0.5, κ = 0.1, � = 0.1, m = 0.1, n = 0.2 between the range −10 ≤ r ≤ 10, 0 ≤ t ≤ 2
that is M-W periodic shape soliton that can show phenomena like periodic waves. Fig. 9 depicts 3D
and 2D graphs of �2,1(r, t) by using these values ϑ = 0.1, ε = 0.5, θ = 1, � = 0.5, m = 1, n = 1
between the range −20 ≤ r ≤ 20, −20 ≤ t ≤ 20 that is bell shape soliton, it has a long lifetime and are
essential for interpreting many physical phenomena. Fig. 10 depicts 3D and 2D graphs of �2,3(r, t) by
using these values ϑ = −0.2, ε = 0.7, θ = 1, � = 0.5, m = 1, n = 0.1 between the range −10 ≤ r ≤ 10,
−10 ≤ t ≤ 10 that is periodic‘ shape soliton. Fig. 11 depicts 3D and 2D graphs of �2,14(r, t) by using
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these values ϑ = 1, ε = −0.5, θ = 1, � = −0.5, m = 0.8, n = 0.2 between the range −5 ≤ r ≤ 5,
−5 ≤ t ≤ 5 that is V-shape soliton, They constitute V-shaped, exclusive waves that can behave in a
dispersive or non-dispersive manner. Considering their distinct shapes and mechanical characteristics,
such graphic representations provide deep understanding into the various optical soliton solutions
established.

Table 1: Parameter values and types of nonlinear waves from graphical representations

Figure Key parameters Wave type

Fig. 1
ϑ = 0.1, τ = 0.5, κ = −1,
� = 0.1, m = −1, n = 0.1

Anti-bell soliton

Fig. 2
ϑ = −0.3, τ = 0.5, κ = 1,
� = 0.2, m = 0.5, n = 0.1

Periodic soliton

Fig. 3
ϑ = −0.1, τ = 0.3, κ = 0.1,
� = 0.2, m = 0.1, n = 0.1

Compacton soliton

Fig. 4
ϑ = 0.3, τ = 0.5, κ = 0.1,
� = 0.2, m = 0.1, n = 0.4

Bright-dark soliton

Fig. 5
ϑ = 0.1, τ = 0.3, κ = 0.5,
� = 0.3, m = 0.5, n = 0.1

Bright soliton

Fig. 6
ϑ = −0.1, τ = 1, κ = 0.05,
� = 0.1, m = 2, n = 1

W-periodic soliton

Fig. 7
ϑ = −0.01, τ = −0.5, κ = 0.2,
� = 0.3, m = 0.2, n = 0.3

Anti-compacton soliton

Fig. 8
ϑ = 0.3, τ = 0.5, κ = 0.1,
� = 0.1, m = 0.1, n = 0.2

M-W periodic soliton

Fig. 9
ϑ = 0.1, ε = 0.5, θ = 1,
� = 0.5, m = 1, n = 1

Bell-shape soliton

Fig. 10
ϑ = −0.2, ε = 0.7, θ = 1,
� = 0.5, m = 1, n = 0.1

Periodic soliton

Fig. 11
ϑ = 1, ε = −0.5, θ = 1,
� = −0.5, m = 0.8, n = 0.2

V-shape soliton
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Figure 1: Traveling Waveform Solution �1,1,2(r, t) (a) 3D graph which is anti-bell shape soliton (b)
2D graph (c) Contour Plot, when ϑ = 0.1, τ = 0.5, κ = −1, � = 0.1, m = −1, n = 0.1
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Figure 2: Traveling Waveform Solution �1,1,4(r, t) (a) 3D plot which is periodic soliton (b)
2D plot (c) Contour plot, when ϑ = −0.3, τ = 0.5, κ = 1, � = 0.2, m = 0.5, n = 0.1

Figure 3: (Continued)
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Figure 3: Exact Expression �1,1,5(r, t) (a) 3D graph which is compacton shape soliton (b) 2D
graph (c) Contour Plot, when ϑ = −0.1, τ = 0.3, κ = 0.1, � = 0.2, m = 0.1, n = 0.1

Figure 4: Exact Expression �1,1,10(r, t) (a) 3D graph which is bright-dark soliton (b) 2D graph
(c) Contour Plot, when ϑ = 0.3, τ = 0.5, κ = 0.1, � = 0.2, m = 0.1, n = 0.4
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Figure 5: Exact Expression �1,2,1(r, t) (a) 3D graph which is bright shape soliton (b) 2D
graph (c) Contour Plot, when ϑ = 0.1, τ = 0.3, κ = 0.5, � = 0.3, m = 0.5, n = 0.1
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Figure 6: Exact Expression �1,2,3(r, t) (a) 3D graph which is W-periodic soliton (b) 2D
graph (c) Contour Plot, when ϑ = −0.1, τ = 1, κ = 0.05, � = 0.1, m = 2, n = 1
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Figure 7: Exact Expression �1,2,6(r, t) (a) 3D graph which is anti-compacton soliton (b) 2D
graph (c) Contour Plot, when ϑ = −0.01, τ = −0.5, κ = 0.2, � = 0.3, m = 0.2, n = 0.3
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Figure 8: Exact Expression �1,2,12(r, t) (a) 3D graph which is M-W periodic shape soliton (b)
2D graph (c) Contour Plot, when ϑ = 0.3, τ = 0.5, κ = 0.1, � = 0.1, m = 0.1, n = 0.2
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Figure 9: Exact Expression �2,1(r, t) (a) 3D graph which is bell shape soliton (b) 2D
graph (c) Contour Plot, when ϑ = 0.1, ε = 0.5, θ = 1, � = 0.5, m = 1, n = 1
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Figure 10: Exact Expression �2,3(r, t) (a) 3D graph which is periodic shape soliton (b) 2D
graph (c) Contour Plot, when ϑ = −0.2, ε = 0.7, θ = 1, � = 0.5, m = 1, n = 0.1

Figure 11: (Continued)
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Figure 11: Exact Expression �2,14(r, t) (a) 3D graph which is V-shape soliton (b) 2D graph (c) Contour
Plot, when ϑ = 1, ε = −0.5, θ = 1, � = −0.5, m = 0.8, n = 0.2

5 Physical Meaning of the Graphs

The graphs in Figs. 1–11 illustrate key physical properties of solitons, such as stability, localization
of energy, and solitary wave behavior. These soliton solutions arise from a balance between nonlinear
effects and dispersion, which is fundamental in many nonlinear wave systems. Physically, these
solutions model phenomena in diverse fields including water waves, optical fiber communication,
plasma physics, and quantum fluids. Different soliton shapes correspond to various wave behaviors:

• Bell-shaped and bright solitons represent stable, localized pulses that maintain their form
over time.

• Anti-bell and dark solitons correspond to localized dips or voids in the wave profile.

• Periodic and W-shaped solitons depict repeating wave patterns important for energy transfer in
nonlinear media.

• Compactons behave like particles and are useful in modeling nonlinear atomic or mechanical
systems.

• V-shaped solitons show unique dispersive and non-dispersive characteristics relevant to wave
interactions.

These soliton structures have wide-ranging applications, including mode-locking in lasers, data
transmission in optical fibers, plasma wave dynamics, and biological and quantum systems. The
graphical representations therefore not only confirm the mathematical solutions but also provide
valuable insight into their physical relevance and potential practical uses.
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6 Conclusions

In this study, we have successfully developed and implemented the SSE method to derive a wide
variety of optical soliton solutions for the mK and the mBBM equations. The primary contribution
of this work lies in the systematic construction of multiple families of exact solutions, including bell-
shaped, anti-bell-shaped, W-shaped, M-shaped, and periodic waveforms. These solutions highlight
the flexibility and robustness of the SSE method in handling complex nonlinear partial differential
equations and capturing diverse nonlinear wave phenomena. The detailed 2D, 3D, and contour plots
provided offer valuable insights into the physical characteristics and dynamic behaviors of the obtained
solitons, which are of great importance in various applied fields such as optical communication
systems and fluid mechanics. By extending the library of known exact solutions for the mK and
mBBM equations, this research not only advances the theoretical understanding of these nonlinear
models but also opens up new avenues for their practical applications. Future work may focus on the
experimental validation of these analytical solutions and their numerical simulation under different
initial and boundary conditions. Furthermore, the versatility of the SSE method suggests its potential
applicability to other nonlinear evolution equations arising in mathematical physics and engineering,
thereby contributing to the broader study of nonlinear wave dynamics.
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